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Preface 


The central theme of Introduction to Electric Circuits is the concept that electric circuits are part 
of the basic fabric of modern technology. Given this theme, we endeavor to show how the 
analysis and design of electric circuits are inseparably intertwined with the ability of the engineer 
to design complex electronic, communication, computer, and control systems as well as consumer 
products. 


Approach and Organization 


This book is designed for a one- to three-term course in electric circuits or linear circuit analysis and is 
structured for maximum flexibility. The flowchart in Figure 1 demonstrates alternative chapter 
organizations that can accommodate different course outlines without disrupting continuity. 

The presentation is geared to readers who are being exposed to the basic concepts of electric 
circuits for the first time, and the scope of the work is broad. Students should come to the course with the 
basic knowledge of differential and integral calculus. 

This book endeavors to prepare the reader to solve realistic problems involving electric circuits. 
Thus, circuits are shown to be the results of real inventions and the answers to real needs in industry, the 
office, and the home. Although the tools of electric circuit analysis may be partially abstract, electric 
circuits are the building blocks of modern society. The analysis and design of electric circuits are critical 
skills for all engineers. 


What’s New in the 9th Edition 


Revisions to Improve Clarity 


Chapter 10, covering AC circuits, has been largely rewritten to improve clarity of exposition. 
In addition, revisions have been made through the text to improve clarity. Sometimes these revisions 
are small, involving sentences or paragraphs. Other larger revisions involved pages or even entire 
sections. Often these revisions involve examples. Consequently, the 9th edition contains 36 new 
examples. 


More Problems 


The 9th edition contains 180 new problems, bringing the total number of problems to more than 1,400. 
This edition uses a variety of problem types and they range in difficulty from simple to challenging, 
including: 

e Straightforward analysis problems. 

e Analysis of complicated circuits. 


e Simple design problems. (For example, given a circuit and the specified response, determine the 
required RLC values.) 


e Compare and contrast, multipart problems that draw attention to similarities or differences between 
two situations. 


e MATLAB and PSpice problems. 
e Design problems. (Given some specifications, devise a circuit that satisfies those specifications.) 


e How Can We Check .. . ? (Verify that a solution is indeed correct.) 
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FIGURE 1 Flow chart showing alternative paths through the topics in this textbook. 


Features Retained from Previous Editions 


Introduction 


Each chapter begins with an introduction that motivates consideration of the material of that chapter. 


Examples 


Because this book is oriented toward providing expertise in problem solving, we have included more 
than 260 illustrative examples. Also, each example has a title that directs the student to exactly what is 
being illustrated in that particular example. 

Various methods of solving problems are incorporated into select examples. These cases show 
students that multiple methods can be used to derive similar solutions or, in some cases, that multiple 
solutions can be correct. This helps students build the critical thinking skills necessary to discern the 
best choice between multiple outcomes. 

Much attention has been given to using PSpice and MATLAB to solve circuits problems. Two 
appendices, one introducing PSpice and the other introducing MATLAB, briefly describe the 
capabilities of the programs and illustrate the steps needed to get started using them. Next, PSpice 
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and MATLAB are used throughout the text to solve various circuit analysis and design problems. For 
example, PSpice is used in Chapter 5 to find a Thévenin equivalent circuit and in Chapter 15 to represent 
circuit inputs and outputs as Fourier series. MATLAB is frequently used to obtain plots of circuit inputs 
and outputs that help us to see what our equations are telling us. MALAB also helps us with some long 
and tedious arithmetic. For example, in Chapter 10, MATLAB helps us do the complex arithmetic that 
we must do in order to analyze ac circuits, and in Chapter 14, MATLAB helps with the partial fraction 
required to find inverse Laplace transforms. 


xiv 
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Of course, there’s more to using PSpice and MATLAB than simply running the programs. We 
pay particular attention to interpreting the output of these computer programs and checking it to make 
sure that it is correct. Frequently, this is done in the section called “How Can We Check . . . ?” that is 
included in every chapter. For example, Section 8.9 shows how to interpret and check a PSpice 
“Transient Response,” and Section 13.7 shows how to interpret and check a frequency response 
produced using MATLAB or PSpice. 


Design Examples, a Problem-Solving Method, and 
“How Can We Check .. . ?” Sections 


Each chapter concludes with a design example that uses the methods of that chapter to solve a design 
problem. A formal five-step problem-solving method is introduced in Chapter 1 and then used in each 
of the design examples. An important step in the problem-solving method requires you to check 
your results to verify that they are correct. Each chapter includes a section entitled “How Can We 
Check .. . ?” that illustrates how the kind of results obtained in that chapter can be checked to ensure 
correctness. 


Key Equations and Formulas 


You will find that key equations, formulas, and important notes have been called out in a shaded box to 
help you pinpoint critical information. 


Summarizing Tables and Figures 


The procedures and methods developed in this text have been summarized in certain key tables and 
figures. Students will find these to be an important problem-solving resource. 
e Table 1.5-1. The passive convention. 

e Figure 2.7-1 and Table 2.7-1. Dependent sources. 

e Table 3.10-1. Series and parallel sources. 

e Table 3.10-1. Series and parallel elements. Voltage and current division. 

e Figure 4.2-3. Node voltages versus element currents and voltages. 

e Figure 4.5-4. Mesh currents versus element currents and voltages. 

e Figures 5.4-3 and 5.4-4. Thévenin equivalent circuits. 

e Figure 6.3-1. The ideal op amp. 

e Figure 6.5-1. A catalog of popular op amp circuits. 

e Table 7.8-1. Capacitors and inductors. 

e Table 7.13-2. Series and parallel capacitors and inductors. 

e Table 8.11-1. First-order circuits. 

e Tables 9.13-1, 2, and 3. Second-order circuits. 

e Table 10.5-1. Voltage and current division for AC circuits. 

e Table 10.16-1. AC circuits in the frequency domain (phasors and impedances). 
e Table 11.5-1. Power formulas for AC circuits. 

e Tables 11.13-1 and 11.13-2. Coupled inductors and ideal transformers. 

e Table 13.4-1. Resonant circuits. 

e Tables 14.2-1 and 14.2-2. Laplace transform tables. 
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e Table 14.7-1. s-domain models of circuit elements. 


e Table 15.4-1. Fourier series of selected periodic waveforms. 


Introduction to Signal Processing 


Signal processing is an important application of electric circuits. This book introduces signal processing 
in two ways. First, two sections (Sections 6.6 and 7.9) describe methods to design electric circuits that 
implement algebraic and differential equations. Second, numerous examples and problems throughout 
this book illustrate signal processing. The input and output signals of an electric circuit are explicitly 
identified in each of these examples and problems. These examples and problems investigate the 
relationship between the input and output signals that is imposed by the circuit. 


Interactive Examples and Exercises 


Numerous examples throughout this book are labeled as interactive examples. This label indicates that 
computerized versions of that example are available at the textbook’s companion site, www.wiley.com/ 
svoboda. Figure 2 illustrates the relationship between the textbook example and the computerized 
example available on the Web site. Figure 2a shows an example from Chapter 3. The problem presented 
by the interactive example shown in Figure 2b is similar to the textbook example but different in several 
ways: 


e The values of the circuit parameters have been randomized. 
e The independent and dependent sources may be reversed. 
e The reference direction of the measured voltage may be reversed. 


e A different question is asked. Here, the student is asked to work the textbook problem backward, 
using the measured voltage to determine the value of a circuit parameter. 


The interactive example poses a problem and then accepts and checks the user’s answer. Students are 
provided with immediate feedback regarding the correctness of their work. The interactive example 
chooses parameter values somewhat randomly, providing a seemingly endless supply of problems. This 
pairing of a solution to a particular problem with an endless supply of similar problems is an effective 
aid for learning about electric circuits. 

The interactive exercise shown in Figure 2c considers a similar, but different, circuit. Like the 
interactive example, the interactive exercise poses a problem and then accepts and checks the user’s 
answer. Student learning is further supported by extensive help in the form of worked example 
problems, available from within the interactive exercise, using the Worked Example button. 

Variations of this problem are obtained using the New Problem button. We can peek at the 
answer, using the Show Answer button. The interactive examples and exercises provide hundreds of 
additional practice problems with countless variations, all with answers that are checked immediately 
by the computer. 


Supplements and Web Site Material 


The almost ubiquitous use of computers and the Web have provided an exciting opportunity to rethink 
supplementary material. The supplements available have been greatly enhanced. 


Book Companion Site 


Additional student and instructor resources can be found on the John Wiley & Sons textbook 
companion site at www.wiley.com/college/svoboda. 
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The voltmeter measures a voltage in volts. Li 
What is the value of the resistance R in Q? 
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is the value of the current measured by the ammeter? 
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FIGURE 2 (a) The circuit considered Example 3.2-5. (b) A corresponding interactive example. (c) A corresponding 
interactive exercise. 
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Student 

e Interactive Examples The interactive examples and exercises are powerful support resources 
for students. They were created as tools to assist students in mastering skills and building 
their confidence. The examples selected from the text and included on the Web give students 
options for navigating through the problem. They can immediately request to see the solution or 
select a more gradual approach to help. Then they can try their hand at a similar problem by simply 
electing to change the values in the problem. By the time students attempt the homework, they have 
built the confidence and skills to complete their assignments successfully. It’s a virtual homework 
helper. 
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e PSpice for Linear Circuits, available for purchase. 
e WileyPLUS option. 


Instructor 

e Solutions manual. 

e PowerPoint slides. 
e WileyPLUS option. 


WileyPLUS 


Pspice for Linear Circuits is a student supplement available for purchase. The PSpice for Linear 
Circuits manual describes in careful detail how to incorporate this valuable tool in solving problems. 
This manual emphasizes the need to verify the correctness of computer output. No example is finished 
until the simulation results have been checked to ensure that they are correct. 


Acknowledgments and Commitment to Accuracy 


We are grateful to many people whose efforts have gone into the making of this textbook. We are 
especially grateful to our Executive Editor Daniel Sayre, Executive Marketing Manager Chris Ruel and 
Marketing Assistant Marissa Carroll for their support and enthusiasm. We are grateful to Tim Lindner 
and Kevin Holm of Wiley and Bruce Hobart of Laserwords Maine for their efforts in producing this 
textbook. We wish to thank Senior Product Designer Jenny Welter, Content Editor Wendy Ashenberg, 
and Editorial Assistant Jess Knecht for their significant contributions to this project. 

We are particularly grateful to the team of reviewers who checked the problems and solutions to 
ensure their accuracy: 


Accuracy Checkers 


Khalid Al-Olimat, Ohio Northern William Robbins, University of Minnesota 
University James Rowland, University of Kansas 
Lisa Anneberg, Lawrence Mike Shen, Duke University 
Technological University Thyagarajan Srinivasan, Wilkes 
Horace Gordon, University of South University 
Florida Aaron Still, U.S. Naval Academy 
Lisimachos Kondi, SUNY, Buffalo Howard Weinert, Johns Hopkins University 
Michael Polis, Oakland University Xiao-Bang Xu, Clemson University 
Sannasi Ramanan, Rochester Institute Jiann Shiun Yuan, University of 


of Technology Central Florida 


xvii 


Preface 


Reviewers 


Rehab Abdel-Kader, Georgia Southern 
University 
Said Ahmed-Zaid, Boise State 
University 
Farzan Aminian, Trinity University 
Constantin Apostoaia, Purdue 
University Calumet 
Jonathon Bagby, Florida Atlantic University 
Carlotta Berry, Tennessee State University 
Kiron Bordoloi, University of Louisville 
Mauro Caputi, Hofstra University 
Edward Collins, Clemson University 
Glen Dudevoir, U.S. Military Academy 
Malik Elbuluk, University of Akron 
Prasad Enjeti, Texas A&M University 
Ali Eydgahi, University of Maryland 
Eastern Shore 
Carlos Figueroa, Cabrillo College 
Walid Hubbi, New Jersey Institute of Technology 
Brian Huggins, Bradley University 
Chris Ianello, University of Central Florida 
Simone Jarzabek, ITT Technical Institute 
James Kawamoto, Mission College 
Rasool Kenarangui, University 
of Texas Arlington 
Jumoke Ladeji-Osias, Morgan State University 
Mark Lau, Universidad del Turabo 


Seyed Mousavinezhad, Western 
Michigan University 
Philip Munro, Youngstown State University 
Ahmad Nafisi, California Polytechnic State 
University 
Arnost Neugroschel, University of Florida 
Tokunbo Ogunfunmi, Santa Clara University 
Gary Perks, California Polytechnic State 
University, San Luis Obispo 
Owe Petersen, Milwaukee School of Engineering 
Ron Pieper, University of Texas, Tyler 
Teodoro Robles, Milwaukee School of 
Engineering 
Pedda Sannuti, Rutgers University 
Marcelo Simoes, Colorado School of Mines 
Ralph Tanner, Western Michigan University 
Tristan Tayag, Texas Christian University 
Jean-Claude Thomassian, Central 
Michigan University 
John Ventura, Christian Brothers University 
Annette von Jouanne, 
Oregon State University 
Ravi Warrier, Kettering University 
Gerald Woelfl, Milwaukee School of 
Engineering 
Hewlon Zimmer, U.S. Merchant 
Marine Academy 


Contents 


CHAPTER 1 
Electric Circuit: Variables iisi ceases cczosacecstnasecccasareinctascstonesacctenetscnzosasatsottsacesvetasntosinisesesstansatecszosesduanseastions 1 
1.1 WitOCUC HOM S25: eee ese Ei isc osha sehen ete eed ee ie 1 
1.2 Electric Circuits anid  Curnemt esane ene E Eens a rs EEEE 1 
1.3 SYStems: OF MMs escsoseosssisisirorevsseiiieseisioiei eies aia a ten RIE EEEE EE e E a 5 
1.4 NW OM AGE EE A TE E A TE E atime mune aaa 7 
i Bs) Power and Ener yencsiiesscieccsitisececeisvtancvaneseavecvevecctubivatsesoensdesbeusisdeacudysasevavuavistieecuasasacvees stesbevauis 7 
1.6 Circuit: Analysis and) DOSI8 0 vsscessessesesceskessSee iarsa aae aE TEE E pasa taandesisises 11 
1.7 How Can We: Check to. o Torno ee n E tenes Seeteshh Geena sed baat enim eas 13 
1.8 Design Example—Jet Valve Controller... cece eceececceseeescssecseeeseeseeeeeeseeaeceseaeseeeaeseeeeees 14 
1.9 SUMMA s EE ers. ap toeces setguns see teneb anoes tee socestasentes E cptecay cosas E ad theeseeteey 15 
Problemisescsisculeisglc S N el eid ei oe ind bate ee le 15 
Desion Problems seon tonenn ree aeee EERE cs Vixes savanebets EEE O E EE 19 
CHAPTER 2 
EEA ANS iii aaa E E A 20 
2.1 MOC CH OM. 5 oy a E cee okt eecavveceleVievec censuses a AT 20 
2.2 Engineering and Linear Models.......c.csce.ccascsssceosessovsectcsevestecsoeessciceesgoecdesersasendovendeteesgecedicees 20 
2.3 Active and Passive: Circuit Blements i css.cc cases tsceees ietcodee iirinn n ane aE E a iii 23 
2.4 Resisto enian a E E N N 25 
23 mdependent SourceS renion ina ae E A E EERE EEE ARA 28 
2.6 Voltmeters and AMMEtETS iseinean a N EE A E EE REE 30 
2.7 Dependent SOURCES sos scssicscescissce sees nea a E saan EENE AEN E ERE 33 
2.8 TRANSQUGCEIS seene E E Ea E O cass cuastasbebesneye E EEE 37 
2.9 DD WALCHGS ERTE EAEE TTA E ETTE E AE AT 39 
2:10. How Can We Check? oge 2st. cesesanste neste nieis eeii kenaii «tush ea aeaea iaa eee aieea 40 
2.11 Design Example—Temperature Sensor..........eeceeseesseeseesseesceeseeseeseeeeecseeeaesseesaesseeeeeeaeeneeeas 42 
202- Summary penon o eves sestes E ces vessens EREN EE E E E ESN 44 
Problems eoar A E E ee eee 44 
Desigin Problems cierre aE E AEE EEEE EE EEN EN 52 
CHAPTER 3 
E E T E E T nada tna A E A ENE OO 53 
3.1 TFODUCHION Aae A EA E T E E 53 
3.2 Kirchhof s LAWS erinan e a SEE cites autem E ended eee 54 
3.3 Series Resistors and Voltage Division .........cceeeceeeeseeseceeeseeescesecaeeeseceeeeaesesssesseseseeaeeaeeas 63 
3.4 Parallel Resistors and Current Division ........0..c cc eceeeeceeeeceseeseseeeeseeeeceaeeseeaseseeeaeseeeeaesaeeeaee 68 
3.5 Series Voltage Sources and Parallel Current Sources ........seeesessesesersssersesreseressersrureserresesreseee 74 
3.6 Circuit ANALYSIS 438 cates a E fiat a Oss a esti tava ease aa as 77 
3.7 Analyzing Resistive Circuits Using MATLAB uo... eee eeeeseeeeeeeeeeeeaeeneeeaeseeeaetaeeaee 82 
3.8 How Can We Check z s Uiscissevetneseceececusutabencesayachioa lacy EE Eea ALE EEA EE EEE OESE E 86 
3.9 Design Example—Adjustable Voltage SOuUrce .......eseessereseeeesessesrsrrsesrerersersrsresentnrenrrsenrrsreseses 88 
BNO: . SUMMA ve scecc cece ctaccctees seesueweuksuecsceawsusa vu seusroreaascdvaccatesuedleseadsvsdesbenesotestaseevenesteceevcoueutasceoues¥es 91 
Problems anuna aa a e seca oosexedvavste EE EEES 92 
Design Problems seicicsccccedssasetecctevkesscosvavsccevh Seascevawesceeuccscnuvansceoseevecbavassevaie EAE 112 


xix 


Contents 


CHAPTER 4 
Methods of Analysis of Resistive CirCuits................ssscsscsssecssssssssesssseessssessessesseesesseeseesteeseatseeseesteeseeateeneaeens 114 
4.1 mitt AUC BLOB ified) Sees csas Satis ceu cd loca in nn cancns cnee coed oa bese coud oquenscbesseies awude eugsabeue yu suumaquuuscovenses 114 
4.2 Node Voltage Analysis of Circuits with Current Sources... eee eeeeeseeeeeeseeseeeeeeneeeneens 115 
4.3 Node Voltage Analysis of Circuits with Current and Voltage Sources 0.0.0... eee 121 
4.4 Node Voltage Analysis with Dependent Sources 000.0... cece eeeesceseeeseeeeeeseceeeseeseesseeeeeneens 126 
4.5 Mesh Current Analysis with Independent Voltage Sources... eee eeeeeeeeeeseeeeeeteeteeeneees 128 
4.6 Mesh Current Analysis with Current and Voltage Sources .0..... eee eeseeeeeeseeseeeseeneeeneens 133 
4.7 Mesh Current Analysis with Dependent Sources... cceeceeeeseeseeeseeseeeseceeeeseteesseeeeeaeens 137 
4.8 The Node Voltage Method and Mesh Current Method Compared... eee eee eeeeeereees 139 
4.9 Circuit: Analysis Using MATLAB 2.i.:cscciscsis.cieastesicesesstescoaatinessdsintsenasi pas ndeastaicashsnasipeecesentes 142 
4.10 Using PSpice to Determine Node Voltages and Mesh Currents .0......... cc eceeeeseseeseeeeeeeeees 144 
41l. “How Can We Check: seo 22 ssesssseessseanteascascetcsaisaenssaiesstvessabeadanaseshis deseadeons siid INSR a ERS 146 
4.12 Design Example—Potentiometer Angle Display 0.0.0.0... cceeeesceeeeseceeeeeeseeeeseteesseeeeeneeas 149 
413 “SSUMOMMIACY eneee a ara E REEERE A ARN E ATAARE OR EREA ARAE AINE EER AENOR 152 
Problems mannion ne E AEE vive TE E E TEN 153 
PSpice Problems. sssini sudisssesteoeh eves dddess iacsdebas canes ane EEEE EAP E TEE EES 167 
Desir m Problems oeie e e EE N OE E OAA TEE TEN 167 
CHAPTER 5 
Circuit THC ORG INS siniraan Aeran adatna da AAE Ta ANNA 169 
5.1 Tit MU CHLOD eae E E E 169 
5.2 Soürce Transformations ssie persie veered ore eare AEAEE EE EEE EE ENEE ENEE ASY 169 
5.3 SUPCLPOSION : sav cccesseiis ste. shade EEE EAEE I EN E E EEEE DEEE 176 
5.4 PME VOM s THOE insesi nn E E AE 180 
5.5 Norton's Equivalent: Circuits, ss ccc:eiess seyacceads ei E E OT re vevoladucd avs sedeedpise ape Sess vdssvens 187 
5.6 Maximum Power Transferssernszce surn uan othe, E a a dealin Geshe ans 191 
5.7 Using MATLAB to Determine the Thévenin Equivalent Circuit ..........ccceeeseeeteeeeneeeenees 194 
5.8 Using PSpice to Determine the Thévenin Equivalent Circuit... cecseesesceeseeeeteeeeeeeenees 197 
5.9 How Can We: Check: «i492 fas E OEE EE ET ea euen) ender Oona ava as 200 
5.10 Design Example—Strain Gauge Bridge nisserne ui a E S 201 
5.11 SUMMA ioira an Era EARE E EE NE E A E EEKE Eaa EE AE E EENE EEEE AAEE Y 203 
ProbleMS isinan eean si N club EENE ERE EENE E R 204 
PSpice Problems. icssssissssisciscescoasceathsspaaisges’ ics cepae capesdes lodesinadipassd¥iGsepeaetonscaneseayassusha ddpesdevazves 216 
Design Problems siiruses siponi ca tse gadeirio genean onini EEEE NESE EE E LENE REAR odes 217 
CHAPTER 6 
The: Operational Amiplitiens sss csss:sccsscess seccscasessioscesscsseacnsveastscesuce usasnsstesseuttouroucsanseasieastes dadasidan saadaa naidaan iania 
6.1 MMroduCH Osseo a a E ER 
6.2 The: Operational Amp mere, sisare eaea Ee ESE E AAEE EER EEE 
6.3 The Ideal Operational Amplifier 
6.4 Nodal Analysis of Circuits Containing Ideal Operational Amplifiers... eee 223 
6.5 Design Using Operational AMpINeETS ssi sissisodan 228 
6.6 Operational Amplifier Circuits and Linear Algebraic Equations «0.0.0.0... :ceeceseeeeeeeeeees 233 
6.7 Characteristics of Practical Operational Amplifiers ......0... eee eeeeseseeeeseeeeeeeeeeeeeeereneenaes 238 
6.8 Analysis of Op Amp Circuits Using MATLAB 000... eee ec eeeeeeeeeeeeeeeseeeseeeeseeaeseaeeeeeeeeas 245 
6.9 Using PSpice to Analyze Op Amp Circuits -sissies eeceeeeceseceeeeseseeeeseesaeeaeeseseaseseeeareeeeaes 247 
6.10 How Can We Check: seo 2issiscescctbstaccede needs ape rea n Ee ra A EENS T ANNAN TEKEE EE TEES 248 


611 Design Example—Transducer Interface Circuit 2.0... eee eeeseceeeeeceseeseeeseeaeeeseeasenseaes 250 


Contents 


O12 SUMMALY ece aE E E NEET E a aAr addins ieiane ens 252 
Jesca el LEi nn TS ss :S25es E E E E ss conedip ses csesveace sy aeuztedaegeas 253 
PSpice: Problems accainn E ER EEE Gi 265 
Design Problems ssie e nenia aa E OA aS 267 
CHAPTER 7 
Energy Storage Eleme miS esscases sxedeesccsttcediceecearmesansttesrensesiedet belnaateacenceme esis tacntiinis anmenisiatslacienietieaeaaiatls 268 
71 TotrogJUC HON sere Ee E E EE EEEE EE EET dabetdsuesyers Band chev eestyess 268 
1:2 Capacitors esanai en E O A E E E ER T A 269 
13 Enersyý-Storage mia Capacitor aenneren na e E EE E eaten) EE ERRES 275 
74 Series and Parallel: Capacttors s.cccc.cccccscusssassccanssivescecacescssnasscuoevsnecuessavsetaceauaevecucvaseevenaate sees 278 
T3 WAG CEOS E E r E 280 
7.6 Energy Storage in an Inductors ccis.ciecceveve secu seasecvevs seackevscesva ceceovanseavobacassens stesseusoessavestevecveases 285 
7.7 Series: and Parallel INAÜCtO S sirrien tistics iarain ene aE EE E ERS 287 
7.8 Initial Conditions of Switched Circuits, cscssiesssissossisisavoivosiroaeissrei tices deiriiisiiiseis 288 
7.9 Operational Amplifier Circuits and Linear Differential Equations ...0....0... cece eeeeeeeeeees 292 
7.10 Using MATLAB to Plot Capacitor or Inductor Voltage and Current... eee eee 298 
TAL “HOw Can We Check see Tenpera E E ora eee easter 300 
7.12 Design Example—Integrator and Switch occ eee eeeeseceecesecseeeeeeseeesesseeeseeeeeaeeneenseeaes 301 
TIS- SUMMAT ei err are rg eter T ere ier eater rer ete eerste eer ierrecte rere rey 304 
Problems arsin a Sects vitesse R stave chs cbs s A teens A EE tect enous vate 305 
Design Problems :css5c3 sscvsceiegestdscivgss wescxpencdecidevse seule E Vivi iee taeda E Gene ass 321 
CHAPTER 8 
The Complete Response of RL and RC Circuits ............+sssscscsessssescssesssecseseseesstsesteesstecsaesseesteesseeesatesseessaeess 322 
8.1 Inirodücton asenso os ee eos vee dest te ae nl Aaa ean ea eG 322 
8.2 First-Order Cir Cuists sssrinin E EEn EREA EEE E E A EET EERE 322 
8.3 The Response of a First-Order Circuit to a Constant Input..........ssessseeseesssreseererreresreresrereses 325 
8.4 Seguential SWite Nin E seeren ini a EEE ORT EEEO E EENE 338 
8.5 Stability of First-Order Circuits seier reaa E T EE ES 340 
8.6 The Unit Step Sour Ensis eair are E EAEE Na 342 
8.7 The Response of a First-Order Circuit to a Nonconstant Source ......ssssseesseeeseererrerrererrererren 346 
8.8 Differential Operators sos s.2505ciscceaescbescep isteck Sa ccesaceSsheacdassceusiosbie fue bsh sous cdyasssdeacsabsegessepecasson’s 351 
8.9 Using PSpice to Analyze First-Order Circuits 2.0.0.0... eceeceseeeeesesceeeseeeesesseseeesaeeeaeesenseeaes 352 
8:10. -How Can We Check jeans: Pssatiscisschsdecstesdesnencd touts EEEE EENE AEO IRTETEN RAEE 355 
8.11 Design Example—A Computer and Printer sssi psrnsrsisnninsisvr tiree kns 359 
S12 SUM Mary reng hes elas en i ee ee ee a 362 
Problems oinei en a EOE nus ATEAN E se ues ECEAT EEN EEE 363 
PSpice Pro Diem aici edeses ease ies, vcs a E E E E eee Gaels 374 
Desigin. Problems annene ea eo a es eden cadesantdy eens E E an renee ves E we eee oees 375 
CHAPTER 9 
The Complete Response of Circuits with Two Energy 
Storage Elements isiin aksamane aiana nahna daa Naa eaaa NRAKA ENE Naa mRnRRR 378 
9.1 TUEOGUICH OM a2esccestees vectvhesetsvescseeeenhs catevipectdh A toeens taste neers east hee ety 378 
9.2 Differential Equation for Circuits with Two Energy Storage Elements... eee 379 


9.3 Solution of the Second-Order Differential Equation—The Natural Response .................. 383 


xxi 


xxii Contents 


9.4 Natural Response of the Unforced Parallel RLC Circuit.........esesseseeseseseesesreererrsreersrrerrsrerees 386 
9.5 Natural Response of the Critically Damped Unforced Parallel RLC Circuit... 389 
9.6 Natural Response of an Underdamped Unforced Parallel RLC Circuit .....0 eee 390 
9.7 Forced Response of aft RUC Circuitt..:..0:.sccccccesscsessdsesteeateesessdnascesnssonescagaseanesbanacedgessdnaseageeses 392 
9.8 Complete Response-of an REC Circuit s sic. ccccccsses scecieesipevtausesesoutnscnvsnscoesseseeedcatereas destecreserd 396 
9.9 State Variable Approach to Circuit Analysis 00... ceceeeeseeseeeeeeeseseeseeseeeeeeseeeaeeeeeeateneenaes 399 
9.10 Rootsin the Complex Plane sssrinin saecueeisoveaeteveseresee 403 
OTL How Can We Check osm 2 ssip srce iaratn et ipte ine Er INe Pa a SEa EE Ear rari 404 
9.12. Design Example—Auto Airbag Igniter -vristi aiaei 407 
9.13 SUMMA ani a aa e E E nents R a ts 409 
Problem S rnana a e a a E E iat 411 
PSpice Problems opece E E O E E AE E 422 
Desiri PRODI EMIS? exes ccasas seas cess: ea Nae EEE EAE E EEE r E E 423 
CHAPTER 10 
Sinusoidal Steady-State Analysis .............cccssssssessssssscssessesssessesssesssesssecssssseeseessecsseessesseesseessesueessesseesseesseeseesaes 425 
T0  -mtrodüctionsue eese en e E E tes EE E S Ea 425 
LOD. Simusoidal SourceS a ena AEE A E EA AEE AE EE AE 426 
10.3- 1Phasors:and SINUSOIdS mpre E EEA E a A E oes 430 
104e Impedance S ean ts vii oes. E E N A N AE EN 435 
10.5. Series and Parallel Impedant ESen enn e EE ANS 440 
10:6: Mesh and Node Equations :.i...:0.:.ccsisccseseleseisastloessteaiedzcsscotecdsnsses Eaha rea arar A ENE TiN EE E ANE rains 447 
10.7- Thévenin and Norton Equivalent Circuits scsssrsserriiriersseasoirtneriraisiriievtndeiseiiseiinrndissriise 454 
AO _SUPELPOSIION i025. 5.2525 ccssehseteeseestssenasszonssantscszctedaessigastusenicpaacdvesceyescenae lanes sdadbbauesedeancavieeageaess 459 
10:9. Phasor Diagrams. stissi vis sti ec coos lavs sex sheceas Ara aie EEN EEE EEEE LESENE SES EE EEEa 461 
10:10" -Op Amps In AC Circuits ia: .cscsci:2scuesivseesdneseepabeloes ra E a A E E E ea R vdeaseayayvapeatapwesds casey 463 
10.11 The Complete RESpOnse rissa o E E E E E E AEE EA E TE 465 
10.12 Using MATLAB to Analyze AC Circuits oe. iscir aen a oe ae e a E RE 472 
10.13. Using PSpice to Analyze AC Circuits oo... eee ec eeeecesseeeeeeeceseceeeeeeeseceesseseaeeaeeseenaeenseaes 474 
10.14 How Can We CHECK: css 2 sshescvscesetant Ea Gaewtedseehestisdoecdensdssaueden Aiptues oat ieseossaneteaees} estes 476 
10.15 Design Example—An Op Amp Circuit 2... eeecseeecceeceeeesesseeeseceeesesaeeaeeeeeaseneeeaes 479 
1016- SUNMA oe iscsi cee chee: 5 Ghiss bes chpce cde aakecc E A dasstunasacoeutelles Stes teegetdvessanssees 481 
Problem Sianco ues n evens eaten teeeses des E EO N E E A E E ET 482 
PSpice Probles issic niren esseri serieari ine aii enes iea Ees TeS DEON EKRA TESTINE TER AEN 502 
Design Problems ivcscisiscszsecelecsseesceyesscecasassazeietvansaaessinaghsnenidgass EENE EE E EE a ETE a 503 
CHAPTER 11 
AC Steady-State Power siiin AA aa 504 
HI nioducHioN reorua aE EE EAE chav. Er EEE EEEE A EN 504 
11:2  Electie PO Web wise. shes seis cece shes sein shes ca tue svete cule. dius E E E E E EE N 504 
11.3 Instantaneous Power and Average Powe ..........cccecesseeseesseescesseeeeseeseeceaeeseeeaeeeeeeaeeeeenaeeneeaes 505 
11.4 -Effective Value of a Periodic Waveform ......... ce ceeeeceesceseeeceeeeceeeeaeseeeeaeeseeeseeeeseaeeeeenateeeaes 509 
VAD: Complèx POW -cereis riaan e S Ea EE Arae E EER eR a pds E NE TINE EEEE EAE AAE EY 512 
LL66 Power Factob:osssonoosei iniiaiee neee NEE E E E EEES TEE EA EEEE 519 
11:7 The Power Superposition Principle 00.0... eceeceeseesccesceseeeeeeeeceeeseeseeeaesseesaeeseeeaeeeeeeaeeneeeaes 27 
11.8 The Maximum Power Transfer Theories croinn a a a 530 
LD -Coupled Mmduüctors sisene E E E ES E E tee reedteltant es 531 
1110" Theldeal TransformEt sssrin a E E E A N E EA A R RE 539 


Contents xxiii 


FELL How Can We Check. ic 2s sainns wists ise nla never wera ae aeiie dieses 546 
11.12 Design Example—Maximum Power Transfer... ccc ceeeseceeceseceeeeseseeeeseeseeeaeesenseeaes 547 
| Gi Kes Neder 1010.01 00 yer re er ere eee fer pees prereset eer tg rer tree mercer reese corer rnery 549 
) 630) 0) bey MS earner perro creer rer err ee orem ey rane rine re rertere eerrr ester perer mere tryorices rr vrerre tet eriry errr rt 551 
PS pie Problems wiisciscsstivs cess deedstsaccs Soetadsdeeesheecesesnecvdsssenbesiubescdesysavabeveesans covansestecsoucnecesoebues 566 
Design Prob lenis siniraan ae e a E EAE E EER 567 
CHAPTER 12 
Three-Phase Circuits.. aeaiia 568 
12.1 Inroddu iON essare E AN EA E EE N EN 568 
12.2.  Three-Phase Voltages socsosuiceninninn cues KEEA VN EE E E NE 569 
12:3. The Y-tos¥ Circuit iisk ein arie ei aate aeaiee AEE vise E e eS ar EE Ea E EE aS 512 
124° TheA-Connected Sourceand Load nsaria e e cranes 581 
12:5. The YtoA Circuits 20. crs cc aleassdacetsevcdecistal ined ee aera a aE ean en no EEEE ES OES 583 
12.6 Balanced Three-Phase: Circuits ici icccsecsccssosveetcvscavcecesnecasteassnceesnecuesesncvennecasedvececaneuancenayendts 586 
12.7 Instantaneous and Average Power in a Balanced Three-Phase Load... ee eeeeeeeeeeees 588 
12.8 Two-Wattmeter Power Measurement ..0....... ee ceeseeeeseeseceeceeeeeesseseeesaeeeseseeeeesaeeeaseaeeenenaes 591 
129: | How Can. We Check: 9.3902 wastes essai E A ease eee ieee NAE 594 
12.10 Design Example—Power Factor Correction... eee eeceesceseceseceeeeseeeeesesseeesesseeeaeeeenseeaes 597 
2T Summary errr er er ere eee re Per errr pee reer Pier erence E terre errr heey 598 
Probles soseer en ean a E sue woebaey ENE velees ites cheney E OES 599 
PSpice Problems oceniono neare na E E ET E a 602 
Design Problems seseina aes a r e E Ea O 603 
CHAPTER 13 
Freguüency Response srspoiin dena aiENES 604 
13.1 Introductorio E EEE A 604 
13.2 Gain, Phase Shift, and the Network Function .........eseeeeeeeeeeeesesesssesesereserrrerrrrsssseseserrrrrreeeeeese 604 
133 Bode POS ss iscccascpescevsossyenesesesniecvaet E E E E A EE RE ane 616 
134- Resonant 'Cwcuiiss 2:0 .getnteginis: en E EE TT E EA 633 
13.5 Frequency Response of Op Amp Circuits .sssssssiseiissisrserisinssirssseesesessirivncrvsersescsrsesescsersssns 640 
13.6 Plotting Bode Plots Using MATLAB 00... eee ceceeseeseceeceeeseesecesesaeenaeseeeaeeaeseaeenseneenaes 642 
13.7 Using PSpice to Plot a Frequency Response .0.........cceeeeceeseeseeeeceeeeeeeseeeseseeeseeseeeseesensenaes 644 
13:8 “How Can We Check ocne Past etd eave Sh eeies acter Ser aloes eres Aseria 646 
13.9- Design Example —Radio! TUNET issis eiia soisissa aeniea raen a E TE RS 650 
13:10.  SüMMAary ss casices cesttecseaneses cxcpenieesabovs aeveie stavaavasksulvecenvacnsansiasd osoes suedueb suv sbiveevanadusasseteeeeeebans ones 652 
| 6100) 0) beset lc prrmreererecerene cere rercere creer St terrier A ERE treet rete eret tay 653 
PSpice Problems isco: sissies dessus eistevecscabsvass coven le suevetesuedssdiansvaauseatevscevatesuearesiavacs EEA 666 
Design Problems asenin ciageiedons sacdsveaseSuncinbane E a NENE 668 
CHAPTER 14 
Tr rea pd eA MON O cscs cence atc sc aces sgn seca ccdnnd acces oc tang ets ceden tec cept easeeeaentameanatactd 670 
14.1 WTO DUCTION EEE A the tus T AAIE S 670 
14.2. Laplace Trañnsfofimi icini nnee E ANENE 671 
14:3- Pulse IMpPütS -sesos veagsvasecsedest ute sa csccen,daneeves SETE A EEE E a N ag Noeaavenss 677 
14:4 Inverse Laplace Transtortitisec. sacscssssscevsees stesceessccsevstvetases cusvads evoeuss caneusucspavseseewasveasceeetevonsss sane 680 
14:5. Tnital and Final Value: Theorems iice3.5:.050ssaceseayec3eacnsevensdeascevecedvebaage Ra AE A EPERE 687 


14.6 Solution of Differential Equations Describing a Circuit ..........ssssseesseeeseereersreersrrsrrresrrersresree 689 


xxiv Contents 


14.7 Circuit Analysis Using Impedance and Initial Conditions ..........ssesseeessseereseersresrerrsrerrereee 690 
14:8 “Transfer Functionmand Impedantie cieie isinen aisaen aiaeei piae NEEE PRAES 700 
MAD! CONV ONL ene eE E E A T E E E teed eaneesdet bes 706 
j E A ORE o el oI TA E E E E E A E E EET, 710 
14.11 Partial Fraction Expansion Using MATLAB... eee cece eeeeeeeceeetaeeseetaeeeeeeaeteeetaeeneeeaes 713 
14.12 How Can We Check pan 2 seessesi ce ventsescendeest onee rara E EE T a E bes aseiouass pas EEEIEE aa 718 
14.13 Design Example—Space Shuttle Cargo Door ......seseeseseserserersrrsesrrsssersrersruursresrseresnsruresrerees 720 
14.14 SUMMA ses eccscceesiasaseeecedasessadebeaicesonsadianseaseseeussesnestauasssydesconacdonseeseibapatedvasededbsasesedeaacavelceansabey 723 
Problem Sko ssc ease een E r IE A EOE O O EEA Speed asine 724 
PS pice PLO DISS visiiti en a coe das chase codan E R di sieeseabieeiescoeesteass Gexies 738 
Design Problems ssn e ei hoea ae NE eE ae a aie E 739 
CHAPTER 15 
Fourier Series and Fourier Transform 
15.1 Tntrodü CH OD 5 csiei send) kinean ates odes cane das 
15:2. The Fourier Seriesiin oeiia eae sas Aee aE ariera TNE raaa one sepioedeestave oignacueteagasses 
13.3. Symmetry of the Füncton f (H-serie sss ceca sends casey ovtausveusoutnsscanesiassesteecvisotewasevassuinees 750 
15:4 Fourier Series of Selected Waveforms... eecececeseesceseceeeeseeeeeeseteeeeaeeeetaeeeeeeaeeeeseaeeeeaes 755 
15:5 Exponential Form of the Fotirier Seriesi 1s.cscsscssscevesssssecssuessavestsvacsvasseveseoveporasssenesocnusees 757 
15.6 The Fourier Spectr. iiss rrsan i pE a a es E ori arae a Ea Pastei vas SAE EE NEARE 765 
15:7  Circüitsand Founder Seres ororen aea A Ea EEEE I T NOOSE 769 
15.8 Using PSpice to Determine the Fourier Series... cece aeo iresetse dusse piisit: 772 
15:9 “The Rourer Transtorii -ssaa ara E aE E E E EAR R EEES 777 
15:10: -Fourier Transform: Properties. oriens eea E E tesea hee egies S TNES 780 
15:11 “The Spectrum OF Sionals corian a a vous E OOT E NO 784 
15.12. Convolution-and Circuit RESponse i... ciccsses-cssssceessensscevepsnsausceusoutusceawecsuasseseeecvebonawanenosouneyers 785 
15.13. The Fourier Transform and the Laplace Transform... eee ec eeeeeeseeeeeeeeeeeeeeeeeeaeeneenaes 788 
13.14 -How Can We Cheek: soo T tissseivs nasaevins castes cepen n coves u EE E EAR E 790 
15.15 Design Example—DC Power Supply... eeeeeeseeseesceseceeeeaeeeeeesesseeeaessaeeaeesaeeaeeeeeeareneeeaes 792 
15:16; SUMMA sosisini cheesccoes encase ceip oseo cade eiai EE AEE EAEE E ESEE CEE EER TESA p Sepai 795 
Probleme arae en Eea E A a E RNE A EE E E AAEE, 796 
PS pice PLODISMIS ccc. aaen e a E E EE EE suns AE ESSO 802 
Desism Problem Sieen R E E E E E T 802 
CHAPTER 16 
Finar GIPO a S NEEE 804 
16.1 WIE o Teln KO) a WAEREA EET OST AIE ATATA E A E A AE T E EEES 804 
16:2 . The Electrice Filtet resisite stiwaz coon stave nenten Arrie EEEE OE EES EE A NEE EE N 804 
16.37 FIETS e eE cove a e E EE E E T E E EE E 805 
16:4- Second-Order Miles: vese.ssesscsedessssetssessecveadeeg suey eni ei opare E n E s e eE RE a EEE aea 808 
163 - Hish-Order Filters’ isp aia E AE A 816 
16.6 Simulating Filter Circuits Using PSpice oo... eee eee eeeeseceeesseteeecseseetseeeseeaeeeeeeaeenseaes 822 
167° How Can We Check, 3:5) 2s sess dstocehigs dgseedezsscetes N A R ET 826 
16.8 Design Example—Anti-Aliasing Filter 2.0... eee eeeeeeeceeeeceeeeeeeeeeeaeeseesaeeseeeaeeeeenaeeneeaes 828 
169  SUMMALY soninn euch cna an EREE AE EEE EEES TEE EA REEE 831 
Proble See aaee a ar aE Hlontesaahsancscasassspanedcesseacavestes acduestadeaspsaacegessenanes> 831 
PSpice Problems: secci sues cess sseay base cdevy ethene cers rE E sods sduspeusiy sepevsapstava cba sdbeve TUES UINE DER S i 836 


Design Problems vise: :isess5 ineeie aeae PARN EE AEAEE E EEA ATSE EEN ais 839 


Contents 


CHAPTER 17 
Two-Port and Three-Port NOW isisssas cisscessscsisassttvaensicneesnciintavniarnesieniavdennaseivecrsecerneistnninedenveorncsieaieiannas 840 
17.1 Introduction siessen N costa eviusies andes EEE A AEE 840 
17.2 T-to-II Transformation and Two-Port Three-Terminal Networks ............ccccccsccessesseseeeseeees 841 
17.3 Equations of Two-Port Networks ....cccccccsscccesssesececvess cosusstasecceeustesuessonssavecedvasceasssdsecvoeespesees 843 
17.4 Zand Y Parameters for a Circuit with Dependent Sources... ee eeeeceeeseeseeeeeeeteeeeeeeeeeeeee 846 
17:5 Hybrid and Transmission Parameters ancienne a nre R 848 
17.6 Relationships Between Two-Port Parameters .........s.ssesseseesssresssrsresreresresrsrrsrerrsreereresrrernresrnt 850 
17:7 Interconnection of Two-Port NetWotkSeesureesecinio iira a a e E a 852 
17:8 How Can We Check soi Tinin iciaieniadeintnii E E EER E E TE 855 
17.9 Design Example—Transistor Amplifier sissisotaa aaraa raaa 857 
1710: SUMMAN sorasa R R ETE E E E ERS 859 
Problem S caen e RE N R 859 
Design Problems osasencisesinrieiiiessivis ask suvekevawastavecdsviesaaustotessesvateuuevanesdeduivesueseaastenssuraest 863 
APPENDIX A 
Getting Started With PSpite siisii 865 
APPENDIX B 
MATLAB, Matrices, and Complex Arithmetic..............s:ssssssssescssescsesssecsssesesssstesseeecsteesseeeeseesseesseesseeeneesaeeeas 873 
APPENDIX C 
Mathematical Formulasi a aeaiiai 885 
APPENDIX D 
Standard Resistor Color Gode nsnisonscsssonnminsanoninnasnnann 889 
RGEIGIONCOS iraani anaana SaNa nnan NEspA EA ANEA AAA NAERAN E Laaa AEA ae 891 


XXV 


CHAPTER | «@® Electric Circuit 


Variables 


IN THIS CHAPTER 


1.1 Introduction 1.5 Power and 1.8 DESIGN 
1.2 Electric Circuits Energy EXAMPLE-—Jet 
and Current 1.6 Circuit Analysis Valve Controller 
1.3 Systems of and Design 1.9 Summary 
Units 1.7 How Can We Problems 
1.4 Voltage Check ...? Design Problems 


1.1 Introduction 


A circuit consists of electrical elements connected together. Engineers use electric circuits to solve 
problems that are important to modern society. In particular: 


1. 


Electric circuits are used in the generation, transmission, and consumption of electric power and 
energy. 

Electric circuits are used in the encoding, decoding, storage, retrieval, transmission, and processing 
of information. 


In this chapter, we will do the following: 


Represent the current and voltage of an electric circuit element, paying particular 
attention to the reference direction of the current and to the reference direction or polarity of 
the voltage. 


Calculate the power and energy supplied or received by a circuit element. 


Use the passive convention to determine whether the product of the current and 
voltage of a circuit element is the power supplied by that element or the power received by 
the element. 


Use scientific notation to represent electrical quantities with a wide range of magnitudes. 


1.2 Electric Circuits and Current 


The outstanding characteristics of electricity when compared with other power sources are its 
mobility and flexibility. Electrical energy can be moved to any point along a couple of wires and, 
depending on the user’s requirements, converted to light, heat, or motion. 


An electric circuit or electric network is an interconnection of electrical elements linked 
together in a closed path so that an electric current may flow continuously. 


2 1. Electric Circuit Variables 


Consider a simple circuit consisting of two well-known electrical elements, a battery and a 
resistor, as shown in Figure 1.2-1. Each element is represented by the two-terminal element 
shown in Figure 1.2-2. Elements are sometimes called devices, and terminals are sometimes called 


nodes. 
Wire 
Battery Resistor 
a o— | b 
Wire 
FIGURE 1.2-2 A general two-terminal electrical element 
FIGURE 1.2-1 A simple circuit. with terminals a and b. 


Charge may flow in an electric circuit. Current is the time rate of change of charge past a given 
point. Charge is the intrinsic property of matter responsible for electric phenomena. The quantity of 
charge q can be expressed in terms of the charge on one electron, which is —1.602 x 10~'? coulombs. 
Thus, —1 coulomb is the charge on 6.24 x 10’ electrons. The current through a specified area is 
defined by the electric charge passing through the area per unit of time. Thus, q is defined as the charge 
expressed in coulombs (C). 


Charge is the quantity of electricity responsible for electric phenomena. 


Then we can express current as 


ed 


= 1.2-1 
y (1.2-1) 


The unit of current is the ampere (A); an ampere is 1 coulomb per second. 
Current is the time rate of flow of electric charge past a given point. 


Note that throughout this chapter we use a lowercase letter, such as q, to denote a variable that is a 
function of time, q(t). We use an uppercase letter, such as Q, to represent a constant. 

The flow of current is conventionally represented as a flow of positive charges. This convention 
was initiated by Benjamin Franklin, the first great American electrical scientist. Of course, we 
now know that charge flow in metal conductors results from electrons with a negative charge. 
Nevertheless, we will conceive of current as the flow of positive charge, according to accepted 


convention. 
; Figure 1.2-3 shows the notation that we use to describe a current. There are two parts to 
P n —] p this notation: a value (perhaps represented by a variable name) and an assigned direction. As a 


matter of vocabulary, we say that a current exists in or through an element. Figure 1.2-3 shows 
that there are two ways to assign the direction of the current through an element. The current i, 
FIGURE 1.2-3 Current is the rate of flow of electric charge from terminal a to terminal b. On the other hand, the 
in a circuit element. current i> is the flow of electric charge from terminal b to terminal a. The currents i; and iz are 
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ĝ t FIGURE 1.2-4 A direct current of magnitude 7. 


similar but different. They are the same size but have different directions. Therefore, i> is the negative 
of i; and 


i = —-in 
We always associate an arrow with a current to denote its direction. A complete description of current 
requires both a value (which can be positive or negative) and a direction (indicated by an arrow). 


If the current flowing through an element is constant, we represent it by the constant J, as shown in 
Figure 1.2-4. A constant current is called a direct current (dc). 


A direct current (dc) is a current of constant magnitude. 


A time-varying current i(t) can take many forms, such as a ramp, a sinusoid, or an exponential, as 
shown in Figure 1.2-5. The sinusoidal current is called an alternating current (ac). 


i=Mtt=O i i=Isinot,t=O 


t(s) t (s) 


(a) (b) (c) 
FIGURE 1.2-5 (a) A ramp with a slope M. (b) A sinusoid. (c) An exponential. / is a constant. The current i is zero for t < 0. 


If the charge q is known, the current i is readily found using Eq. 1.2-1. Alternatively, if the current 
i is known, the charge q is readily calculated. Note that from Eq. 1.2-1, we obtain 


a= f ide = fide +4(0) (1.2-2) 


where q(0) is the charge at t= 0. 


( ExamPLE 1.2-1 Current from Charge ) 


Find the current in an element when the charge entering the element is 
g= 12C 


where f is the time in seconds. 
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Solution 
Recall that the unit of charge is coulombs, C. Then the current, from Eq. 1.2-1, is 
dq 
j=—=I12A 
: dt 
where the unit of current is amperes, A. 
Try it 
yourself ExAMPLE 1.2-2 Charge from Current 
in WileyPLUS 


Find the charge that has entered the terminal of an element from t=0 s to t=3 s when the current entering the 
element is as shown in Figure 1.2-6. 


=ll 0 1 2 3 t(s) FIGURE 1.2-6 Current waveform for Example 1.2-2. 
Solution 
From Figure 1.2-6, we can describe i(t) as 
0 ¿<0 
AE E 
G tel 


Using Eq. 1.2-2, we have 


43) - 4(0) = | 


3 1 3 
i(t)dt =| tar f tdt 
0 1 
1 ye) 

t 1 

=14+=(9-1)=5C 

o 2h 2 
Alternatively, we note that integration of i(t) from t=0 to t= 3 s simply requires the calculation of the area under 
the curve shown in Figure 1.2-6. Then, we have 


q=142x2=5C 


EXERCISE 1.2-1 Find the charge that has entered an element by time ft when 
i=8r* — 4t A, t>0. Assume q(t) =0 for t<0. 


Answer: q(t) = x —2°C 


EXERCISE 1.2-2 The total charge that has entered a circuit element is g(t)=4 sin 3t C when 
t > 0, and g(t) =0 when t < 0. Determine the current in this circuit element for t> 0. 


d 
Answer: i(t) = Fr sin 3f = 12 cos 3tA 


Systems of Units 


1.3 Systems of Units 


In representing a circuit and its elements, we must define a consistent system of units for the quantities 
occurring in the circuit. At the 1960 meeting of the General Conference of Weights and Measures, the 
representatives modernized the metric system and created the Système International d’Unites, 
commonly called SI units. 


SI is Systeme International d’Unités or the International System of Units. 


The fundamental, or base, units of SI are shown in Table 1.3-1. Symbols for units that represent proper 
(persons’) names are capitalized; the others are not. Periods are not used after the symbols, and the symbols do 
not take on plural forms. The derived units for other physical quantities are obtained by combining the 
fundamental units. Table 1.3-2 shows the more common derived units along with their formulas in terms of 
the fundamental units or preceding derived units. Symbols are shown for the units that have them. 


Table 1.3-1 SI Base Units 


SI UNIT 
QUANTITY NAME SYMBOL 
Length meter m 
Mass kilogram kg 
Time second s 
Electric current ampere A 
Thermodynamic temperature kelvin K 
Amount of substance mole mol 
Luminous intensity candela cd 
Table 1.3-2 Derived Units in SI 
QUANTITY UNIT NAME FORMULA SYMBOL 
Acceleration — linear meter per second per second m/s? 
Velocity — linear meter per second m/s 
Frequency hertz s! Hz 
Force newton kg - m/s N 
Pressure or stress pascal N/m? Pa 
Density kilogram per cubic meter kg/m? 
Energy or work joule N-m J 
Power watt J/s WwW 
Electric charge coulomb A-s Ç 
Electric potential volt W/A V 
Electric resistance ohm V/A Q 
Electric conductance siemens A/V S 
Electric capacitance farad C/V F 
Magnetic flux weber V-s Wb 
Inductance henry Wb/A H 
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Table 1.3-3 SI Prefixes 


MULTIPLE PREFIX SYMBOL 
101? tera T 
10° giga G 
10° mega M 
10° kilo k 
107° centi Cc 
107° milli m 
1076 micro H 
io nano n 

107"? pico p 
109 femto 


The basic units such as length in meters (m), time in seconds (s), and current in amperes (A) can 
be used to obtain the derived units. Then, for example, we have the unit for charge (C) derived from the 
product of current and time (A - s). The fundamental unit for energy is the joule (J), which is force times 
distance or N - m. 

The great advantage of the SI system is that it incorporates a decimal system for relating larger 
or smaller quantities to the basic unit. The powers of 10 are represented by standard prefixes given in 
Table 1.3-3. An example of the common use of a prefix is the centimeter (cm), which is 0.01 meter. 

The decimal multiplier must always accompany the appropriate units and is never written by itself. 
Thus, we may write 2500 W as 2.5 kW. Similarly, we write 0.012 A as 12 mA. 


( EXAMPLE 1.3-1 SI Units ) 


A mass of 150 grams experiences a force of 100 newtons. Find the energy or work expended if the mass moves 
10 centimeters. Also, find the power if the mass completes its move in 1 millisecond. 


Solution 
The energy is found as 


energy = force x distance = 100 x 0.1 = 10 J 
Note that we used the distance in units of meters. The power is found from 
energy 
ower = —— 
p time period 
where the time period is 107° s. Thus, 


10 
power = w 10° W = 10 kW 


EXERCISE 1.3-1 Which of the three currents, i, = 45 4A, i> = 0.03 mA, and i=25 x 10°*A, 
is largest? 


Answer: iz is largest. 


Power and Energy 


1.4 Voltage 


The basic variables in an electrical circuit are current and voltage. These variables =. pe $ 
describe the flow of charge through the elements of a circuit and the energy required to 

cause charge to flow. Figure 1.4-1 shows the notation we use to describe a voltage. a o] sf b 
There are two parts to this notation: a value (perhaps represented by a variable name) + ty = 


and an assigned direction. The value of a voltage may be positive or negative. The 
direction of a voltage is given by its polarities (+, —). As a matter of vocabulary, we say 
that a voltage exists across an element. Figure 1.4-1 shows that there are two ways to 
label the voltage across an element. The voltage v,, is proportional to the work required to move a 
positive charge from terminal a to terminal b. On the other hand, the voltage v,» is proportional to the 
work required to move a positive charge from terminal b to terminal a. We sometimes read v,, as “the 
voltage at terminal b with respect to terminal a.” Similarly, va can be read as “the voltage at terminal a 
with respect to terminal b.” Alternatively, we sometimes say that v,, is the voltage drop from terminal a 
to terminal b. The voltages vab and vp, are similar but different. They have the same magnitude but 
different polarities. This means that 


FIGURE 1.4-1 Voltage 
across a circuit element. 


Vab = —Vba 


When considering vpa, terminal b is called the “+ terminal” and terminal a is called the “— terminal.” On 
the other hand, when talking about v,,, terminal a is called the “+ terminal” and terminal b is called the 
“— terminal.” 


The voltage across an element is the work (energy) required to move a unit positive charge 
from the — terminal to the + terminal. The unit of voltage is the volt, V. 


The equation for the voltage across the element is 


_ dw 


= 1.4-1 
mer (1.4-1) 


where v is voltage, w is energy (or work), and q is charge. A charge of 1 coulomb delivers an energy of 
1 joule as it moves through a voltage of 1 volt. 


1.5 Power and Energy 


The power and energy delivered to an element are of great importance. For example, the useful output 
of an electric lightbulb can be expressed in terms of power. We know that a 300-watt bulb delivers more 
light than a 100-watt bulb. 


Power is the time rate of supplying or receiving power. 


Thus, we have the equation 


p=— (1.5-1) 


1.El 


ectric Circuit Variables 


where p is power in watts, w is energy in joules, and f is time in seconds. The power 


a o———_{___ |p _ associated with the current through an element is 


(a) dw dw dq 
SS ee eg 1.5-2 
Pd dq dt ee) 
i(t) - v(t) + 
—> 
os C] 2h From Eq. 1.5-2, we see that the power is simply the product of the voltage across 
(b) an element times the current through the element. The power has units of watts. 


FIGURE 1.5-1 (a) The element 
voltage and current adhere to the 
passive convention. (b) The 
element voltage and current do 
not adhere to the passive 


convention. 


Two circuit variables are assigned to each element of a circuit: a voltage and a 
current. Figure 1.5-1 shows that there are two different ways to arrange the direction 
of the current and the polarity of the voltage. In Figure 1.5-1a, the current is directed 
from the + toward the — of the voltage polarity. In contrast, in Figure 1.5-1b, the 
current is directed from the — toward the + of the voltage polarity. 

First, consider Figure |.5-1a. When the current enters the circuit element at the 
+ terminal of the voltage and exits at the — terminal, the voltage and current are said to 
“adhere to the passive convention.” In the passive convention, the voltage pushes a 
positive charge in the direction indicated by the current. Accordingly, the power 
calculated by multiplying the element voltage by the element current 

p=vi 
is the power received by the element. (This power is sometimes called “the power absorbed by the 
element” or “the power dissipated by the element.”) The power received by an element can be either 
positive or negative. This will depend on the values of the element voltage and current. 

Next, consider Figure 1.5-1b. Here the passive convention has not been used. Instead, the current 
enters the circuit element at the — terminal of the voltage and exits at the + terminal. In this case, the 
voltage pushes a positive charge in the direction opposite to the direction indicated by the current. 
Accordingly, when the element voltage and current do not adhere to the passive convention, the power 
calculated by multiplying the element voltage by the element current is the power supplied by the 
element. The power supplied by an element can be either positive or negative, depending on the values 
of the element voltage and current. 

The power received by an element and the power supplied by that same element are related by 


power received = —power supplied 


The rules for the passive convention are summarized in Table 1.5-1. When the element voltage 
and current adhere to the passive convention, the energy received by an element can be determined 


Table 1.5-1 Power Received or Supplied by an Element 


POWER RECEIVED BY AN ELEMENT POWER SUPPLIED BY AN ELEMENT 


+ v - - v + 
Because the reference directions of Because the reference directions of 
v and i adhere to the passive v and i do not adhere to the 
convention, the power passive convention, the power 
p= vi p= vi 
is the power received by the is the power supplied by the 


element. element. 
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from Eq. 1.5-1 by rewriting it as 


dw = pdt (1.5-3) 


On integrating, we have 


wef pdt (1.5-4) 


Co 


If the element only receives power for t > fo and we let tọ = 0, then we have 


t 
w= f pdt (1.5-5) 
0 


ExAMPLE 1.5-1 Electrical Power and Energy ) 


& Y= 


_> FIGURE 1.5-2 The element 
i considered in Example 1.5-1. 


Let us consider the element shown in Figure 1.5-2 when v= 8 V and i = 25 mA. Find the power received by the 
element and the energy received during a 10-ms interval. 


Solution 
In Figure 1.5-2 the current i and voltage v adhere to the passive convention. Consequently the power 
p = vi = 8 (0.025) = 0.2 W = 200 mW 


is the power received by the circuit element. Next, the energy received by the element is 


t 0.010 
w= i pdt= i, 0.2 dt = 0.2(0.010) = 0.002 J = 2 mJ 
0 0 


EXAMPLE 1.5-2 Electrical Power and the Passive Convention 


i=2A + Vap=4V = 
> 
c Ta 


FIGURE 1.5-3 The element 
= Va = 4V + 


considered in Example 1.5-2. 
Consider the element shown in Figure 1.5-3. The current i and voltage va adhere to the passive convention, so 
i- va = 2-(—4) = -8 W 
is the power received by this element. The current i and voltage v,, do not adhere to the passive convention, so 
i+ Vba = 2-(4) =8 W 
is the power supplied by this element. As expected 


power received = —power supplied 
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Try it . i 
yourself ( ExAMPLE 1.5-3 Power, Energy, and the Passive Convention ) 
in WileyPLUS 


Consider the circuit shown in Figure 1.5-4 with v(t) = 12e7™®% V and i(t)=5e * A for t > 0. Both v(t) and i(t) are 
zero for t < 0. Find the power supplied by this element and the energy supplied by the element over the first 100 ms 
of operation. 


a — an ae b FIGURE 1.5-4 The element considered in Example 1.5-3. 


Solution 
The power 
p(t) = v(i) i(t) = (12e-*) (Se) = 60e" W 


is the power supplied by the element because v(t) and i(f) do not adhere to the passive convention. This element is 
supplying power to the charge flowing through it. 
The energy supplied during the first 100 ms = 0.1 seconds is 


0.1 0.1 
w(0.1) - | par= | (60e7'*')dt 


= 0.1 
e 16t 


—16 


G07 ie 


= 60 re Ta 


1) = 3.75(1 — °°) = 2000 


( ExAMPLE 1.5-4 Energy ina Thunderbolt ) 


The average current in a typical lightning thunderbolt is 2 x 10* A, and its typical duration is 0.1 s (Williams, 
1988). The voltage between the clouds and the ground is 5 x 10° V. Determine the total charge transmitted to the 
earth and the energy released. 


Solution 
The total charge is 


0.1 0.1 
= | a= f 2x10tdt=2 x 10e 
0 


0 
The total energy released is 


0.1 0.1 
w= f i(t) x v(t) a (2 x 10*)(5 x 10°) ar = 10 aa 
0 0 


EXERCISE 1.5-1 Figure E 1.5-1 shows four circuit elements identified by the letters A, B, C, 
and D. 


(a) Which of the devices supply 12 W? 
(b) Which of the devices absorb 12 W? 
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(c) What is the value of the power received by device B? 
(d) What is the value of the power delivered by device B? 


(e) What is the value of the power delivered by device D? 


+ 4V - - 2V +4 + 6V - - 3V +4 
— > — —_ 
3A 6A 2A 4A 


(A) (B) (C) (D) FIGURE E 1.5-1 


Answers: (a) B and C, (b) A and D, (c) —12 W, (d) 12 W, (e) —12 W 


1.6 Circuit Analysis and Design 


The analysis and design of electric circuits are the primary activities described in this book and are key 
skills for an electrical engineer. The analysis of a circuit is concerned with the methodical study of a 
given circuit designed to obtain the magnitude and direction of one or more circuit variables, such as a 
current or voltage. 

The analysis process begins with a statement of the problem and usually includes a given circuit model. 
The goal is to determine the magnitude and direction of one or more circuit variables, and the final task is to 
verify that the proposed solution is indeed correct. Usually, the engineer first identifies what is known and the 
principles that will be used to determine the unknown variable. 

The problem-solving method that will be used throughout this book is shown in Figure 1.6-1. 
Generally, the problem statement is given. The analysis process then moves sequentially through 
the five steps shown in Figure 1.6-1. First, we describe the situation and the assumptions. We also 
record or review the circuit model that is provided. Second, we state the goals and requirements, and we 


State the problem. 


Situation Describe the situation and 
the assumptions. 


State the goals and 
requirements. 


Generate a plan to obtain 
a solution of the problem. 


Act on the plan. 


Verify that the proposed 
solution is indeed correct. 


Incorrect Correct 


c icate the solution. 
ommunicate the solution: FIGURE 1.6-1 The problem-solving method. 
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normally record the required circuit variable to be determined. The third step is to create a plan that will 
help obtain the solution of the problem. Typically, we record the principles and techniques that pertain 
to this problem. The fourth step is to act on the plan and carry out the steps described in the plan. The 
final step is to verify that the proposed solution is indeed correct. If it is correct, we communicate this 
solution by recording it in writing or by presenting it verbally. If the verification step indicates that the 
proposed solution is incorrect or inadequate, then we return to the plan steps, reformulate an improved 
plan, and repeat steps 4 and 5. 

To illustrate this analytical method, we will consider an example. In Example 1.6-1, we use the 
steps described in the problem-solving method of Figure 1.6-1. 


EXAMPLE 1.6-1 The Formal Problem-Solving Method 


An experimenter in a lab assumes that an element is absorbing power and uses a voltmeter and ammeter to measure 
the voltage and current as shown in Figure 1.6-2. The measurements indicate that the voltage is v= +12 V and the 
current is i= —2 A. Determine whether the experimenter’s assumption is correct. 

Describe the Situation and the Assumptions: Strictly speaking, the element is absorbing power. The value 
of the power absorbed by the element may be positive or zero or negative. When we say that someone “assumes that 
an element is absorbing power,” we mean that someone assumes that the power absorbed by the element is positive. 

The meters are ideal. These meters have been connected to the element in such a way as to measure the 
voltage labeled v and the current labeled i. The values of the voltage and current are given by the meter readings. 

State the Goals: Calculate the power absorbed by the element to determine whether the value of the power 
absorbed is positive. 

Generate a Plan: Verify that the element voltage and current adhere to the passive convention. If so, the 
power absorbed by the device is p= vi. If not, the power absorbed by the device is p = —vi. 

Act on the Plan: Referring to Table 1.5-1, we see that the element voltage and current do adhere to the 
passive convention. Therefore, power absorbed by the element is 


p=vi=12-(-2)=-24W 


The value of the power absorbed is not positive. 

Verify the Proposed Solution: Let’s reverse the ammeter probes as shown in Figure 1.6-3. Now the 
ammeter measures the current i; rather than the current 7, so i; = 2 A and v= 12 V. Because i, and v do not adhere to 
the passive convention, p =i, - v= 24 W is the power supplied by the element. Supplying 24 W is equivalent to 
absorbing —24 W, thus verifying the proposed solution. 


TAME 
O Voltmeter O 


1/2 (0) 
© Voltmeter O 


2 0o 


© Ammeter © 


[-[2].]o] 


© Ammeter © 


= 
Element iy 


emen: FIGURE 1.6-3 The circuit from Figure 1.6-2 with the ammeter 
FIGURE 1.6-2 An element with a voltmeter and ammeter. probes reversed. 
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Design is a purposeful activity in which a designer visualizes a desired outcome. It is the process 
of originating circuits and predicting how these circuits will fulfill objectives. Engineering design is the 
process of producing a set of descriptions of a circuit that satisfy a set of performance requirements and 
constraints. 

The design process may incorporate three phases: analysis, synthesis, and evaluation. The first 
task is to diagnose, define, and prepare—that is, to understand the problem and produce an explicit 
statement of goals; the second task involves finding plausible solutions; the third concerns judging the 
validity of solutions relative to the goals and selecting among alternatives. A cycle is implied in which 
the solution is revised and improved by reexamining the analysis. These three phases are part of a 
framework for planning, organizing, and evolving design projects. 


Design is the process of creating a circuit to satisfy a set of goals. 


The problem-solving process shown in Figure 1.6-1 is used in Design Examples included in each 
chapter. 


17 How Can We Check ... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able quickly to identify 
those solutions that need more work. 

This text includes some examples that illustrate techniques useful for checking the solutions of 
the particular problems discussed in that chapter. At the end of each chapter, some problems are 
presented that provide an opportunity to practice these techniques. 


EXAMPLE 1.7-1 How Can We Check Power and the Passive Convention? 


A laboratory report states that the measured values of v and i for the circuit element o—{ =f 
shown in Figure 1.7-1 are —5 V and 2 A, respectively. The report also states that the = v + 
power absorbed by the element is 10 W. How can we check the reported value of the 
power absorbed by this element? 


FIGURE 1.7-1 A circuit 
element with measured 
voltage and current. 
Solution 
Does the circuit element absorb —10 W or +10 W? The voltage and current shown in Figure 1.7-1 do not adhere to 
the passive sign convention. Referring to Table 1.5-1, we see that the product of this voltage and current is the 
power supplied by the element rather than the power absorbed by the element. 

Then the power supplied by the element is 


p = vi = (—5)(2) =-10W 


The power absorbed and the power supplied by an element have the same magnitude but the opposite sign. Thus, 
we have verified that the circuit element is indeed absorbing 10 W. 
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1.8 Design EXAMPLE Jet Valve Controller 


A small, experimental space rocket uses a two- 
element circuit, as shown in Figure 1.8-1, to 
control a jet valve from point of liftoff at r=0 
until expiration of the rocket after one minute. 
The energy that must be supplied by element 1 
for the one-minute period is 40 mJ. Element | is a 


Wire 


Jet value 
controller 


vy U2 


Element Element 
il 2 


battery to be selected. 


and 


Be“ V for t>0. The maximum magnitude 
of the current, D, is limited to 1 mA. Determine 


It is known that i(t)= De“ mA for t> 0, 
the voltage across the second element is v2(f) = 


Wire 
FIGURE 1.8-1 The circuit to control 
a jet valve for a space rocket. 


the required constants D and B and describe the 
required battery. 


Describe the Situation and the Assumptions 


1. The current enters the plus terminal of the second element. 

2. The current leaves the plus terminal of the first element. 

3. The wires are perfect and have no effect on the circuit (they do not absorb energy). 

4. The model of the circuit, as shown in Figure 1.8-1, assumes that the voltage across the two elements is 
equal; that is, vı = v2. 

5. The battery voltage vı is vı =Be“®° V where B is the initial voltage of the battery that will 
discharge exponentially as it supplies energy to the valve. 

6. The circuit operates from t=0 to t= 60 s. 

7. The current is limited, so D < 1 mA. 

State the Goal 


Determine the energy supplied by the first element for the one-minute period and then select the constants D and B. 
Describe the battery selected. 


Generate a Plan 
First, find v,(¢) and i(t) and then obtain the power, p(t), supplied by the first element. Next, using p,(¢), find the 
energy supplied for the first 60 s. 


GOAL EQUATION NEED INFORMATION 

The energy w, for the 60 vı and i known except for 
first 60 s WS i pı(t) dt Pid) constants D and B 

Act on the Plan 


First, we need p(t), so we first calculate 


Pile) = an (Det? 102 A) Beaty) 
= Res Abe Wo Dies mW 


Second, we need to find w, for the first 60 s as 


Ww, = 
0 


= —30DB x 10-7(e? — 


Because we require w, > 40 mJ, 


ae 


60 
| (OBeg? x 102 


Problems 15 


DB x 10~3¢7#/30) 
-1/30 |, 
1) = 25.9DB x 1077 J 


40 < 25.9DB 
Next, select the limiting value, D= 1, to get 
40 
B> —_—__ = 1,54 V. 
~ (25,.9)(1) 


Thus, we select a 2-V battery so that the magnitude of the current is less than 1 mA. 


Verify the Proposed Solution 


We must verify that at least 40 mJ is supplied using the 2-V battery. Because i= e “© mA and vy =2e”™ V, the 


energy supplied by the battery is 


60 
w= | (Ben) (ca x 10-*) dt = 
0 


60 
f Qe" x 10-3 dt = 51.8 mJ 
0 


Thus, we have verified the solution, and we communicate it by recording the requirement for a 2-V battery. 


19 SUMMARY 


© Charge is the intrinsic property of matter responsible for 


electric phenomena. The current in a circuit element is the 
rate of movement of charge through the element. The voltage 
across an element indicates the energy available to cause 
charge to move through the element. 

Given the current, i, and voltage, v, of a circuit element, the 
power, p, and energy, w, are given by 


t 
p=v-i and w= f pdr 
0 


Section 1.2 Electric Circuits and Current 

P 1.2-1 @ The total charge that has entered a circuit element 
is q(t) = 1.25(1—e *) when f>0 and g(t)=0 when t<0. 
Determine the current in this circuit element for t > 0. 


Answer: i(t) = 6.25e™™ A 


P 1.2-2 (+) The current in a circuit element is i(f) =4(1—e ~) 
A when t>0 and i(t)=0 when t<0O. Determine the total 
charge that has entered a circuit element for t> 0. 


© Table 1.5-1 summarizes the use of the passive convention 
when calculating the power supplied or received by a circuit 
element. 

© The SI units (Table 1.3-1) are used by today’s engineers and 
scientists. Using decimal prefixes (Table 1.3-3), we may 
simply express electrical quantities with a wide range of 
magnitudes. 


PROBLEMS 


© Problem available in WileyPLUS at instructor’s discretion. 


Hint: 40) = f i(t) a= f Odt=0 


—oo ie <) 


Answer: q(t) = 4t + 0.8e-* — 0.8 C fort >0 


P 1.2-3 @ The current in a circuit element is i(t) = 4 sin 5t A 
when ¢ > 0 and i(t)=0 when ¢< 0. Determine the total charge 
that has entered a circuit element for t > 0. 


0 0 
Hint: q(0) = J i(t) dt = J Odt=0 
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P 1.2-4 The current in a circuit element is 


0 t<2 

iS 2 2<t<4 
-l14<1r<8 
0 8<t 


where the units of current are A and the units of time are s. 
Determine the total charge that has entered a circuit element 
for t>0. 


Answer: 
0 t<2 
2r-42<t<4 . 
q(t) = g-t 4<t<8 where the units of 
0 8<t 


charge are C. 


P 1.2-5 (+) The total charge q(t), in coulombs, that enters the 
terminal of an element is 


0 t<0 
q(t) = 4 2t 0<t<2 
34+ 622) t>2 


Find the current i(f) and sketch its waveform for t > 0. 


P 1.2-6 (+) An electroplating bath, as shown in Figure P 1.2- 
6, is used to plate silver uniformly onto objects such as kitchen- 
ware and plates. A current of 450 A flows for 20 minutes, and 
each coulomb transports 1.118 mg of silver. What is the weight 
of silver deposited in grams? 


i i 
<_— 


Object to 


be plated ipo bar 


Figure P 1.2-6 An electroplating bath. 


P 1.2-7 Find the charge q(t) and sketch its waveform when the 
current entering a terminal of an element is as shown in Figure 
P 1.2-7. Assume that (f) =Q for t<0. 


i(A) 
3 


2 


1 | 


1 2 3 4 tls) 


Figure P 1.2-7 


Section 1.3 Systems of Units 


P 1.3-1 © A constant current of 3.2 “A flows through an 
element. What is the charge that has passed through the element 
in the first millisecond? 


Answer: 3.2 nC 


P 1.3-2 © A charge of 45nC passes through a circuit 
element during a particular interval of time that is 5ms in 
duration. Determine the average current in this circuit element 
during that interval of time. 


Answer: i=9 pA 


P 1.3-3 © Ten billion electrons per second pass through a 
particular circuit element. What is the average current in that 
circuit element? 


Answer: i = 1.602 nA 


P 1.3-4 The charge flowing ina wire is plotted in Figure P 1.3-4. 
Sketch the corresponding current. 


q (t), nC 


2 4 7 
Figure P 1.3-4 


P 1.3-5 The current in a circuit element is plotted in Figure 
P 1.3-5. Sketch the corresponding charge flowing through the 
element for t > 0. 


i (t), uA 


Figure P 1.3-5 


P 1.3-6 The current in a circuit element is plotted in Figure 
P 1.3-6. Determine the total charge that flows through the 
circuit element between 300 and 1200 ps. 


Figure P 1.3-6 


Section 1.5 Power and Energy 


P 1.5-1 @ Figure P 1.5-1 shows four circuit elements 
identified by the letters A, B, C, and D. 


(a) Which of the devices supply 30 mW? 

(b) Which of the devices absorb 0.03 W? 

(c) What is the value of the power received by device B? 

(d) What is the value of the power delivered by device B? 
(e) What is the value of the power delivered by device C? 


+ 1OV - + 5V -= 
—E — ii 
3mA E mA 
(A) (B) 

- 6V + - 15V + 
—i— = | 
5 mA 2 mA 
(C) (D) 


Figure P 1.5-1 


P 1.5-2 (+) An electric range has a constant current of 10 A 
entering the positive voltage terminal with a voltage of 110 V. The 
range is operated for two hours. (a) Find the charge in coulombs 
that passes through the range. (b) Find the power absorbed by the 
range. (c) If electric energy costs 12 cents per kilowatt-hour, 
determine the cost of operating the range for two hours. 


P 1.5-3 A walker’s cassette tape player uses four AA 
batteries in series to provide 6 V to the player circuit. The 
four alkaline battery cells store a total of 200 watt-seconds of 
energy. If the cassette player is drawing a constant 10 mA 
from the battery pack, how long will the cassette operate at 
normal power? 


P 1.5-4 The current through and voltage across an element 
vary with time as shown in Figure P 1.5-4. Sketch the power 
delivered to the element for t>0. What is the total energy 
delivered to the element between t=0 and t=25 s? The 
element voltage and current adhere to the passive convention. 
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v (volts) 
30 


i (amp) 


Figure P 1.5-4 (a) Voltage v(t) and (b) current i(t) for an element. 


P 1.5-5 © An automobile battery is charged with a constant 
current of 2 A for five hours. The terminal voltage of the battery 
is v=11+0.5tV for t>0, where ż¢ is in hours. (a) Find the 
energy delivered to the battery during the five hours. (b) If 
electric energy costs 15 cents/kWh, find the cost of charging the 
battery for five hours. 


Answer: (b) 1.84 cents 


P 1.5-6 © Find the power, p(t), supplied by the element 
shown in Figure P 1.5-6 when v(t)=4 cos 3t V and 
F sin 3t 
i(t) = 
Observe that the power supplied by this element has a positive 
value at some times and a negative value at other times. 


b)t) 


A. Evaluate p(t) at t=0.5 s and at t=1 s. 


Hint: (sin at)(cos bt) = 


5 (sin(a + b)t + sin(a 


Answer: 


1 
p(t) =z sin 6 W, p(0.5) = 0.0235 W, p(1) = —0.0466 W 


Figure P 1.5-6 An element. 


P 1.5-7 © Find the power, p(t), supplied by the element shown 
in Figure P 1.5-6 when v(t) = 8 sin 3t V and i(t) =2 sin 3t A. 


1 
Hint: (sin at)(sin bt) = z (esla b)t — cos(a + b)t) 


Answer: p(t) = 8 — 8cos 6t W 
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P 1.5-8 © Find the power, p(t), supplied by the element 
shown in Figure P 1.5-6. The element voltage is represented 
as v(t) = 4(1—e™°5V when ż > 0 and v(t) = 0 when t <0. The 
element current is represented as i(t)=2e 7A when t>0 
and i(t)=0 when t<0. 


Answer: p(t) = 8(1 — e~*)e"" W 
P 1.5-9 (+) The battery of a flashlight develops 3 V, and the 


current through the bulb is 200 mA. What power is absorbed by the 
bulb? Find the energy absorbed by the bulb in a five-minute period. 


P 1.5-10 Medical researchers studying hypertension often use 
a technique called “2D gel electrophoresis” to analyze the 
protein content of a tissue sample. An image of a typical “gel” 
is shown in Figure P1.5-10a. 

The procedure for preparing the gel uses the electric circuit 
illustrated in Figure 1.5-10b. The sample consists of a gel and a 
filter paper containing ionized proteins. A voltage source causes a 
large, constant voltage, 500 V, across the sample. The large, 
constant voltage moves the ionized proteins from the filter paper 
to the gel. The current in the sample is given by 

i(t) =2+30e “mA 
where f is the time elapsed since the beginning of the procedure 
and the value of the constant a is 
1 
a = 0.85 hr 
Determine the energy supplied by the voltage source when the 
gel preparation procedure lasts 3 hours. 


e. 2 -s £ ~.. > y“ 
Devon Svoboda, Queen’s University 


(a) 


S sample 


Figure P 1.5-10 (a) An image of a gel and (b) the electric circuit 
used to prepare gel. 


Section 1.7 How Can We Check ...? 


P 1.7-1 (+) Conservation of energy requires that the sum of 


the power received by all of the elements in a circuit be zero. 
Figure P 1.7-1 shows a circuit. All of the element voltages and 


currents are specified. Are these voltage and currents correct? 
Justify your answer. 


Hint: Calculate the power received by each element. Add up 
all of these powers. If the sum is zero, conservation of energy 
is satisfied and the voltages and currents are probably 
correct. If the sum is not zero, the element voltages and 
currents cannot be correct. 


= 5 Vo 


-5A 


Figure P 1.7-1 


P 1.7-2 © Conservation of energy requires that the sum of 
the power received by all of the elements in a circuit be zero. 
Figure P 1.7-2 shows a circuit. All of the element voltages and 
currents are specified. Are these voltage and currents correct? 
Justify your answer. 


Hint: Calculate the power received by each element. Add up 
all of these powers. If the sum is zero, conservation of energy 
is satisfied and the voltages and currents are probably 
correct. If the sum is not zero, the element voltages and 
currents cannot be correct. 


Figure P 1.7-2 


P 1.7-3 © The element currents and voltages shown in 
Figure P 1.7-3 are correct with one exception: the reference 
direction of exactly one of the element currents is reversed. 
Determine which reference direction has been reversed. 


-3V + 


Figure P 1.7-3 


Design Problems 


DP 1-1 A particular circuit element is available in three grades. 
Grade A guarantees that the element can safely absorb 1/2 W 
continuously. Similarly, Grade B guarantees that 1/4 W can be 
absorbed safely, and Grade C guarantees that 1/8 W can be 
absorbed safely. As a rule, elements that can safely absorb more 
power are also more expensive and bulkier. 

The voltage across an element is expected to be about 
20V, and the current in the element is expected to be about 
8mA. Both estimates are accurate to within 25 percent. The 
voltage and current reference adhere to the passive convention. 
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Specify the grade of this element. Safety is the most 
important consideration, but don’t specify an element that is 
more expensive than necessary. 


DP 1-2 The voltage across a circuit element is v(t) = 20 (1 agri 
V when ż > 0 and v(t) = 0 when t < 0. The current in this element is 
i(t)= 30e mA when t> 0 and i(t) = 0 when t< 0. The element 
current and voltage adhere to the passive convention. Specify the 
power that this device must be able to absorb safely. 


Hint: Use MATLAB, or a similar program, to plot the power. 


CHAPTER 2 €@® Circuit Elements 
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2.1 Introduction 


Not surprisingly, the behavior of an electric circuit depends on the behaviors of the individual 
circuit elements that comprise the circuit. Of course, different types of circuit elements behave 
differently. The equations that describe the behaviors of the various types of circuit elements are 
called the constitutive equations. Frequently, the constitutive equations describe a relationship 
between the current and voltage of the element. Ohm’s law is a well-known example of a constitutive 
equation. 

In this chapter, we will investigate the behavior of several common types of circuit 
element: 
e Resistors. 
e Independent voltage and current sources. 
e Open circuits and short circuits. 
e Voltmeters and ammeters. 
e Dependent sources. 
e Transducers. 


e Switches. 


2.2 Engineering and Linear Models 


The art of engineering is to take a bright idea and, using money, materials, knowledgeable people, 
and a regard for the environment, produce something the buyer wants at an affordable price. 

Engineers use models to represent the elements of an electric circuit. A model is a description 
of those properties of a device that we think are important. Frequently, the model will consist of 
an equation relating the element voltage and current. Though the model is different from the electric 
device, the model can be used in pencil-and-paper calculations that will predict how a circuit composed 
of actual devices will operate. Engineers frequently face a trade-off when selecting a model for a 
device. Simple models are easy to work with but may not be accurate. Accurate models are usually more 
complicated and harder to use. The conventional wisdom suggests that simple models be used first. The 
results obtained using the models must be checked to verify that use of these simple models is 
appropriate. More accurate models are used when necessary. 
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The idealized models of electric devices are precisely defined. It is important to distinguish 
between actual devices and their idealized models, which we call circuit elements. The goal of circuit 
analysis is to predict the quantitative electrical behavior of physical circuits. Its aim is to predict and to 
explain the terminal voltages and terminal currents of the circuit elements and thus the overall operation 
of the circuit. 
Models of circuit elements can be categorized in a variety of ways. For example, it is 
important to distinguish linear models from nonlinear models because circuits that consist Er 
entirely of linear circuit elements are easier to analyze than circuits that contain some + = 
nonlinear elements. 
An element or circuit is linear if the element’s excitation and response satisfy certain FIGURE 2.2-1 
properties. Consider the element shown in Figure 2.2-1. Suppose that the excitation is the A n element with an 
current i and the response is the voltage v. When the element is subjected to a current 7), it excitation current i and a 
provides a response vı. Furthermore, when the element is subjected to a current iz, it response v. 
provides a response v2. For a linear element, it is necessary that the excitation 7, + iz result 
in a response vı + v2. This is usually called the principle of superposition. 
Also, multiplying the input of a linear device by a constant must have the consequence 
of multiplying the output by the same constant. For example, doubling the size of the input causes 
the size of the output to double. This is called the property of homogeneity. An element is linear if, 
and only if, the properties of superposition and homogeneity are satisfied for all excitations 
and responses. 


A linear element satisfies the properties of both superposition and homogeneity. 


Let us restate mathematically the two required properties of a linear circuit, using the arrow 
notation to imply the transition from excitation to response: 


i—>v 


Then we may state the two properties required as follows. 


Superposition: 
i — vı 
h > v 
then i +i —> v +v (2.2-1) 
Homogeneity: 
imv 
then ki — kv (2.2-2) 


A device that does not satisfy either the superposition or the homogeneity principle is said to be 


nonlinear. 
( EXAMPLE 2.2-1 A Linear Device 


Consider the element represented by the relationship between current and voltage as 


v=Ri 


Determine whether this device is linear. 
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Solution 
The response to a current ių is yy = Rij 
The response to a current i> is v = Ri 


The sum of these responses is 
vi +v = Ri + Rh = R(i + in) 
Because the sum of the responses to i; and i, is equal to the response to i, + in, the principle of superposition is 
satisfied. Next, consider the principle of homogeneity. Because 
y= Ri, 
we have for an excitation ip = ki, 
v = Rin = Rki; 


Therefore, v = kvi 


satisfies the principle of homogeneity. Because the element satisfies the properties of both superposition and 
homogeneity, it is linear. 


EXAMPLE 2.2-2 A Nonlinear Device 


Now let us consider an element represented by the relationship between current and voltage: 


v=i? 
Determine whether this device is linear. 
Solution 
The response to a current ių is vV = fe 
The response to a current ip is v= i 


The sum of these responses is 
vi Fv = ie + i 
The response to 7; + ip is 
Gi +4) =i? +2 +77 
Because 
i? +i? (itio) 


the principle of superposition is not satisfied. Therefore, the device is nonlinear. 
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Try it . . 
yourself EXAMPLE 2.2-3 A Model of a Linear Device 
in WileyPLUS 


A linear element has voltage v and current i as shown in Figure 2.2-2a. Values of the current i and corresponding 
voltage v have been tabulated as shown in Figure 2.2-2b. Represent the element by an equation that expresses v as a 
function of i. This equation is a model of the element. Use the model to predict the value of v corresponding to a 
current of i= 100 mA and the value of i corresponding to a voltage of v = 18 V. 


(a) 


FIGURE 2.2-2 (a) A linear circuit element and (b) a tabulation 
of corresponding values of its voltage and current. 


FIGURE 2.2-3 A plot of voltage versus current for the linear 
element from Figure 2.2-2. 


Solution 

Figure 2.2-3 is a plot of the voltage v versus the current i. The points marked by dots represent corresponding values 
of v and i from the rows of the table in Figure 2.2-2b. Because the circuit element is linear, we expect these points to 
lie on a straight line, and indeed they do. We can represent the straight line by the equation 


v=mi+b 


where m is the slope and b is the v-intercept. Noticing that the straight line passes through the origin, v = 0 when 
i = 0, we see that b = 0. We are left with 


v=mi 


The slope m can be calculated from the data in any two rows of the table in Figure 2.2-2b. For example: 


11.25 — 4.5 ae V 22.5 — 11.25 0.45 V a 22.5 — 4.5 — 0.45 NS 
25 — 10 mA’ 50-25 mA 50 — 10 mA 
Consequently, 
W V 
= 0.45 — = 450 — 
m 7 A 
and 
v = 450i 


This equation is a model of the linear element. It predicts that the voltage v = 450(0.1) = 45 V corresponds to the 
current i= 100mA = 0.1 A and that the current i = 18/450 = 0.04 A = 40mA corresponds to the voltage 
v= Iss V 


2.3 Active and Passive Circuit Elements 


We may classify circuit elements in two categories, passive and active, by determining whether they absorb 
energy or supply energy. An element is said to be passive if the total energy delivered to it from the rest of 
the circuit is always nonnegative (zero or positive). Then for a passive element, with the current flowing 
into the + terminal as shown in Figure 2.3-1a, this means that 
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t 
w= I| vidt > 0 (2.3-1) 
—00 
for all values of t. 
A passive element absorbs energy. 
Entry Exit 
node node 
+ + 
Ji 
v v 
fi 
Exit Entry FIGURE 2.3-1 (a) The entry node of the current i is the positive node of the voltage v; 
node node (b) the entry node of the current i is the negative node of the voltage v. The current flows from 
(a) (b) the entry node to the exit node. 


An element is said to be active if it is capable of delivering energy. Thus, an active element violates 
Eq. 2.3-1 when it is represented by Figure 2.3-1a. In other words, an active element is one that is capable of 
generating energy. Active elements are potential sources of energy, whereas passive elements are sinks or 
absorbers of energy. Examples of active elements include batteries and generators. Consider the element 
shown in Figure 2.3-1b. Note that the current flows into the negative terminal and out of the positive 
terminal. This element is said to be active if 


t 
w= J vidt > 0 (2.3-2) 
for at least one value of t. 


An active element is capable of supplying energy. 


EXAMPLE 2.3-1 An Active Circuit Element 


A circuit has an element represented by Figure 2.3-1b where the current is a constant 5 A and the voltage is a 
constant 6 V. Find the energy supplied over the time interval 0 to T. 


Solution 
Because the current enters the negative terminal, the energy supplied by the element is given by 


Te [ OO = 307 J 
0 


Thus, the device is a generator or an active element, in this case a dc battery. 


2.4 Resistors 
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The ability of a material to resist the flow of charge is called its resistivity, p. Materials that are good 
electrical insulators have a high value of resistivity. Materials that are good conductors of electric 
current have low values of resistivity. Resistivity values for selected materials are given in Table 2.4-1. 
Copper is commonly used for wires because it permits current to flow relatively unimpeded. Silicon is 
commonly used to provide resistance in semiconductor electric circuits. Polystyrene is used as an 


insulator. 


Table 2.4-1 Resistivities of Selected Materials 


MATERIAL RESISTIVITY p (OHM.CM) 
Polystyrene 1 x 10! 

Silicon 2.3 x 10° 

Carbon 4x 10-3 
Aluminum 2.7 x 107° 

Copper 1.7 x 10° 


Resistance is the physical property of an element or device that impedes the flow of current; it 


is represented by the symbol R. 


Georg Simon Ohm was able to show that the current in a circuit composed of a battery 
and a conducting wire of uniform cross-section could be expressed as 


_ Av 

‘pL 
where A is the cross-sectional area, p the resistivity, L the length, and v the voltage across the 
wire element. Ohm, who is shown in Figure 2.4-1, defined the constant resistance R as 


(2.4-1) 


_ pL 


R 
A 


(2.4-2) 


Ohm’s law, which related the voltage and current, was published in 1827 as 
Vv SIM (2.4-3) 


The unit of resistance R was named the ohm in honor of Ohm and is usually abbreviated by the 
Q (capital omega) symbol, where 1 Q = 1 V/A. The resistance of a 10-m length of common 
TV cable is 2 mQ. 

An element that has a resistance R is called a resistor. A resistor is represented by the 
two-terminal symbol shown in Figure 2.4-2. Ohm’s law, Eq. 2.4-3, requires that the i-versus-v 
relationship be linear. As shown in Figure 2.4-3, a resistor may become nonlinear outside its 
normal rated range of operation. We will assume that a resistor is linear unless stated 
otherwise. Thus, we will use a linear model of the resistor as represented by Ohm’s law. 

In Figure 2.4-4, the element current and element voltage of a resistor are labeled. The 
relationship between the directions of this current and voltage is important. The voltage 
direction marks one resistor terminal + and the other —. The current i, flows from the terminal 
marked + to the terminal marked —. This relationship between the current and voltage 
reference directions is a convention called the passive convention. Ohm’s law states that when 
the element voltage and the element current adhere to the passive convention, then 

v= Ri, (2.4-4) 


Photo by Hulton Archive/ 
Getty Images 


FIGURE 2.4-1 

Georg Simon Ohm 
(1787-1854), who 
determined Ohm’s law in 
1827. The ohm was 
chosen as the unit of 
electrical resistance in his 
honor. 


FIGURE 2.4-2 Symbol 
for a resistor having a 
resistance of R ohms. 
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la R Ib 
=< —— 
+ U = 


FIGURE 2.4-3 A resistor operating FIGURE 2.4-4 A resistor with 
within its specified current range, + element current and element 
im, can be modeled by Ohm’s law. voltage. 


FIGURE 2.4-5 (a) Wirewound resistor with an 
adjustable center tap. (b) Wirewound resistor with a 
fixed tap. 


x (a) 


Courtesy of Vishay Intertechnology, Inc. 


(b) 


Consider Figure 2.4-4. The element currents i, and i are the same except for the assigned direction, so 


la = — lb 


The element current i, and the element voltage v adhere to the passive convention, 
v= Ri, 


Replacing i, by —i, gives 
v= —Riy 

There is a minus sign in this equation because the element current ip and the element voltage v do not 
adhere to the passive convention. We must pay attention to the current direction so that we don’t 
overlook this minus sign. 

Ohm’s law, Eq. 2.4-3, can also be written as 

i= Gv (2.4-5) 

where G denotes the conductance in siemens (S) and is the reciprocal of R; that is, G = 1/R. Many 
engineers denote the units of conductance as mhos with the O symbol, which is an inverted omega (mho is 
ohm spelled backward). However, we will use SI units and retain siemens as the units for conductance. 

Most discrete resistors fall into one of four basic categories: carbon composition, carbon film, 
metal film, or wirewound. Carbon composition resistors have been in use for nearly 100 years and are 
still popular. Carbon film resistors have supplanted carbon composition resistors for many general- 
purpose uses because of their lower cost and better tolerances. Two wirewound resistors are shown in 
Figure 2.4-5. 

Carbon composition resistors, as shown in Figure 2.4-6, are used in circuits because of their low 
cost and small size. General-purpose resistors are available in standard values for tolerances of 2, 5, 10, 
and 20 percent. Carbon composition resistors and some wirewounds have a color code with three to five 
bands. A color code is a system of standard colors adopted for identification of the resistance of 
resistors. Figure 2.4-7 shows a metal film resistor with its color bands. This is a 1/4-watt resistor, 
implying that it should be operated at or below 1/4 watt of power delivered to it. The normal range of 
resistors is from less than 1 ohm to 10 megohms. Typical values of some commercially available 
resistors are given in Appendix D. 
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Courtesy of Vishay Intertechnology, Inc. 


Courtesy of Hifi Collective. FIGURE 2.4-7 A 1/4-watt metal film resistor. The body 
FIGURE 2.4-6 Carbon composition resistors. of the resistor is 6 mm long. 


The power delivered to a resistor (when the passive convention is used) is 


v v 
=vi=v(=) =— 2.4-6 
p=wawG) =R (24-6) 
Alternatively, because v = iR, we can write the equation for power as 
p=vi=(iR)i=?R (2.4-7) 
Thus, the power is expressed as a nonlinear function of the current i through the resistor or of the voltage 
v across it. 
ExAMPLE 2.4-1 Power Dissipated by a Resistor 
Let us devise a model for a car battery when the lights are left on and the engine is L 
off. We have all experienced or seen a car parked with its lights on. If we leave the car 
for a period, the battery will run down or go dead. An auto battery is a 12-V constant- 42y © 69 SÛR 
voltage source, and the lightbulb can be modeled by a resistor of 6 ohms. The circuit is 
shown in Figure 2.4-8. Let us find the current i, the power p, and the energy supplied by O 


the battery for a four-hour period. 
FIGURE 2.4-8 Model of a 


car battery and the headlight 
lamp. 


Solution 
According to Ohm’s law, Eq. 2.4-3, we have 
v= Ri 
Because v = 12 V and R = 6 Q, we have i = 2 A. 
To find the power delivered by the battery, we use 
p=vi= 12(2) =24W 


Finally, the energy delivered in the four-hour period is 
t 
w= f pdt = 24t = 24(60 x 60 x 4) = 3.46 x 10°J 
0 


Because the battery has a finite amount of stored energy, it will deliver this energy and eventually be unable to 
deliver further energy without recharging. We then say the battery is run down or dead until recharged. A typical 
auto battery may store 10° J in a fully charged condition. 
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(a) 


(b) 


FIGURE 2.5-1 
(a) Voltage 
source. 

(b) Current 
source. 


EXERCISE 2.4-1 Find the power absorbed by a 100-ohm resistor when it is connected directly 
across a constant 10-V source. 


Answer: 1-W 
EXERCISE 2.4-2 A voltage source v = 10 cos t V is connected across a resistor of 10 ohms. Find 


the power delivered to the resistor. 


Answer: 10 cos*t W 


2.5 Independent Sources 


Some devices are intended to supply energy to a circuit. These devices are called sources. Sources are 

categorized as being one of two types: voltage sources and current sources. Figure 2.5-1a shows the symbol 

that is used to represent a voltage source. The voltage of a voltage source is specified, but the current is 

determined by therest of the circuit. A voltage source is described by specifying the function v(t), forexample, 
v(t) = 12 cos 1000t or v(t)=9 or v(t) =12—2t 


An active two-terminal element that supplies energy to a circuit is a source of energy. An independent 
voltage source provides a specified voltage independent of the current through it and is independent of 
any other circuit variable. 


A source is a voltage or current generator capable of supplying energy to a circuit. 


An independent current source provides a current independent of the voltage across the source 
element and is independent of any other circuit variable. Thus, when we say a source is independent, we 
mean it is independent of any other voltage or current in the circuit. 


An independent source is a voltage or current generator not dependent on other circuit 
variables. 


Suppose the voltage source is a battery and 
v(t) = 9 volts 
The voltage of this battery is known to be 9 volts regardless of the circuit in which the battery is used. In 
contrast, the current of the voltage source is not known and depends on the circuit in which the source is 
used. The current could be 6 amps when the voltage source is connected to one circuit and 6 milliamps 
when the voltage source is connected to another circuit. 

Figure 2.5-1b shows the symbol that is used to represent a current source. The current of a current 
source is specified, but the voltage is determined by the rest of the circuit. A current source is described 
by specifying the function i(t), for example, 

i(t)=6sin500¢ or i(t)=—0.25 or i(t)=t+8 


A current source specified by i(t) = —0.25 milliamps will have a current of —0.25 milliamps in any 
circuit in which it is used. The voltage across this current source will depend on the particular circuit. 

The preceding paragraphs have ignored some complexities to give a simple description of the 
way sources work. The voltage across a 9-volt battery may not actually be 9 volts. This voltage 
depends on the age of the battery, the temperature, variations in manufacturing, and the battery 
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current. It is useful to make a distinction between real sources, such as batteries, and the simple 
voltage and current sources described in the preceding paragraphs. It would be ideal if the real 
sources worked like these simple sources. Indeed, the word ideal is used to make this distinction. The 
simple sources described in the previous paragraph are called the ideal voltage source and the ideal 
current source. 


The voltage of an ideal voltage source is given to be a specified function, say v(t). The 
current is determined by the rest of the circuit. 

The current of an ideal current source is given to be a specified function, say i(t). The 
voltage is determined by the rest of the circuit. 

An ideal source is a voltage or a current generator independent of the current through 
the voltage source or the voltage across the current source. 


Engineers frequently face a trade-off when selecting a model for a device. Simple models are 
easy to work with but may not be accurate. Accurate models are usually more complicated and 
harder to use. The conventional wisdom suggests that simple models be used first. The results 
obtained using the models must be checked to verify that use of these simple models is appropriate. 
More accurate models are used when necessary. 
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( ExAMPLE 2.5-1 A Battery Modeled as a Voltage Source ) 


Consider the plight of the engineer who needs to analyze a circuit containing a 9-volt battery. Is it really necessary 
for this engineer to include the dependence of battery voltage on the age of the battery, the temperature, variations 
in manufacturing, and the battery current in this analysis? Hopefully not. We expect the battery to act enough like 
an ideal 9-volt voltage source that the differences can be ignored. In this case, it is said that the battery is modeled as 
an ideal voltage source. 

To be specific, consider a battery specified by the plot of voltage versus current shown in Figure 2.5-2a. This 
plot indicates that the battery voltage will be v = 9 volts when i < 10 milliamps. As the current increases above 10 
milliamps, the voltage decreases from 9 volts. When i < 10 milliamps, the dependence of the battery voltage on the 
battery current can be ignored and the battery can be modeled as an ideal voltage source. 
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FIGURE 2.5-2 (a) A plot of battery voltage versus 
battery current. (b) The battery is modeled as an 
(a) (b) independent voltage source. 


Suppose a resistor is connected across the terminals of the battery as shown in Figure 2.5-2b. The battery 
current will be 


i=_ (2.5-1) 


The relationship between v and 7 shown in Figure 2.5-2a complicates this equation. This complication can be safely 
ignored when i < 10 milliamps. When the battery is modeled as an ideal 9-volt voltage source, the voltage source 
current is given by 

(2.5-2) 


i= 


2 
R 
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The distinction between these two equations is important. Eq. 2.5-1, involving the v—i relationship 
shown in Figure 2.5-2a, is more accurate but also more complicated. Equation 2.5-2 is simpler but may be 


inaccurate. 


Suppose that R = 1000 ohms. Equation 2.5-2 gives the current of the ideal voltage source: 


9 


——— mA 25- 
T00 9 (2.5-3) 


Because this current is less than 10 milliamps, the ideal voltage source is a good model for the battery, and it is 
reasonable to expect that the battery current is 9 milliamps. 
Suppose, instead, that R = 600 ohms. Once again, Eq. 2.5-2 gives the current of the ideal voltage source: 


9 
ee 2.5-4 
“600 Cae 


Because this current is greater than 10 milliamps, the ideal voltage source is not a good model for the battery. 
In this case, it is reasonable to expect that the battery current is different from the current for the ideal voltage source. 


The short circuit and open circuit are special cases of ideal sources. A short circuit is 


if (0=0 an ideal voltage source having v(t) = 0. The current in a short circuit is determined by the 


+ 


rest of the circuit. An open circuit is an ideal current source having i(t) = 0. The voltage 
across an open circuit is determined by the rest of the circuit. Figure 2.5-3 shows the 
symbols used to represent the short circuit and the open circuit. Notice that the power 
absorbed by each of these devices is zero. 

Open and short circuits can be added to a circuit without disturbing the branch currents 
and voltages of all the other devices in the circuit. Figure 2.6-3 shows how this can be done. 
Figure 2.6-3a shows an example circuit. In Figure 2.6-3b an open circuit and a short circuit 
have been added to this example circuit. The open circuit was connected between two nodes 
of the original circuit. In contrast, the short circuit was added by cutting a wire and inserting 


vt)=0 | i) the short circuit. Adding open circuits and short circuits to a network in this way does not 


(b) 


FIGURE 2.5-3 
(a) Open circuit. 
(b) Short circuit. 


change the network. 

Open circuits and short circuits can also be described as special cases of resistors. 
A resistor with resistance R = 0 (G = oo) is a short circuit. A resistor with conductance 
G = 0 (R = ov) is an open circuit. 


2.6 Voltmeters and Ammeters 


Measurements of dc current and voltage are made with direct-reading (analog) or digital meters, as 
shown in Figure 2.6-1. A direct-reading meter has an indicating pointer whose angular deflection 
depends on the magnitude of the variable it is measuring. A digital meter displays a set of digits 
indicating the measured variable value. 

To measure a voltage or current, a meter is connected to a circuit, using terminals called probes. 
These probes are color coded to indicate the reference direction of the variable being measured. 
Frequently, meter probes are colored red and black. An ideal voltmeter measures the voltage from the 
red to the black probe. The red terminal is the positive terminal, and the black terminal is the negative 
terminal (see Figure 2.6-2b). 

An ideal ammeter measures the current flowing through its terminals, as shown in Figure 2.6-2a 
and has zero voltage, v,,, across its terminals. An ideal voltmeter measures the voltage across 
its terminals, as shown in Figure 2.6-2b, and has terminal current, im, equal to zero. Practical measuring 
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FIGURE 2.6-1 (a) A direct-reading (analog) meter. 
(a) (b) (b) A digital meter. 


FIGURE 2.6-2 (a) Ideal ammeter. (b) Ideal voltmeter. 
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p (C) 2 volts 


(a) (b) 
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FIGURE 2.6-3 (a) An example circuit, (b) plus an open circuit and a short circuit. (c) The open circuit is replaced by a 
voltmeter, and the short circuit is replaced by an ammeter. 
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@ Voltmeter @ 
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(a) (b) (c) 


FIGURE 2.6-4 (a) The correspondence between the color-coded probes of the voltmeter and the reference direction of the 
measured voltage. In (b), the + sign of v, is on the left, whereas in (c), the + sign of vp is on the right. The colored probe is 
shown here in blue. In the laboratory this probe will be red. We will refer to the colored probe as the “red probe.” 
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(a) (b) (c) 


FIGURE 2.6-5 (a) The correspondence between the color-coded probes of the ammeter and the reference direction of the 
measured current. In (b) the current i, is directed to the right, while in (c) the current i, is directed to the left. The colored 
probe is shown here in blue. In the laboratory this probe will be red. We will refer to the colored probe as the “red probe.” 


instruments only approximate the ideal conditions. For a practical ammeter, the voltage across its 
terminals is usually negligibly small. Similarly, the current into a voltmeter is usually negligible. 

Ideal voltmeters act like open circuits, and ideal ammeters act like short circuits. In other words, 
the model of an ideal voltmeter is an open circuit, and the model of an ideal ammeter is a short circuit. 
Consider the circuit of Figure 2.6-3a and then add an open circuit with a voltage v and a short circuit 
with a current i as shown in Figure 2.6-3b. In Figure 2.6-3c, the open circuit has been replaced by a 
voltmeter, and the short circuit has been replaced by an ammeter. The voltmeter will measure the 
voltage labeled v in Figure 2.6-3b whereas the ammeter will measure the current labeled i. Notice that 
Figure 2.6-3c could be obtained from Figure 2.6-3a by adding a voltmeter and an ammeter. Ideally, 
adding the voltmeter and ammeter in this way does not disturb the circuit. One more interpretation of 
Figure 2.6-3 is useful. Figure 2.6-3b could be formed from Figure 2.6-3c by replacing the voltmeter and 
the ammeter by their (ideal) models. 

The reference direction is an important part of an element voltage or element current. Figures 2.6- 
4 and 2.6-5 show that attention must be paid to reference directions when measuring an element voltage 
or element current. Figure 2.6-4a shows a voltmeter. Voltmeters have two color-coded probes. This 
color coding indicates the reference direction of the voltage being measured. In Figures 2.6-4b and 
Figure 2.6-4c the voltmeter is used to measure the voltage across the 6-k© resistor. When the voltmeter 
is connected to the circuit as shown in Figure 2.6-4b, the voltmeter measures va, with + on the left, at the 
red probe. When the voltmeter probes are interchanged as shown in Figure 2.6-4c, the voltmeter 
measures vp, with + on the right, again at the red probe. Note vp = —va. 
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Figure 2.6-5a shows an ammeter. Ammeters have two color-coded probes. This color coding 
indicates the reference direction of the current being measured. In Figures 2.6-5 and c, the ammeter is used 
to measure the current in the 6-kO resistor. When the ammeter is connected to the circuit as shown in Figure 
2.6-5b, the ammeter measures i}, directed from the red probe toward the black probe. When the ammeter 
probes are interchanged as shown in Figure 2.6-5c, the ammeter measures ip, again directed from the red 
probe toward the black probe. Note ip = —ia. 


2.7 Dependent Sources 


Dependent sources model the situation in which the voltage or current of one circuit element is 
proportional to the voltage or current of the second circuit element. (In contrast, a resistor is a circuit 
element in which the voltage of the element is proportional to the current in the same element.) 
Dependent sources are used to model electronic devices such as transistors and amplifiers. For example, 
the output voltage of an amplifier is proportional to the input voltage of that amplifier, so an amplifier 
can be modeled as a dependent source. 

Figure 2.7-1a shows a circuit that includes a dependent source. The diamond symbol represents a 
dependent source. The plus and minus signs inside the diamond identify the dependent source as a 
voltage source and indicate the reference polarity of the element voltage. The label “57” represents the 
voltage of this dependent source. This voltage is a product of two factors, 5 and i. The second factor, i, 
indicates that the voltage of this dependent source is controlled by the current, i, in the 18-Q resistor. 
The first factor, 5, is the gain of this dependent source. The gain of this dependent source is the ratio of 
the controlled voltage, 5i, to the controlling current, i. This gain has units of V/A or Q. Because this 
dependent source is a voltage source and because a current controls the voltage, the dependent source is 
called a current-controlled voltage source (CCVS). 

Figure 2.7-1b shows the circuit from 2.7-1a, using a different point of view. In Figure 2.7-1b, a 
short circuit has been inserted in series with the 18-Q resistor. Now we think of the controlling current i 
as the current in a short circuit rather than the current in the 18-0. resistor itself. In this way, we can 


i 
18.0 
Œ) 24v 12Q O2 
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FIGURE 2.7-1 The controlling current of a dependent source shown as (a) the current in an element and as (b) the current 
in a short circuit in series with that element. The controlling voltage of a dependent source shown as (c) the voltage across 
an element and as (d ) the voltage across an open circuit in parallel with that element. 
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Table 2.7-1 Dependent Sources 


DESCRIPTION SYMBOL 


r is the gain of the CCVS. + 


r has units of volts/ampere. . 
Ug = rig 


Voltage-Controlled Voltage Source (VCVS) 
b is the gain of the VCVS. 
b has units of volts/volt. 


Current-Controlled Voltage Source (CCVS) | 
+ 


Ug = bu, 


Voltage-Controlled Current Source (VCCS) 
g is the gain of the VCCS. 


: ig = gv 
g has units of amperes/volt. 8 


Current-Controlled Current Source (CCCS) v,=0 | i 
dis the gain of the CCCS. 
d has units of amperes/ampere. 


Ud ig = di, 


always treat the controlling current of a dependent source as the current in a short circuit. We will use 
this second point of view to categorize dependent sources in this section. 

Figure 2.7-lc shows a circuit that includes a dependent source, represented by the diamond 
symbol. The arrow inside the diamond identifies the dependent source as a current source and indicates 
the reference direction of the element current. The label “0.2v” represents the current of this dependent 
source. This current is a product of two factors, 0.2 and v. The second factor, v, indicates that the current 
of this dependent source is controlled by the voltage, v, across the 18-Q resistor. The first factor, 0.2, is 
the gain of this dependent source. The gain of this dependent source is the ratio of the controlled current, 
0.2v, to the controlling voltage, v. This gain has units of A/V. Because this dependent source is a current 
source and because a voltage controls the current, the dependent source is called a voltage-controlled 
current source (VCCS). 

Figure 2.7-1dshows the circuit from Figure 2.7-1c, using a different point of view. In Figure 2.7-1d, an 
open circuit has been added in parallel with the 1 8-O resistor. Now we think of the controlling voltage v as the 
voltage across an open circuit Figure 2.7-1, rather than the voltage across the 18-0 resistor itself. In this way, 
we can always treat the controlling voltage of a dependent source as the voltage across an open circuit. 

We are now ready to categorize dependent source. Each dependent source consists of two parts: 
the controlling part and the controlled part. The controlling part is either an open circuit or a short circuit. 
The controlled part is either a voltage source or a current source. There are four types of dependent source 
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that correspond to the four ways of choosing acontrolling part and a controlled part. These four dependent 
sources are called the voltage-controlled voltage source (VCVS), current-controlled voltage source 
(CCVS), voltage-controlled current source (VCCS), and current-controlled current source (CCCS). 
The symbols that represent dependent sources are shown in Table 2.7-1. 

Consider the CCVS shown in Table 2.7-1. The controlling element is a short circuit. The element 
current and voltage of the controlling element are denoted as i, and vg. The voltage across a short circuit 
is zero, SO Ve = 0. The short-circuit current, i., is the controlling signal of this dependent source. The 
controlled element is a voltage source. The element current and voltage of the controlled element are 
denoted as ig and vg. The voltage vg is controlled by i.: 

Vd = ris 
The constant r is called the gain of the CCVS. The current ig, like the current in any voltage source, is 
determined by the rest of the circuit. 

Next, consider the VCVS shown in Table 2.7-1. The controlling element is an open circuit. The 
current in an open circuit is zero, so i, = 0. The open-circuit voltage, ve, is the controlling signal of this 
dependent source. The controlled element is a voltage source. The voltage vg is controlled by ve: 


va = by, 


The constant b is called the gain of the VCVS. The current ig is determined by the rest of the circuit. 

The controlling element of the VCCS shown in Table 2.7-1 is an open circuit. The current in this 
open circuit is i, = 0. The open-circuit voltage, ve, is the controlling signal of this dependent source. The 
controlled element is a current source. The current ig is controlled by ve: 


id = 8Ve 
The constant g is called the gain of the VCCS. The voltage vg, like the voltage across any current source, 
is determined by the rest of the circuit. 

The controlling element of the CCCS shown in Table 2.7-1 is a short circuit. The voltage across this 
short circuit is ve = 0. The short-circuit current, i,, is the controlling signal of this dependent source. The 
controlled element is a current source. The current ig is controlled by i: 

ig = dig 
The constant d is called the gain of the CCCS. The voltage vg, like the voltage across any current source, 
is determined by the rest of the circuit. 
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FIGURE 2.7-2 (a) A symbol for a transistor. (b) A model of the transistor. (c) A transistor amplifier. (d) A model of the 
transistor amplifier. 
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Figure 2.7-2 illustrates the use of dependent sources to model electronic devices. In certain 
circumstances, the behavior of the transistor shown in Figure 2.7-2a can be represented using the 
model shown in Figure 2.7-2b. This model consists of a dependent source and a resistor. The 
controlling element of the dependent source is an open circuit connected across the resistor. 
The controlling voltage is vpe. The gain of the dependent source is gm. The dependent source is 
used in this model to represent a property of the transistor, namely, that the current i, is proportional to the 
voltage vpe, that is, ig = 2mVbe 


where gm has units of amperes/volt. Figures 2.7-2c and d illustrate the utility of this model. 
Figure 2.7-2d is obtained from Figure 2.7-2c by replacing the transistor by the transistor model. 


Try it 
yourself ( EXAMPLE 2.7-1 Power and Dependent Sources | 
in WileyPLUS 


Determine the power absorbed by the VCVS in Figure 2.7-3. 


Solution 
The VCVS consists of an open circuit and a controlled-voltage source. There is no current in the open circuit, so no 
power is absorbed by the open circuit. 

The voltage ve across the open circuit is the controlling signal of the VCVS. The voltmeter measures 
Ve to be 


a =N 


The voltage of the controlled voltage source is 


vim 2v m ANV 


The ammeter measures the current in the controlled voltage source to be 


ig=15A 


+|2.|0}0 + ]1.}5]0 


@ Voltmeter Ọ @ Ammeter @ 


FIGURE 2.7-3 A circuit containing a VCVS. The meters 
indicate that the voltage of the controlling element is ve = 2.0 
volts and that the current of the controlled element is ig = 1.5 


amperes. 


The element current ig and voltage vg adhere to the passive convention. Therefore, 
[p= iava = (1.5)(4) =W 
is the power absorbed by the VCVS. 
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EXERCISE 2.7-1 Find the power absorbed by the CCCS in Figure E 2.7-1. 


—|1.)2}0 
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FIGURE E 2.7-1 A circuit containing a CCCS. The meters indicate that the current of the controlling element is 


i, = —1.2 amperes and that the voltage of the controlled element is vg = 24 volts. 


Hint: The controlling element of this dependent source is a short circuit. The voltage across a short 
circuit is zero. Hence, the power absorbed by the controlling element is zero. How much power is 
absorbed by the controlled element? 


Answer: —115.2 watts are received by the CCCS. (The CCCS supplies +115.2 watts to the rest of 
the circuit.) 


2.8 Transducers 


Transducers are devices that convert physical quantities to electrical quantities. 

This section describes two transducers: potentiometers and temperature sensors. 

Potentiometers convert position to resistance, and temperature sensors convert (1 -a)R, 
temperature to current. 

Figure 2.8-1a shows the symbol for the potentiometer. The potentiometerisa R 
resistor having a third contact, called the wiper, that slides along the resistor. Two 
parameters, R, and a, are needed to describe the potentiometer. The parameter Rp 
specifies the potentiometer resistance (R, > 0). The parameter a represents the 
wiper position and takes values in the range 0 < a < 1. The values a = 0 and a = 1 
correspond to the extreme positions of the wiper. (a) (b) 

Figure 2.8-1b shows a model for the potentiometer that consists of two resistors. 
The resistances of these resistors depend on the potentiometer parameters R, and a. 

Frequently, the position of the wiper corresponds to the angular position of a 
shaft connected to the potentiometer. Suppose 0 is the angle in degrees and 0 < 0 < 
360. Then, 


FIGURE 2.8-1 (a) The symbol 
and (b) a model for the 
potentiometer. 


Temperature sensors, such as the AD590 manufactured by Analog Devices, are current 
sources having current proportional to absolute temperature. Figure 2.8-3a shows the symbol used 
to represent the temperature sensor. Figure 2.8-3b shows the circuit model of the temperature 
sensor. For the temperature sensor to operate properly, the branch voltage v must satisfy the 


condition 4 volts < v < 30 volts 
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When this condition is satisfied, the current, i, in microamps, is numerically equal to 

the temperature T, in degrees Kelvin. The phrase numerically equal indicates that the current 

and temperature have the same value but different units. This relationship can be expressed as 
uA i=k-T 

where k = Ie a constant associated with the sensor. 


Try it . . . 
yourself EXAMPLE 2.8-1 Potentiometer Circuit ) 
in WileyPLUS 


Figure 2.8-2a shows a circuit in which the voltage measured by the meter gives an indication of the angular 
position of the shaft. In Figure 2.8-2b, the current source, the potentiometer, and the voltmeter have been 
replaced by models of these devices. Analysis of Figure 2.8-2b yields 


FIGURE 2.8-2 (a) A circuit containing a 
potentiometer. (b) An equivalent circuit containing a 


(a) (b) model of the potentiometer. 
Solving for the angle gives 0= SOU a 
RI 


Suppose R, = 10 kQ and J= 1 mA. An angle of 163° would cause an output of vm = 4.53 V. A meter reading of 
7.83 V would indicate that 0 = 282°. 


EXERCISE 2.8-1 For the potentiometer circuit of Figure 2.8-2, calculate the meter voltage, vm, 
when 0 = 45°, Rp = 20 kQ, and J = 2 mA. 

Answer: vn = 5 V 

EXERCISE 2.8-2 The voltage and current of an AD590 temperature sensor of Figure 2.8-3 are 
10 V and 280 wA, respectively. Determine the measured temperature. 

Answer: T = 280°K, or approximately 6.85°C 


| i(t) 


+ + 
v(t) AD590 v(t) i(t) = kT 


FIGURE 2.8-3 (a) The symbol and (b) a model for the temperature 
(a) (b) sensor. 
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2.9 Switches 


Switches have two distinct states: open and closed. Ideally, a switch acts as a short circuit 
when it is closed and as an open circuit when it is open. 


Figures 2.9-1 and 2.9-2 show several types of switches. In each case, the time when 
the switch changes state is indicated. Consider first the single-pole, single-throw (SPST) switches 
shown in Figure 2.9-1. The switch in Figure 2.9-la is initially open. This switch changes state, 
becoming closed, at time t = 0 s. When this switch is modeled as an ideal switch, it is treated like an 
open circuit when ż < 0 s and like a short circuit when ft > 0 s. The ideal switch changes state 
instantaneously. The switch in Figure 2.9-1b is initially closed. This switch changes state, becoming 
open, at time ¢= 0 s. 


Xoo A Mos ae 


tso ġ=0 O—O t=0 
Initially open Initially closed Break before make Make before break 
(a) (b) (a) (b) 


FIGURE 2.9-1 SPST switches. (a) Initially open and (b) FIGURE 2.9-2 SPDT switches. (a) Break before make 
initially closed. and (b) make before break. 


Next, consider the single-pole, double-throw (SPDT) switch shown in Figure 2.9-1a. This SPDT 
switch acts like two SPST switches, one between terminals c and a, another between terminals c and b. 
Before t = 0 s, the switch between c and a is closed and the switch between c and b is open. At t = 0 s, 
both switches change state; that is, the switch between a and c opens, and the switch between c and b 
closes. Once again, the ideal switches are modeled as open circuits when they are open and as short 
circuits when they are closed. 

In some applications, it makes a difference whether the switch between c and b closes before, 
or after, the switch between c and a opens. Different symbols are used to represent these two types 
of single-pole, double-throw switch. The break-before-make switch is manufactured so that the 
switch between c and b closes after the switch between c and a opens. The symbol for the break- 
before-make switch is shown in Figure 2.9-2a. The make-before-break switch is manufactured so 
that the switch between c and b closes before the switch between c and a opens. The symbol for 
the make-before-break switch is shown in Figure 2.9-2b. Remember: the switch transition from 
terminal a to terminal b is assumed to take place instantaneously. This instantaneous transition is 
an accurate model when the actual make-before-break transition is very fast compared to the circuit 


time response. 
ExaMmPLE 2.9-1 Switches ) 


Figure 2.9-3 illustrates the use of open and short circuits for modeling ideal switches. In Figure 2.9-3a, a circuit 
containing three switches is shown. In Figure 2.9-3b, the circuit is shown as it would be modeled before t = 0 s. The 
two single-pole, single-throw switches change state at time t = 0 s. Figure 2.9-3c shows the circuit as it would be 
modeled when the time is between 0 s and 2 s. The single-pole, double-throw switch changes state at time t = 2 s. 
Figure 2.9-3d shows the circuit as it would be modeled after 2 s. 
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FIGURE 2.9-3 (a) 
A circuit containing 
several switches. 
(b) The equivalent 
circuit fort < 0 s. 
(c) The equivalent 
circuit forO < t< 2 
s. (d) The 
equivalent circuit 


(b) (d) forte 2S 


Try it 
yourself EXERCISE 2.9-1 What is the value of the current i in Figure E 2.9-1 at time t = 4 s? 
in WileyPLUS 
Answer: i = 0 amperes at t = 4 s (both switches are open). 


EXERCISE 2.9-2 What is the value of the voltage v in Figure E 2.9-2 at time t = 4 s? At t = 6 s? 


Answer: v = 6 volts at t = 4 s, and v = 0 volts at t = 6 s. 


t=5s f=3S 


FIGURE E 2.9-2 A circuit with a make-before-break 
FIGURE E 2.9-1 A circuit with two SPST switches. SPDT switch. 


2.10 How Can We Check ...? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the 
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specifications have been satisfied. In addition, computer output must be reviewed to guard against data- 
entry errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able quickly to identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


( ExAMPLE 2.10-1 How Can We Check Voltage and Current Values? ) 


The meters in the circuit of Figure 2.10-1 indicate that vı = —4 V, v2 = 8 V and that i = 1 A. How can we 
check that the values of vı, v2, and i have been measured correctly? Let’s check the values of vı, v2, and i in 
two ways: 

(a) Verify that the given values satisfy Ohm’s law for both resistors. 

(b) Verify that the power supplied by the voltage source is equal to the power absorbed by the resistors. 
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FIGURE 2.10-1 A circuit with meters. 


Solution 

(a) Consider the 8-Q resistor. The current i flows through this resistor from top to bottom. Thus, the current i and 
the voltage vz adhere to the passive convention. Therefore, Ohm’s law requires that v. = 87. The values v2 = 8 
V and i = 1 A satisfy this equation. 

Next, consider the 4-Q resistor. The current i flows through this resistor from left to right. Thus, the 
current į and the voltage vı do not adhere to the passive convention. Therefore, Ohm’s law requires that 
vı = 4(—i). The values vı = —4 V andi = 1 A satisfy this equation. 

Thus, Ohm’s law is satisfied. 


(b) The current i flows through the voltage source from bottom to top. Thus the current i and the voltage 12 V do 
not adhere to the passive convention. Therefore, 12i = 12(1) = 12 W is the power supplied by the voltage 
source. The power absorbed by the 4-( resistor is 4i? = 4(1°) = 4 W, and the power absorbed by the 8-0, 
resistor is 8i7 = 8(1*) = 8 W. The power supplied by the voltage source is indeed equal to the power absorbed 
by the resistors. 
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(2.11 DesiIGn EXAMPLE Temperature Sensor 


Currents can be measured easily, using ammeters. A temperature sensor, suchas Analog Devices’ AD590, can be used 
to measure temperature by converting temperature to current. Figure 2.11-1 shows a symbol used to represent a 
temperature sensor. For this sensor to operate properly, the voltage v must satisfy the condition 


4 volts < v < 30 volts 


| i(t) 
v(t) AD590 


FIGURE 2.11-1 
A temperature sensor. 


When this condition is satisfied, the current i, in 4A, is numerically equal to the temperature T, in °K. The 
phrase numerically equal indicates that the two variables have the same value but different units. 


Ha 
°K 

The goal is to design a circuit using the AD590 to measure the temperature of a container of water. In addition 
to the AD590 and an ammeter, several power supplies and an assortment of standard 2 percent resistors are 
available. The power supplies are voltage sources. Power supplies having voltages of 10, 12, 15, 18, or 24 volts 
are available. 


i=k-T where k=1 


Describe the Situation and the Assumptions 
For the temperature transducer to operate properly, its element voltage must be between 4 volts and 30 volts. The 
power supplies and resistors will be used to establish this voltage. An ammeter will be used to measure the current 
in the temperature transducer. 

The circuit must be able to measure temperatures in the range from 0°C to 100°C because water is a liquid at 
these temperatures. Recall that the temperature in °C is equal to the temperature in °K minus 273°. 


State the Goal 
Use the power supplies and resistors to cause the voltage v of the temperature transducer to be between 4 volts 
and 30 volts. 

Use an ammeter to measure the current, i, in the temperature transducer. 


Generate a Plan 
Model the power supply as an ideal voltage source and the temperature transducer as an ideal current source. The 
circuit shown in Figure 2.11-2a causes the voltage across the temperature transducer to be equal to the power 
supply voltage. Because all of the available power supplies have voltages between 4 volts and 30 volts, any one of 
the power supplies can be used. Notice that the resistors are not needed. 

In Figure 2.11-2b, a short circuit has been added in a way that does not disturb the network. In Figure 2.11-2c, 
this short circuit has been replaced with an (ideal) ammeter. Because the ammeter will measure the current in the 
temperature transducer, the ammeter reading will be numerically equal to the temperature in °K. 
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Short 
circuit 


(a) (b) (c) 


FIGURE 2.11-2 (a) Measuring temperature with a temperature sensor. (b) Adding a short circuit. 
(c) Replacing the short circuit by an ammeter. 


Although any of the available power supplies is adequate to meet the specifications, there may still be an 
advantage to choosing a particular power supply. For example, it is reasonable to choose the power supply that 
causes the transducer to absorb as little power as possible. 


Act on the Plan 
The power absorbed by the transducer is 

p=vil 
where v is the power supply voltage. Choosing v as small as possible, 10 volts in this case, makes the power 
absorbed by the temperature transducer as small as possible. Figure 2.11-3a shows the final design. Figure 2.11-3b 
shows a graph that can be used to find the temperature corresponding to any ammeter current. 


Verify the Proposed Solution 
Let’s try an example. Suppose the temperature of the water is 80.6°F. This temperature is equal to 27°C or 300°K. 
The current in the temperature sensor will be 


HA 4 
i= | 1g J300°K = 300 pA 


Next, suppose that the ammeter in Figure 2.11-3a reads 300 uA. A sensor current of 300 uA corresponds to a 


temperature of 
T= 300 uA 


uA 
K 
The graph in Figure 2.11-3b indicates that a sensor current of 300 uA does correspond to a temperature of 27°C. 
This example shows that the circuit is working properly. 


= 300°K = 27°C = 80.6°F 


Temperature, °C 
| 100 = 
© Ammeter © 
lov (*) 
© | l 
273 373 
Ammeter reading, WA 
(a) (b) 


FIGURE 2.11-3 (a) Final design of a circuit that measures temperature with a temperature sensor. (b) Graph 
of temperature versus ammeter current. 
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2.12 SUMMARY 


© The engineer uses models, called circuit elements, to repre- 


sent the devices that make up a circuit. In this book, we 
consider only linear elements or linear models of devices. A 
device is linear if it satisfies the properties of both superpo- 
sition and homogeneity. 

The relationship between the reference directions of the 
current and voltage of a circuit element is important. The 
voltage polarity marks one terminal + and the other —. The 
element voltage and current adhere to the passive convention 
if the current is directed from the terminal marked + to the 
terminal marked —. 

Resistors are widely used as circuit elements. When the 
resistor voltage and current adhere to the passive convention, 
resistors obey Ohm’s law; the voltage across the terminals of 
the resistor is related to the current into the positive terminal 
as v = Ri. The power delivered to a resistance is p = PR= 
v°/R watts. 

An independent source provides a current or a voltage 
independent of other circuit variables. The voltage of an 
independent voltage source is specified, but the current is 
not. Conversely, the current of an independent current source 
is specified whereas the voltage is not. The voltages of 
independent voltage sources and currents of independent 
current sources are frequently used as the inputs to electric 
circuits. 


Section 2.2 Engineering and Linear Models 


P 2.2-1 An element has voltage v and current i as shown in 
Figure P 2.2-la. Values of the current i and corresponding 
voltage v have been tabulated as shown in Figure P 2.2-1b. 
Determine whether the element is linear. 


(a) 
Figure P 2.2-1 


P 2.2-2 (+) A linear element has voltage v and current i as 
shown in Figure P 2.2-2a. Values of the current i and corre- 
sponding voltage v have been tabulated as shown in Figure P 
2.2-2b. Represent the element by an equation that expresses v as 
a function of i. This equation is a model of the element. (a) Verify 


© A dependent source provides a current (or a voltage) that is 
dependent on another variable elsewhere in the circuit. The 
constitutive equations of dependent sources are summarized 
in Table 2.7-1. 

O The short circuit and open circuit are special cases of inde- 
pendent sources. A short circuit is an ideal voltage source 
having v(t) = 0. The current in a short circuit is determined by 
the rest of the circuit. An open circuit is an ideal current source 
having i(t) = 0. The voltage across an open circuit is determined 
by the rest of the circuit. Open circuits and short circuits can also 
be described as special cases of resistors. A resistor with 
resistance R = 0 (G = ov) is a short circuit. A resistor with 
conductance G = 0 (R = oo) is an open circuit. 

© An ideal ammeter measures the current flowing through its 
terminals and has zero voltage across its terminals. An ideal 
voltmeter measures the voltage across its terminals and has 
terminal current equal to zero. Ideal voltmeters act like open 
circuits, and ideal ammeters act like short circuits. 

© Transducers are devices that convert physical quantities, 
such as rotational position, to an electrical quantity such 
as voltage. In this chapter, we describe two transducers: 
potentiometers and temperature sensors. 

© Switches are widely used in circuits to connect and disconnect 
elements and circuits. An open switch is modeled as an open 
circuit and a closed switch is modeled as a short circuit. 


PROBLEMS 


© Problem available in WileyPLUS at instructor’s discretion. 


that the model is linear. (b) Use the model to predict the value of 
v corresponding to a current of i = 40 mA. (c) Use the model to 
predict the value of i corresponding to a voltage of v = 3 V. 


Hint: Plot the data. We expect the data points to lie on a straight 
line. Obtain a linear model of the element by representing that 
straight line by an equation. 


fi 


(a) 


(b) 


Figure P 2.2-2 


P 2.2-3 A linear element has voltage v and current i as shown 
in Figure P 2.2-3a. Values of the current i and corresponding 
voltage v have been tabulated as shown in Figure P 2.2-3b. 
Represent the element by an equation that expresses v as a 


function of i. This equation is a model of the element. (a) Verify 
that the model is linear. (b) Use the model to predict the value of 
v corresponding to a current of i = 6 mA. (c) Use the model to 
predict the value of i corresponding to a voltage of v = 12 V. 


Hint: Plot the data. We expect the data points to lie on a straight 
line. Obtain a linear model of the element by representing that 
straight line by an equation. 


(a) 
Figure P 2.2-3 


P 2.2-4 An element is represented by the relation between 
current and voltage as 


v=3i+5 
Determine whether the element is linear. 


P 2.2-5 The circuit shown in Figure P 2.2-5 consists of a 
current source, a resistor, and element A. Consider three cases. 


(a) When element A is a 40-Q resistor, described by i = v / 40, 
then the circuit is represented by 


0.4 A (+) 


Figure P 2.2-5 


v v 

~ 01 40 
Determine the values of v and i. Notice that the above 
equation has a unique solution. 

(b) When element A is a nonlinear resistor described by 
i=v /2, then the circuit is represented by 


0.4 


vy? 
=o z 
Determine the values of v and i. In this case, there are two 
solutions of the above equation. Nonlinear circuits exhibit 
more complicated behavior than linear circuits. 


(c) When element A is a nonlinear resistor described by i = 


0.4 


2 
0.8 +4, then the circuit is described by 


2 


v v 
0.4 = — + 0.8 + — 
10 t 2 


Show that this equation has no solution. This result usually 
indicates a modeling problem. At least one of the three 
elements in the circuit has not been modeled accurately. 
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Section 2.4 Resistors 


P 2.4-1 © A current source and a resistor are connected in 
series in the circuit shown in Figure P 2.4-1. Elements con- 
nected in series have the same current, so i = i, in this circuit. 
Suppose that i, = 3 A and R = 7 Q. Calculate the voltage v 
across the resistor and the power absorbed by the resistor. 


Answer: v = 21 V and the resistor absorbs 63 W. 


i| + 
AO R v 


Figure P 2.4-1 


P 2.4-2 © A current source and a resistor are connected in 
series in the circuit shown in Figure P 2.4-1. Elements con- 
nected in series have the same current, so i = i, in this circuit. 
Suppose that i= 3 mA and v = 48 V. Calculate the resistance R 
and the power absorbed by the resistor. 


P 2.4-3 (+) A voltage source and a resistor are connected in 
parallel in the circuit shown in Figure P 2.4-3. Elements 
connected in parallel have the same voltage, so v = v, in 
this circuit. Suppose that v, = 10 V and R = 5 Q. Calculate the 
current į in the resistor and the power absorbed by the resistor. 


Answer: i = 2 A and the resistor absorbs 20 W. 


Figure P 2.4-3 


P 2.4-4 @ A voltage source and a resistor are connected in 
parallel in the circuit shown in Figure P 2.4-3. Elements 
connected in parallel have the same voltage, so v = v, in 
this circuit. Suppose that v, = 24 V and i = 3 A. Calculate the 
resistance R and the power absorbed by the resistor. 


P 2.4-5 @ A voltage source and two resistors are connected 
in parallel in the circuit shown in Figure P 2.4-5. Elements 
connected in parallel have the same voltage, so vı = v, and 
V2 = v, in this circuit. Suppose that vs = 150 V, R, = 50 Q, and 
R = 25 Q. Calculate the current in each resistor and the power 
absorbed by each resistor. 


Hint: Notice the reference directions of the resistor currents. 


Answer: i, = 3 A and ip = —6 A. R, absorbs 450 W and R> 
absorbs 900 W. 


Figure P 2.4-5 
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P 2.4-6 @ A current source and two resistors are connected 
in series in the circuit shown in Figure P 2.4-6. Elements 
connected in series have the same current, so i} = i, and i = i, 
in this circuit. Suppose that i, = 25 mA, R, = 4 Q, and R, = 8 
Q. Calculate the voltage across each resistor and the power 
absorbed by each resistor. 


Hint: Notice the reference directions of the resistor voltages. 


Figure P 2.4-6 


P 2.4-7 @ An electric heater is connected to a constant 250-V 
source and absorbs 1000 W. Subsequently, this heater is connected 
to a constant 220-V source. What power does it absorb from the 
220-V source? What is the resistance of the heater? 


Hint: Model the electric heater as a resistor. 


P 2.4-8 © The portable lighting equipment for a mine is 
located 100 meters from its dc supply source. The mine lights 
use a total of 5 kW and operate at 120 V dc. Determine the 
required cross-sectional area of the copper wires used to 
connect the source to the mine lights if we require that the 
power lost in the copper wires be less than or equal to 5 percent 
of the power required by the mine lights. 


Hint: Model both the lighting equipment and the wire as resistors. 


P 2.4-9 The resistance of a practical resistor depends on 
the nominal resistance and the resistance tolerance as follows: 


t t 
a!) 2R<R (1 =) 
E ED * T00 


where Raom is the nominal resistance and ¢ is the resistance 
tolerance expressed as a percentage. For example, a 100-0, 
2 percent resistor will have a resistance given by 


98XO<R< 1020 


Rom (1 


The circuit shown in Figure P 2.4-9 has one input, v,, and one 
output, Vo. The gain of this circuit is given by 
Vo R> 


ain = — = 
E Vs Ri +R 


Determine the range of possible values of the gain when R; is 
the resistance of a 100-0, 2 percent resistor and R, is the 
resistance of a 400-Q, 5 percent resistor. Express the gain in 
terms of a nominal gain and a gain tolerance. 


Figure P 2.4-9 


P 2.4-10 The voltage source shown in Figure P 2.4-10 is an 
adjustable dc voltage source. In other words, the voltage v, is a 
constant voltage, but the value of that constant can be adjusted. 
The tabulated data were collected as follows. The voltage, v,, 
was set to some value, and the voltages across the resistor, va 
and vp, were measured and recorded. Next, the value of v, was 
changed, and the voltages across the resistors were measured 
again and recorded. This procedure was repeated several times. 
(The values of v, were not recorded.) Determine the value of the 
resistance, R. 


Figure P 2.4-10 


P 2.4-11 Consider the circuit shown in Figure P2.4-11. 


(a) Suppose the current source supplies 3.125 W of power. 
Determine the value of the resistance R. 

(b) Suppose instead the resistance is R = 12 Q. Determine 
the value of the power supplied by the current source. 


zv C) 1254 


Figure P 2.4-11 


P 2.4-12 We will encounter “ac circuits” in Chapter 10. 
Frequently we analyze ac circuits using “phasors” and “im- 
pedances.” Phasors are complex numbers that represent cur- 
rents and voltages in an ac circuit. Impedances are complex 
numbers that describe ac circuit elements. (See Appendix B for 
a discussion of complex numbers.) Figure P 2.4-11 shows a 
circuit element in an ac circuit. I and V are complex numbers 
representing the element current and voltage. Z is a complex 
number describing the element itself. “Ohm’s law for ac 
circuits” indicates that 


V=ZI 
(a) Suppose V=12 245° V, I=B/0 A, and Z=18+j8 Q. 
Determine the values of B and 0. 
(b) Suppose V=48 /135° V, I=3 215° A, and Z=R+j XQ. 
Determine the values of R and X. 


Z — 
+ V >- 


Figure P 2.4-12 


Section 2.5 Independent Sources 


P 2.5-1 @ A current source and a voltage source are 
connected in parallel with a resistor as shown in Figure P 
2.5-1. All of the elements connected in parallel have the same 
voltage v, in this circuit. Suppose that v, = 15 V,i,=3 A, and R 
= 5 Q. (a) Calculate the current i in the resistor and the power 
absorbed by the resistor. (b) Change the current source current 
to i, = 5 A and recalculate the current i in the resistor and the 
power absorbed by the resistor. 


Answer: i = 3 A and the resistor absorbs 45 W both when 
i, = 3 A and when i, = 5 A. 


Figure P 2.5-1 


P 2.5-2 © A current source and a voltage source are 
connected in series with a resistor as shown in Figure P 2.5- 
2. All of the elements connected in series have the same current 
i, in this circuit. Suppose that v, = 10 V, i = 3 A, and R= 5 Q. 
(a) Calculate the voltage v across the resistor and the power 
absorbed by the resistor. (b) Change the voltage source voltage 
to v, = 5 V and recalculate the voltage, v, across the resistor and 
the power absorbed by the resistor. 


Figure P 2.5-2 


P 2.5-3 (+) The current source and voltage source in the 
circuit shown in Figure P 2.5-3 are connected in parallel so that 
they both have the same voltage, v,. The current source and 
voltage source are also connected in series so that they both 
have the same current, i,. Suppose that v, = 12 V andi, = 3 A. 
Calculate the power supplied by each source. 


Answer: The voltage source supplies —36 W, and the current 
source supplies 36 W. 


Figure P 2.5-3 
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P 2.5-4 @ The current source and voltage source in the 
circuit shown in Figure P 2.5-4 are connected in parallel so that 
they both have the same voltage, vs. The current source and 
voltage source are also connected in series so that they both 
have the same current, is. Suppose that v, = 12 V and i = 2 A. 
Calculate the power supplied by each source. 


Figure P 2.5-4 


P 2.5-5 


(a) Find the power supplied by the voltage source shown in 
Figure P 2.5-5 when for t > 0 we have 


v= 2 cost V 
and 


i = 10 cos t mA 
(b) Determine the energy supplied by this voltage source for 
the period O < t < 1s. 


i 
v 


Figure P 2.5-5 


P 2.5-6 © Figure P 2.5-6 shows a battery connected to a 
load. The load in Figure P 2.5-6 might represent automobile 
headlights, a digital camera, or a cell phone. The energy 
supplied by the battery to load is given by 


t2 
w > vidt 
ti 


When the battery voltage is constant and the load resistance is 
fixed, then the battery current will be constant and 
w = vi(ty — tı) 

The capacity of a battery is the product of the battery current 
and time required to discharge the battery. Consequently, the 
energy stored in a battery is equal to the product of the battery 
voltage and the battery capacity. The capacity is usually given 
with the units of Ampere-hours (Ah). A new 12-V battery 
having a capacity of 800 mAh is connected to a load that draws 
a current of 25 mA. (a) How long will it take for the load to 
discharge the battery? (b) How much energy will be supplied to 
the load during the time required to discharge the battery? 


load 


battery 


Figure P 2.5-6 
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Section 2.6 Voltmeters and Ammeters 
P 2.6-1 (+) For the circuit of Figure P 2.6-1: 


(a) What is the value of the resistance R? 
(b) How much power is delivered by the voltage source? 


-[.[5]0] 
@ Ammeter Ọ 


5 0 
@ Voltmeter © 


+ 


Figure P 2.6-1 


P 2.6-2 © The current source in Figure P 2.6-2 supplies 40 
W. What values do the meters in Figure P 2.6-2 read? 


Figure P 2.6-2 


P 2.6-3 An ideal voltmeter is modeled as an open circuit. A more 
realistic model of a voltmeter is a large resistance. Figure P 2.6-3a 
shows a circuit with a voltmeter that measures the voltage vm. In 
Figure P 2.6-3b, the voltmeter is replaced by the model of an ideal 
voltmeter, an open circuit. Ideally, there is no current in the 100-0. 
resistor, and the voltmeter measures Vmi = 12 V, the ideal value of 
Vm. In Figure P 2.6-3c, the voltmeter is modeled by the resistance 
Rm. Now the voltage measured by the voltmeter is 


= Rin 12 
Ym = | Ra + 100 


Because Rm — 00, the voltmeter becomes an ideal voltmeter, and 
Vm — Vmi = 12 V . When Rn < œF, the voltmeter is not ideal, and 
Vm < Vmi. The difference between vm and vmi is a Measurement 
error caused by the fact that the voltmeter is not ideal. 


(a) Express the measurement error that occurs when Rm = 900 
Q as a percent of Vmi. 

(b) Determine the minimum value of Rm required to ensure that 
the measurement error is smaller than 2 percent of vmi. 


@ Voltmeter @ 


ev © 


100 Q 


12V 


100 Q 


12v È) vm 


Figure P 2.6-3 


P 2.6-4 An ideal ammeter is modeled as a short circuit. A 
more realistic model of an ammeter is a small resistance. 
Figure P 2.6-4a shows a circuit with an ammeter that measures 
the current im. In Figure P 2.6-4b, the ammeter is replaced by the 
model of an ideal ammeter, a short circuit. Ideally, there is no 
voltage across the 1-KQ resistor, and the ammeter measures imi = 2 
A, the ideal value of im. In Figure P 2.6-4c, the ammeter is modeled 
by the resistance Rm. Now the current measured by the ammeter is 


_ _ (_1000_), 
'm = \ T000 + Rn 


As Rm — 0, the ammeter becomes an ideal ammeter, and im —> 
imi = 2 A. When Rm > 0, the ammeter is not ideal, and im < imi- 
The difference between im and imi is a measurement error 
caused by the fact that the ammeter is not ideal. 


(a) Express the measurement error that occurs when Rm = 
10 Q as a percent of imi- 

(b) Determine the maximum value of Rm required to ensure 
that the measurement error is smaller than 5 percent. 


Ọ Ammeter Ọ 


imi=2 A 
O 
(D 2a 1ko 
O 
(b) 
im 
O 
(1) 2A 1kQ Rm 
O 
(c) 


Figure P 2.6-4 


P 2.6-5 @ The voltmeter in Figure P 2.6-5a measures the 
voltage across the current source. Figure P 2.6-5b shows the 
circuit after removing the voltmeter and labeling the voltage 
measured by the voltmeter as vm. Also, the other element 


voltages and currents are labeled in Figure P 2.6-5b. 


Figure P 2.6-5 


Given that 
12 = ve + Vm and — ik = iş =2A 
and 


VR = 25ip 
(a) Determine the value of the voltage measured by the meter. 


(b) Determine the power supplied by each element. 


P 2.6-6 © The ammeter in Figure P 2.6-6a measures the 
current in the voltage source. Figure P 2.6-6b shows the circuit 
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after removing the ammeter and labeling the current measured 
by the ammeter as im. Also, the other element voltages and 
currents are labeled in Figure P 2.6-6b. 
Given that 

2+in = İR and == 12V 


and 
VR = 25ig 


(a) Determine the value of the current measured by the meter. 
(b) Determine the power supplied by each element. 


@ Ammeter © 


(a) 


Figure P 2.6-6 


Section 2.7 Dependent Sources 


P 2.7-1 © The ammeter in the circuit shown in Figure P 2.7- 
1 indicates that i, = 2 A, and the voltmeter indicates that vy, = 
8 V. Determine the value of r, the gain of the CCVS. 


Answer: r = 4 V/A 


[2]. Jofo 
Q Ammeter © 


@ Voltmeter © 


Figure P 2.7-1 
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P 2.7-2 @ The ammeter in the circuit shown in Figure P 2.7- 
2 indicates that i, = 2 A, and the voltmeter indicates that vp = 
8 V. Determine the value of g, the gain of the VCCS. 


Answer: g = 0.25 A/V 


2]. {0/0 


Q Ammeter © 3 


.]o]o 
@ Voltmeter Ọ 


Figure P 2.7-2 


P 2.7-3 © The ammeters in the circuit shown in Figure P 2.7- 
3 indicate that i, = 32 A and i, = 8 A. Determine the value of d, 
the gain of the CCCS. 


Answer: d = 4 A/A 


3[2[. Jo 
Q Ammeter © 


@ Ammeter © 


Figure P 2.7-3 


P 2.7-4 @ The voltmeters in the circuit shown in Figure P 
2.7-4 indicate that v, = 2 V and v, = 8 V. Determine the value 
of b, the gain of the VCVS. 


Answer: b = 4 VIV 


Figure P 2.7-4 


P 2.7-5 (+) The values of the current and voltage of each 
circuit element are shown in Figure P 2.7-5. 

Determine the values of the resistance R and of the gain 
of the dependent source A. 


Figure P 2.7-5 
P 2.7-6 © Find the power supplied by the VCCS in Figure P 
2.7-6. 


Answer: 17.6 watts are supplied by the VCCS. (—17.6 watts 
are absorbed by the VCCS.) 


Figure P 2.7-6 


+ |2.|2}0 


@ Voltmeter © 


P 2.7-7 @ The circuit shown in Figure P 2.7-7 contains a 
dependent source. Determine the value of the gain k of that 
dependent source. 


10Q 


Figure P 2.7-7 


P 2.7-8 The circuit shown in Figure P 2.7-8 contains a 
dependent source. Determine the value of the gain k of that 
dependent source. 


2002 ia 
ae 


Figure P 2.7-8 


P 2.7-9 The circuit shown in Figure P 2.7-9 contains a 
dependent source. The gain of that dependent source is 


y 
k= 25— 
A 


Determine the value of the voltage v,. 


Figure P 2.7-9 


P 2.7-10 The circuit shown in Figure P 2.7-10 contains a 


dependent source. The gain of that dependent source is 


k = 90 A = 0.092 
e 


Determine the value of the current i,. 


100 Q 


50 mA 
a 


Figure P 2.7-10 
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Section 2.8 Transducers 


P 2.8-1 For the potentiometer circuit of Figure 2.8-2, the 
current source current and potentiometer resistance are 1.1 mA 
and 100 KQ, respectively. Calculate the required angle, 0, so 
that the measured voltage is 23 V. 


P 2.8-2 An AD590 sensor has an associated constant k = 1 a 
The sensor has a voltage v = 20 V; and the measured current, i 
(ft), as shown in Figure 2.8-3, is 4 uA < i < 13 uA ina 
laboratory setting. Find the range of measured temperature. 


Section 2.9 Switches 


P 2.9-1 @ Determine the current i at t= 1 s and att = 4 s for 
the circuit of Figure P 2.9-1. 


Figure P 2.9-1 


P 2.9-2 © Determine the voltage, v, at t = 1 s and at t = 4 s 
for the circuit shown in Figure P 2.9-2. 


Figure P 2.9-2 


P 2.9-3 Ideally, an open switch is modeled as an open circuit 
and a closed switch is modeled as a closed circuit. More 
realistically, an open switch is modeled as a large resistance, 
and a closed switch is modeled as a small resistance. 

Figure P 2.9-3a shows a circuit with a switch. In Figure 
P 2.9-3, the switch has been replaced with a resistance. In Figure 
P 2.9-3b, the voltage v is given by 


Determine the value of v for each of the following cases. 


(a) The switch is closed and R, = O (a short circuit). 
(b) The switch is closed and R, = 5 Q. 
(c) The switch is open and R, = oo (an open circuit). 
(d) The switch is open and R, = 10 kQ. 
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Rs 
O O 


12V 1002S» y2v(*) v 


(a) (b) 
Figure P 2.9-3 
Section 2-10 How Can We Check ... ? 


P 2.10-1 The circuit shown in Figure P 2.10-1 is used to test 
the CCVS. Your lab partner claims that this measurement 
shows that the gain of the CCVS is —20 V/A instead of +20 
V/A. Do you agree? Justify your answer. 


-|2 (0) 


Q Ammeter Ọ 


4]o] .[o 
Q Voltmeter © 


Figure P 2.10-1 


Design Problems 


DP 2-1 © Specify the resistance R in Figure DP 2-1 so that 
both of the following conditions are satisfied: 


1. 


i > 40 mA. 


2. The power absorbed by the resistor is less than 0.5 W. 


Ji 
1ov(*) 


Figure DP 2-1 


DP 2-2 Specify the resistance R in Figure DP 2-2 so that both of 
the following conditions are satisfied: 


1. 


v>40V. 


2. The power absorbed by the resistor is less than 15 W. 


rn 
2AaCf) 7 


Figure DP 2-2 


Hint: There is no guarantee that specifications can always be 
satisfied. 


P 2.10-2 @ The circuit of Figure P 2.10-2 is used to measure 
the current in the resistor. Once this current is known, the resistance 
can be calculated as R = *. The circuit is constructed using a 
voltage source with v, = 12 V and a 25-Q, 1/2-W resistor. 
After a puff of smoke and an unpleasant smell, the ammeter 
indicates that i= 0 A. The resistor must be bad. You have more 25- 
Q, 1/2-W resistors. Should you try another resistor? Justify your 
answer. 


Oo]. [oo] 


@ Ammeter © 


Figure P 2.10-2 


Hint: 1/2-W resistors are able to safely dissipate one 1/2 W 
of power. These resistors may fail if required to dissipate 
more than 1/2 watt of power. 


DP 2-3 Resistors are given a power rating. For example, resis- 
tors are available with ratings of 1/8 W, 1/4 W, 1/2 W, and 1 W. 
A 1/2-W resistor is able to safely dissipate 1/2 W of 
power, indefinitely. Resistors with larger power ratings are 
more expensive and bulkier than resistors with lower power 
ratings. Good engineering practice requires that resistor power 
ratings be specified to be as large as, but not larger than, 
necessary. 

Consider the circuit shown in Figure DP 2-3. The values 
of the resistances are 


R; = 1000 Q, R, = 2000 Q, and R3 = 4000 Q 


The value of the current source current is 
i, = 30 mA 


Specify the power rating for each resistor. 


Rı R2 R3 


Figure DP 2-3 
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3.1 Introduction 


In this chapter, we will do the following: 


Write equations using Kirchhoff’s laws. 

Not surprisingly, the behavior of an electric circuit is determined both by the types of 
elements that comprise the circuit and by the way those elements are connected together. The 
constitutive equations describe the elements themselves, and Kirchhoff’ s laws describe the way the 
elements are connected to each other to form the circuit. 

Analyze simple electric circuits, using only Kirchhoff’s laws and the constitutive equations of the 
circuit elements. 
Analyze two very common circuit configurations: series resistors and parallel resistors. 

We will see that series resistors act like a “voltage divider,” and parallel resistors act like a “current 
divider.” Also, series resistors and parallel resistors provide our first examples of an “equivalent circuit.” 
Figure 3.1-1 illustrates this important concept. Here, a circuit has been partitioned into two parts, A and B. 
Replacing B by an equivalent circuit, Beq, does not change the current or voltage of any circuit element 
in part A. It is in this sense that Beq is equivalent to B. We will see how to obtain an equivalent circuit when 
part B consists either of series resistors or of parallel resistors. 


Determine equivalent circuits for series voltage sources and parallel current sources. 


Determine the equivalent resistance of a resistive circuit. 


Often, circuits consisting entirely of resistors can be reduced to a single equivalent resistor by 


repeatedly replacing series and/or parallel resistors by equivalent resistors. 


FIGURE 3.1-1 Replacing B by 
an equivalent circuit Beq does not 
change the current or voltage of any 
(a) (b) circuit element in A. 
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3.2 Kirchhoff’s Laws 


An electric circuit consists of circuit elements that are connected together. The places where the 
elements are connected to each other are called nodes. Figure 3.2-la shows an electric circuit 
that consists of six elements connected together at four nodes. It is common practice to draw electric 
circuits using straight lines and to position the elements horizontally or vertically as shown in Figure 
3.2-1b. 

The circuit is shown again in Figure 3.2-1c, this time emphasizing the nodes. Notice that 
redrawing the circuit, using straight lines and horizontal and vertical elements, has changed the way 
that the nodes are represented. In Figure 3.2-1a, nodes are represented as points. In Figures 3.2-1b,c, 
nodes are represented using both points and straight-line segments. 

The same circuit can be drawn in several ways. One drawing of a circuit might look much 
different from another drawing of the same circuit. How can we tell when two circuit drawings represent 
the same circuit? Informally, we say that two circuit drawings represent the same circuit if 


(a) 


FIGURE 3.2-1 (a) An electric 
circuit. (b) The same circuit, 
redrawn using straight lines and 
horizontal and vertical elements. 


(c) The circuit after labeling the 
(€) nodes and elements. 
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corresponding elements are connected to corresponding nodes. More formally, we say that circuit 
drawings A and B represent the same circuit when the following three conditions are met. 


1. There is a one-to-one correspondence between the nodes of drawing A and the nodes of drawing B. 
(A one-to-one correspondence is a matching. In this one-to-one correspondence, each node in 
drawing A is matched to exactly one node of drawing B and vice versa. The position of the nodes is 
not important.) 


2. There is a one-to-one correspondence between the elements of drawing A and the elements of 
drawing B. 


3. Corresponding elements are connected to corresponding nodes. 


( ExAMPLE 3.2-1 Different Drawings of the Same Circuit ) 


Figure 3.2-2 shows four circuit drawings. Which of these drawings, if any, represent the same circuit as the circuit 
drawing in Figure 3.2-1c? 


(o (d) 
FIGURE 3.2-2 Four circuit drawings. 
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Solution 

The circuit drawing shown in Figure 3.2-2a has five nodes, labeled r, s, t, u, and v. The circuit drawing in Figure 
3.2-1c has four nodes. Because the two drawings have different numbers of nodes, there cannot be a one-to-one 
correspondence between the nodes of the two drawings. Hence, these drawings represent different circuits. 

The circuit drawing shown in Figure 3.2-2b has four nodes and six elements, the same numbers of nodes and 
elements as the circuit drawing in Figure 3.2-1c. The nodes in Figure 3.2-2b have been labeled in the same way as the 
corresponding nodes in Figure 3.2-1c. For example, node c in Figure 3.2-2b corresponds to node c in Figure 3.2-Ic. 
The elements in Figure 3.2-2b have been labeled in the same way as the corresponding elements in Figure 3.2-1c. For 
example, element 5 in Figure 3.2-2b corresponds to element 5 in Figure 3.2-1c. Corresponding elements are indeed 
connected to corresponding nodes. For example, element 2 is connected to nodes a and b, in both Figure 3.2-2b and in 
Figure 3.2-1c. Consequently, Figure 3.2-2b and Figure 3.2-1c represent the same circuit. 

The circuit drawing shown in Figure 3.2-2c has four nodes and six elements, the same number of nodes and 
elements as the circuit drawing in Figure 3.2-1c. The nodes and elements in Figure 3.2-2c have been labeled in the 
same way as the corresponding nodes and elements in Figure 3.2-1c. Corresponding elements are indeed connected 
to corresponding nodes. Therefore, Figure 3.2-2c and Figure 3.2-1c represent the same circuit. 

The circuit drawing shown in Figure 3.2-2d has four nodes and six elements, the same numbers of nodes and 
elements as the circuit drawing in Figure 3.2-1c. However, the nodes and elements of Figure 3.2-2d cannot be 
labeled so that corresponding elements of Figure 3.2-1c are connected to corresponding nodes. (For example, in 
Figure 3.2-1c, three elements are connected between the same pair of nodes, a and b. That does not happen in 
Figure 3.2-2d.) Consequently, Figure 3.2-2d and Figure 3.2-1c represent different circuits. 


© bilwissedition Ltd. & Co. 
KG/Alamy 

FIGURE 3.2-3 Gustav 
Robert Kirchhoff (1824— 
1887). Kirchhoff stated two 
laws in 1847 regarding the 
current and voltage in an 
electrical circuit. 


In 1847, Gustav Robert Kirchhoff, a professor at the University of Berlin, formulated 
two important laws that provide the foundation for analysis of electric circuits. These laws are 
referred to as Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL) in his honor. 
Kirchhoff’s laws are a consequence of conservation of charge and conservation of energy. 
Gustav Robert Kirchhoff is pictured in Figure 3.2-3. 

Kirchhoff’ s current law states that the algebraic sum of the currents entering any node is 
identically zero for all instants of time. 


Kirchhoff’s current law (KCL): The algebraic sum of the currents into a node at 
any instant is zero. 


The phrase algebraic sum indicates that we must take reference directions into account as 
we add up the currents of elements connected to a particular node. One way to take 
reference directions into account is to use a plus sign when the current is directed away from 
the node and a minus sign when the current is directed toward the node. For example, 
consider the circuit shown in Figure 3.2-1c. Four elements of this circuit—elements 1, 2, 3, 
and 4—are connected to node a. By Kirchhoff’s current law, the algebraic sum of the 
element currents i, i2, i3, and i, must be zero. Currents iz and i3 are directed away from 


node a, so we will use a plus sign for ip and i}. In contrast, currents i, and i4 are directed toward node 
a, so we will use a minus sign for i; and i4. The KCL equation for node a of Figure 3.2-Ic is 


—i +i +i — i4 = 0 (3.2-1) 


An alternate way of obtaining the algebraic sum of the currents into a node is to set the sum of all 
the currents directed away from the node equal to the sum of all the currents directed toward that node. 
Using this technique, we find that the KCL equation for node a of Figure 3.2-1c is 


in + ig =i) +i (8.2-2) 


Clearly, Eqs. 3.2-1 and 3.2-2 are equivalent. 
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Similarly, the Kirchhoff’s current law equation for node b of Figure 3.2-1c is 
i = i+ is + is 
Before we can state Kirchhoff s voltage law, we need the definition of a loop. A loop is a closed 
path through a circuit that does not encounter any intermediate node more than once. For example, 
starting at node a in Figure 3.2-1c, we can move through element 4 to node c, then through element 5 to 
node d, through element 6 to node b, and finally through element 3 back to node a. We have a closed 
path, and we did not encounter any of the intermediate nodes—b, c, or d—more than once. 
Consequently, elements 3, 4, 5, and 6 comprise a loop. Similarly, elements 1, 4, 5, and 6 comprise 
a loop of the circuit shown in Figure 3.2-1c. Elements 1 and 3 comprise yet another loop of this circuit. 
The circuit has three other loops: elements 1 and 2, elements 2 and 3, and elements 2, 4, 5, and 6. 
We are now ready to state Kirchhoff’s voltage law. 


Kirchhoff’s voltage law (KVL): The algebraic sum of the voltages around any loop in a 
circuit is identically zero for all time. 


The phrase algebraic sum indicates that we must take polarity into account as we add up the voltages of 
elements that comprise a loop. One way to take polarity into account is to move around the loop in the 
clockwise direction while observing the polarities of the element voltages. We write the voltage with a 
plus sign when we encounter the + of the voltage polarity before the —. In contrast, we write the voltage 
with a minus sign when we encounter the — of the voltage polarity before the +. For example, consider 
the circuit shown in Figure 3.2-1c. Elements 3, 4, 5, and 6 comprise a loop of the circuit. By Kirchhoff’ s 
voltage law, the algebraic sum of the element voltages v3, v4, vs, and v6 must be zero. As we move 
around the loop in the clockwise direction, we encounter the + of v4 before the —, the — of vs before 
the +, the — of ve before the +, and the — of v3 before the +. Consequently, we use a minus sign for 
v3, Vs, and vg and a plus sign for v4. The KCL equation for this loop of Figure 3.2-1c is 


V4 — V5 — V6 — V3 = 0 

Similarly, the Kirchhoff’s voltage law equation for the loop consisting of elements 1, 4, 5, and 6 is 
v4 — vs — vs +v = 0 

The Kirchhoff’s voltage law equation for the loop consisting of elements 1 and 2 is 


-vn +v =0 


Try it : 
yourself | EXAMPLE 3.2-2 Kirchhoff’s Laws @ INTERACTIVE EXAMPLE 
in WileyPLUS 


Consider the circuit shown in Figure 3.2-4a. Determine the power supplied by element C and the power received by 
element D. 


Solution 
Figure 3.2-4a provides a value for the current in element C but not for the voltage v across element C. The voltage and 
current of element C given in Figure 3.2-4a adhere to the passive convention, so the product of this voltage and current 
is the power received by element C. Figure 3.2-4a provides a value for the voltage across element D but not for the 
current i in element D. The voltage and current of element D given in Figure 3.2-4a do not adhere to the passive 
convention, so the product of this voltage and current is the power supplied by element D. 

We need to determine the voltage v across element C and the current i in element D. We will use Kirchhoff s laws to 
determine values of v and i. First, we identify and label the nodes of the circuit as shown in Figure 3.2-4b. 
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a = es b ONS c 


FIGURE 3.2-4 (a) The circuit considered in Example 
3.2-2 and (b) the circuit redrawn to emphasize the 

(b) nodes. 
Apply Kirchhoff’s voltage law (KVL) to the loop consisting of elements C, D, and B to get 


v—(—4)-6=0 v=—2V 


The value of the current in element C in Figure 3.2-4b is 7 A. The voltage and current of element C given in Figure 


3.2-4b adhere to the passive convention, so 
Be) (= 2) — ay 


is the power received by element C. Therefore, element C supplies 14 W. 
Next, apply Kirchhoff’s current law (KCL) at node b to get 


7+(-10)+i=0 > i=3A 
The value of the voltage across element D in Figure 3.2-4b is —4 V. The voltage and current of element D given in 
Figure 3.2-4b do not adhere to the passive convention, so the power supplied by element D is given by 
Pp = (—4)i =(—4)(3) = —12 W 


Therefore, element D receives 12 W. 


Try it 
sei ( EXAMPLE 3.2-3 Ohm’s and Kirchhoff’ s Laws 


in WileyPLUS 


Consider the circuit shown in Figure 3.2-5. Notice that the passive convention was used to assign reference 
directions to the resistor voltages and currents. This anticipates using Ohm’s law. Find each current and each 
voltage when R, =8 Q, v2 =-—10 V, i3=2 A, and R3=1 Q. Also, determine the resistance Ro. 


Solution 
The sum of the currents entering node a is 
i= i=hbh =I 
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Using Ohm’s law for R3, we find that 
v = R313 = 1(2) =) 


Kirchhoff’s voltage law for the bottom loop incorporating v1, v3, 
and the 10-V source is 


—10 +v +v =0 
Therefore, vı = 10 — v = 8V 
Ohm’s law for the resistor R is 
vı = Rii 
or i = vı/Rı = 8/8=1A 


Next, apply Kirchhoff s current law at node a to get FIGURE 3.2-5 Circuit with two 


b =i —i=1-2=-1A constant-voltage sources. 
We can now find the resistance R, from 
y= Riz 
or R = v/i = —10/-1 = 10 Q 


Try it 
yoursef| EXAMPLE 3.2-4 Ohm’s and @® INTERACTIVE EXAMPLE 


in WileyPLUS Kirchhoff’s Laws 


Determine the value of the current, in amps, measured by the ammeter in Figure 3.2-6a. 


Solution 
An ideal ammeter is equivalent to a short circuit. The current measured by the ammeter is the current in the short 
circuit. Figure 3.2-6b shows the circuit after replacing the ammeter by the equivalent short circuit. 

The circuit has been redrawn in Figure 3.2-7 to label the nodes of the circuit. This circuit consists of a voltage 
source, a dependent current source, two resistors, and two short circuits. One of the short circuits is the controlling 
element of the CCCS, and the other short circuit is a model of the ammeter. 


42 22 


(b) 


FIGURE 3.2-6 (a) A circuit with dependent source and an 
ammeter. (b) The equivalent circuit after replacing the ammeter FIGURE 3.2-7 The circuit of Figure 3.2-6 after labeling the 
by a short circuit. nodes and some element currents and voltages. 
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Applying KCL twice, once at node d and again at node a, shows that the current in the voltage source and the 
current in the 4-Q resistor are both equal to i,. These currents are labeled in Figure 3.2-7. Applying KCL again, at 
node c, shows that the current in the 2-Q resistor is equal to im. This current is labeled in Figure 3.2-7. 

Next, Ohm’s law tells us that the voltage across the 4-O resistor is equal to 47, and that the voltage across the 
2-Q resistor is equal to 2i,,. Both of these voltages are labeled in Figure 3.2-7. 

Applying KCL at node b gives 

—ig — 3ig — im = 0 
Applying KVL to closed path a-b-c-e-d-a gives 


1 
0 = a Jim — 12 = 4( gin) + 2im — 12 = Big — 12 


Finally, solving this equation gives 
im =4A 


Try it 
yourself | EXAMPLE 3.2-5 Ohm’s and C | NTERACTIVE EXAMPLE 


in WileyPLUS Kirchhoff’s Laws 


Determine the value of the voltage, in volts, measured by the voltmeter in Figure 3.2-8a. 


© Voltmeter © 


(b) 


FIGURE 3.2-8 (a) A circuit with dependent source 
and a voltmeter. (b) The equivalent circuit after replacing 
the voltmeter by an open circuit. 


FIGURE 3.2-9 The circuit of Figure 3.2-8b after labeling the 
nodes and some element currents and voltages. 


Solution 
An ideal voltmeter is equivalent to an open circuit. The voltage measured by the voltmeter is the voltage across the 
open circuit. Figure 3.2-8b shows the circuit after replacing the voltmeter by the equivalent open circuit. 

The circuit has been redrawn in Figure 3.2-9 to label the nodes of the circuit. This circuit consists of a voltage 
source, a dependent voltage source, two resistors, a short circuit, and an open circuit. The short circuit is the 
controlling element of the CCVS, and the open circuit is a model of the voltmeter. 

Applying KCL twice, once at node d and again at node a, shows that the current in the voltage source and the 
current in the 4-© resistor are both equal to i,. These currents are labeled in Figure 3.2-9. Applying KCL again, 
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at node c, shows that the current in the 5-Q resistor is equal to the current in the open circuit, that is, zero. This 
current is labeled in Figure 3.2-9. Ohm’s law tells us that the voltage across the 5-Q resistor is also equal to zero. 
Next, applying KVL to the closed path b-c-f-e-b gives vm = 3i,. 
Applying KVL to the closed path a-b-e-d-a gives 
—4i, + 3i, — 12 = 0 


so i = —12A 


Finally ta = Si = 3(—12) = —36 V 


EXAMPLE 3.2-6 Kirchhoff’s Laws 


Try it : : i 
yourself with Time-Varying @® INTERACTIVE EXAMPLE 


OY Currents and Voltages 


The circuit shown in Figure 3.2-10 contains a circuit element called a capacitor. We will learn more about 
capacitors in Chapter 7. The only thing we will need to know about the capacitor in this example is its voltage, v(t), 
and that will be given. 


FIGURE 3.2-10 The circuit considered in Example 3.2-6. 


In this example we will determine the voltage, v,(1), across the 25-Q resistor and the voltage source current, 
i(t), for each of the following cases: 


(a) The voltage source voltage is v,(f)=50 V and the capacitor voltage is 
v(t) = 40 — 40 ev. 


(b) The voltage source voltage is v,(t)= 10cos(81) V and the capacitor voltage is 
ve(t) = 7.62 cos(8t — 17.7) V. 
Notice that v,(f) and v,(f) are not constant functions of time. 


Solution 

Let’s label the circuit as shown in Figure 3.2-11. We’ve labeled the nodes of the circuit in Figure 3.2-11. Also, 
we ve labeled the voltage and current of each circuit element. In anticipation of using Ohm’s Law, we’ ve labeled 
the current and voltage of each resistor to adhere to the passive convention. 


i, (t) $ v,(t) = i,(t) + v(t) = 
= 


FIGURE 3.2-11 The circuit from Figure 3.2-10 after labeling the nodes 
and the element voltages and currents. 
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Solution 
Let’s see what information we can obtain using Ohm’s law and Kirchhoff s laws. Applying Ohm’s law to each of 
the resistors gives 


v(t) = 107, (£), vo(t) = 25in(t) and v3(t) = 1573(t) (3.2-3) 
Apply KCL at node a and also at node c to get 
is(t) = iy (t) and i2(t) = i3(¢) (3.2-4) 


Apply KVL to the loop consisting of the voltage source, 10-© resistor, and the capacitor to get 


v5(t) = vi(t) + ve(t) (3.2-5) 
Apply KVL to the loop consisting of the capacitor, 25-Q resistor, and the 15-Q resistor to get 
velt) = vo(t) + v3(2) (3.2-6) 


Doing a little algebra, we get 


is(t) = nÀ zal) zeta) (3.2-7) 


Recalling that i2(f) =i3(t), we do the following algebra 
v(t) = vo(t) + v3(t) = 25i2(t) + 15i3(t) = 40i2(t) (3.2-8) 


Combining Eqs. 3.2-8 and 3.2-3 gives 


eS he elt 3 
Vo(t) = 25in(t) = 25 IoT ve(t) (3.2-9) 
5) s =F 
In summary volt) => ve(f) and i.(t) = vail =- U (3.2-10) 
These equations prepare us to consider case (a) and case (b) of this example. 
5 
In case (a) TOS (40 — 40e?) = 25(1 — e”) V 
50 — (40 — 40e 
and (=e ee a 
10 
5 
In case (b) Vala) = G) 7.62 cos(8t — 17.7°) = 4.76 cos(8t — 17.7°) V 
aa iO = 10 cos(8t) — 7.62 cos(8t — 17.7°) A (3.2-11) 


10 


We can simplify this expression for i(t) using trigonometric identities, but that process is somewhat tedious. 
In Chapter 10 we’ll use complex arithmetic to simplify Eq. 3.2-11. The result is 


is(t) = 0.349 cos (8t + 40°) A 


Series Resistors and Voltage Division 63 


EXERCISE 3.2-1 Determine the values of i3, 14, i6, V2, V4, and ve in Figure E 3.2-1. 
Answer: R= —3 A, i4 3 A, i6 4 A, V2 —3 V, v4=—6 V, ve =6 V 


FIGURE E 3.2-1 


3.3 Series Resistors and Voltage Division 


Let us consider a single-loop circuit, as shown in Figure 3.3-1. In anticipation of using Ohm’s 
law, the passive convention has been used to assign reference directions to resistor voltages 
and currents. 

The connection of resistors in Figure 3.3-1 is said to be a series connection because 
all the elements carry the same current. To identify a pair of series elements, we look for 
two elements connected to a single node that has no other elements connected to it. Notice, 
for example, that resistors R and R, are both connected to node b and that no other 
circuit elements are connected to node b. Consequently, i; = i2, so both resistors have the 
same current. A similar argument shows that resistors Rọ and R3 are also connected in 
series. Noticing that R, is connected in series with both R, and R3, we say that all three 
resistors are connected in series. The order of series resistors is not important. For example, 
the voltages and currents of the three resistors in Figure 3.3-1 will not change if we 
interchange the positions R» and R3. 

Using KCL at each node of the circuit in Figure 3.3-1, we obtain 


aooo 
II 
5 


Consequently, i =i =i = i 


To determine i}, we use KVL around the loop to obtain 


vi +n +y v = 0 


FIGURE 3.3-1 
Single-loop circuit with a 
voltage source vs. 


where, for example, v, is the voltage across the resistor R,. Using Ohm’s law for each resistor, 


Rii + Ri + Ris — v; = 0 > Rii + Rii + Rii = v; 


Solving for i,, we have ; Vs 
iy = ———___ 
|! Ri +R +R 
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Thus, the voltage across the nth resistor R,, is v, and can be obtained as 


' VsRn 
Vn = i Rp — 
Ri + R2 + R3 
For example, the voltage across resistor R2 is 
Ry 
n =- Vs 
Ri + R2 + R3 


Thus, the voltage across the series combination of resistors is divided up between the individual 
resistors in a predictable way. This circuit demonstrates the principle of voltage division, and the circuit 
is called a voltage divider. 

In general, we may represent the voltage divider principle by the equation 


Ri +R. +-+ Ry 


Vn Vs 


where v, is the voltage across the nth resistor of N resistors connected in series. 
We can replace series resistors by an equivalent resistor. This is illustrated in Figure 3.3-2. 
The series resistors Rj, R2, and R3 in Figure 3.3-2a are replaced by a single, equivalent resistor 
R, in Figure 3.3-2b. R, is said to be equivalent to the series resistors R1, R2, and R3 when replacing R, 
Ro, and R3 by R, does not change the current or voltage of any other element of the circuit. In this case, 
there is only one other element in the circuit, the voltage source. We must choose the value of the 
resistance R, so that replacing R1, R2, and R3 by R, will not change the current of the voltage source. 
In Figure 3.3-2a, we have 
mO Vs 
= Ri +R +R; 
In Figure 3.3-2b, we have 
Vs 
is = — 


Rs 


Because the voltage source current must be the same in both circuits, we require that 


R =R +R +R 


(a) (b) FIGURE 3.3-2 


In general, the series connection of N resistors having resistances Rj, Rə ... Ry is equivalent to the 
single resistor having resistance 


Replacing series resistors by an equivalent resistor does not change the current or voltage of any other 
element of the circuit. 
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Next, let’s calculate the power absorbed by the series resistors in Figure 3.3-2a: 
p = i? Ri + i? Ro + i? R3 
Doing a little algebra gives 
p = i (Ri + Ro + R3) = is Rs 


which is equal to the power absorbed by the equivalent resistor in Figure 3.3-2b. We conclude that 
the power absorbed by series resistors is equal to the power absorbed by the equivalent resistor. 


Try it rar 
yourself EXAMPLE 3.3-1 Voltage Division 
in WileyPLUS 


Consider the two similar voltage divider circuits shown in Figure 3.3-3. Use voltage division to determine the 
values of the voltage v2 in Figure 3.3-3a and the voltage v, in Figure 3.3-3b. 


FIGURE 3.3-3 Two similar voltage divider circuits. 


Solution 
First, consider the circuit shown in Figure 3.3-3a. This circuit is an example of a single loop circuit like the circuit 
shown in Figure 3.3-1. The 100, 400, and 300-Q resistors are connected in series. The current in the loop is 
given by 

; 12 

' = T00 + 400 + 300 


We can calculate the value of v2 using voltage division: 


= 0.015 A = 15 mA 


400 
ZE OOO 
”2= oon = OV 
As a check, notice that 6 = vz = 400(i) = 400(0.015) 


Next, consider the circuit shown in Figure 3.3-3b. This circuit is also an example of a single loop circuit. 
Again, the current in the loop is given by 
My 12 
"~ 100 + 400 + 300 


Notice that the voltage v, in Figure 3.3-3b is the same voltage as the voltage v2 in Figure 3.3-3a, except for 
polarity. Consequently 


=0.01I5SA= 15 mA 


OS lib: 


a 400 
~ 100 +400 + 300 


Therefore Vb (12) = —6 V 
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(Notice that the voltage v2 in Figure 3.3-3a has the same polarity as the voltage v2 in Figure 3.3-2a, but the voltage 
v in Figure 3.3-3b has the opposite polarity from the voltage v2 in Figure 3.3-2a) 

As a check, noticing that the current i and voltage v, in Figure 3.3-3b do not adhere to the passive convention, 
we write 


6 = vy = —400(i) = —400(0.015) 


Clearly, we will need to pay attention to voltage polarities when we use voltage division. 


Try it . ; 
yourself EXAMPLE 3.3-2 Series Resistors 
in WileyPLUS 


For the circuit of Figure 3.3-4a, find the current measured by the ammeter. Then show that the power absorbed by 
the two resistors is equal to that supplied by the source. 


© Ammeter © 


(a) (b) 


FIGURE 3.3-4 (a) A circuit containing series resistors. (b) The circuit after the ideal ammeter has been replaced by the equivalent 
short circuit, and a label has been added to indicate the current measured by the ammeter im- 


Solution 
Figure 3.3-4b shows the circuit after the ideal ammeter has been replaced by the equivalent short circuit and a label 
has been added to indicate the current measured by the ammeter im. Applying KVL gives 


15 + Sim + 10im = 0 


The current measured by the ammeter is 


E E 
ee E i a 


(Why is im negative? Why can’t we just divide the source voltage by the equivalent resistance? Recall that when we 
use Ohm’s law, the voltage and current must adhere to the passive convention. In this case, the current calculated by 
dividing the source voltage by the equivalent resistance does not have the same reference direction as im, SO we 
need a minus sign.) 

The total power absorbed by the two resistors is 


Pe Sin” + 10," = 15(17) =15 Wi 
The power supplied by the source is 
Ps = —Vsim = —15(—1) = 15 W 


Thus, the power supplied by the source is equal to that absorbed by the series connection of resistors. 
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Try it 
yourself ( EXAMPLE 3.3-3 Voltage Divider Design ) 
in WileyPLUS 


The input to the voltage divider in Figure 3.3-5 is the voltage v, of the voltage source. The output is the voltage vo 
measured by the voltmeter. Design the voltage divider; that is, specify values of the resistances R, and R3 to satisfy 
both of these specifications. 

Specification 1: The input and output voltages are related by vo =0.8 vs. 

Specification 2: The voltage source is required to supply no more than 1 mW of power when the input to the 


voltage divider is v, = 20 V. 


Voltage Divider FIGURE 3.3-5 A voltage divider. 


Solution 
We’ll examine each specification to see what it tells us about the resistor values. 
Specification 1: The input and output voltages of the voltage divider are related by 


Ro 
vi v 
o R, ee R> S 
So specification 1 requires R 
=0.8 > R =4R 
RETE 2 1 


Specification 2: The power supplied by the voltage source is given by 


: Vs n 
=] = = 
[Ma lee Ri +R "h Ri +R 


So specification 2 requires 
2 


0.001 > => R, +R, > 400 x 10° = 400 kQ 


~ Ri +R 


Combining these results gives 
5R; > 400kO, 


The solution is not unique. One solution is 
Rı = 100 kQ and R, = 400 kQ 


Try it 
yourself EXERCISE 3.3-1 Determine the voltage measured by the voltmeter in the circuit shown in 


in WileyPLUS Figure E 3.3-la. 


Hint: Figure E 3.3-1b shows the circuit after the ideal voltmeter has been replaced by the equivalent 
open circuit and a label has been added to indicate the voltage measured by the voltmeter vm. 


Answer: va =2 V 


68 


3. Resistive Circuits 


75Q 
| | | ds © Voltmeter @ 
e 
(a) 


FIGURE E 3.3-1 (a) A voltage divider. (b) The voltage divider after the ideal voltmeter has been replaced by the 
equivalent open circuit and a label has been added to indicate the voltage measured by the voltmeter vm. 


EXERCISE 3.3-2 Determine the voltage measured by the voltmeter in the circuit shown in 


Figure E 3.3-2a. 
g= 
(a) 


FIGURE E 3.3-2 (a) A voltage divider. (b) The voltage divider after the ideal voltmeter has been replaced by the 
equivalent open circuit and a label has been added to indicate the voltage measured by the voltmeter vm. 


Hint: Figure E 3.3-2b shows the circuit after the ideal voltmeter has been replaced by the equivalent 
open circuit and a label has been added to indicate the voltage measured by the voltmeter vm. 


Answer: vm = —2 V 


3.4 Parallel Resistors and Current Division 


Circuit elements, such as resistors, are connected in parallel when the voltage across each element is 
identical. The resistors in Figure 3.4-1 are connected in parallel. Notice, for example, that resistors R, 
and R, are each connected to both node a and node b. Consequently, vı = v2, so both resistors have the 
same voltage. A similar argument shows that resistors R, and R; are also connected in parallel. Noticing 
that R is connected in parallel with both R,; and R3, we say that all three resistors are connected in 
parallel. The order of parallel resistors is not important. For example, the voltages and currents of the 
three resistors in Figure 3.4-1 will not change if we interchange the positions R and R3. 

The defining characteristic of parallel elements is that they have the same voltage. To identify a 
pair of parallel elements, we look for two elements connected between the same pair of nodes. 

Consider the circuit with two resistors and a current source shown in Figure 3.4-2. Note that 
both resistors are connected to terminals a and b and that the voltage v appears across each parallel 


FIGURE 3.4-1 A circuit with parallel resistors. FIGURE 3.4-2 Parallel circuit with a current source. 
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element. In anticipation of using Ohm’s law, the passive convention is used to assign reference 
directions to the resistor voltages and currents. We may write KCL at node a (or at node b) to obtain 
i—i =i = 0 


or lg = +h 
Next, from Ohm’s law 
v di v 
i =— an = — 
1 R, 2 R 
Then v y 
ij, = — + — 3.4-1 
b= p + B ( ) 


Recall that we defined conductance G as the inverse of resistance R. We may therefore rewrite 
Eq. 3.4-1 as 
i = Giv + Gov = (Gy + G2)v (3.4-2) 


Thus, the equivalent circuit for this parallel circuit is a conductance Gp, as shown in 
Figure 3.4-3, where 


Gp = Gi +G 
The equivalent resistance for the two-resistor circuit is found from 
1 1 FIGURE 3.4-3 
Gp = a T R> Equivalent circuit for a 


parallel circuit. 
Because G, = 1/Rp, we have 


oe oe 
R Ri Ro 
R,R> 
= 3.4-3 
or ERER ( ) 


Note that the total conductance, Gp, increases as additional parallel elements are added and that the total 
resistance, Rp, declines as each resistor is added. 
The circuit shown in Figure 3.4-2 is called a current divider circuit because it divides the source 


current. Note that 
i = Giv (3.4-4) 


Also, because i, = (G; + G2)v, we solve for v, obtaining 


is 


v=- 3.4-5 
Gi +G ( ) 
Substituting v from Eq. 3.4-5 into Eq. 3.4-4, we obtain 
Giis 
1 == 3.4-6 
1 GitG@ ee) 
isd Gois 
Similarly, i. = ———— 
y 2 Gi + Go 


Note that we may use Gz = 1/Rz and G; = 1/R, to obtain the current i, in terms of two resistances as 
follows: 
— Riis 

RER 


i 
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FIGURE 3.4-4 
Set of N parallel 
conductances 
with a current 
source ig. 


Try it 
yourself 
in WileyPLUS 


For the circuit in Figure 3.4-5, find (a) the current in each 


The current of the source divides between conductances G and G3 in proportion to their conductance 
values. 

Let us consider the more general case of current division with a set of N parallel conductors as 
shown in Figure 3.4-4. The KCL gives 


ig = +i +i, +: + iy (3.4-7) 
for which 
in = Gnv (3.4-8) 
forn=1, ...,N. We may write Eq. 3.4-7 as 
is = (Gi + G2 + G3 +--+ + Gyv 6.4-9) 
Therefore, 
N 
=v G, (3.4-10) 
n=1 
Because i,, = G,v, we may obtain v from Eq. 3.4-10 and substitute it in Eq. 3.4-8, obtaining 
p= Ghis (3.4-11) 


N 
X Gn 
n=l 


Recall that the equivalent circuit, Figure 3.4-3, has an equivalent conductance G, such that 


N 
Go= 5 Gn (3.4-12) 
n=1 
Therefore, Gi 
i, = (3.4-13) 
Gp 


which is the basic equation for the current divider with N conductances. Of course, Eq. 3.4-12 can be 
rewritten as 


D (3.4-14) 


( EXAMPLE 3.4-1 Parallel Resistors ) 


branch, (b) the equivalent circuit, and (c) the voltage v. The 28 A Q Bs 


resistors are 


Solution 


1 1 E 
i 5 QO, R= 7 0, R=-0 FIGURE 3.4-5 Parallel circuit for Example 3.3-2. 


The current divider follows the equation 


so it is wise to find the equivalent circuit, as shown in Figure 
3.4-6, with its equivalent conductance om We have 


Gn i s 
Gp 


ih = 


FIGURE 3.4-6 Equivalent circuit for the parallel 


N 
Gp=X Gr = Gi +G.+G;=24+4+8=148 circuit of Figure 3.4-5. 


n=1 
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Recall that the units for conductance are siemens (S). Then 


Cur 2 
—(28)=4A 
eam 
ae ! Goi, 4(28) 
Similar] = ——— = 8A 
imilarly, i G, T 
G3is 
d = =16A 
an 13 G 
Because i„, = G,,v, we have 
ie 4: 
ae Gia 


Try it : 
yourse | EXAMPLE 3.4-2 Parallel Resistors Ø NTERACTIVE EXAMPLE 
in WileyPLUS 


For the circuit of Figure 3.4-7a, find the voltage measured by the voltmeter. Then show that the power absorbed by 
the two resistors is equal to that supplied by the source. 


© Voltmeter © 


| 
L | 
O 


(a) 
FIGURE 3.4-7 (a) A circuit containing parallel resistors. 
(b) The circuit after the ideal voltmeter has been replaced 
© ZOA We = 108 by the equivalent open circuit and a label has been added 


to indicate the voltage measured by the voltmeter vm- 
(c) The circuit after the parallel resistors have been 
replaced by an equivalent resistance. 


(b) 


Solution 

Figure 3.4-7b shows the circuit after the ideal voltmeter has been replaced by the equivalent open circuit, and a 
label has been added to indicate the voltage measured by the voltmeter vm. The two resistors are connected in 
parallel and can be replaced with a single equivalent resistor. The resistance of this equivalent resistor is 
calculated as 


40-10 


EASED EO) 
40+ 10 2 


Figure 3.4-7c shows the circuit after the parallel resistors have been replaced by the equivalent resistor. The 
current in the equivalent resistor is 250 mA, directed upward. This current and the voltage v,, do not adhere to the 
passive convention. The current in the equivalent resistance can also be expressed as —250 mA, directed 
downward. This current and the voltage vm do adhere to the passive convention. Ohm’s law gives 


vm = 8(—0.25) = —2 V 
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The voltage vm in Figure 3.4-7b is equal to the voltage vm in Figure 3.4-7c. This is a consequence of 
the equivalence of the 8-© resistor to the parallel combination of the 40-Q and 10-Q resistors. Looking at 
Figure 3.4-7b, we see that the power absorbed by the resistors is 


ava ym 2 01 404-05 
ea 10 40'10 ~ = 


The voltage vm and the current of the current source adhere to the passive convention, so 


Ps = Vm(0.25) = (—2)(0.25) = —0.5 W 


is the power received by the current source. The current source supplies 0.5 W. 
Thus, the power absorbed by the two resistors is equal to that supplied by the source. 


Try it R R 
yourself EXAMPLE 3.4-3 Current Divider Design 
in WileyPLUS 


The input to the current divider in Figure 3.4-8 is the current i, of the current source. The output is the current, i,, 
measured by the ammeter. Specify values of the resistances R; and R, to satisfy both of these specifications: 


i 
R, ane LOC 
O | | : © Ammeter Ọ 
Ds O 
Current Divider FIGURE 3.4-8 A current divider circuit. 


Specification 1: The input and output currents are related by i, = 0.8 is. 
Specification 2: The current source is required to supply no more than 10 mW of power when the input to the 
current divider is i, = 2 mA. 


Solution 
We’ll examine each specification to see what it tells us about the resistor values. 
Specification 1: The input and output currents of the current divider are related by 


y Ro, 
ip = i 
o Riek s 


So specification 1 requires 
Ro 
Ri +R: 
Specification 2: The power supplied by the current source is given by 


ee oe 42 AR 
Ps sVs s RETA s RESE 


Rı Ry R, Ry 
< 2500 
) Ike Se Ly 


0.8 Ry = 4R; 


So specification 2 requires 


0.01 > (0.002) ( 
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Combining these results gives 


Rı(4R2) 


4 
<2500 => -R < 2500 => R < 31250 
Ri +4R ~ 3 = ca 


The solution is not unique. One solution is 


Ri =3kQ and Rp = 12k0 


EXERCISE 3.4-1 A resistor network consisting of parallel resistors is shown in a package used 
for printed circuit board electronics in Figure E 3.4-1a. This package is only 2 cm x 0.7 cm, and each 
resistor is 1 kQ. The circuit is connected to use four resistors as shown in Figure E 3.4-1b. Find the 
equivalent circuit for this network. Determine the current in each resistor when i,= 1 mA. 


FIGURE E 3.4-1 


(a) A parallel 
i, D resistor network. 
(b) The connected 
circuit uses 
(b) 


Courtesy of Vishay Intertechnology, Inc. four resistors where 


(a) R=1kQ. 


Answer: R, = 250 Q 


EXERCISE 3.4-2 Determine the current measured by the ammeter in the circuit shown in 
Figure E 3.4-2a. 


40 Q 


: FIGURE E 3.4-2 (a) A current divider. (b) The 
© 5A 10 Q fim current divider after the ideal ammeter has been 
replaced by the equivalent short circuit and a label 
has been added to indicate the current measured by 
(b) the ammeter im. 
Hint: Figure E 3.4-2b shows the circuit after the ideal ammeter has been replaced by the equivalent 
short circuit, and a label has been added to indicate the current measured by the ammeter im. 


Answer: in =—1A 
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3. Resistive Circuits 
3.5 Series Voltage Sources and Parallel Current 


Sources 


Voltage sources connected in series are equivalent to a single voltage source. The voltage of the equivalent 
voltage source is equal to the algebraic sum of voltages of the series voltage sources. 

Consider the circuit shown in Figure 3.5-1a. Notice that the currents of both voltage sources are 
equal. Accordingly, define the current i, to be 


is = ia = ly (3.5-1) 
Next, define the voltage v, to be 


Vs = Va + Vb (3.5-2) 


Using KCL, KVL, and Ohm’s law, we can represent the circuit in Figure 3.5-1a by the equations 


; V1 : 
iC a Ss 3.5-3 
i R, +1 ( ) 

: v2 ‘ 
<= 3.5-4 
i R- +i ( ) 
Vo = VI (3.5-5) 
Vj = Vs + V2 (3.5-6) 
v2 = iz R3 (3.5-7) 


where i,=i,=i, and vs=Va + v». These same equations result from applying KCL, KVL, 
and Ohm’s law to the circuit in Figure 3.5-1b. If i,=i,=i, and vs=Va + vp, then the circuits 
shown in Figures 3.5-la and 3.5-1b are equivalent because they are both represented by the same 
equations. 

For example, suppose that i,=4 A, R;=2 Q, R,=6 Q, R3=3 Q, va=1 V, and y,=3 V. 
The equations describing the circuit in Figure 3.5-1a become 


FIGURE 3.5-1 (a) A circuit containing 
voltage sources connected in series and 
(b) an equivalent circuit. 
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Table 3.5-1 Parallel and Series Voltage and Current Sources 


CIRCUIT EQUIVALENT CIRCUIT CIRCUIT EQUIVALENT CIRCUIT 
Va Up Ua + Up 9 
o © © o 
Va Up Va- Up Q (+) İb ig + ip 
OO 
la ip 9 
-GOO Not allowed O 
Oe Mi i—i 
O 
Not allowed 
R R 
4- ti 6.5-8) 7 i 
; vw, © 
is = ral 13 (3.5-9) 
v =v (3.5-10) © 
Ue Ry 
vy) =4+4+ (3.5-11) © 
v = 3i (3.5-12) (a) 
The solution to this set of equations is vı =6 V, i= 1 A, i =0.66 A, v =2 V, and v =6 V. ” 7 
2 3 


Eqs. 3.5-8 to 3.5-12 also describe the circuit in Figure 3.5-1b. Thus, vı =6 V, i,=1 A, 
iz =0.66 A, v =2 V, and v.=6 V in both circuits. Replacing series voltage sources by a 
single, equivalent voltage source does not change the voltage or current of other elements of the 
circuit. 

Figure 3.5-2a shows a circuit containing parallel current sources. The circuit in Figure 
3.5-2b is obtained by replacing these parallel current sources by a single, equivalent current 
source. The current of the equivalent current source is equal to the algebraic sum of the currents of 
the parallel current sources. 

We are not allowed to connect independent current sources in series. Series elements have 
the same current. This restriction prevents series current sources from being independent. 
Similarly, we are not allowed to connect independent voltage sources in parallel. 

Table 3.5-1 summarizes the parallel and series connections of current and voltage sources. 


(b) 


FIGURE 3.5-2 

(a) A circuit 
containing parallel 
current sources and (b) 
an equivalent circuit. 
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Try it R 
yourself ExamPLE 3.5-1 Series and Parallel Sources 
in WileyPLUS 


Figures 3.5-3a and c show two similar circuits. Both contain series voltage sources and parallel current sources. In 
each circuit, replace the series voltage sources with an equivalent voltage source and the parallel current sources 


with an equivalent current source. 
^ awg 
— 
F 
C)isv vago ssa Q) 
(b) 
Hog 
ae 
+ 
È) æv % Q 
(d) 
Solution 


Consider first the circuit in Figure 3.5-3a. Apply KVL to the left mesh to get 
14+v2-32=0 => v2—-18=0 
Next apply KCL at the right node of the 20 Q to get 
fi 3) i a 


14V 


FIGURE 3.5-3 The circuits 
considered in Example 3.5-1. 


These equations suggest that we replace the series voltage sources by a single 18-V source and replace the parallel 
current sources by a single 5.5-A source. Figure 3.5-3b shows the result. 


Notice that v2 —-18=0 
is the KVL equation corresponding to the left mesh of the circuit in Figure 3.5-3b and 
fi) = 3 


is the KCL equation corresponding to the right node of the 20 Q to Figure 3.5-3b. 
Next, consider first the circuit in Figure 3.5-3c. Apply KVL to the left mesh to get 


—14+v2 -32 =0 > v.-46=0 
Next apply KCL at the right node of the 20 Q to get 


U 2 = S > =S 
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These equations suggest that we replace the series voltage sources by a single 46-V source and replace the parallel 
current sources by a single 1.5-A source. Figure 3.5-3d shows the result. 


Notice that v2 — 46 =0 


is the KVL equation corresponding to the left mesh of the circuit in Figure 3.5-3d and 
ipl 
is the KCL equation corresponding to the right node of the 20 Q to Figure 3.5-3d. 


3.6 Circuit Analysis 


In this section, we consider the analysis of a circuit by replacing a set of resistors with an equivalent 
resistance, thus reducing the network to a form easily analyzed. 

Consider the circuit shown in Figure 3.6-1. Note that it includes a set of resistors that is connected 
in series and another set of resistors that is connected in parallel. It is desired to find the output voltage 
Vo, SO we wish to reduce the circuit to the equivalent circuit shown in Figure 3.6-2. 


Ry 


Ro R3 
: i í EE i ji ý 


FIGURE 3.6-2 Equivalent circuit for the circuit of 
Figure 3.6-2. 


FIGURE 3.6-1 Circuit with a set of series resistors and 
a set of parallel resistors. 


We note that the equivalent series resistance is 
R; = Ri + R2 + R3 


and the equivalent parallel resistance is R= = 
p 
where Gp = G4 + Gs + Go 
Then, using the voltage divider principle, with Figure 3.6-2, we have 
Rp 
Vo = R, +Rp Vs 


Replacing the series resistors by the equivalent resistor R, did not change the current or voltage of 
any other circuit element. In particular, the voltage v, did not change. Also, the voltage vo across the 
equivalent resistor R, is equal to the voltage across each of the parallel resistors. Consequently, the 
voltage vo in Figure 3.6-2 is equal to the voltage v, in Figure 3.6-1. We can analyze the simple circuit 
in Figure 3.6-2 to find the value of the voltage vo and know that the voltage vo in the more 
complicated circuit shown in Figure 3.6-1 has the same value. 

In general, we may find the equivalent resistance for a portion of a circuit consisting only of 
resistors and then replace that portion of the circuit with the equivalent resistance. For example, 
consider the circuit shown in Figure 3.6-3. The resistive circuit in (a) is equivalent to the single 56 Q 
resistor in (b). Let’s denote the equivalent resistance as Req. We say that Req is “the equivalent resistance 
seen looking into the circuit of Figure 3.6-3a from terminals a-b.” Figure 3.6-3c shows a notation used 
to indicate the equivalent resistance. Equivalent resistance is an important concept that occurs in a 
variety of situations and has a variety of names. “Input resistance,” “output resistance,” “Thévenin 
resistance,” and “Norton resistance” are some names used for equivalent resistance. 
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159 520 a a 159 520 
O D 
202 560 202 
O ©, 
b 250 b b 252 
Reg 
(a) (b) (©) 


FIGURE 3.6-3 The resistive circuit in (a) is equivalent to the single resistor in (b). The notation used to indicate the 
equivalent resistance is shown in (c). 


Try it 
ul ( EXAMPLE 3.6-1 Series and Parallel Resistors 


in WileyPLUS 


Determine the value of the current i for the circuit shown in Figure 3.6-4. 


FIGURE 3.6-4 The circuit considered in Example 3.6-1. 


Solution 
The 150- and 600-0. resistors are connected in series. These series resistors are equivalent to a single resistor. The 
resistance of the equivalent resistance given by 


R, = 150+ 600 = 750 Q 


Figure 3.6-5a shows the circuit after replacing the series resistors by an equivalent resistor. Notice that the current 
in the equivalent resistor has been labeled as i because it is known to be equal to the currents in the individual series 
resistors. 

The 500- and 750-0 resistors in Figure 3.6-5a are connected parallel. These parallel resistors are equivalent 
to a single resistor. The resistance of the equivalent resistance given by 


 500(750) 


= = 3000 
P 500 + 750 aoc 


Figure 3.6-5b shows the circuit after replacing the parallel resistors by an equivalent resistor. Notice that there is no 
place in Figure 3.6-5b to label the current i. 

The 200- and 300-Q resistors in Figure 3.6-5b are connected series. The voltage across the 300- resistor can 
be calculated using voltage division: 


300 


300 + 300 ) ` 


v2 


The current in the series 200- and 300-Q resistors in Figure 3.6-5b is 


40 


= a = US A = 0 AN 
200 + 300 


ii 
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Figure 3.6-5c shows the circuit as it was before replacing the parallel 500- and 750-2 resistors by an equivalent 
resistor. Replacing these parallel resistors by an equivalent resistance did not change the current in the 200-0, 
resistor so the current in the 200-© in Figure 3.6-5d is labeled as i,. Also, the voltage across the equivalent 
300-Q resistor is equal to the voltage across the individual 500- and 750-Q parallel resistors. Consequently, 
the voltage labeled vz in Figure 3.6-5c is equal to the voltage labeled v2 in Figure 3.6-5b. 

The current 7 in Figure 3.6-5c is related to the current i; by current division: 


f 500 
i= ——— i 
500 + 750 
As a check, we can also calculate the current i using Ohm’s law: 


1 = (0.4)(80) = 32 mA 


So 24 


oF a0 no 
(As noted earlier, the current i in Figures 3.6-4a and c have the same value as the current i in Figure 3.6-5.) 


32 mA 


FIGURE 3.6-5 Analyzing the circuit 
in Figure 3.6-4 using equivalent 


resistances. 
Try it . : 
yourself ExAmMPLE 3.6-2 Equivalent Resistance 
in WileyPLUS 


The circuit in Figure 3.6-6a contains an ohmmeter. An ohmmeter is an instrument that measures resistance in ohms. 
The ohmmeter will measure the equivalent resistance of the resistor circuit connected to its terminals. Determine 
the resistance measured by the ohmmeter in Figure 3.6-6a. 


Solution 

Working from left to right, the 30-© resistor is parallel to the 60-Q resistor. The equivalent resistance is 
60 - 30 
—— = 200, 
60 + 30 


In Figure 3.6-6b, the parallel combination of the 30-Q and 60-Q. resistors has been replaced with the equivalent 
20-0, resistor. Now the two 20-0, resistors are in series. 
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The equivalent resistance is 
20 + 20 = 400, 


In Figure 3.6-6c, the series combination of the two 20-Q resistors has been replaced with the equivalent 40-0 
resistor. Now the 40-Q resistor is parallel to the 10-© resistor. The equivalent resistance is 


40-10 _ 
40+10 


8Q 


In Figure 3.6-6d the parallel combination of the 40-Q and 10-Q resistors has been replaced with the equivalent 
8-© resistor. Thus, the ohmmeter measures a resistance equal to 8 Q. 


© Ohmmeter © 


(d) 


FIGURE 3.6-6 


ExAMPLE 3.6-3 Circuit Analysis Using Equivalent Resistances 


Determine the values of i3, v4, is, and ve in circuit shown in Figure 3.6-7. 


Solution 

The circuit shown in Figure 3.6-8 has been obtained from the circuit shown in Figure 3.6-7 by replacing series and 
parallel combinations of resistances by equivalent resistances. We can use this equivalent circuit to solve this 
problem in three steps: 


1. Determine the values of the resistances R;, R2, and R3 in Figure 3.6-8 that make the circuit in Figure 3.6-8 
equivalent to the circuit in Figure 3.6-7. 
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FIGURE 3.6-7 The circuit considered in Example 3.6-3. 


cree woes Use 
ae UAL = 
ao ob ao O b ao—“/\\—~ b 
— Ug + 8Q 
(a) (b) © 
FIGURE 3.6-8 An equivalent circuit for FIGURE 3.6-9 


the circuit in Figure 3.6-7. 


2. Determine the values of vı, v2, and i in Figure 3.6-8. 


3. Because the circuits are equivalent, the values of vı, v2, and 7 in Figure 3.6-7 are equal to the values of vı, 
v2, and i in Figure 3.6-8. Use voltage and current division to determine the values of i3, v4, is, and v6 in 
Figure 3.6-7. 


Step 1: Figure 3.6-9a shows the three resistors at the top of the circuit in Figure 3.6-7. We see that the 6-0, 
resistor is connected in series with the 18-Q resistor. In Figure 3.6-9b, these series resistors have been replaced by 
the equivalent 24-0 resistor. Now the 24-Q resistor is connected in parallel with the 12-0 resistor. Replacing series 
resistors by an equivalent resistance does not change the voltage or current in any other element of the circuit. In 
particular, vı, the voltage across the 12-Q resistor, does not change when the series resistors are replaced by the 
equivalent resistor. In contrast, v4 is not an element voltage of the circuit shown in Figure 3.6-9b. 

In Figure 3.6-9c, the parallel resistors have been replaced by the equivalent 8-Q resistor. The voltage across 
the equivalent resistor is equal to the voltage across each of the parallel resistors, vı in this case. In summary, the 
resistance R, in Figure 3.6-8 is given by 


R; = 12 || (6+ 18) =80 
Similarly, the resistances R, and R, in Figure 3.6-7 are given by 

Ry = 12+ (20 || 5) = 160, 

R; = 8 || (2+6)=40 
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Step 2: Apply KVL to the circuit of Figure 3.6-7 to get 


18 18 


Rit RitRi+8i-18=0 > i= = 
Ree) T Ot ‘Ri tk, +R +8 eA 


=05A 


Next, Ohm’s law gives ; ; 
v, = Ri = 8(0.5) =4V and v = Ri = 4(0.5) =2V 
Step 3: The values of vj, v2, and i in Figure 3.6-7 are equal to the values of vı, v2, and i in Figure 3.6-8. 
Returning our attention to Figure 3.6-7, and paying attention to reference directions, we can determine the values of 
i3, V4, is, and ve using voltage division, current division, and Ohm’s law: 


8 1 
a E e 
T aean 
18 3 
= 4) aay 
K mie) aa. 
5 1 
is i (0.5) = —0.1 A 
20+5 5 
ve = (20 || 5)i = 4(0.5) =2 V 


FIGURE E 3.6-1 


(30 + 30) - 30 
A fy FEST STS — Q 
nswer GO+30 +307 °° 50 


3.7 Analyzing Resistive Circuits 
Using MATLAB 


We can analyze simple circuits by writing and solving a set of equations. We use Kirchhoff’ s law and 
the element equations, for instance, Ohm’s law, to write these equations. As the following example 
illustrates, MATLAB provides a convenient way to solve the equations describing an electric circuit. 


ExAMPLE 3.7-1 MATLAB for Simple Circuits ) 


Determine the values of the resistor voltages and currents for the circuit shown in Figure 3.7-1. 
40Q 48 Q 


2E) D 329 


FIGURE 3.7-1 The circuit considered in Example 3.7-1. 
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FIGURE 3.7-2 The circuit from Figure 3.7-1 after labeling the 
resistor voltages and currents. 


Solution 

Let’s label the resistor voltages and currents. In anticipation of using Ohm’s law, we will label the voltage and 

current of each resistor to adhere to the passive convention. (Pick one of the variables—the resistor current or the 

resistor voltage—and label the reference direction however you like. Label the reference direction of the other 

variable to adhere to the passive convention with the first variable.) Figure 3.7-2 shows the labeled circuit. 
Next, we will use Kirchhoff’ s laws. First, apply KCL to the node at which the current source and the 40-0, 

48-Q,, and 80-Q resistors are connected together to write 


i + is = 0.5 + i4 (3.7-1) 
Next, apply KCL to the node at which the 48-Q and 32-Q resistors are connected together to write 
is = ig (3.7-2) 
Apply KVL to the loop consisting of the voltage source and the 40-0, and 80-Q, resistors to write 
12 = v + v4 (3.7-3) 
Apply KVL to the loop consisting of the 48-0, 32-Q, and 80-Q resistors to write 
va tvs t+ v6 =0 (3.7-4) 
Apply Ohm’s law to the resistors. 
Y = 40 b, v= 80 lä; V5 = 48 is, Vg = 32 i6 (3.7-5) 


We can use the Ohm’s law equations to eliminate the variables representing resistor voltages. Doing so enables us 
to rewrite Eq. 3.7-3 as: 


12 = 40 i) + 80 i4 (3.7-6) 
Similarly, we can rewrite Eq. 3.7-4 as 
80 i4 + 48 is + 32 i6 = 0 (3.7-7) 
Next, use Eq. 3.7-2 to eliminate ig from Eq. 3.7-6 as follows 
80 i4 +48 is +32is=0 = 80i +80i5=0 > ių=-—i; (3.7-8) 
Use Eq. 3.7-8 to eliminate is from Eq. 3.7-1. 
Bm H NMa > a a (3.7-9) 
Use Eq. 3.7-9 to eliminate i, from Eq. 3.7-6. Solve the resulting equation to determine the value of ip. 
12 = 40 i2 + 80 (2 = =80n-20 => b= Li =04A (3.7-10) 


Now we are ready to calculate the values of the rest of the resistor voltages and currents as follows: 


-05 04-05 
E == -0.05 A, 


ig = is = —i4 = 0.05 A, 
vy = 40 iy = 40(0.4) = 16 V, 
v4 = 80 i4 = 80(—0.05) = —4 V, 
vs = 48 is = 48(0.05) = 2.4 V, 
and w= Vi = 3210105) = 16V. 
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MATLAB Solution 1 
The preceding algebra shows that this circuit can be represented by these equations: 


th = Os) 
2 
V5 = 48 ise and Vé = 32 l6 


12 = O — 20,i4 = „ię = i5 = —i4, v2 = 40 i, Wa = BO th, 


These equations can be solved consecutively, using MATLAB as shown in Figure 3.7-3. 


MATLAB 


MATLAB 


i2= (12420) /80 
0.4000 
14=(12-0.5)/2 


-0.0500 

i5=-i4; 

i6=is; 48 
v2=40*ti2 >> B=[0.5; 0; 12; 0J 


ii Ca 
16 0.5000 
v4=807i4 | o 
= 12.0000 
-4.0000 o 
v5=48+i5 SS aun 
= i m 
2.4000 0.4000 
v6=32*i6 -0.0500 
0.0500 
0.0500 


FIGURE 3.7-3 Consecutive equations. FIGURE 3.7-4 Simultaneous equations. 


MATLAB Solution 2 


We can avoid some algebra if we are willing to solve simultaneous equations. 
After applying Kirchhoff’s laws and then using the Ohm’s law equations to eliminate the variables 
representing resistor voltages, we have Eqs. 3.7-1, 2, 6, and 7: 


iz + i5 = 0.5 + i4, i5 = ię, 12 = 40 i2 + 80 i4, 


and 80 i4 + 48 is + 32 i6 = 0 
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This set of four simultaneous equations in 15, i4, is, and ig can be written as a single matrix equation. 


We can write this equation as 


where 


eet tO Nia 0.5 
o 0 a illal a 
40 80 0 0 HE || 12 ental) 
0 80 48 32/ lig 0 
A=B (3.7-12) 
| 2S a i 0.5 
MEn o r i o la |o 
A= a 0) (0 |)? a | te 
0O 80 48 32 ig 0 


This matrix equation can be solved using MATLAB as shown in Figure 3.7-4. After entering matrices A and B, the 


statement 


i= A\B 


tells MATLAB to calculate i by solving Eq. 3.7-12. 


A circuit consisting of n elements has n currents and n voltages. A set of equations representing that 
circuit could have as many as 2n unknowns. We can reduce the number of unknowns by labeling the 
currents and voltages carefully. For example, suppose two of the circuit elements are connected in series. 
We can choose the reference directions for the currents in those elements so that they are equal and use one 
variable to represent both currents. Table 3.7-1 presents some guidelines that will help us reduce the 
number of unknowns in the set of equations describing a given circuit. 


Table 3.7-1 Guidelines for Labeling Circuit Variables 


CIRCUIT FEATURE 


GUIDELINE 


Resistors 


Series elements 


Parallel elements 


Ideal Voltmeter 


Ideal Ammeter 


Label the voltage and current of each resistor to adhere to the passive convention. Use Ohm’s 
law to eliminate either the current or voltage variable. 


Label the reference directions for series elements so that their currents are equal. Use one 
variable to represent the currents of series elements. 


Label the reference directions for parallel elements so that their voltages are equal. Use one 
variable to represent the voltages of parallel elements. 


Replace each (ideal) voltmeter by an open circuit. Label the voltage across the open circuit to 
be equal to the voltmeter voltage. 


Replace each (ideal) ammeter by a short circuit. Label the current in the short circuit to be 
equal to the ammeter current. 
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3.8 How Can We Check ... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. 
For example, proposed solutions to design problems must be checked to confirm that all of the 
specifications have been satisfied. In addition, computer output must be reviewed to guard against 
data-entry errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


EXAMPLE 3.8-1 How Can We Check Voltage and Current Values? 


The circuit shown in Figure 3.8-1a was analyzed by writing and solving a set of simultaneous equations: 


12 = v2 + 4is, ig = È + is, vs = Ai, and > = is + Sig 


The computer program Mathcad (Mathcad User’s Guide, 1991) was used to solve the equations as shown in 
Figure 3.8-1b. It was determined that 


vy = —60 V,i3 = 18 A,i4 = 6A, and vs = 72 V. 


How can we check that these currents and voltages are correct? 


12 ~v2 + 4:13 Apply KVL to loop A. 
v2 
i4 = 5 + i3 Apply KCL at node b. 
v5 =4+i3 Apply KVL to loop B. 
v5 : i 
A e 14) + Ste i4 Apply KCL at node c. 
—60 
i f ; 18 
Find (v2,13,14,v5) = 6 
72 d 
= eN — 


(a) (b) 


FIGURE 3.8-1 (a) An example circuit and (b) computer analysis using Mathcad. 
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Solution 
The current i can be calculated from v2, i3, i4, and vs in a couple of different ways. First, Ohm’s law gives 


w Se 
5 5 


i = 


Next, applying KCL at node b gives 


b=b +i = 18+6=24A 


Clearly, iz cannot be both —12 and 24 A, so the values calculated for vo, i3, i4, and vs cannot be correct. Checking 
the equations used to calculate v2, iz, i4, and vs, we find a sign error in the KCL equation corresponding to 
node b. This equation should be 


After making this correction, v2, i3, i4, and vs are calculated to be 
V SIS V, h = l.125A, i4 =0.375 A v = 4 
V2 7.5 


N pb = = SH 1S A 
ow i 5 5 5 


and ip = i Fig = 1.125 +0.375 = LSA 


This checks as we expected. 
As an additional check, consider v3. First, Ohm’s law gives 


v3 = 4 = 4(1.125) = 4.5 V 


Next, applying KVL to the loop consisting of the voltage source and the 4-Q and 5-Q resistors gives 


ey Py Ts Gh WY 
Finally, applying KVL to the loop consisting of the 2-Q and 4-Q resistors gives 
wv =w — 
The results of these calculations agree with each other, indicating that 
Wy = kV a = LSA ta SUSI Ay SaN 


are the correct values. 
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3.9 Design EXaAmpPLe Adjustable Voltage Source 


A circuit is required to provide an adjustable voltage. The specifications for this circuit are that: 


1. It should be possible to adjust the voltage to any value between —5 V and +5 V. It should not be possible 
accidentally to obtain a voltage outside this range. 


2. The load current will be negligible. 


3. The circuit should use as little power as possible. 


The available components are: 


Potentiometers: resistance values of 10 kQ, 20 kQ, and 50 KQ are in stock. 
A large assortment of standard 2 percent resistors having values between 10 Q and 1 MQ (see Appendix D). 


3. Two power supplies (voltage sources): one 12-V supply and one —12-V supply, both rated at 100 mA 
(maximum). 


Describe the Situation and the Assumptions 

Figure 3.9-1 shows the situation. The voltage v is the adjustable voltage. The circuit that uses the 
output of the circuit being designed is frequently called the load. In this case, the load current is negligible, 
so i=0. 


Load current 
v=0 


Circuit Load 


circuit 


being 
designed designed provides an adjustable 


FIGURE 3.9-1 The circuit being 


voltage, v, to the load circuit. 


State the Goal 
A circuit providing the adjustable voltage 


ILS ro 


must be designed using the available components. 


Generate a Plan 
Make the following observations. 


The adjustability of a potentiometer can be used to obtain an adjustable voltage v. 


2. Both power supplies must be used so that the adjustable voltage can have both positive and negative 
values. 

3. The terminals of the potentiometer cannot be connected directly to the power supplies because the voltage v is 
not allowed to be as large as 12 V or —12 V. 


These observations suggest the circuit shown in Figure 3.9-2a. The circuit in Figure 3.9-2b is obtained by using the 
simplest model for each component in Figure 3.9-2a. 
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Load 
circuit 


(a) (b) 


FIGURE 3.9-2 (a) A proposed circuit for producing the variable voltage, v, and (b) the equivalent circuit after the potentiometer 
is modeled. 


To complete the design, values need to be specified for R1, R2, and Rp. Then several results need to be checked 
and adjustments made, if necessary. 


1. Can the voltage v be adjusted to any value in the range —5 V to +5V? 


2. Are the voltage source currents less than 100 mA? This condition must be satisfied if the power supplies are to 
be modeled as ideal voltage sources. 


3. Is it possible to reduce the power absorbed by Rj, Ro, and Rp? 
Act on the Plan 


It seems likely that R and R, will have the same value, so let Rj = R, = R. Then it is convenient to redraw Figure 
3.9-2b as shown in Figure 3.9-3. 


aR (l-a@R 


p 


p 


FIGURE 3.9-3 The circuit after setting Rj = R2 =R. 


Applying KVL to the outside loop yields 
—12+ Ri, + aRp ig + (1 — @)Rp ig + Rig — 12 =0 


24 


so — 
=> RETA 


Next, applying KVL to the left loop gives 
v= 12 — (R + aRp)ia 


Substituting for i, gives 


24(R+aR 
v= 12 — 24(R + aR) 
2R + Ry 
When a =0, v must be 5 V, so 
5=12 24R 
Z 2R+R 


P 
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Solving for R gives 


R=0.7R, 


Suppose the potentiometer resistance is selected to be R, = 20 kQ, the middle of the three available values. 
Then, 


R= 14k0, 


Verify the Proposed Solution 


As a check, notice that when a= 1, 


y= 12 ~ (24:000 + 20,000), 
28,000 + 20,000 


as required. The specification that 


ZSV LVL SNV 


has been satisfied. The power absorbed by the three resistances is 


2 


2 
= i (2R + Rp) = —— 
P = ia (2R + Rp) 2R +R, 


so p = 12 mW 


Notice that this power can be reduced by choosing R, to be as large as possible, 50 kQ in this case. Changing 
Rp to 50 KQ requires a new value of R: 


R = 0.7 x Rp = 35k0 


Because 


5y =]12 35,000 + 50,000 Acr 35,000 24=5V 
70,000 + 50,000 70,000 + 50,000 


the specification that 


—-5V<v<5V 
has been satisfied. The power absorbed by the three resistances is now 
2 
a aie Oe = 5mW 
Finally, the power supply current is 
aa 0.2 mA 


a = 50,000 + 70,000 


which is well below the 100 mA that the voltage sources are able to supply. The design is complete. 


3. 


(8) 


10 SUMMARY 


Kirchhoff’s current law (KCL) states that the algebraic sum 
of the currents entering a node is zero. Kirchhoff’s voltage 
law (KVL) states that the algebraic sum of the voltages 
around a closed path (loop) is zero. 

Simple electric circuits can be analyzed using only Kirchhoff’s 
laws and the constitutive equations of the circuit elements. 
Series resistors act like a “voltage divider,” and parallel 
resistors act like a “current divider.” The first two rows of 
Table 3.10-1 summarize the relevant equations. 

Series resistors are equivalent to a single “equivalent resis- 
tor.” Similarly, parallel resistors are equivalent to a single 
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“equivalent resistor.” The first two rows of Table 3.10-1 
summarize the relevant equations. 

Series voltage sources are equivalent to a single 
“equivalent voltage source.” Similarly, parallel current 
sources are equivalent to a single “equivalent current.” 
The last two rows of Table 3.10-1 summarize the relevant 
equations. 

Often circuits consisting entirely of resistors can be 
reduced to a single equivalent resistor by repeatedly 
replacing series and/or parallel resistors by equivalent 
resistors. 


Table 3.10-1 Equivalent Circuits for Series and Parallel Elements 


Series resistors 


eer Ry 
bl, 512 VJS 


——— v, and v 
Ry + Ro 


Parallel resistors 


v= 


Series voltage 
sources 


i=i;=i) and v=v,+v9 


Parallel current 
sources 


v=v;=v2 and 


i=i}+i2 


v=R,i 


ip=i1 ti 
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© Problem available in WileyPLUS at instructor’s discretion. 


PROBLEMS 


Section 3.2 Kirchhoff’s Laws 


P 3.2-1 © Consider the circuit shown in Figure P 3.2-1. 
Determine the values of the power supplied by branch B and the 
power supplied by branch F. 


+4V- 


Figure P 3.2-1 


P 3.2-2 Determine the values of iz, i4, v2, v3, and ve in Figure 
P 3.2-2. 


Figure P 3.2-2 


P 3.2-3 Consider the circuit shown in Figure P 3.2-3. 


(a) Suppose that R; = 8 Q and R = 4 Q. Find the current i and 
the voltage v. 

(b) Suppose, instead, that i = 2.25 A and v = 42 V. Determine 
the resistances R, and Ro. 

(c) Suppose, instead, that the voltage source supplies 24 W of 
power and that the current source supplies 9 W of power. 
Determine the current i, the voltage v, and the resistances 
R 1 and Ro. 


Figure P 3.2-3 


P 3.2-4 Determine the power absorbed by each of the resistors 
in the circuit shown in Figure P 3.2-4. 


Answer: The 4-Q resistor absorbs 100 W, the 6-0, resistor 
absorbs 24 W, and the 8-Q resistor absorbs 72 W. 


3A 


12v@) 69 42 20V 


Figure P 3.2-4 8a 


P 3.2-5 © Determine the power absorbed by each of the 
resistors in the circuit shown in Figure P 3.2-5. 


Answer: The 4-© resistor absorbs 16 W, the 6-Q resistor 
absorbs 24 W, and the 8-Q resistor absorbs 8 W. 


4Q 8v 


8Q 


N 
D> 
ja 
N 
< 


Figure P 3.2-5 


P 3.2-6 Determine the power supplied by each voltage source 
in the circuit of Figure P 3.2-6. 


Answer: The 2-V voltage source supplies 2 mW and the 3-V 
voltage source supplies —6 mW. 
3V 2V 


Figure P 3.2-6 


P 3.2-7 @ What is the value of the resistance R in Figure 
P 3.2-7. 


Hint: Assume an ideal ammeter. An ideal ammeter is 
equivalent to a short circuit. 


Answer: R=4 Q 


Figure P 3.2-7 


P 3.2-8 The voltmeter in Figure P 3.2-8 measures the 
value of the voltage across the current source to be 56 V. 
What is the value of the resistance R? 


Hint: Assume an ideal voltmeter. An ideal voltmeter is equiv- 
alent to an open circuit. 


Answer: R=10 Q 


Figure P 3.2-8 


P 3.2-9 © Determine the values of the resistances R; and R2 
in Figure P 3.2-9. 


J1V 
@ Voltmeter @ 


5.61V 
Ọ Voltmeter @ 


Figure P 3.2-9 


P 3.2-10 © The circuit shown in Figure P 3.2-10 consists of © 20V 


five voltage sources and four current sources. Express the 
power supplied by each source in terms of the voltage source 
voltages and the current source currents. 


Figure P 3.2-10 
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P 3.2-11 Determine the power received by each of the resis- 


tors in the circuit shown in Figure P 3.2-11. 
+ Uy — 


Figure P 3.2-11 


P 3.2-12 Determine the voltage and current of each of the 
circuit elements in the circuit shown in Figure P 3.2-12. 


Hint: You'll need to specify reference directions for the 
element voltages and currents. There is more than one way 
to do that, and your answers will depend on the reference 
directions that you choose. 


© 
15v(*) 


60 Q 20 Q 


@ 0.25 A 


Figure P 3.2-12 102 


P 3.2-13 Determine the value of the current that is measured 


by the meter in Figure P 3.2-13. 


i 15Q 50Q 


—_ 


Figure P 3.2-13 


P 3.2-14 Determine the value of the voltage that is measured 


by the meter in Figure P 3.2-14. 


Figure P 3.2-14 
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P 3.2-15 (+) Determine the value of the voltage that is Hint: Apply KVL to the closed path a-b-d-c-a in Figure 
measured by the meter in Figure P 3.2-15. P 3.2-18b to determine v,. Then apply KCL at node b to find im. 
i 60 Q 


Answer: in =9 A 


P 3.2-19 © Determine the value of the voltage ve for the 
circuit shown in Figure P 3.2-19. 


© Voltmeter © 


20 Q 


250 mA t= lOt 
Figure P 3.2-15 © <> 
P3.2-16 The voltage source in Figure P 3.2-16 supplies 3.6 W Pa 12V 
of power. The current source supplies 4.8 W. Determine the a] 
values of the resistances R; and Ro. O 
R; 220 mA 750 Q 


Figure P 3.2-19 


© C) 0.5A R2 P 3.2-20 Determine the value of the voltage v¢ for the circuit 
shown in Figure P 3.2-20. 


Figure P 3.2-16 


15 mA ug = 1003 
P 3.2-17 @ Determine the current i in Figure P 3.2-17. © <> 
Answer: i=4A Pa + 
; 25 mA 
Figure P 3.2-20 
Figure P 3.2-17 P 3.2-21 (+) Determine the value of the voltage vs for the 
circuit shown in Figure P 3.2-21. 
P 3.2-18 Determine the value of the current im in Figure 
P 3.2-18a. 45Q 250 mA 
+ G) 18V a 3 
Va : 
ig = 0.10v 
42 Figure P 3.2-21 : 
(a) P 3.2-22 Determine the value of the voltage v; for the circuit 
shown in Figure P 3.2-22. 
ip 250 mA 
+ —- 
: so 
l id i ka 
(b) ig = 1.5v 


Figure P 3.2-18 (a) A circuit containing a VCCS. (b) The circuit 


after labeling the nodes and some element currents and voltages. Figure P'3.2-22 


P 3.2-23 @ Determine the value of the voltage vę for the 


circuit shown in Figure P 3.2-23. 


10i 


O 


Figure P 3.2-23 


S 
fo) 


P 3.2-24 @ Determine the value of the voltage vs for the 


circuit shown in Figure P 3.2-24. 


15 mA 250 mA 
ES 
Pal ES 

25 mA 0.5v5 


Figure P 3.2-24 


P 3.2-25 © The voltage source in the circuit shown in 
Figure P 3.2-25 supplies 2 W of power. The value of the 
voltage across the 25-Q resistor is vz=4 V. Determine 
the values of the resistance R, and of the gain G of the VCCS. 


Figure P 3.2-25 


P 3.2-26 (+) Consider the circuit shown in Figure P 3.2-26. 
Determine the values of 


(a) The current i, in the 20-Q resistor. 
(b) The voltage v, across the 10-Q resistor. 
(c) The current i, in the independent voltage source. 


Figure P 3.2-26 
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P 3.2-27 @ Consider the circuit shown in Figure P 3.2-27. 


(a) Determine the values of the resistances. 

(b) Determine the values of the power supplied by each current 
source. 

(c) Determine the values of the power received by each 
resistor. 


Figure P 3.2-27 


P 3.2-28 @ Consider the circuit shown in Figure P 3.2-28. 


(a) Determine the value of the power supplied by each 
independent source. 

(b) Determine the value of the power 
resistor. 


received by each 


(c) Is power conserved? 


Figure P 3.2-28 


P 3.2-29 © The voltage across the capacitor in Figure 
P 3.2-29 is v(t) = 24 — 10e? V for t > 0. Determine the 
voltage source current i(f) for t > 0. 


Figure P 3.2-29 


P 3.2-30 The current the inductor in Figure P 3.2-30 is given 
by i(t) = 8 — 6e?" A for t > 0. Determine the voltage v(t) 
across the 80-Q resistor for t > 0. 
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Q 10A v(t) 


Figure P 3.2-30 


Section 3.3 Series Resistors and Voltage Division 


P 3.3-1 Use voltage division to determine the voltages v4, v2, 
v3, and v4 in the circuit shown in Figure P 3.3-1. 


+ U -—- + U2 -— + U3 - 


5Q a 
4Q0 2% 


69 32 


12V 


Figure P 3.3-1 


P 3.3-2 @ Consider the circuits shown in Figure P 3.3-2. 


(a) Determine the value of the resistance R in Figure P 3.3-2b 
that makes the circuit in Figure P 3.3-2b equivalent to the 
circuit in Figure P 3.3-2a. 

(b) Determine the current i in Figure P 3.3-2b. Because the 
circuits are equivalent, the current ¿į in Figure P 3.3-2a is 
equal to the current 7 in Figure P 3.3-2b. 

(c) Determine the power supplied by the voltage source. 


6Q 39 20 
rd 
“pb 
(a) 


Figure P 3.3-2 


P 3.3-3 @ The ideal voltmeter in the circuit shown in Figure 
P 3.3-3 measures the voltage v. 


(a) Suppose R = 50 Q. Determine the value of R}. 

(b) Suppose, instead, R;=50 Q. Determine the value of 
Ro. 

(c) Suppose, instead, that the voltage source supplies 1.2 W of 
power. Determine the values of both R, and Ro. 


8]. [ojo 
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Figure P 3.3-3 


P 3.3-4 Determine the voltage v in the circuit shown in 
Figure P 3.3-4. 


Figure P 3.3-4 


P 3.3-5 @ The model of a cable and load resistor connected 
to a source is shown in Figure P 3.3-5. Determine the appro- 
priate cable resistance R so that the output voltage vo remains 
between 9 V and 13 V when the source voltage v, varies 
between 20 V and 28 V. The cable resistance can assume 
integer values only in the range 20 < R < 100 Q. 


Figure P 3.3-5 Circuit with a cable. 


P 3.3-6 The input to the circuit shown in Figure P 3.3-6 is 
the voltage of the voltage source v,. The output of this circuit is 
the voltage measured by the voltmeter v,. This circuit produces 
an output that is proportional to the input, that is, 

Vb = k Va 


where k is the constant of proportionality. 


(a) Determine the value of the output, vp, when R = 180 © and 
v= 18 V: 

(b) Determine the value of the power supplied by the voltage 
source when R= 180 Q and v,= 18 V. 

(c) Determine the value of the resistance, R, required to cause 
the output to be vy, =2 V when the input is v= 18 V. 

(d) Determine the value of the resistance, R, required to cause 
Vp = 0.2v, (that is, the value of the constant of proportion- 
ality is k = 0.2). 


of] 
2 @ Voltmeter © 
O 


P 3.3-7 @ Determine the value of voltage v in the circuit 
shown in Figure P 3.3-7. 


Figure P 3.3-6 


15 Q 18 V 
c 
+ 
B v 
O _ 
5Q 20 Q 
Figure P 3.3-7 


P 3.3-8 Determine the power supplied by the dependent 
source in the circuit shown in Figure P 3.3-8. 


i;= 0:20, 


120 V 


O 


Figure P 3.3-8 


P 3.3-9 A potentiometer can be used as a transducer to convert 
the rotational position of a dial to an electrical quantity. Figure 
P 3.3-9 illustrates this situation. Figure P 3.3-9a shows a 
potentiometer having resistance R, connected to a voltage 
source. The potentiometer has three terminals, one at each 
end and one connected to a sliding contact called a wiper. A 
voltmeter measures the voltage between the wiper and one end 
of the potentiometer. 

Figure P 3.3-9b shows the circuit after the potentiometer 
is replaced by a model of the potentiometer that consists of two 
resistors. The parameter a depends on the angle 0 of the dial. 
Here a = ir and 0 is given in degrees. Also, in Figure 
P 3.3-9b, the voltmeter has been replaced by an open circuit, 
and the voltage measured by the voltmeter v,, has been labeled. 
The input to the circuit is the angle 0, and the output is the 
voltage measured by the meter vm. 


(a) Show that the output is proportional to the input. 

(b) Let Ry, =1 kQ and v,=24 V. Express the output as a 
function of the input. What is the value of the output when 
= 45°? What is the angle when v,,= 10 V? 
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t (1-a)R, 


(b) 
Figure P 3.3-9 


P 3.3-10 Determine the value of the voltage measured by the 
meter in Figure P 3.3-10. 


8Q 


Figure P 3.3-10 


P 3.3-11 @ For the circuit of Figure P 3.3-11, find the 
voltage v3 and the current i and show that the power delivered 
to the three resistors is equal to that supplied by the source. 


Answer: v73=3 V,i=1A 


EE 


PO 


Figure P 3.3-11 = = 


P 3.3-12 Consider the voltage divider shown in Figure 
P 3.3-12 when R; =8 Q. It is desired that the output power 
absorbed by R; be 4.5 W. Find the voltage v, and the required 
source Vg. 


To 3 


Figure P 3.3-12 
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P 3.3-13 Consider the voltage divider circuit shown in Figure 
P 3.3-13. The resistor R represents a temperature sensor. The 
resistance R, in Q, is related to the temperature T, in °C, by the 
equation 


1 
R=50+=T 
= 2 
(a) Determine the meter voltage, vm, corresponding to tem- 


peratures 0°C, 75°C, and 100°C. 
(b) Determine the temperature T corresponding to the meter 


voltages 8 V, 10 V, and 15 V. 


Figure P 3.3-13 


P 3.3-14 @ Consider the circuit shown in Figure P 3.3-14. 


(a) Determine the value of the resistance R required to cause 
Vo = 17.07 V. 

(b) Determine the value of the voltage v, when R = 14 Q. 

(c) Determine the power supplied by the voltage source when 
Vo = 14.22 V. R 


©) vo 


Figure P 3.3-14 


P 3.3-15 © Figure P 3.3-15 shows four similar but slightly 
different circuits. Determine the values of the voltages vı, v2, 
v3, and v4. 


70 Q 70 Q 


70 Q 30 Q 


Figure P 3.3-15 


P 3.3-16 (+) Figure P 3.3-16 shows four similar but slightly 
different circuits. Determine the values of the voltages vı, v2, 
v3, and v4. 


40 Q 


60 Q 


Figure P 3.3-16 


P 3.3-17 The input to the circuit shown in Figure P 3.3-17 is 
the voltage source voltage 
v(t) = 12 cos (377t) mV 


The output is the voltage v,(t). Determine v,(t). 


100 Q 
9.9 kQ 


1000 va 


Figure P 3.3-17 


Section 3.4 Parallel Resistors and Current Division 


P 3.4-1 @ Use current division to determine the currents i4, 
iz, i3, and i4 in the circuit shown in Figure P 3.4-1. 


| 
4A 6 Q 


Figure P 3.4-1 


P 3.4-2 @ Consider the circuits shown in Figure P 3.4-2. 


2 (a) Determine the value of the resistance R in Figure P 3.4-2b 


that makes the circuit in Figure P 3.4-2b equivalent to the 
circuit in Figure P 3.4-2a. 

(b) Determine the voltage v in Figure P 3.4-2b. Because the 
circuits are equivalent, the voltage v in Figure P 3.4-2a is 
equal to the voltage v in Figure P 3.4-2b. 

(c) Determine the power supplied by the current source. 


(a) 


Figure P 3.4-2 


+ 
v R 


(b) 
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P 3.4-3 @ The ideal voltmeter in the circuit shown in Figure 
P 3.4-3 measures the voltage v. 


(a) Suppose Ry = 6 Q. Determine the value of R, and of the 
current i. 

(b) Suppose, instead, R; = 6 Q. Determine the value of R, and 
of the current i. 

(c) Instead, choose R; and R, to minimize the power absorbed 
by any one resistor. 


Figure P 3.4-6 
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P 3.4-7 (+) Determine the value of the current i in the circuit 
shown in Figure P 3.4-7. 


Figure P 3.4-3 


2A 
P 3.4-4 Determine the current i in the circuit shown in Figure oa | 


P 3.4-4. 


Figure P 3.4-4 ay 


P 3.4-5 Consider the circuit shown in Figure P 3.4-5 when P 3.4-8 Determine the value of the voltage v in Figure P 3.4-8. 


4 Q < R, < 6 Q and R,=10 Q. Select the source i, so that 
Vo remains between 9 V and 13 V. 


Figure P 3.4-5 
Figure P 3.4-8 

P 3.4-6 Figure P 3.4-6 shows a transistor amplifier. The values 

of R, and R; are to be selected. Resistances R, and R, are used to P 3.4-9 Determine the power supplied by the dependent 
bias the transistor, that is, to create useful operating conditions. In  SCUTCE in Figure P 3.4-9. 
this problem, we want to select R; and R so that vp = 5 V. We 
expect the value of i, to be approximately 10 uA. When i; < 10%, 
it is customary to treat i, as negligible, that is, to assume ip = 0. 


In that case, R; and R comprise a voltage divider. 


(a) Select values for R and R» so that y,=5 V, and the 
total power absorbed by R, and R% is no more than 5 mW. 
(b) An inferior transistor could cause i, to be larger than 
expected. Using the values of R, and R» from part (a), 
determine the value of v, that would result fromi,=15 pA. Figure P 3.4-9 
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P 3.4-10 Determine the values of the resistances R, and R3 
for the circuit shown in Figure P 3.4-10. 


24v(*) 


[re 


Figure P 3.4-10 
P3.4-11 (+) Determine the values of the resistances R, and Ry 


for the circuit shown in Figure P 3.4-11. 
+ 0.384V - 


80 Q 


(A 24maA R 


Figure P 3.4-11 


P 3.4-12 Determine the value of the current measured by the 


meter in Figure P 3.4-12. | 


Figure P 3.4-12 


P 3.4-13 +) Consider the combination of resistors shown in 
Figure P 3.4-13. Let R, denote the equivalent resistance. 


(a) Suppose 20 Q < R < 320 Q. Determine the corresponding 
range of values of Rp. 

(b) Suppose, instead, R = 0 (a short circuit). Determine the 
value of Ry. 

(c) Suppose, instead, R = oo (an open circuit). Determine the 
value of Ry. 

(d) Suppose, instead, the equivalent resistance is R, = 40 Q. 
Determine the value of R. 


80 Q R 


Figure P 3.4-13 


P 3.4-14 Consider the combination of resistors shown in 
Figure P 3.4-14. Let R, denote the equivalent resistance. 


(a) Suppose 40 Q < R < 400 Q. Determine the corresponding 
range of values of Rp. 

(b) Suppose, instead, R=O (a short circuit). Determine the 
value of Rp. 

(c) Suppose, instead, R = oo (an open circuit). Determine the 
value of Rp. 

(d) Suppose, instead, the equivalent resistance is R, = 80 ©. 
Determine the value of R. 


oO 
R 
160 Q 
40 Q 
O 


P 3.4-15 Consider the combination of resistors shown in 
Figure P 3.4-15. Let R, denote the equivalent resistance. 


(a) Suppose 50 Q < R < 800 Q. Determine the corresponding 
range of values of Rp. 

(b) Suppose, instead, R = 0 (a short circuit). Determine the 
value of Rp. 

(c) Suppose, instead, R = oo (an open circuit). Determine the 
value of Rp. 

(d) Suppose, instead, the equivalent resistance is Rp = 150 Q. 
Determine the value of R. 


200 Q R 
50 Q 


P 3.4-16 The input to the circuit shown in Figure P 3.4-16 is 
the source current is. The output is the current measured by 
the meter i,. A current divider connects the source to the 
meter. Given the following observations: 


Figure P 3.4-14 


Figure P 3.4-15 


(a) The input i, = 5 A causes the output to be i, = 2 A. 
(b) When i, = 2 A, the source supplies 48 W. 


Determine the values of the resistances R 


Figure P 3.4-16 


P 3.4-17 Figure P 3.4-17 shows four similar but slightly 


different circuits. Determine the values of the currents i), in, 

13, and 14. iy 

320 mA 75 Q 25 Q 300 mA 45 Q 
ig 


500 mA 15 Q 60 Q 


Figure P 3.4-17 


P 3.4-18 Figure P 3.4-18 shows four similar but slightly 
different circuits. Determine the values of the currents ii, in, 
13, and i4. 


30 40 Q 
a 240 mA fie 

60 60Q 

60 Q 60 Q 

240 mA |i Pe 

© 240 mA 
e Í 

20 Q 15Q 


Figure P 3.4-18 


250 mA © 120Q 
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P 3.4-19 The input to the circuit shown in Figure P 3.4-19 is 
the current source current /,. The output is the current io. The 
output of this circuit is proportion to the input, that is 

io = kT 


Determine the value of the constant of proportionality k. 


Figure P 3.4-19 


90 Q 


30 Q 


P 3.4-20 The input to the circuit shown in Figure P 3.4-20 is 
the voltage source voltage V,. The output is the voltage vo. 
The output of this circuit is proportion to the input, that is 


Vo = k V; 


Determine the value of the constant of proportionality k. 


Figure P 3.4-20 


Section 3.5 Series Voltage Sources and Parallel 
Current Sources 


P 3.5-1 Determine the power supplied by each source in 
the circuit shown in Figure P 3.5-1. 


8V 


Figure P 3.5-1 
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P 3.5-2 Determine the power supplied by each source in the 
circuit shown in Figure P 3.5-2. 


2V 0.5A 


Figure P 3.5-2 2N 


P 3.5-3 Determine the power received by each resistor in the 
circuit shown in Figure P 3.5-3. 


3V 


8V 


Figure P 3.5-3 


Section 3.6 Circuit Analysis 


P 3.6-1 (+) The circuit shown in Figure P 3.6-la has been 
divided into two parts. In Figure P 3.6-1b, the right-hand part 
has been replaced with an equivalent circuit. The left-hand part 
of the circuit has not been changed. 


(a) Determine the value of the resistance R in Figure P 3.6-1b 
that makes the circuit in Figure P 3.6-1b equivalent to the 
circuit in Figure P 3.6-la. 

(b) Find the current i and the voltage v shown in Figure 
P 3.6-1b. Because of the equivalence, the current 7 and 
the voltage v shown in Figure P 3.6-la are equal to the 
current į and the voltage v shown in Figure P 3.6-1b. 

(c) Find the current i, shown in Figure P 3.6-1a, using current 
division. 


8Q ae 


Figure P 3.6-1 


P 3.6-2 @ The circuit shown in Figure P 3.6-2a has been 
divided into three parts. In Figure P 3.6-2b, the rightmost part 
has been replaced with an equivalent circuit. The rest of the 
circuit has not been changed. The circuit is simplified further in 
Figure 3.6-2c. Now the middle and rightmost parts have been 
replaced by a single equivalent resistance. The leftmost part of 
the circuit is still unchanged. 


(a) Determine the value of the resistance R; in Figure P 3.6-2b 
that makes the circuit in Figure P 3.6-2b equivalent to 
the circuit in Figure P 3.6-2a. 

(b) Determine the value of the resistance R> in Figure P 3.6-2c 
that makes the circuit in Figure P 3.6-2c equivalent to the 
circuit in Figure P 3.6-2b. 

(c) Find the current i; and the voltage vı shown in Figure 
P 3.6-2c. Because of the equivalence, the current i, and the 
voltage vı shown in Figure P 3.6-25 are equal to the current 
i, and the voltage vı shown in Figure P 3.6-2c. 


(d) Find the current iz and the voltage v> shown in Figure 
P 3.6-2b. Because of the equivalence, the current i. and 
the voltage v) shown in Figure P 3.6-2a are equal to the 
current iz and the voltage vz shown in Figure 
P 3.6-2b. 


Hint: Use current division to calculate iz from i). 
(e) Determine the power absorbed by the 3-Q resistance 
shown at the right of Figure P 3.6-2a. 


O 
(©) 
Figure P 3.6-2 


P 3.6-3 Find i, using appropriate circuit reductions and the 
current divider principle for the circuit of Figure P 3.6-3. 


Figure P 3.6-3 


P 3.6-4 © 


(a) Determine values of R, and R3 in Figure P 3.6-4b that make 
the circuit in Figure P 3.6-4b equivalent to the circuit in 
Figure P 3.6-4a. 

(b) Analyze the circuit in Figure P 3.6-4b to determine the 
values of the currents i, and ip. 

(c) Because the circuits are equivalent, the currents i, 
and i, shown in Figure P 3.6-4b are equal to the currents 
i, and i, shown in Figure P 3.6-4a. Use this fact to 
determine values of the voltage vı and current i> shown in 
Figure P 3.6-4a. 


- v + 


Figure P 3.6-4 (b) 


P 3.6-5 The voltmeter in the circuit shown in Figure P 3.6-5 
shows that the voltage across the 30-Q resistor is 6 volts. 
Determine the value of the resistance R4. 


Hint: Use the voltage division twice. 


Answer: R, =40 Q 


6]. lOO 
© Voltmeter © 


Figure P 3.6-5 


P 3.6-6 Determine the voltages v, and v, and the currents i, 
and ig for the circuit shown in Figure P 3.6-6. 


2V,v.=6 V, i, =—16 mA, and ig=2 mA 


Answer: v, = 


103 


Problems 


Figure P 3.6-6 


P 3.6-7 (+) Determine the value of the resistance R in Figure 
P 3.6-7. 


Answer: R=28 KQ 12 kQ 


21 kQ R 


24av(*) 


Figure P 3.6-7 


P 3.6-8 Most of us are familiar with the effects of a mild 
electric shock. The effects of a severe shock can be devastating 
and often fatal. Shock results when current is passed through the 
body. A person can be modeled as a network of resistances. 
Consider the model circuit shown in Figure P 3.6-8. Determine 
the voltage developed across the heart and the current flowing 
through the heart of the person when he or she firmly grasps one 
end of a voltage source whose other end is connected to the 
floor. The heart is represented by Rp. The floor has resistance to 
current flow equal to Rp, and the person is standing barefoot on 
the floor. This type of accident might occur at a swimming pool 
or boat dock. The upper-body resistance R, and lower-body 
resistance Rg vary from person to person. 


R,= 202 


50V (4) 


R; = 200 Q 


R, = 100Q 


R, =30Q 
Figure P 3.6-8 


P 3.6-9 @ Determine the value of the current i in Figure 

P 3.6-9. 

Answer: i=0.5 mA 
3 kQ 3 kQ 


6 kQ 


2v) 


Figure P 3.6-9 
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P 3.6-10 Determine the values of i, i,, and v, in Figure 
P 3.6-10. 


la 20Q 


10 Q 


Figure P 3.6-10 


P 3.6-11 @ Find i and Req a» if Va» = 40 V in the circuit of 
Figure P 3.6-11. 


Answer: Reg ap =8 Q, i=5/6 A 


b 6Q 
O 
2Q 
O 
a 20 Q 
Req a-b 


Figure P 3.6-11 


P 3.6-12 The ohmmeter in Figure P 3.6-12 measures the 
equivalent resistance Req Of the resistor circuit. The value of 
the equivalent resistance Req depends on the value of the 
resistance R. 


(a) Determine the value of the equivalent resistance Req when 
R=9 Q. 

(b) Determine the value of the resistance R required to cause 
the equivalent resistance to be Req = 12 Q. 


Reg 


@ Ohmmeter @ 


Figure P 3.6-12 


P3.6-13 Find the Req at terminals a-b in Figure P 3.6-13. Also 
determine i, i}, and i>. 


Answer: Reg=8 Q, i=5 A, i =5/3 A, i =5/2 A 


Figure P 3.6-13 


P 3.6-14 All of the resistances in the circuit shown in Figure 
P 3.6-14 are multiples of R. Determine the value of R. 


Figure P 3.6-14 


P 3.6-15 The circuit shown in Figure P 3.6-15 contains seven 
resistors, each having resistance R. The input to this circuit is the 
voltage source voltage v,. The circuit has two outputs, v, and vp. 
Express each output as a function of the input. 


© P» 


Figure P 3.6-15 


P 3.6-16 @ The circuit shown in Figure P 3.6-16 contains 
three 10-Q, 1/4-W resistors. (Quarter-watt resistors can dissi- 
pate 1/4 W safely.) Determine the range of voltage source 
voltages v, such that none of the resistors absorbs more than 
1/4 W of power. 10 Q 


AO Vo 


Figure P 3.6-16 


P 3.6-17 The four resistors shown in Figure P 3.6-17 represent 
strain gauges. Strain gauges are transducers that measure the strain 
that results when a resistor is stretched or compressed. Strain 


gauges are used to measure force, displacement, or pressure. The 
four strain gauges in Figure P 3.6-17 each have a nominal 
(unstrained) resistance of 200 Q and can each absorb 0.5 mW 
safely. Determine the range of voltage source voltages v, such that 
no strain gauge absorbs more than 0.5 mW of power. 


200 Q 


200 Q 


Figure P 3.6-17 


P 3.6-18 The circuit shown in Figure P 3.6-18b has been 
obtained from the circuit shown in Figure P 3.6-18a by 
replacing series and parallel combinations of resistances by 
equivalent resistances. 


(a) Determine the values of the resistances R;, Ro, and R3 
in Figure P 3.6-18 so that the circuit shown in Figure 
P 3.6-18b is equivalent to the circuit shown in Figure 
P 3.6-18a. 

(b) Determine the values of vj, v2, and i in Figure 
P 3.6-18b. 

(c) Because the circuits are equivalent, the values of v, v2, and 
i in Figure P 3.6-18a are equal to the values of vı, v2, and i 
in Figure P 3.6-18b. Determine the values of v4, is, ig, and 
v7 in Figure P 3.6-18a. 


+ Vy = 


i6 
(a) 
Figure P 3.6-18 


P 3.6-19 (+) Determine the values of v1, v2, i3, V4, Vs, and is 
in Figure P 3.6-19. 
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+ Uy, - 
NAVV 
12 Q 10 Q 
~M 
10Q 30 Q 
a MN, WN b 


— Up + 
c NVV d 
f 16 Q 
Upc 4Q so 
- 6Q 16 

Ny < 


Figure P 3.6-19 


P 3.6-20 Determine the values of i, v, and Req for the circuit 
shown in Figure P 3.6-20, given that væ = 18 V. 


a l 


— 


Reg 


Figure P 3.6-20 


P 3.6-21 Determine the value of the resistance R in the circuit 
shown in Figure P 3.6-21, given that R.g=9 Q. 


Answer: R= 150, 


42 
Ao AVA 
R 
12Q 242 
T 
5Q 30 Q 
Bo—/\V\v WAVAY, 


Req 


Figure P 3.6-21 


P 3.6-22 Determine the value of the resistance R in the circuit 
shown in Figure P 3.6-22, given that R.g=40 Q. 
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P 3.6-26 Determine the voltage measured by the voltmeter in 
the circuit shown in Figure P 3.6-26. 


Figure P 3.6-22 


P 3.6-23 Determine the values of r, the gain of the CCVS, and g, 
the gain of the VCCS, for the circuit shown in Figure P 3.6-23. 


Figure P 3.6-26 


P 3.6-27 © Determine the current measured by the ammeter 
Figure P 3.6-23 in the circuit shown in Figure P 3.6-27. 


P 3.6-24 The input to the circuit in Figure P 3.6-24 is the 
voltage of the voltage source vs. The output is the voltage 
measured by the meter, v,. Show that the output of this circuit is 
proportional to the input. Determine the value of the constant of 
proportionality. 


xK |] 
Ọ Ammeter Ọ 
<> 8v, 102 
O 


Figure P 3.6-27 


P 3.6-28 Determine the value of the resistance R that causes 
the voltage measured by the voltmeter in the circuit shown in 
Figure P 3.6-28 to be 6 V. 


Figure P 3.6-24 


P 3.6-25 © The input to the circuit in Figure P 3.6-25 is the 
voltage of the voltage source v,. The output is the current 3A 
measured by the meter i,. Show that the output of this circuit is 
proportional to the input. Determine the value of the constant of 


proportionality. ARRE 


Q Ammeter © 


@ Voltmeter @ 


_> 


Figure P 3.6-28 


la 


Figure P 3.6-25 


P 3.6-29 (+) The input to the circuit shown in Figure P 3.6-29 
is the voltage of the voltage source vs. The output is the current 
measured by the meter im- 


(a) Suppose v, = 15 V. Determine the value of the resistance R 
that causes the value of the current measured by the meter 
to be in = 12 A. 

(b) Suppose v,=15 V and R=80 Q. Determine the current 
measured by the ammeter. 

(c) Suppose R= 24 Q. Determine the value of the input 
voltage v, that causes the value of the current measured 
by the meter to be i, =3 A. 


im 
Ọ Ammeter Ọ 
ron 
O 


Figure P 3.6-29 


P 3.6-30 @ The ohmmeter in Figure P 3.6-30 measures the 
equivalent resistance of the resistor circuit connected to the 
meter probes. 


(a) Determine the value of the resistance R required to cause 
the equivalent resistance to be Req = 12 Q. 
(b) Determine the value of the equivalent resistance when 


R=14 Q. 
2.0 
oct © Ohmmeter @ 


P 3.6-31 The voltmeter in Figure P 3.6-31 measures the 
voltage across the current source. 


42 


Figure P 3.6-30 


(a) Determine the value of the voltage measured by the meter. 
(b) Determine the power supplied by each circuit element. 


© Voltmeter Ọ 


ee] 


2v) 


Figure P 3.6-31 
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P 3.6-32 Determine the resistance measured by the ohmmeter 
in Figure P 3.6-32. 


Figure P 3.6-32 


P 3.6-33 Determine the resistance measured by the ohmmeter 
in Figure P 3.6-33. 


Figure P 3.6-33 


P 3.6-34 @ Consider the circuit shown in Figure P 3.6-34. 
Given the values of the following currents and voltages: 


i; = 0.625 A, v = —25 V, i = —1.25 A, 
and v4 = — 18.75 V, 


determine the values of R;, Ro, R3, and R4. 


Figure P 3.6-34 


P 3.6-35 Consider the circuits shown in Figure P 3.6-35. The 
equivalent circuit is obtained from the original circuit by replacing 
series and parallel combinations of resistors with equivalent 
resistors. The value of the current in the equivalent circuit is 
i, = 0.8 A. Determine the values of R}, Ro, Rs, v2, and iz. 
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40V is 


(c) Suppose, instead, R = 20 Q. What is the value of the 
current in the 40-( resistor? 


Hint: Interpret i; = ti as current division. 
1 40Q 13 
_ —_ 


b Rp + up - 4 i3 


original circuit 


Figure P 3.6-38 


P 3.6-39 Consider the circuit shown in Figure P 3.6-39. 


(a) Suppose v3 = tvi. What is the value of the resistance R? 

equivalent circuit (b) Suppose iz = 1.2 A. What is the value of the resistance R? 

(c) Suppose R = 70 Q. What is the voltage across the 
20-Q resistor? 

(d) Suppose R = 30 Q. What is the value of the current in this 
30-Q resistor? 


Figure P 3.6-35 


P 3.6-36 Consider the circuit shown in Figure P 3.6-36. Given 


v = Ei, i = Ín, and v4 = a, Hint: Interpret v3 = ivi as voltage division. 
I> R 
determine the values of R,, Ro, and R4. — 
Hint: Interpret v) = 20s, B= sh, and v4 = $v as current and 24A O 20Q 10Q 
voltage division. 
i R i 500 
== Figure P 3.6-39 
+ 
© ü P 3.6-40 @ Consider the circuit shown in Figure P 3.6-40. 
; Given that the voltage of the dependent voltage source is 
~ Va = 8 V, determine the values of R; and vo. 
25Q ie, Sie = 
82 tp 
Figure P 3.6-36 —> 
P 3.6-37 Consider the circuit shown in Figure P 3.6-37. Given 4Q R} 
. 2, 2 di 4, 
in = shy, V3 = =v, and i4 = ho, 
2= gis) V3 = 3M 4= 5) © <> 
determine the values of R,, Ro, and R4. 10V v.= 20i 
i Figure P 3.6-40 aT mab 
Hint: Interpret i? = zis, y= v1, and i4 = tin as current and x 
voltage division. . , P 3.6-41 (+) Consider the circuit shown in Figure P 3.6-41. 
had Ro * Given that the current of the dependent current source is 


i, = 2 A, determine the values of R, and i,. 


i, = 0.2v, 


ae O 
Figure P 3.6-37 
P 3.6-38 Consider the circuit shown in Figure P 3.6-38. [asa | ji 
o 


(a) Suppose i; = zi 1- What is the value of the resistance R? 
(b) Suppose, instead, v> = 4.8 V. What is the value of the 
equivalent resistance of the parallel resistors? 


Figure P 3.6-41 


P 3.6-42 Determine the values of i,, i», i2, and v; in the circuit 
shown in Figure P 3.6-42. 


242 


Figure P 3.6-42 


P 3.6-43 Determine the values of the resistance R and current 
i, in the circuit shown in Figure P 3.6-43. 


48Q fa 


© av R 8V 


Figure P 3.6-43 


P 3.6-44 The input to the circuit shown in Figure P 3.6-44 is 
the voltage of the voltage source, 32 V. The output is the 
current in the 10-© resistor i,. Determine the values of 
the resistance R; and of the gain of the dependent 
source G that cause both the value of voltage across the 
12 Q to be v, = 10.38 V and the value of the output current 
to be i, = 0.4151 A. 


Figure P 3.6-44 


P 3.6-45 The equivalent circuit in Figure P 3.6-45 is obtained 
from the original circuit by replacing series and parallel 
combinations of resistors by equivalent resistors. The values 
of the currents in the equivalent circuit are i,=3.5 A and 
ip =—1.5 A. Determine the values of the voltages vı and v2 
in the original circuit. 

+ 


v 1- + v z 5 


25 Q 35 Q 


G) 150 v 5A 


60 Q 


Figure P 3.6-45 equivalent circuit 
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P 3.6-46 Figure P 3.6-46 shows three separate, similar 
circuits. In each a 12-V source is connected to a subcircuit 
consisting of three resistors. Determine the values of 
the voltage source currents ij, iz, and i}. Conclude that 
while the voltage source voltage is 12 V in each circuit, the 
voltage source current depends on the subcircuit connected to 
the voltage source. 

iy 

pee 

O 


12v È) 


20 kQ 


12V È) oko 


Figure P 3.6-46 


P 3.6-47 Determine the values of the voltages vı and vz and of 
the current 73 in the circuit shown in Figure P 3.6-47. 


80 Q 


Figure P 3.6-47 


Section 3.7 Analyzing Resistive Circuits Using 
MATLAB 


P 3.7-1 Determine the power supplied by each of the 
sources, independent and dependent, in the circuit shown in 
Figure P 3.7-1. 


Hint: Use the guidelines given in Section 3.7 to label the circuit 
diagram. Use MATLAB to solve the equations representing the 
circuit. 
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Figure P 3.7-1 


P 3.7-2 Determine the power supplied by each of the sources, 
independent and dependent, in the circuit shown in Figure 
P 3.7-2. 


Hint: Use the guidelines given in Section 3.7 to label the circuit 
diagram. Use MATLAB to solve the equations representing the 


circuit. . 
ty 
O~ : 
6V 8Q 
4Q 8Q D 5i 
15V 4Q = 


Figure P 3.7-2 


P 3.7-3 Determine the power supplied by each of the inde- 
pendent sources in the circuit shown in Figure P 3.7-3. 


62 2A) (*) 


Figure P 3.7-3 


P 3.7-4 Determine the power supplied by each of the sources 
in the circuit shown in Figure P 3.7-4. 


30 Q 


40 Q 


Figure P 3.7-4 


Section 3.8 How Can We Check ... ? 


P 3.8-1 © A computer analysis program, used for the circuit 
of Figure P 3.8-1, provides the following branch currents and 
voltages: i; = —0.833 A, i= —0.333 A, i= —1.167 A, and 
v= —2.0 V. Are these answers correct? 

Hint: Verify that KCL is satisfied at the center node and 


that KVL is satisfied around the outside loop consisting of the 
two 6-Q resistors and the voltage source. 


Figure P 3.8-1 


P 3.8-2 The circuit of Figure P 3.8-2 was assigned as a 
homework problem. The answer in the back of the textbook 
says the current i is 1.25 A. Verify this answer, using current 


division. 5Q 
i D pete | . 


Figure P 3.8-2 


P 3.8-3 The circuit of Figure P 3.8-3 was built in the lab, and 
Vo was measured to be 6.25 V. Verify this measurement, using 
the voltage divider principle. 


650 Q 


Figure P 3.8-3 


P 3.8-4 The circuit of Figure P 3.8-4 represents an auto’s 
electrical system. A report states that iy =9 A, ig = —9 A, and 
ia = 19.1 A. Verify that this result is correct. 


Hint: Verify that KCL is satisfied at each node and that KVL is 
satisfied around each loop. 


JH Headlights 


Battery 


0.1 Q 


Alternator 
Figure P 3.8-4 Electric circuit model of an automobile’ s 
electrical system. 


P 3.8-5 Computer analysis of the circuit in Figure P 3.8-5 
shows that i, = —0.5 mA, and i, = —2 mA. Was the computer 
analysis done correctly? 


Hint: Verify that the KVL equations for all three meshes are 
satisfied when i, = —0.5 mA, and i, = —2 mA. 
ao ite 


Q 


È) O C)i2v 
| 


1b 
Figure P 3.8-5 


P 3.8-6 Computer analysis of the circuit in Figure P 3.8-6 
shows that i,=0.5 mA and i, =4.5 mA. Was the computer 
analysis done correctly? 


Hint: First, verify that the KCL equations for all five nodes 
are satisfied when i, = 0.5 mA, and ip = 4.5 mA. Next, verify 
that the KVL equation for the lower left mesh (a-e-d-a) is 
satisfied. (The KVL equations for the other meshes aren’t 
useful because each involves an unknown voltage.) 


2mA 


1 mA 


b 


Figure P 3.8-6 


P 3.8-7 Verify that the element currents and voltages shown 
in Figure P 3.8-7 satisfy Kirchhoff’s laws: 


(a) Verify that the given currents satisfy the KCL equations 
corresponding to nodes a, b, and c. 

(b) Verify that the given voltages satisfy the KVL equations 
corresponding to loops a-b-d-c-a and a-b-c-d-a. 


Figure P 3.8-7 
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*P 3.8-8 Figure P 3.8-8 shows a circuit and some correspond- 
ing data. The tabulated data provide values of the current 
i and voltage v corresponding to several values of the 
resistance R3. 


(a) Use the data in rows 1 and 2 of the table to find the values of 
v, and Rj. 

(b) Use the results of part (a) to verify that the tabulated data 
are consistent. 

(c) Fill in the missing entries in the table. 


(a) 

Ro, Q | i, A | v, V 
(0) 2.4 (0) 
10 1:2 12 
20 0.8 16 
30 ? 18 
40 0.48 ? 

(b) 


Figure P 3.8-8 


*P 3.8-9 Figure P 3.8-9 shows a circuit and some correspond- 
ing data. The tabulated data provide values of the current i 
and voltage v corresponding to several values of the 
resistance R3. 


(a) Use the data in rows 1 and 2 of the table to find the values of 
i, and R}. 

(b) Use the results of part (a) to verify that the tabulated data 
are consistent. 

(c) Fill in the missing entries in the table. 


i Ro, Q i, A v, V 
+ 10 4/3 40/3 
i (D Ry i 20 6/7 120/7 
7 40 1/2 20 
80 z ? 
(a) (b) 


Figure P 3.8-9 
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Design Problems 


DP 3-1 The circuit shown in Figure DP 3-1 uses a potenti- 
ometer to produce a variable voltage. The voltage v,, varies as a 
knob connected to the wiper of the potentiometer is turned. 
Specify the resistances R, and Rz so that the following three 
requirements are satisfied: 


1. The voltage vm varies from 8 V to 12 V as the wiper moves 
from one end of the potentiometer to the other end of the 
potentiometer. 


2. The voltage source supplies less than 0.5 W of power. 
3. Each of R, Ro, and Rp dissipates less than 0.25 W. 


© Voltmeter © 


Figure DP 3-1 


DP 3-2 The resistance R, in Figure DP 3-2 is the equivalent 
resistance of a pressure transducer. This resistance is specified 
to be 200 Q + 5 percent. That is, 190 Q < R < 210 Q. 
The voltage source is a 12 V + 1 percent source capable of 
supplying 5 W. Design this circuit, using 5 percent, 1 /8-watt 
resistors for R, and R», so that the voltage across R, is 
Vo = 4 V 4 10% 

(A 5 percent, 1/8-watt 100-Q resistor has a resistance between 
95 and 105 Q and can safely dissipate 1/8-W continuously.) 


Figure DP 3-2 


DP 3-3 A phonograph pickup, stereo amplifier, and speaker 
are shown in Figure DP 3-3a and redrawn as a circuit model as 
shown in Figure DP 3-3b. Determine the resistance R so that the 
voltage v across the speaker is 16 V. Determine the power 
delivered to the speaker. 


Phonograph 


Amplifier 


Speaker 


Speaker 


Amplifier I 
| 


Figure DP 3-3 A phonograph stereo system. 


DP 3-4 A Christmas tree light set is required that will operate 
from a 6-V battery on a tree in a city park. The heavy-duty 
battery can provide 9 A for the four-hour period of operation 
each night. Design a parallel set of lights (select the maximum 
number of lights) when the resistance of each bulb is 12 Q. 


DP 3-5 The input to the circuit shown in Figure DP 3-5 is 
the voltage source voltage v,. The output is the voltage vo. The 
output is related to the input by 

Ry 


Vo = ——— 
Ri + Ro 


s = 8Vs 


The output of the voltage divider is proportional to the input. 
The constant of proportionality, g, is called the gain of the 
voltage divider and is given by 


Ri +R? 
The power supplied by the voltage source is 


Vs V5" Vs" 
= ik = = = 
eam VSS Ri+R Rp 


E 


where 
Rin = Ri +R 


is called the input resistance of the voltage divider. 


(a) Design a voltage divider to have a gain, g = 0.65. 
(b) Design a voltage divider to have a gain, g = 0.65, and an 
input resistance, Rin = 2500 Q. 


Figure DP 3-5 


DP 3-6 The input to the circuit shown in Figure DP 3-6 is the 
current source current i,. The output is the current i,. The 
output is related to the input by 

Ri +R, 


lo ls = gls 


The output of the current divider is proportional to the input. 
The constant of proportionality g is called the gain of the 
current divider and is given by 


oR +R, 
The power supplied by the current source is 
; , Ri Ry . Ri Ry aD: s3 
= — = = = R; 
P Vsls i. l Fa =) ls Rı ae R> ls inls 
where RiR- 
in — Rı FR, 


is called the input resistance of the current divider. 


(a) Design a current divider to have a gain, g = 0.65. 
(b) Design a current divider to have a gain, g = 0.65, and an 
input resistance, Rin = 10000 Q. 


Figure DP 3-6 


DP 3-7 Design the circuit shown in Figure DP 3-7 to have an 
output vo =8.5 V when the input is vy.=12 V. The circuit 
should require no more than 1 mW from the voltage source. 


Q 
o 
S 
o 


Figure DP 3-7 


DP 3-8 Design the circuit shown in Figure DP 3-8 to have an 
output i, = 1.8 mA when the input is 7, = 5 mA. The circuit should 
require no more than 1 mW from the current source. 


Figure DP 3-8 


DP 3-9 A thermistor is a temperature dependent resistor. The 
thermistor resistance Ry is related to the temperature by the 
equation 


Ry = Ryze? l/T-M/To) 
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where T has units of °K and R is in Ohms. Ro is resistance at 
temperature To and the parameter B is in °K. For example, 
suppose that a particular thermistor has a resistance Rp = 620 Q 
at the temperature Ty)=20°C=293 °K and B=3330 °K. At 
T=70°C=343 °K the resistance of this thermistor will be 


Rr = 620 ¢ 2330 (1/342—1/293) = 121.68 Q 


In Figure DP 3-9 this particular thermistor in used in a voltage 
divider circuit. Specify the value of the resistor R that will cause 
the voltage vr across the thermistor to be 4V when the 
temperature is 100°C. 


Figure DP 3-9 Thermistor 


DP 3-10 The circuit shown in Figure DP 3-10 contains a 
thermistor that has a resistance Rọ =620 Q at the temperature 
To =20°C=293 °K and B =3330 °K. (See problem DP 3-9.) 
Design this circuit (that is, specify the values of R and V,) so 
that the thermistor voltage is vr=4V when T=100°C and 
vr=20 V when T=0°C. 


Figure DP 3-10 Thermistor 


DP 3-11 The circuit shown in Figure DP 3-11 is designed to 
help orange growers protect their crops against frost by sounding 
an alarm when the temperature falls below freezing. It contains a 
thermistor that has a resistance Rp =620 Q at the temperature 
To =20°C=293 °K and B = 3330 °K. (See problem DP 3-9.) 

The alarm will sound when the voltage at the — input of 
the comparator is less than the voltage at the + input. Using 
voltage division twice, we see that the alarm sounds whenever 

R> 2 R4 
Rr+Ro R3+R4 

Determine values of R), R3, and R; that cause the alarm to 
sound whenever the temperature is below freezing. 


12V 


12V 


Thermistor 


Buzzer 


Comparator 


Figure DP 3-11 = 
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4.1 Introduction 


To analyze an electric circuit, we write and solve a set of equations. We apply Kirchhoff’s current and 
voltage laws to get some of the equations. The constitutive equations of the circuit elements, such as 
Ohm’s law, provide the remaining equations. The unknown variables are element currents and voltages. 
Solving the equations provides the values of the element current and voltages. 

This method works well for small circuits, but the set of equations can get quite large for even 
moderate-sized circuits. A circuit with only 6 elements has 6 element currents and 6 element voltages. 
We could have 12 equations in 12 unknowns. In this chapter, we consider two methods for writing a 
smaller set of simultaneous equations: 


e The node voltage method. 
e The mesh current method. 


The node voltage method uses a new type of variable called the node voltage. The “node voltage 
equations” or, more simply, the “node equations,” are a set of simultaneous equations that represent a 
given electric circuit. The unknown variables of the node voltage equations are the node voltages. After 
solving the node voltage equations, we determine the values of the element currents and voltages from 
the values of the node voltages. 

It’s easier to write node voltage equations for some types of circuit than for others. Starting with 
the easiest case, we will learn how to write node voltage equations for circuits that consist of: 


e Resistors and independent current sources. 
e Resistors and independent current and voltage sources. 
e Resistors and independent and dependent voltage and current sources. 


The mesh current method uses a new type of variable called the mesh current. The “mesh current 
equations” or, more simply, the “mesh equations,” are a set of simultaneous equations that represent a 
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given electric circuit. The unknown variables of the mesh current equations are the mesh currents. After 
solving the mesh current equations, we determine the values of the element currents and voltages from 
the values of the mesh currents. 

It’s easier to write mesh current equations for some types of circuit than for others. Starting with 
the easiest case, we will learn how to write mesh current equations for circuits that consist of: 


e Resistors and independent voltage sources. 
e Resistors and independent current and voltage sources. 


e Resistors and independent and dependent voltage and current sources. 


42 Node Voltage Analysis of Circuits 
with Current Sources 


Consider the circuit shown in Figure 4.2-1a. This circuit contains four elements: three resistors and a 
current source. The nodes of a circuit are the places where the elements are connected together. The 
circuit shown in Figure 4.2-la has three nodes. It is customary to draw the elements horizontally or 
vertically and to connect these elements by horizontal and vertical lines that represent wires. In other 
words, nodes are drawn as points or are drawn using horizontal or vertical lines. Figure 4.2-1b shows 
the same circuit, redrawn so that all three nodes are drawn as points rather than lines. In Figure 4.2-1, 
the nodes are labeled as node a, node b, and node c. 

Analyzing a connected circuit containing n. nodes will require n — 1 KCL equations. One way to 
obtain these equations is to apply KCL at each node of the circuit except for one. The node at which 
KCL is not applied is called the reference node. Any node of the circuit can be selected to be the 
reference node. We will often choose the node at the bottom of the circuit to be the reference node. 
(When the circuit contains a grounded power supply, the ground node of the power supply is usually 
selected as the reference node.) In Figure 4.2-1b, node c is selected as the reference node and marked 
with the symbol used to identify the reference node. 

The voltage at any node of the circuit, relative to the reference node, is called a node voltage. In 
Figure 4.2-1b, there are two node voltages: the voltage at node a with respect to the reference node, node 
c, and the voltage at node b, again with respect to the reference node, node c. In Figure 4.2-Ic, 
voltmeters are added to measure the node voltages. To measure node voltage at node a, connect the red 


Ry 
(a) 


FIGURE 4.2-1 (a) A circuit with three 
nodes. (b) The circuit after the nodes 
have been labeled and a reference node 
has been selected and marked. 

(c) Using voltmeters to measure the 
node voltages. 
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probe of the voltmeter at node a and connect the black probe at the reference node, node c. To measure 
node voltage at node b, connect the red probe of the voltmeter at node b and connect the black probe at 
the reference node, node c. 

The node voltages in Figure 4.2-1c can be represented as vac and vpe, but it is conventional to drop 
the subscript c and refer to these as v, and vp. Notice that the node voltage at the reference node is 
Vec = Ve = 0 V because a voltmeter measuring the node voltage at the reference node would have both 
probes connected to the same point. 

One of the standard methods for analyzing an electric circuit is to write and solve a set of simultaneous 
equations called the node equations. The unknown variables in the node equations are the node voltages of 
the circuit. We determine the values of the node voltages by solving the node equations. 


To write a set of node equations, we do two things: 


1. Express element currents as functions of the node voltages. 


2. Apply Kirchhoff’s current law (KCL) at each of the nodes of the circuit except for the 
reference node. 


Consider the problem of expressing element currents as functions of the node voltages. Although our 
goal is to express element currents as functions of the node voltages, we begin by expressing element 
voltages as functions of the node voltages. Figure 4.2-2 shows how this is done. The voltmeters in 
Figure 4.2-2 measure the node voltages vı and v2 at the nodes of the circuit element. The element voltage 
has been labeled as v,. Applying Kirchhoff s voltage law to the loop shown in Figure 4.2-2 gives 


Va = Vim V3 


This equation expresses the element voltage v, as a function of the node voltages vı and v2. (There is 
an easy way to remember this equation. Notice the reference polarity of the element voltage v,. The 
element voltage is equal to the node voltage at the node near the + of the reference polarity minus the 
node voltage at the node near the — of the reference polarity.) 

Now consider Figure 4.2-3. In Figure 4.2-3a, we use what we have learned to express the voltage 
of a circuit element as a function of node voltages. The circuit element in Figure 4.2-3a could be 
anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.2-3b and c, 
we consider specific types of circuit element. In Figure 4.2-3b, the circuit element is a voltage source. 
The element voltage has been represented twice, once as the voltage source voltage V, and once as a 
function of the node voltages vı — v2. Noticing that the reference polarities for V, and vı — v2 are the 
same (both + on the left), we write 


Vs =v -v 


This is an important result. Whenever we have a voltage source connected between two nodes of a 
circuit, we can express the voltage source voltage V, as a function of the node voltages vı and v2. 


@ Voltmeter Ọ @ Voltmeter © 


FIGURE 4.2-2 Node voltages vı and v2 and element voltage va of a circuit element. 
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eo VUA 
i = —— 
R 
Vs 
vy Vo vy U2 Vy R U2 
$ U1 — U2 = + U1, —U2 = + UV, — U9 = 


FIGURE 4.2-3 Node voltages vı 


1 a J and v2 and element voltage vı — v2 


of a (a) generic circuit element, (b) 
(a) (b) (c) voltage source, and (c) resistor. 


Frequently, we know the value of the voltage source voltage. For example, suppose that 
V, = 12 V. Then 


12 =v =v 


This equation relates the values of two of the node voltages. 

Next, consider Figure 4.2-3c. In Figure 4.2-3c, the circuit element is a resistor. We will use Ohm’ s 
law to express the resistor current i as a function of the node voltages. First, we express the resistor 
voltage as a function of the node voltages vı — v2. Noticing that the resistor voltage vj — v2 and the 
current i adhere to the passive convention, we use Ohm’s law to write 

„_ ae 
t= 
R 


Frequently, we know the value of the resistance. For example, when R = 8 Q, this equation becomes 
s Vi — V2 
i = ——— 
8 


This equation expresses the resistor current i as a function of the node voltages vı and v2. 

Next, let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to this circuit 
is the current source current i,. To write node equations, we will first express the resistor currents as functions 
of the node voltages and then apply Kirchhoff s current law at nodes a and b. The resistor voltages are 
expressed as functions of the node voltages in Figure 4.2-4b, and then the resistor currents are expressed as 
functions of the node voltages in Figure 4.2-4c. 


FIGURE 4.2-4 

(a) A circuit with three 
resistors. (b) The 
resistor voltages 
expressed as functions 
of the node voltages. 
(c) The resistor currents 
expressed as functions 
of the node voltages. 
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The node equations representing the circuit in Figure 4.2-4 are obtained by applying Kirchhoff’ s 
current law at nodes a and b. Using KCL at node a gives 


Va Va — Vb 


(4.2-1) 


Similarly, the KCL equation at node b is 
Va — Vb V 
R R3 
If Ri = 1 Q, R = R3 = 0.5 Q, and i, = 4 A, and Eqs. 4.2-1 and 4.2-2 may be rewritten as 


(4.2-2) 


Va — Vb Va 


4= — 4.2-3 
1 a 0.5 ( ) 
Va — Vb Vb 
—— = 4.2-4 
1 0.5 ( ) 
Solving Eq. 4.2-4 for vp gives 
Va 
wes (4.2-5) 
Substituting Eq. 4.2-5 into Eq. 4.2-3 gives 
Va 8 
4 = v, — Ê + 2v, = -va 4.2-6 
v 3 + 2v 3 v. ( ) 
Solving Eq. 4.2-6 for v, gives 3 
v= V 
2 
Finally, Eq. 4.2-5 gives 
1 
Vb = 2 V 


Thus, the node voltages of this circuit are 


3 1 
Ya=5V and eed 


Try it ; 
yourself ExAMPLE 4.2-1 Node Equations 
in WileyPLUS 


Determine the value of the resistance R in the circuit shown in Figure 4.2-5a. 


Solution 

Let va denote the node voltage at node a and v, denote the node voltage at node b. The voltmeter in Figure 4.2-5 
measures the value of the node voltage at node b, vp. In Figure 4.2-5b, the resistor currents are expressed as 
functions of the node voltages. Apply KCL at node a to obtain 


v 
44+ — =0 
Bio 5 
Using v = 5 V gives 
Va Va—5 
44+ — =0 
vee 


Solving for va, we get 
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5]. lofo] 
© Voltmeter O 


FIGURE 4.2-5 (a) The 
circuit for Example 4.2-1. 
(b) The circuit after the 
resistor currents are 
expressed as functions of 
the node voltages. 


Next, apply KCL at node b to obtain 


Using vg = —10 V and vw = 5 V gives 


Finally, solving for R gives R=50 


Obtain the node equations for the circuit in Figure 4.2-6. 


Solution 

Let v, denote the node voltage at node a, v, denote 
the node voltage at node b, and v, denote the node 
voltage at node c. Apply KCL at node a to obtain 


Vin = We Le Vin = Vee LA Va — Vb =a 
| Sy nar 


Separate the terms of this equation that involve va 
from the terms that involve v, and the terms that 
involve v, to obtain. 


1 1 Il íl ee ee 
| | a M=] 1 
eee VANA oe 


There is a pattern in the node equations of circuits that contain only resistors and current sources. In the node equation 
at node a, the coefficient of v, is the sum of the reciprocals of the resistances of all resistors connected to node a. 
The coefficient of v, is minus the sum of the reciprocals of the resistances of all resistors connected between node b and 
node a. The coefficient vs is minus the sum of the reciprocals of the resistances of all resistors connected between node c 
and node a. The right-hand side of this equation is the algebraic sum of current source currents directed into node a. 


FIGURE 4.2-6 The circuit for Example 4.2-2. 
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Apply KCL at node b to obtain 


è Va — Vb Vb — Vo Vb s 
! = 
i ( Rs ) ( R3 ) = ie 


Separate the terms of this equation that involve v, from the terms that involve v, and the terms that involve v, to obtain 


\ ae 1 "OS 
=| — }v, V Ve = — 1 
R; ER Rey NR a 


As expected, this node equation adheres to the pattern for node equations of circuits that contain only resistors and 
current sources. In the node equation at node b, the coefficient of v, is the sum of the reciprocals of the resistances of 
all resistors connected to node b. The coefficient of v, is minus the sum of the reciprocals of the resistances of all 
resistors connected between node a and node b. The coefficient of ve is minus the sum of the reciprocals of the 
resistances of all resistors connected between node c and node b. The right-hand side of this equation is the 
algebraic sum of current source currents directed into node b. 

Finally, use the pattern for the node equations of circuits that contain only resistors and current sources to 


obtain the node equation at node c: 
íl íl n íl A 1 1 : 
t } C= L 
BJO R R Rs RU 


ie 1 
ae Ry)? 


( EXAMPLE 4.2-3 Node Equations ) 


Determine the node voltages for the circuit in Figure 4.2-6 when i; = 1 A, i = 2 A, i = 3A, Ri =5Q, 
R2 = PVs R3 = 10 Q, R4 = 4), Rs = 50! and Re = 20), 


Solution 
The node equations are 


+4) an 2 
(+a) a Er o- 


0.9v, — 0.2v — 0.7v; = 3 
—0.2v, + 0.55v, — 0.14%. = 1 
—0.7v, — 0.1v + 1.3v. = —1 


— 


The node equations can be written using matrices as 


Ay = lb 
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where -) MATLAB 
Fie Edit Debug Desktop Window Help 
0.9 —0.2 —0.7 3 Vz b fo % Ba & “> Cu po rf E| 
A= | —0.2 0.55 —0.1 |, b= 1 | and, v= | vp Shortcuts [Z] Howto Add [Z] What's New 


= om 1.3 =l Ve 


[ 0.9 -0.2 -0.7; 


This matrix equation is solved using MATLAB in Figure 4.2-7. -0.7 
> [ 3; 


Va 7.1579 
a || — | 3.0526 
Ve 3.4737 


Consequently, v, = 7.1579 V, vw = 5.0526 V, and ve = 3.4737 V 


FIGURE 4.2-7 Using MATLAB to solve the 
node equation in Example 4.2-3. 


Try it 


yourself EXERCISE 4.2-1 Determine the node voltages va and v, for the circuit of Figure E 4.2-1. 
in WileyPLUS 
Answer: v, = 3 V and w = 11 V 
Try it 


yourself EXERCISE 4.2-2 Determine the node voltages v, and v, for the circuit of Figure E 4.2-2. 
in WileyPLUS 
Answer: va = —4/3 V and vw = 4 V 


FIGURE E 4.2-1 FIGURE E 4.2-2 


4.3 Node Voltage Analysis of Circuits with Current and 
Voltage Sources 


In the preceding section, we determined the node voltages of circuits with independent current sources 
only. In this section, we consider circuits with both independent current and voltage sources. 

First we consider the circuit with a voltage source between ground and one of the other nodes. 
Because we are free to select the reference node, this particular arrangement is easily achieved. 
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Supernode 


Us 


FIGURE 4.3-1 Circuit with an independent FIGURE 4.3-2 Circuit with a supernode 
voltage source and an independent current source. that incorporates v, and vp. 


Such a circuit is shown in Figure 4.3-1. We immediately note that the source is connected between 
terminal a and ground and, therefore, 


Va = Vs 
Thus, va is known and only v, is unknown. We write the KCL equation at node b to obtain 
; Vb, Vb— Va 
is = — 
R3 Ry 


However, va = vs. Therefore, 
‘i Vb | Vb — Vs 
is = — 
` R R 


Then, solving for the unknown node voltage vp, we get 


RR3 i; + R3 Vs 
vW = — 
R + R3 
Next, let us consider the circuit of Figure 4.3-2, which includes a voltage source between two nodes. 
Because the source voltage is known, use KVL to obtain 
Va — Vb = Vs 
or Va — Vs = Vb 
To account for the fact that the source voltage is known, we consider both node a and node b as 
part of one larger node represented by the shaded ellipse shown in Figure 4.3-2. We require a larger 
node because v, and v, are dependent. This larger node is often called a supernode or a generalized 


node. KCL says that the algebraic sum of the currents entering a supernode is zero. That means that we 
apply KCL to a supernode in the same way that we apply KCL to a node. 


A supernode consists of two nodes connected by an independent or a dependent voltage source. 


We then can write the KCL equation at the supernode as 
Va Vb š 
2 2k 
Ri R 
However, because va = Vs + vp, we have 
Vs t Vb Vb. 
ace 
R R ` 
Then, solving for the unknown node voltage vp, we get 


RRi; — Rovs 
vw = — 
Ri + Ro 
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Try it y 
yourself ( EXAMPLE 4.3-1 Node Equations ) 
in WileyPLUS 


Determine the values node voltages, vı and v2, in the circuit shown in Figure 4.3-3a. 


@ 100 mA 60 Vv (*) 502 


(a) (b) 
FIGURE 4.3-3 The circuit considered in Example 4.3-1. 
Solution 
First, represent the resistor currents in terms of the node voltages as shown in Figure 4.3-3b. 
Apply at KCL at node 1 to get 


Pee vi 60 ee y 1 ee 
50 65 ` 380 50 65 80/ | \65/° 80 


Apply KCL at node 2 to get 


moea — 60 1 lal e 
ma i 7 (4) n+(G+q) mao 


Organize these equations in matrix form to write 
1 1 1 1 


50 i 65 | 80 65 VAL af 
1 ia | See 
65 oe Í 
Solving, we get vı = 30.081 V and v = 47.990 V 
Try it 
yourself ( ExaAmPLeE 4.3-2 Supernodes ) 
in WileyPLUS 
4 12V b 
Determine the values of the node voltages v, and vp, for the 
circuit shown in Figure 4.3-4. L5A O 30 


Solution 

We can write the first node equation by considering the voltage = 

source. The voltage source voltage is related to the node voltages by FIGURE 4.3-4 The circuit for Example 4.3-2, 
Viva 2 = vy = va 12 

To write the second node equation, we must decide what to do about the voltage source current. (Notice that there is 

no easy way to express the voltage source current in terms of the node voltages.) In this example, we illustrate two 

methods of writing the second node equation. 
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eee Meirol i For Example 43-2. FIGURE 4.3-6 Method 2 for Example 4.3-2. 


Method 1: Assign a name to the voltage source current. Apply KCL at both of the voltage source nodes. 
Eliminate the voltage source current from the KCL equations. 
Figure 4.3-5 shows the circuit after labeling the voltage source current. The KCL equation at node a is 


Va 

154+i=— 

alge 6 

The KCL equation at node b is i+3.5+4+ > =0 
Combining these two equations gives 

Vb Va Va Vb 
1.5 — (3.5 *)=2 => 20= 2 
ac 3 6 6 4 3 


Method 2: Apply KCL to the supernode corresponding to the voltage source. Shown in Figure 4.3-6, this 
supernode separates the voltage source and its nodes from the rest of the circuit. (In this small circuit, the rest of the 
circuit is just the reference node.) 

Apply KCL to the supernode to get 


i 92a 


Va 
1.5 = — S 
5 Ba tg Ae 


This is the same equation that was obtained using method 1. Applying KCL to the supernode is a shortcut for 
doings three things: 


1. Labeling the voltage source current as i. 
2. Applying KCL at both nodes of the voltage source. 
3. Eliminating i from the KCL equations. 


In summary, the node equations are 


and —+—=-2.0 


Solving the node equations gives 
Va = —12V, and yw =0V 


(We might be surprised that v, is O V, but it is easy to check that these values are correct by substituting them 
into the node equations.) 
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Try it : : : a 
yourself EXxAMPLE 4.3-3 Node Equations for a Circuit Containing 


eee Voltage Sources 


Determine the node voltages for the circuit shown in Figure 4.3-7. 


Solution 

We will calculate the node voltages of this circuit by writing a KCL 
equation for the supernode corresponding to the 10-V voltage source. 
First notice that 


VY = —-12V 
and that 
Va = Ve + 10 
Writing a KCL equation for the supernode, we have 
iw 24 mas 


or 
4 va + Ve — 5 v = 120 


Using va = ve + 10 and vy, = —12 to eliminate v, and vp, we have 
4(ve + 10) + ve — 5(—12) = 120 


Solving this equation for ve, we get 
VeVi 


Try it 
yourself EXERCISE 4.3-1 Find the node voltages for the circuit of Figure E 4.3-1. 
in WileyPLUS 
Hint: Write a KCL equation for the supernode corresponding to the 10-V voltage source. 


10 
5 +555 = vw =30V and v,=40V 


Answer: 2 + 
Try it 
yourself EXERCISE 4.3-2 Find the voltages v, and v, for the circuit of Figure E 4.3-2. 


in WileyPLUS 
Answer: (vy + 8) — (=12) |v 


b 3 => w=8V and v,=16V 


10 40 


FIGURE E 4.3-1 FIGURE E 4.3-2 
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44 Node Voltage Analysis with Dependent Sources 


When a circuit contains a dependent source the controlling current or voltage of that 
dependent source must be expressed as a function of the node voltages. 


It is then a simple matter to express the controlled current or voltage as a function of the node 
voltages. The node equations are then obtained using the techniques described in the previous two 


sections. 
Try it . : : TE 
yourself ExAMPLE 4.4-1 Node Equations for a Circuit Containing 
in WileyPLUS 


a Dependent Source 


Determine the node voltages for the circuit shown in Figure 4.4-1. 


Solution 


is to express this current as a function of the node voltages: 


Ka ve 


6 


= 


The value of the node voltage at node a is set by the 8-V voltage FIGURE 4.4-1 A circuit with a CCVS. 


source to be 


V~ 3 V 


8 = Vb 
S ke = 
(0) l 5 


The node voltage at node c is equal to the voltage of the dependent source, so 


> 8 — v Vb 
= 3i,=3 = 4 ae 4.4-1 
v i ( 7 ) 5 ( ) 
Next, apply KCL at node b to get 
s- OG 
— eA ; x (4.4-2) 
Using Eq. 4.4-1 to eliminate v. from Eq. 4.4-2 gives 
Vb 
a Coola 4 
E "a 3 2.53 
Solving for v, gives 
Vb = IN 
1 
Then, V = -y 


Node Voltage Analysis with Dependent Sources 127 


Try it : . . 
yourself ExAMPLE 4.4-2 Node Equations for a Circuit 


ear. Containing a Dependent Source 


Determine the node voltages for the circuit shown in Figure 4.4-2. 


Solution 
The controlling voltage of the dependent source is vy. Our first task 
is to express this voltage as a function of the node voltages: 

ee = Va 
The difference between the node voltages at nodes a and b is set 
by voltage of the dependent source: 


10Q 


FIGURE 4.4-2 A circuit with a VCVS. 


Va — Vb = 4x = 4(—va) = —4 va 
Simplifying this equation gives ie = 5) (4.4-3) 
Applying KCL to the supernode corresponding to the dependent voltage source gives 
Va Vb 
=—+— 4.4-4 
ie as 10 (4.4-4) 


Using Eq. 4.4-3 to eliminate v, from Eq. 4.4-4 gives 


Ae My. SW = 3 
-a "mw da 
Solving for vz, we get ea 
Finally, hy = Sth = 20V 
Try it g ; 5 
yourself ExamPLE 4.4-3 Node Equations for a Circuit 
in WileyPLUS 


Containing a Dependent Source 


Determine the node voltages corresponding to nodes a and b for the circuit 
shown in Figure 4.4-3. 


Solution 
The controlling current of the dependent source is i,. Our first task is to express 
this current as a function of the node voltages. Apply KCL at node a to get 


G= Wy 7s Va — Vb 
10 20 


(4.4-5) 


Next, apply KCL at node b to get 


=5i, (4.4-6) 


Using Eq. 4.4-5 to eliminate i, from Eq. 4.4-6 gives 


wes 12+ v 
20 20 


Solving for v, gives 
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Try it 
yourself 
in WileyPLUS 


Try it 
yourself 
in WileyPLUS 


8Q a 120 $ 209 a 152 4 


FIGURE E 4.4-1 A circuit with a CCVS. FIGURE E 4.4-2 A circuit with a VCVS. 


EXERCISE 4.4-1 Find the node voltage v, for the circuit shown in Figure E 4.4-1. 


Hint: Apply KCL at node a to express i, as a function of the node voltages. Substitute the result into 
Vp = 4i, and solve for vp. 
6 v 


Answer: —— eo => =4.5V 
874 12 b 


EXERCISE 4.4-2 Find the node voltages for the circuit shown in Figure E 4.4-2. 


Hint: The controlling voltage of the dependent source is a node voltage, so it is already expressed as a 
function of the node voltages. Apply KCL at node a. 


va—6 va—4v 


Answer: 2 1 = —2V 
5 0 > y 


45 Mesh Current Analysis with Independent 
Voltage Sources 


In this and succeeding sections, we consider the analysis of circuits using Kirchhoff’s voltage law 
(KVL) around a closed path. A closed path or a loop is drawn by starting at a node and tracing a path 
such that we return to the original node without passing an intermediate node more than once. 

A mesh is a special case of a loop. 


A mesh is a loop that does not contain any other loops within it. 


Mesh current analysis is applicable only to planar networks. A planar circuit is one that can be 
drawn on a plane, without crossovers. An example of a nonplanar circuit is shown in Figure 4.5-1, in 
which the crossover is identified and cannot be removed by redrawing the circuit. For planar networks, the 
meshes in the network look like windows. There are four meshes in the circuit shown in Figure 4.5-2. 
They are identified as M;. Mesh 2 contains the elements R3, R4, and R5. Note that the resistor R3 is common 
to both mesh 1 and mesh 2. 

We define a mesh current as the current through the elements constituting the mesh. Figure 4.5-3a 
shows a circuit having two meshes with the mesh currents labeled as į; and iz. We will use the convention of 
a mesh current in the clockwise direction as shown in Figure 4.5-3a. In Figure 4.5-3b, ammeters have been 
inserted into the meshes to measure the mesh currents. 

One of the standard methods for analyzing an electric circuit is to write and solve a set of 
simultaneous equations called the mesh equations. The unknown variables in the mesh equations are the 
mesh currents of the circuit. We determine the values of the mesh currents by solving the mesh 
equations. 
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Crossover 


FIGURE 4.5-2 Circuit with four meshes. Each mesh is 
FIGURE 4.5-1 Nonplanar circuit with a crossover. identified by dashed lines. 


To write a set of mesh equations, we do two things: 


1. Express element voltages as functions of the mesh currents. 
2. Apply Kirchhoff’s voltage law (KVL) to each of the meshes of the circuit. 


Consider the problem of expressing element voltages as functions of the mesh currents. Although 
our goal is to express element voltages as functions of the mesh currents, we begin by expressing element 
currents as functions of the mesh currents. Figure 4.5-3b shows how this is done. The ammeters in 
Figure 4.5-3b measure the mesh currents, i; and i2. Elements C and E are in the right mesh but not in the 
left mesh. Apply Kirchhoff’s current law at node c and then at node f to see that the currents in elements 
C and E are equal to the mesh current of the right mesh, i>, as shown in Figure 4.5-3b. Similarly, elements 
A and D are only in the left mesh. The currents in elements A and D are equal to the mesh current of the left 
mesh, i), as shown in Figure 4.5-3b. 


il i2 


Ọ Ammeter © @ Ammeter © 


(a) (b) 
FIGURE 4.5-3 (a) A circuit with two meshes. (b) Inserting ammeters to measure the mesh currents. 
Element B is in both meshes. The current of element B has been labeled as i,. Applying 
Kirchhoff’s current law at node b in Figure 4.5-3b gives 
ip =i — i 


This equation expresses the element current ip as a function of the mesh currents i, and iz. 
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i 
(i) (i) i, ) 3A (in) La) v SR la) 
lä- i2 | i: -i2 {isi -in 


(a) (b) (c) 


FIGURE 4.5-4 Mesh currents 7, and i, and element current i; — i2 of a (a) generic circuit element, (b) current source, 
and (c) resistor. 


Figure 4.5-4a shows a circuit element that is in two meshes. The current of the circuit element 
is expressed as a function of the mesh currents of the two meshes. The circuit element in Figure 4.5-4a 
could be anything: a resistor, a current source, a dependent voltage source, and so on. In Figures 4.5-4b 
and c, we consider specific types of circuit element. In Figure 4.5-4b, the circuit element is a current 
source. The element current has been represented twice, once as the current source current 3 A and once 
as a function of the mesh currents i, — i2. Noticing that the reference directions for 3 A and i, — iz are 
different (one points up, the other points down), we write 


=3= i =h 
This equation relates the values of two of the mesh currents. 
Next consider Figure 4.5-4c. In Figure 4.5-4c, the circuit element is a resistor. We will use Ohm’ s 
law to express the resistor voltage v as functions of the mesh currents. First, we express the resistor 


current as a function of the mesh currents 7, — i2. Noticing that the resistor current i; — i2 and the voltage 
v adhere to the passive convention, we use Ohm’s law to write 


v= R(i — i2) 
Frequently, we know the value of the resistance. For example, when R = 8 Q, this equation becomes 
v= 8(i = in) 


This equation expresses the resistor voltage v as a function of the mesh currents i) and io. 

Next, let’s write mesh equations to represent the circuit shown in Figure 4.5-5a. The input to this 
circuit is the voltage source voltage v,. To write mesh equations, we will first express the resistor 
voltages as functions of the mesh currents and then apply Kirchhoff’s voltage law to the meshes. The 
resistor currents are expressed as functions of the mesh currents in Figure 4.5-5b, and then the resistor 
voltages are expressed as functions of the mesh currents in Figure 4.5-5c. 

We may use Kirchhoff’s voltage law around each mesh. We will use the following convention for 
obtaining the algebraic sum of voltages around a mesh. We will move around the mesh in the clockwise 
direction. If we encounter the + sign of the voltage reference polarity of an element voltage before the — 
sign, we add that voltage. Conversely, if we encounter the — of the voltage reference polarity of an 
element voltage before the + sign, we subtract that voltage. Thus, for the circuit of Figure 4.5-5c, 
we have 


mesh 1: —v, + Rii + R3(i) — i) = 0 (4.5-1) 
mesh 2: —R3(i) — in) + Roi = 0 (4.5-2) 
Note that the voltage across R3 in mesh | is determined from Ohm’s law, where 
v= R3i, = R3(i) — i2) 


where i, is the actual element current flowing downward through R3. 
Equations 4.5-1 and 4.5-2 will enable us to determine the two mesh currents i; and iz. Rewriting 
the two equations, we have 
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(b) 


FIGURE 4.5-5 (a) A circuit. (b) The resistor currents expressed as functions of the mesh currents. (c) The resistor 
voltages expressed as functions of the mesh currents. 


(Ri + R3) — R3 = vs 


and —i 
If Ri = Ro = R; = 1 Q, we have 


and 


R; + in(R3 + R2) = 0 


211 = i2 = Vs 
—i, +2i = 0 


Add twice the first equation to the second equation, obtaining 3i} = 2v,. Then we have 


i 


2v; S 
== and b== 


Thus, we have obtained two independent mesh current equations that are readily solved for the 


two unknowns. If we have N meshes and 


write N mesh equations in terms of N mesh currents, we can 


obtain N independent mesh equations. This set of N equations is independent and thus guarantees a 


solution for the N mesh currents. 


A circuit that contains only independent voltage sources and resistors results in a specific 
format of equations that can readily be obtained. Consider a circuit with three meshes, as shown in 
Figure 4.5-6. Assign the clockwise direction to all of the mesh currents. Using KVL, we obtain the three 


mesh equations 
mesh 1: —v, 


+ Rip + Rai =) =0 


mesh 2: Roin + R5(i2 = iz) T R4(i2 = ii) =0 
mesh 3: Rs(i3 — in) + R3i3 + Vg = 0 
These three mesh equations can be rewritten by collecting coefficients for each mesh current as 
mesh 1: (Ri + Ra)iy — R4b = v; 


mesh 2: —R4i; 7 
mesh 3: —R5i2 4 


Rı R2 


sG) 


+ Rs + (R4 + Ro + Rs)i2 — Rsiz3 = 0 
H (R3 + Rs )i3 = —Vzg 


R3 


v 
© FIGURE 4.5-6 Circuit with three 
mesh currents and two voltage sources. 
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Hence, we note that the coefficient of the mesh current i, for the first mesh is the sum of 
resistances in mesh 1, and the coefficient of the second mesh current is the negative of the resistance 
common to meshes | and 2. In general, we state that for mesh current i,,, the equation for the nth mesh 
with independent voltage sources only is obtained as follows: 


Q 
= 5 Rig + 5 Rjin = 5 Vsn (4.5-3) 


That is, for mesh n we multiply i, by the sum of all resistances R; around the mesh. Then we add 
the terms due to the resistances in common with another mesh as the negative of the connecting 
resistance R, multiplied by the mesh current in the adjacent mesh i, for all Q adjacent meshes. 
Finally, the independent voltage sources around the loop appear on the right side of the equation as 
the negative of the voltage sources encountered as we traverse the loop in the direction of the 
mesh current. Remember that the preceding result is obtained assuming all mesh currents flow 
clockwise. 
The general matrix equation for the mesh current analysis for independent voltage sources present 
in a circuit is 
Ri= v, (4.5-4) 


where R is a symmetric matrix with a diagonal consisting of the sum of resistances in each mesh and the 
off-diagonal elements are the negative of the sum of the resistances common to two meshes. The matrix 
i consists of the mesh current as 


iy 


in 
For N mesh currents, the source matrix v, is 
Vs1 
Vs2 
Vs = 
VsN 


where v is the algebraic sum of the voltages of the voltage sources in the jth mesh with the 
appropriate sign assigned to each voltage. 
For the circuit of Figure 4.5-6 and the matrix Eq. 4.5-4, we have 


(Ri + R4) —R, 0 
R= —R4 (Ro + R4 + Rs) —Rs 
0 —Rs (R3 + Rs) 


Note that R is a symmetric matrix, as we expected. 
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EXERCISE 4.5-1 Determine the value of the voltage measured by the voltmeter in Figure E 4.5-1. 
6Q 


© Voltmeter @ 


FIGURE E 4.5-1 


Answer: —1 V 


46 Mesh Current Analysis with 
Current and Voltage Sources 


Heretofore, we have considered only circuits with independent voltage sources for analysis by the mesh 
current method. If the circuit has an independent current source, as shown in Figure 4.6-1, we recognize 
that the second mesh current is equal to the negative of the current source current. We can then write 


in = —ig 
and we need only determine the first mesh current i}. Writing KVL for the first mesh, we obtain 


(Ri + Ro)i; — Roi = vs 


Because ip = —is, we have 
a Rois 
Ri +R 


where i, and v, are sources of known magnitude. 
If we encounter a circuit as shown in Figure 4.6-2, we have a current source i, that has an 
unknown voltage va across its terminals. We can readily note that 


ii (4.6-1) 


b-i =i, (4.6-2) 

by writing KCL at node a. The two mesh equations are 
mesh 1: Ryiy + Vab = Vs (4.6-3) 
mesh 2: (Rz + R3)i2 — va = 0 (4.6-4) 


Ri R3 


FIGURE 4.6-1 Circuit with an independent voltage FIGURE 4.6-2 Circuit with an independent current 
source and an independent current source. source common to both meshes. 
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Try it 
yourself 


in WileyPLUS 


Consider the circuit of Figure 4.6-3 where Rı = R? = 1 Q and 
R3 = 2 Q. Find the three mesh currents. 


Solution 
Because the 4-A source is in mesh | only, we note that 


For the 5-A source, we have 
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We note that if we add Eqs. 4.6-3 and 4.6-4, we eliminate vab, obtaining 
Rii + (Ro + R3)i2 = V; 
However, because ip = i, + i}, we obtain 
Rii + (Ro + R3) (is + i) = V 
Vs — (Ro + R3)is 


fps ETL 4.6-5 
i Ri + R2 + R3 ( ) 


or 


Thus, we account for independent current sources by recording the relationship between the mesh 
currents and the current source current. If the current source influences only one mesh current, we write the 
equation that relates that mesh current to the current source current and write the KVL equations for the 
remaining meshes. If the current source influences two mesh currents, we write the KVL equation for both 
meshes, assuming a voltage va across the terminals of the current source. Then, adding these two mesh 
equations, we obtain an equation independent of va». 


( ExAMPLE 4.6-1 Mesh Equations ) 


i, =4 


b=—b =5 (4.6-6) FIGURE 4.6-3 Circuit with two independent 
current sources. 


Writing KVL for mesh 2 and mesh 3, we obtain 


mesh 2: Ri (in = i) + Vab = 10 (4.6-7) 
mesh 3: Ro(i3 = i1) ale R313 — Vab = 0 (4.6-8) 


We substitute 7; = 4 and add Eqs. 4.6-7 and 4.6-8 to obtain 


Rı(i2 — 4) + R2 (i3 — 4) + Ris = 10 (4.6-9) 


From Eq. 4.6-6, i2 = 5 + i3, substituting into Eq. 4.6-9, we have 


Rı(5 + i — 4) + R2 (i3 — 4) + R3i = 10 


Using the values for the resistors, we obtain 


: 13 é ee es) 
a a and 0 7A 


Another technique for the mesh analysis method when a current source is common to two meshes 
involves the concept of a supermesh. A supermesh is one mesh created from two meshes that have a 
current source in common, as shown in Figure 4.6-4. 
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FIGURE 4.6-4 Circuit with a supermesh 
Supermesh that incorporates mesh | and mesh 2. 


The supermesh is indicated by the dashed line. 


A supermesh is one larger mesh created from two meshes that have an independent or 
dependent current source in common. 


For example, consider the circuit of Figure 4.6-4. The 5-A current source is common to mesh 1 
and mesh 2. The supermesh consists of the interior of mesh | and mesh 2. Writing KVL around the 
periphery of the supermesh shown by the dashed lines, we obtain 


10+ 1(i — i) +3(b — i) + 2i = 0 


For mesh 3, we have 
1(is — i1) + 2i3 + 3(i3 — in) = 0 
Finally, the equation that relates the current source current to the mesh currents is 
i—i =5 
Then the three equations may be reduced to 


supermesh: li + 5i — 4i =10 
mesh 3: —li — 3i + 6i; = 0 
current source: liy — liz =5 


Therefore, solving the three equations simultaneously, we find that ip = 2.5A,i; = 7.5 A, and 
iz = 2.5A. 


Try it 
yourself ( ExamPLE 4.6-2 Supermeshes ) 


in WileyPLUS 


Determine the values of the mesh currents i, and i, for the circuit shown in Figure 4.6-5. 
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FIGURE 4.6-5 The circuit for Example 4.6-2. FIGURE 4.6-6 Method 1 of Example 4.6-2. 
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Solution 
We can write the first mesh equation by considering the current source. The current source current is related to the 
mesh currents by 


Hh=-Hheols => S= nts 


To write the second mesh equation, we must decide what to do about the current source voltage. (Notice that there is 
no easy way to express the current source voltage in terms of the mesh currents.) In this example, we illustrate two 
methods of writing the second mesh equation. 

Method 1: Assign a name to the current source voltage. Apply KVL to both of the meshes. Eliminate the 
current source voltage from the KVL equations. 

Figure 4.6-6 shows the circuit after labeling the current source voltage. The KVL equation for mesh 1 is 


Cae Pe — 1 — (0) 


The KVL equation for mesh 2 is 3i + 612 -v= 0 


Combining these two equations gives 
9i + (3i +62) -12=0 = 9i +9h = 12 


Method 2: Apply KVL to the supermesh corresponding to the current source. Shown in Figure 4.6-7, 
this supermesh is the perimeter of the two meshes that each contain the current source. Apply KVL to the 
supermesh to get 


9i +3i +6 —12=0 => 9i +9i, = 12 
This is the same equation that was obtained using method 1. Applying KVL to the supermesh is a shortcut for doing 
three things: 


1. Labeling the current source voltage as v. 
2. Applying KVL to both meshes that contain the current source. 
3. Eliminating v from the KVL equations. 


9Q 32 


FIGURE 4.6-7 Method 2 of Example 4.6-2. 


In summary, the mesh equations are 
i =i +1.5 
and ii ae A = I2 


Solving the node equations gives 


i; = 1.4167A and iy =—83.3mA 


Try it 
yourself 
in WileyPLUS 


Try it 
yourself 
in WileyPLUS 
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EXERCISE 4.6-1 Determine the value of the voltage measured by the voltmeter in 


Figure E 4.6-1. 
pe 
D 
Ò 


Hint: Write and solve a single mesh equation to determine the current in the 3-Q resistor. 


Answer: —4 V 


9V 
© 


FIGURE E 4.6-1 


EXERCISE 4.6-2 Determine the value of the current measured by the ammeter in 
Figure E 4.6-2. 


15V | 


© oc] 
gh FIGURE E 4.6-2 


Hint: Write and solve a single mesh equation. 


Answer: —3.67 A 


4.7 Mesh Current Analysis 
with Dependent Sources 


When a circuit contains a dependent source, the controlling current or voltage of that 
dependent source must be expressed as a function of the mesh currents. 


It is then a simple matter to express the controlled current or voltage as a function of the mesh currents. 
The mesh equations can then be obtained by applying Kirchhoff s voltage law to the meshes of the circuit. 


Try it . 
yourself | EXAMPLE 4.7-1 Mesh Equations and @ INTERACTIVE EXAMPLE 


inve oo Dependent Sources 


Consider the circuit shown in Figure 4.7-la. Find the value of the voltage measured by the voltmeter. 


Solution 
Figure 4.7-1b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the voltage, 
Vm, Measured by the voltmeter. Figure 4.7-lc shows the circuit after numbering the meshes. Let i; and iz denote the 
mesh currents in meshes | and 2, respectively. 

The controlling current of the dependent source, i,, is the current in a short circuit. This short circuit is 
common to meshes | and 2. The short-circuit current can be expressed in terms of the mesh currents as 


ia = i — b 
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320 320 
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(a) 


320 320 
C) av OA 24V 
+ 


32 Q 320 


FIGURE 4.7-1 (a) The circuit 
considered in Example 4.7-1. 

(b) The circuit after replacing the 
voltmeter by an open circuit. (c) The 


circuit after labeling the meshes. 


The dependent source is in only one mesh, mesh 2. The reference direction of the dependent source current does not 
agree with the reference direction of iz. Consequently, 


Šia = —in 
Solving for ip gives in = —5i, = —5(i) — i2) 
5 
Therefore, —4i» — 5i ln 4 i 
Apply KVL to mesh 1 to get 320 20 > i= 7A 
Consequently, the value of iz is in = 5 3 = 1S A 
4\4 16 
Apply KVL to mesh 2 to get 32i — vm =0 => Vm = 32H 
1 
Finally, Vin = 32(72) == OW 


Try it x 
yourself ExamPLE 4.7-2 Mesh Equations and > INTERACTIVE EXAMPLE 


PA yEDUS Dependent Sources 


Consider the circuit shown in Figure 4.7-2a. Find the value of the gain A of the CCVS. 


Solution 
Figure 4 7-2b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the voltage 
measured by the voltmeter. Figure 4.7-2c shows the circuit after numbering the meshes. Let i; and iz denote the 
mesh currents in meshes | and 2, respectively. 

The voltage across the dependent source is represented in two ways. It is Ai, with the + of reference direction 
at the bottom and —7.2 V with the + at the top. Consequently, 


Ai, = —(—7.2) = 7.2 V 


The controlling current of the dependent source, i,, is the current in a short circuit. This short circuit is common to 
meshes | and 2. The short-circuit current can be expressed in terms of the mesh currents as 


i = i — i 
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FIGURE 4.7-2 (a) The circuit considered in Example 4.7-2. (b) The circuit after replacing the voltmeter by an open circuit. (c) The 
circuit after labeling the meshes. 


Apply KVL to mesh 1 to get Oj —36:—= 0 = i= 3:64 

Apply KVL to mesh 2 to get 4i + (-7.2) =0 > b=1.8A 
Aia Aia 2 

Finally, eee ko = ee 


4.8 The Node Voltage Method and Mesh Current 
Method Compared 


The analysis of a complex circuit can usually be accomplished by either the node voltage or the mesh 
current method. The advantage of using these methods is the systematic procedures provided for 
obtaining the simultaneous equations. 

In some cases, one method is clearly preferred over another. For example, when the circuit contains 
only voltage sources, it is probably easier to use the mesh current method. When the circuit contains only 
current sources, it will usually be easier to use the node voltage method. 


Try it . 
yourself ( ExAMPLE 4.8-1 Mesh Equations ) > INTERACTIVE EXAMPLE 


in WileyPLUS 


Consider the circuit shown in Figure 4.8-1. Find the value of the resistance, R. 


O.5A 
@ Ammeter Ọ 


FIGURE 4.8-1 The circuit considered in Example 4.8-1. 
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Solution 

Figure 4.8-2a shows the circuit from Figure 4.8-1 after replacing the ammeter by an equivalent short circuit and 
labeling the current measured by the ammeter. This circuit can be analyzed using mesh equations or using node 
equations. To decide which will be easier, we first count the nodes and meshes. This circuit has five nodes. Selecting a 
reference node and then applying KCL at the other four nodes will produce a set of four node equations. The circuit has 


1A 1A 
AN 
20 20 20 29 FIGURE 4.8-2 (a) The 


circuit from Figure 4.8-1 


after replacing the 
0.5A 0.5A 
SA D | an D | ammeter by a short 


circuit. (b) The circuit 
after labeling the 
(a) (b) meshes. 


three meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Hence, analyzing this 
circuit using mesh equations instead of node equations will produce a smaller set of equations. Further, notice that two 
of the three mesh currents can be determined directly from the current source currents. This makes the mesh equations 
easier to solve. We will analyze this circuit by writing and solving mesh equations. 
Figure 4.8-2b shows the circuit after numbering the meshes. Let i), i2, and i; denote the mesh currents in 
meshes 1, 2, and 3, respectively. The mesh current i; is equal to the current in the 1-A current source, so 
iy A 
The mesh current iz is equal to the current in the 3-A current source, so 
i =3A 
The mesh current 73 is equal to the current in the short circuit that replaced the ammeter, so 
iy = 5) AY 
Apply KVL to mesh 3 to get 


2(i3 — i1) + 12(i) + R(i3 — i2) = 0 
Substituting the values of the mesh currents gives 
2(0.5 —1)+12(0.5)+ R(0.5-3)=0 => R=20 


Try it ‘ 
yourself | EXAMPLE 4.8-2 Node Equations @ 'NTERACTIVE EXAMPLE 
in WileyPLUS 


Consider the circuit shown in Figure 4.8-3. Find the value of the resistance, R. 


22 


FIGURE 4.8-3 The circuit considered in Example 4.8-2. 
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22 22 


FIGURE 4.8-4 (a) The 
16V © 22 16V 16V (E) 20 16V circuit from Figure 4.8-3 
= - after replacing the 


voltmeter by an open 
se circuit. (b) The circuit 
(a) (b) after labeling the nodes. 


Solution 
Figure 4.8-4a shows the circuit from Figure 4.8-3 after replacing the voltmeter by an equivalent open circuit 
and labeling the voltage measured by the voltmeter. This circuit can be analyzed using mesh equations or node 
equations. To decide which will be easier, we first count the nodes and meshes. This circuit has four nodes. Selecting a 
reference node and then applying KCL at the other three nodes will produce a set of three node equations. The circuit 
has three meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Analyzing 
this circuit using mesh equations requires the same number of equations that are required to analyze the circuit using 
node equations. Notice that one of the three mesh currents can be determined directly from the current source current, 
but two of the three node voltages can be determined directly from the voltage source voltages. This makes the node 
equations easier to solve. We will analyze this circuit by writing and solving node equations. 

Figure 4.8-4b shows the circuit after selecting a reference node and numbering the other nodes. Let vı, v2, and 
v3 denote the node voltages at nodes 1,2, and 3, respectively. The voltage of the 16-V voltage source can be 
expressed in terms of the node voltages as 


lo O S ov 6N 
The voltage of the 18-V voltage source can be expressed in terms of the node voltages as 
1=y-y S B=l6 v S w=-2V 


The voltmeter measures the node voltage at node 3, so 


V — 16 Vi 
Applying KCL at node 3 to get jl are Prey ee 
2 R 
Substituting the values of the node voltages gives 
16— 16 16 
pe = = R=80 
2 R 


If a circuit has both current sources and voltage sources, it can be analyzed by either method. One 
approach is to compare the number of equations required for each method. If the circuit has fewer nodes 
than meshes, it may be wise to select the node voltage method. If the circuit has fewer meshes than 
nodes, it may be easier to use the mesh current method. 

Another point to consider when choosing between the two methods is what information is 
required. If you need to know several currents, it may be wise to proceed directly with mesh current 
analysis. Remember, mesh current analysis only works for planar networks. 

It is often helpful to determine which method is more appropriate for the problem requirements 
and to consider both methods. 
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49 Circuit Analysis Using MATLAB 


We have seen that circuits that contain resistors and independent or dependent sources can be analyzed 
in the following way: 

1. Writing a set of node or mesh equations. 

2. Solving those equations simultaneously. 

In this section, we will use the MATLAB computer program to solve the equations. 


Consider the circuit shown in Figure 4.9-1a. This circuit contains a potentiometer. In Figure 
4.9-1b, the potentiometer has been replaced by a model of a potentiometer. R, is the resistance of 


FIGURE 4.9-1 (a) A circuit that contains a potentiometer and (b) an equivalent circuit formed by replacing the 
potentiometer with a model of a potentiometer (0 < a < 1). 


the potentiometer. The parameter a varies from 0 to | as the wiper of the potentiometer is moved 
from one end of the potentiometer to the other. The resistances R4 and R5 are described by the 
equations 


Ry = aR, (4.9-1) 
and Rs = (1 — a)Rp (4.9-2) 
Our objective is to analyze this circuit to determine how the output voltage changes as the position of the 


potentiometer wiper is changed. 
The circuit in Figure 4.9-1b can be represented by mesh equations as 


Rii + Ray + R3 (i = in) —v=0 (4 9-3) 
Rsi + Ri + [v2 — R3(i) — i2)] = 0 , 


These mesh equations can be rearranged as 


(Ri + R4 + R3)i — R3i, = vi 


; 4.9-4 
—R3i1 + (Rs + R2 + R3)i2 = —v2 ( ) 
Substituting Eqs. 4.9-1 and 4.9-2 into Eq. 4.9-4 gives 

(Ri + aR, + R3)i) — Ri = vı (4.9-5) 


—R3i, + |(1 — a)R, + R2 + Bs] = —v2 
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mesh.m solves mesh equations 


circuit parameters 
Ri=1000; ohms 
R2=1000; ohms 
R3=5000; ohms 
Vil= 15; volts 
Ve=-15; volts 


potentiometer parameters 


i0.,05s12 % dimensionless 


k=l:length{a} 


Rita(k)*Rp+R3 
-R3 {i-a{k))*Rp+R2+R3]; 


plota, Vo) 

axis([0 1 -15 15]) 
xlabel(’a, dimensionless”) 
ylabel(’Vo, V7) 


FIGURE 4.9-2 MATLAB input file used to analyze the circuit shown in Figure 4.9-1. 


Equation 4.9-5 can be written using matrices as 


R, + aRp + R3 —R; iy vi 
|= 4.9- 
—R3 m REN H | | ( 2 6) 
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a, dimensionless 


FIGURE 4.9-3 Plot of vo versus a for the circuit shown 
in Figure 4.9-1. 


Next, 7; and ip are calculated by using MATLAB to solve 
the mesh equation, Eq. 4.9-6. Then the output voltage is 
calculated as 


Vo = R3 (i = i2) (4.9-7) 


Figure 4.9-2 shows the MATLAB input file. The param- 
eter a varies from 0 to | in increments of 0.05. At each value of 
a, MATLAB solves Eq. 4.9-6 and then uses Eq. 4.9-7 to 
calculate the output voltage. Finally, MATLAB produces the 
plot of vo versus a that is shown in Figure 4.9-3. 


4.10 Using PSpice to Determine 
Node Voltages and Mesh Currents 


To determine the node voltages of a de circuit using PSpice, we 


1. Draw the circuit in the OrCAD Capture workspace. 


2. Specify a “Bias Point” simulation. 


3. Run the simulation. 


PSpice will label the nodes with the values of the node voltages. 


ExAMPLE 4.10-1 Using PSpice to Find Node Voltages 
and Mesh Currents 


Use PSpice to determine the values of the node voltages and mesh currents for the circuit shown in Figure 4.10-1. 


FIGURE 4.10-1 A circuit having node voltages v1, v2, v3, 
and v4 and mesh currents 1), i2, i3, and i4. 


: WV : 
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FIGURE 4.10-2 The circuit from Figure 4.10-1 drawn 
in the OrCAD workspace. The white numbers shown 
on black backgrounds are the values of the node voltages. 
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Solution 

Figure 4.10-2 shows the result of drawing the circuit in the OrCAD workspace (see Appendix A) and performing a 
Bias Point simulation. (Select PSpice\New Simulation Profile from the OrCAD Capture menu bar; then choose 
Bias Point from the Analysis Type drop-down list in the Simulation Settings dialog box to specify a Bias Point 
simulation. Select PSpice\Run Simulation Profile from the OrCAD Capture menu bar to run the simulation.) 
PSpice labels the nodes with the values of the node voltages using white numbers shown on black backgrounds. 
Comparing Figures 4.10-1 and 4.10-2, we see that the node voltages are 


vı = —6.106 V, v2 = — 10.61 V, v3 = 22.34 V, and v4 = —7.660 V. 


Figure 4.10-3 shows the circuit from Figure 4.10-2 after inserting a 0-V current source on the outside of each mesh. 
The currents in these 0-V sources will be the mesh currents shown in Figure 4.10-1. In particular, source V2 


V2 OVdc 
| 
WV mle 
5 


15 V1 30V 


mO) A 
0.5A 
= 10 n 20 25 = 
0.2A \ 4 


FIGURE 4.10-3 The circuit from Figure 4.10-1 drawn in 


i | | I 
j | | aE = I | an i | 5E the OrCAD workspace with 0-V voltage sources added 
V5 OVdc a V4 OVde V3 OVdce 


to measure the mesh currents. 


jo) 


measures mesh current i4, source V3 measures mesh current i2, source V4 measures mesh current iz, and source V5 
measures mesh current i4. 

After we rerun the simulation (Select PSpice\Run from the OrCAD Capture menu bar), OrCAD Capture will 
open a Schematics window. Select View\Output File from the menu bar in the Schematics window. Scroll down 
through the output file to find the currents in the voltage sources: 


VOLTAGE SOURCE CURRENTS 


NAME CURRENT 

V V1 = 667.0 — Gall 
My2 SLOE — OL 
MEVS — 3.064E — 01 
V_V4 8.106E — 01 
VVS 6.106E — 01 


TOTAL POWER DISSIPAT 


E 
C 
z 


1.85E+01 WATTS 


JOB CONCLUDED 


PSpice uses the passive convention for the current and voltage of all circuit elements, including voltage sources. 
Noticing the small + and — signs on the voltage source symbols in Figure 4.10-3, we see that the currents provided 
by PSpice are directed form left to right in sources VI and V2 and are directed from right to left in sources V3, V4, 
and V5. In particular, the mesh currents are 


i; = 0.3106 A, i = 0.6106 A, i = 0.8106 A, and i4 = —0.3064 A. 
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An extra step is needed to use PSpice to determine the mesh currents. PSpice does not label the 
values of the mesh currents, but it does provide the value of the current in each voltage source. Recall 
that a 0-V voltage source is equivalent to a short circuit. Consequently, we can insert 0-V current 
sources into the circuit without altering the values of the mesh currents. We will insert those sources into 
the circuit in such a way that their currents are also the mesh currents. To determine the mesh currents of 
a de circuit using PSpice, we 


1. Draw the circuit in the OrCAD Capture workspace. 
2. Add 0-V voltage sources to measure the mesh currents. 
3. Specify a Bias Point simulation. 


4. Run the simulation. 


PSpice will write the voltage source currents in the output file. 


4.11 How Can We Check... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. 
For example, proposed solutions to design problems must be checked to confirm that all of the 
specifications have been satisfied. In addition, computer output must be reviewed to guard against 
data-entry errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able quickly to identify 
those solutions that need more work. 

The following examples illustrate techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


ExAMPLE 4.11-1 How Can We Check Node Voltages? 


The circuit shown in Figure 4.11-1a was analyzed using PSpice. The PSpice output file, Figure 4.11-1b, includes 


the node voltages of the circuit. How can we check that these node voltages are correct? 


Solution 
The node equation corresponding to node 2 is 
V(2)— VQ) | V2) | V2) — VB) 
100 200 100 


where, for example, V(2) is the node voltage at node 2. When the node voltages from Figure 4.1 1-1 are substituted 


into the left-hand side of this equation, the result is 


72727 —12 7.2727 _ 7.2727 — 3.0909 


= 0.011 
100 200 100 2i 


The right-hand side of this equation should be 0 instead of 0.011. It looks like something is wrong. Is a current of 
only 0.011 negligible? Probably not in this case. If the node voltages were correct, then the currents of the 100-0, 
resistors would be 0.047 A and 0.022 A, respectively. The current of 0.011 A does not seem negligible when 


compared to currents of 0.047 A and 0.022 A. 
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ea Voltage Example >» 


vi 1 ee 
Ri i 2 im 
R2 2 0 æ 
E 2 5 æm 
R43 OF 200 
R03) 4 200 
VZ 4 0 8 
.END 
NODE VOLTAGES 
il 2 3 2 NODE VOLTAGE 
1002 | 1002 
(1) 12.0000 
12v(Z) 2002S 20002 C)av (2) beet 
a 8.0000 e 
(a) (b) 


FIGURE 4.11-1 (a) A circuit and (b) the node voltages calculated using PSpice. The bottom node has been chosen as the reference 
node, which is indicated by the ground symbol and the node number 0. The voltages and resistors have units of voltages 
and ohms, respectively. 


Is it possible that PSpice would calculate the node voltages incorrectly? Probably not, but the PSpice 
input file could easily contain errors. In this case, the value of the resistance connected between nodes 2 and 3 
has been mistakenly specified to be 200 ©. After changing this resistance to 100 Q, PSpice calculates the node 
voltages to be 


VU) = 12.0, WR) = 70, WC = 5.5, VW) = 8.0 
Substituting these voltages into the node equation gives 


70 =12.0 07,0. 70-55 _ 94 
ww 200, O aes 


so these node voltages do satisfy the node equation corresponding to node 2. 


EXAMPLE 4.11-2 How Can We Check Mesh Currents? 


The circuit shown in Figure 4.11-2a was analyzed using PSpice. The PSpice output file, Figure 4.11-2b, includes 
the mesh currents of the circuit. How can we check that these mesh currents are correct? 

(The PSpice output file will include the currents through the voltage sources. Recall that PSpice uses the 
passive convention, so the current in the 8-V source will be —i; instead of i,. The two 0-V sources have been added 
to include mesh currents iz and iz in the PSpice output file.) 
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ox Current Example ~ 


R1 il 2 100 
R2 il = 200 
Vi 2 4 5 

R3 3 4 200 
R5 = S 500 
V2 4 6 a 

R6 S 6 250 
R7 5 7 250 
V3 6 a a 

RS ? a 250 


. END 
MESH CURRENTS 
NAME CURRENT 


ial i ipekS Oe 
I2 —-4.068E-03 


ee =) J56E S05 -e 


(b) 


FIGURE 4.11-2 (a) A circuit and (b) the mesh currents calculated using PSpice. The voltages and resistances are given in volts and 
ohms, respectively. 


Solution 
The mesh equation corresponding to mesh 2 is 


200(i2 — i1) + 500i + 250(i2 — i3) = 0 
When the mesh currents from Figure 4.11-2b are substituted into the left-hand side of this equation, the result is 
200(—0.004068— 0.01763) + 500(—0.004068) + 250(—0.004068 — (—0.001356)) = 1.629 
The right-hand side of this equation should be 0 instead of 1.629. It looks like something is wrong. Most likely, 
the PSpice input file contains an error. This is indeed the case. The nodes of both 0-V voltage sources 
have been entered in the wrong order. Recall that the first node should be the positive node of the voltage 
source. After correcting this error, PSpice gives 
ij = 0.01763, i2 = 0.004068, i3 = 0.001356 

Using these values in the mesh equation gives 


200(0.004068— 0.01763) + 500(0.004068) + 250(0.004068 — 0.001356) = 0.0 


These mesh currents do indeed satisfy the mesh equation corresponding to mesh 2. 
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( 4.12 DesIGN EXAMPLE Potentiometer Angle Display ) 


A circuit is needed to measure and display the angular position of a potentiometer shaft. The angular position, 0, 
will vary from —180° to 180°. 

Figure 4.12-1 illustrates a circuit that could do the job. The +15-V and —15-V power supplies, the 
potentiometer, and resistors R; and Rz are used to obtain a voltage, v;, that is proportional to 0. The amplifier 
is used to change the constant of proportionality to obtain a simple relationship between 0 and the voltage, vo, 
displayed by the voltmeter. In this example, the amplifier will be used to obtain the relationship 


volt 


Vo = k- Owherek = 0.1 (4.12-1) 


degree 


so that 0 can be determined by multiplying the meter reading by 10. For example, a meter reading of —7.32 V 
indicates that 0 = —73.2°. 


Describe the Situation and the Assumptions 

The circuit diagram in Figure 4.12-2 is obtained by modeling the power supplies as ideal voltage sources, the 
voltmeter as an open circuit, and the potentiometer by two resistors. The parameter a in the model of the 
potentiometer varies from 0 to 1 as 0 varies from —180° to 180°. That means 


ee. 
e= 3608 a 


@ Voltmeter © 


(4.12-2) 


Amplifier 19009 


O 
-15 V 


FIGURE 4.12-1 Proposed circuit for measuring and displaying the angular position of the potentiometer shaft. 


FIGURE 4.12-2 Circuit diagram 
containing models of the power supplies, 


voltmeter, and potentiometer. 
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Solving for 0 gives 


= (o = z) - 360° (4.12-3) 


State the Goal 
Specify values of resistors R; and R3, the potentiometer resistance Rp, and the amplifier gain b that will cause the 
meter voltage vo to be related to the angle 0 by Eq. 4.12-1. 


Generate a Plan 

Analyze the circuit shown in Figure 4.12-2 to determine the relationship between v; and 0. Select values of R4, 
Rz, and Ry. Use these values to simplify the relationship between v; and 0. If possible, calculate the value of b 
that will cause the meter voltage v, to be related to the angle 0 by Eq. 4.12-1. If this isn’t possible, adjust the 
values of Rj, R2, and R, and try again. 


Act on the Plan 
The circuit has been redrawn in Figure 4.12-3. A single node equation will provide the relationship between 
between v; and 0: 

Vi yj — 15 Vi— (—15) 


= 
MO Rrk Ryd aR 


Solving for v; gives 
2 MQ (R, (2a — 1) + Ry — R2)15 
(Ri + aRp) (Ro + (1 — a)Rp) +2 MO (R; + Ro + Rp) 


(4.12-4) 


Mi= 


This equation is quite complicated. Let’s put some restrictions on Rj, R2, and R, that will make it possible to 
simplify this equation. First, let R= Ro= R. Second, require that both R and Rp be much smaller than 2 MQ (for 
example, R < 20kQ). Then, 


(R + aR,)(R + (1 — a)Rp) < 2MQ(2R + Rp) 


That is, the first term in the denominator of the left side of Eq. 4.12-4 is negligible compared to the second term. 
Equation 4.12-4 can be simplified to 


FIGURE 4.12-3 The redrawn circuit showing the mode yj. 


Next, using Eq. 4.12-3, 
ara oan 15V 
O ERER \180° 
It is time to pick values for R and R,. Let R = 5 KQ and R, = 10 KQ; then 
TSV 
vV; = 
180° 


Referring to Figure 4.12-2, the amplifier output is given by 


Vo = bvi 


TSN 
so Cae Gm)! 


Comparing this equation to Eq. 4.12-1 gives 
; lt 
A e 
180° degree 


180 
b = — (0.1) = 2.4 
or = (0.1) 


The final circuit is shown in Figure 4.12-4. 


Verify the Proposed Solution 
As a check, suppose 0 = 150°. From Eq. 4.12-2, we see that 
150 1 
= += = 0.9167 


"= 360” 2 


Using Eq. 4.12-4, we calculate 
2MQ(10 kA(2 x 0.9167 — 1))15 


Design Example 


= 6.24 


vi 


Finally, Eq. 4.12-5 indicates that the meter voltage will be 
Vo X 2.4- 6.24 = 14.98 
This voltage will be interpreted to mean that the angle was 
0 = 10- vo = 149.8° 


which is correct to three significant digits. 


+15V 
Ọ 


10 kQ 


Amplifier 1009 


20 kQ 

10 kQ 
O 

-15 V 


FIGURE 4.12-4 The final designed circuit. 


Ọ Voltmeter © 


(5kQ + 0.9167 x 10kO)(5kO + (1 — 0.9167) 10 kQ) + 2 MO(2 x 5kO + 10 K0) 
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(4.12-5) 
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4.13 SUMMARY 


© The node voltage method of circuit analysis identifies the 


nodes of a circuit where two or more elements are connected. 

When the circuit consists of only resistors and current sources, 

the following procedure is used to obtain the node equations. 

1. We choose one node as the reference node. Label the 
node voltages at the other nodes. 

2. Express element currents as functions of the node volt- 
ages. Figure 4.13-1a illustrates the relationship between 
the current in a resistor and the voltages at the nodes of the 
resistor. 

3. Apply KCL at all nodes except for the reference node. 
Solution of the simultaneous equations results in knowl- 
edge of the node voltages. All the voltages and currents in 
the circuit can be determined when the node voltages are 
known. 

When a circuit has voltage sources as well as current sources, 
we can still use the node voltage method by using the concept 
of a supernode. A supernode is a large node that includes two 
nodes connected by a known voltage source. If the voltage 
source is directly connected between anode q and the reference 
node, we may set vg = vs and write the KCL equations at the 
remaining nodes. 

If the circuit contains a dependent source, we first express the 

controlling voltage or current of the dependent source as a 

function of the node voltages. Next, we express the controlled 

voltage or current as a function of the node voltages. Finally, 
we apply KCL to nodes and supernodes. 

Mesh current analysis is accomplished by applying KVL to 

the meshes of a planar circuit. When the circuit consists of 

only resistors and voltage sources, the following procedure is 
used to obtain the mesh equations. 


1. Label the mesh currents. 

2. Express element voltages as functions of the mesh cur- 
rents. Figure 4.13-1 illustrates the relationship between 
the voltage across a resistor and the currents of the meshes 
that include the resistor. 

3. Apply KVL to all meshes. 

Solution of the simultaneous equations results in knowl- 
edge of the mesh currents. All the voltages and currents in 
the circuit can be determined when the mesh currents are 
known. 


If a current source is common to two adjoining meshes, we 
define the interior of the two meshes as a supermesh. We then 
write the mesh current equation around the periphery of the 
supermesh. If a current source appears at the periphery of 
only one mesh, we may define that mesh current as equal to 
the current of the source, accounting for the direction of the 
current source. 

If the circuit contains a dependent source, we first express the 
controlling voltage or current of the dependent source as a 
function of the mesh currents. Next, we express the controlled 
voltage or current as a function of the mesh currents. Finally, 
we apply KVL to meshes and supermeshes. 

In general, either node voltage or mesh current analysis can 
be used to obtain the currents or voltages in a circuit. 
However, a circuit with fewer node equations than mesh 
current equations may require that we select the node voltage 
method. Conversely, mesh current analysis is readily appli- 
cable for a circuit with fewer mesh current equations than 
node voltage equations. 

MATLAB greatly reduces the drudgery of solving node or 
mesh equations. 


(b) 


FIGURE 4.13-1 Expressing resistor currents and voltages in terms of (a) node voltage or (b) mesh currents. 
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PROBLEMS 
(+) Problem available in WileyPLUS at instructor’s discretion. 
Section 4.2 Node Voltage Analysis of Circuits with 300.9 
Current Sources 
P 4.2-1 @ The node voltages in the circuit of Figure P 4.2-1 3 mA (D 5 mA 


are vı = —4 V and v = 2 V. Determine i, the current of the 
current source. 


Answer: i =1.5A 


Figure P 4.2-1 


P 4.2-2 Determine the node voltages for the circuit of Figure 
P 4.2-2. 


Answer: vi = 2 V, v = 30 V, and v3 = 24 V 


Figure P 4.2-2 


P 4.2-3 The encircled numbers in the circuit shown in Figure 
P 4.2-3 are node numbers. Determine the values of the corre- 
sponding node voltages vı and v2. 


25 mA 


Figure P 4.2-3 


P 4.2-4 (+) Consider the circuit shown in Figure P 4.2-4. Find 
values of the resistances R; and R that cause the voltages vı 
and v, to be v; = 1V and v, = 2 V. 


Figure P 4.2-4 


P 4.2-5 Find the voltage v for the circuit shown in 
Figure P 4.2-5. 


Answer: v = 21.7 mV 


Figure P 4.2-5 


P 4.2-6 Simplify the circuit shown in Figure P 4.2-6 by 
replacing series and parallel resistors with equivalent resistors; 
then analyze the simplified circuit by writing and solving node 
equations. (a) Determine the power supplied by each current 
source. (b) Determine the power received by the 12-Q resistor. 


20 Q 


120 Q 


Figure P 4.2-6 


P 4.2-7 The node voltages in the circuit shown in Figure 
P 4.2-7 are v, = 7 V and v, = 10 V. Determine values of the 
current source current, i,, and the resistance, R. 


Figure P 4.2-7 


P 4.2-8 The encircled numbers in the circuit shown in Figure 
P 4.2-8 are node numbers. The corresponding node voltages are 
vı and v2. The node equation representing this circuit is 
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0.225 —0.125)}vi} _ | -3 
—0.125 0.125 vo} | 2 


(a) Determine the values of R and /, in Figure P 4.2-8. 
(b) Determine the value of the power supplied by the 3-A 
current source. 


© sa © 


OF 


Figure P 4.2-8 


Section 4.3 Node Voltage Analysis of Circuits 
with Current and Voltage Sources 


P 4.3-1 (+) The voltmeter in Figure P 4.3-1 measures ve, the 
node voltage at node c. Determine the value of ve. 


Answer: vy. =2V 


Figure P 4.3-1 


P 4.3-2 © The voltages va, Vb, Ve, and vain Figure P 4.3-2 are the 
node voltages corresponding to nodes a, b, c, and d. The current 
iis the current in a short circuit connected between nodes b and c. 
Determine the values of va, Vp, Ve, and va and of i. 


12 V, vp = ve = 4 V, va 4V,i 


Answer: v, = 2 mA 


4 KQ i aN 


Figure P 4.3-2 


P 4.3-3 Determine the values of the power supplied by each of 
the sources in the circuit shown in Figure P 4.3-3. 


(Dosa 402 


Figure P 4.3-3 


P 4.3-4 Determine the values of the node voltages vı, v2, and 
v3 in the circuit shown in Figure P 4.3-4. 


Figure P 4.3-4 


P 4.3-5 © The voltages v,, vp, and v, in Figure P 4.3-5 are the 
node voltages corresponding to nodes a, b, and c. The values of 
these voltages are: 
va = 12 V, v = 9.882 V, and v, = 5.294 V 
Determine the power supplied by the voltage source. 
69 


Figure P 4.3-5 


P 4.3-6 @ The voltmeter in the circuit of Figure P 4.3-6 
measures a node voltage. The value of that node voltage 
depends on the value of the resistance R. 


(a) Determine the value of the resistance R that will cause the 
voltage measured by the voltmeter to be 4 V. 

(b) Determine the voltage measured by the voltmeter when 
R = 1.2 KQ = 1200 Q. 


Answers: (a) 6 kQ (b) 2V 


Ọ Voltmeter Ọ 


Figure P 4.3-6 


P 4.3-7 @ Determine the values of the node voltages v; 
and v in Figure P 4.3-7. Determine the values of the 
currents i, and ip. 


1 KQ 4 kQ 
10 V vı Vo 
ia | 3kQ 2 kQ 


Figure P 4.3-7 


P 4.3-8 The circuit shown in Figure P 4.3-8 has two inputs, vı 
and v2, and one output, vo. The output is related to the input by 
the equation 


Vo = avı + bv2 


where a and b are constants that depend on R}, Ro, and R3. 


(a) Determine the values of the coefficients a and b when 
R, = 10 Q, R, = 400, and R3 = 820. 

(b) Determine the values of the coefficients a and b when 
R, = R and R3 = R\||Ro. 


Ry Ro 
i i 


Figure P 4.3-8 


P 4.3-9 Determine the values of the node voltages of the 
circuit shown in Figure P 4.3-9. 


5V 


Figure P 4.3-9 


P 4.3-10 Figure P 4.3-10 shows a measurement made in the 
laboratory. Your lab partner forgot to record the values of Rj, 
Ro, and R3. He thinks that the two resistors were 10-kQ. resistors 
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and the other was a 5-kQ resistor. Is this possible? Which 
resistor is the 5-k resistor? 


4] .[5[o 
@ Voltmeter © 


Figure P 4.3-10 


P 4.3-11 Determine the values of the power supplied by each 
of the sources in the circuit shown in Figure P 4.3-11. 


Figure P 4.3-11 


P 4.3-12 Determine the values of the node voltages of the 
circuit shown in Figure P 4.3-12. 


Figure P 4.3-12 


P 4.3-13 © Determine the values of node voltages vı and v2 
in the circuit shown in Figure P 4.3-13. 
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v4 6V 


(M100 ma eov E) 


Figure P 4.4-2 


= P 4.4-3 (+) Determine the node voltage v, for the circuit of 
Figure P 4.3-13 Figure P 4.4-3. 


Answer: v, = 1.5 V 
P 4.3-14 The voltage source in the circuit shown in Figure i 
P 4.3-14 supplies 83.802 W. The current source supplies AA 


17.572 W. Determine the values of the node voltages vı and vz. 
N Up > 5i, 


Figure P 4.4-3 


P 4.4-4 The circled numbers in Figure P 4.4-4 are node 
numbers. The node voltages of this circuit are vı = 10 V, 
v = 14 V, and v; = 12 V. 


= (a) Determine the value of the current ip. 
Figure P 4.3-14 (b) Determine the value of r, the gain of the CCVS. 


Answers: (a) —2 A (b) 4 V/A 


Section 4.4 Node Voltage Analysis with Dependent 
Sources 


P 4.4-1 © The voltages v,, Vb, and v, in Figure P 4.4-1 are the 
node voltages corresponding to nodes a, b, and c. The values of 
these voltages are: 


va = 8.667 V, vp = 2 V, and ve = 10 V 


Determine the value of A, the gain of the dependent source. 


Figure P 4.4-4 


P 4.4-5 @ Determine the value of the current i, in the circuit 
of Figure P 4.4-5. 


Answer: ix = 2.4 A 


Figure P 4.4-1 


P 4.4-2 (+) Find i for the circuit shown in Figure P 4.4-2. 
Answer: ip = —12 mA Figure P 4.4-5 
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P 4.4-6 The encircled numbers in the circuit shown in Figure P 4.4-10 © The value of the node voltage at node b in the 
P 4.4-6 are node numbers. Determine the value of the power circuit shown in Figure P 4.4-10 is vw = 18 V. 


supplied by the CCVS. (a) Determine the value of A, the gain of the dependent source. 
© 5a © w12 © (b) Determine the power supplied by the dependent source. 


+ v, - 


b 


9V(*) OA 200 NS vb 


Figure P 4.4-10 = 


Figure P 4.4-6 


P 4.4-7 The encircled numbers in the circuit shown in 
Figure P 4.4-7 are node numbers. The corresponding node 
voltages are: 


*P 4.4-11 Determine the power supplied by the dependent 
source in the circuit shown in Figure P 4.4-11. 


0.1v, 


vı = 9.74 Vand v = 6.09 V 


Determine the values of the gains of the dependent sources, r 
and g. ris 


+= © 


Figure P 4.4-11 = 


Figure P 4.4-7 *P 4.4-12 Determine values of the node voltages v1, v2, V3, V4, 


. : and vs in the circuit shown in Figure P 4.4-12. 
P 4.4-8 © Determine the value of the power supplied by the 


dependent source in Figure P 4.4-8. 


if S169 
<> 10V 
BQ 


4 
12Q 


Figure P 4.4-12 a 
Figure P 4.4-8 
*P 4.4-13 Determine values of the node voltages v1, v2, V3, V4, 


P 4.4-9 (+) The node voltages in the circuit shown in Figure and vs in the circuit shown in Figure P 4.4-13. 


P 4.4-9 are 

y= 4V, v = OV, and v3 =-6V 
Determine the values of the resistance R and of the gain b of the 
CCCS. 10 V 


Figure P 4.4-9 = Figure P 4.4-13 = 
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P 4.4-14 The voltages vı, v2, v3, and v4 are the node voltages 
corresponding to nodes 1, 2, 3, and 4 in Figure P 4.4-14. 
Determine the values of these node voltages. 


Figure P 4.4-14 


P 4.4-15 The voltages vı, v2, v3, and v4 in Figure P 4.4-15 are 
the node voltages corresponding to nodes 1, 2, 3, and 4. The 
values of these voltages are 


vi = 10 V, v = 75 V, v; = —15 V, and v4 = 22.5 V 


Determine the values of the gains of the dependent sources, A 
and B, and of the resistance R4. 


Figure P 4.4-15 


P 4.4-16 The voltages vı, v2, and v3 in Figure P 4.4-16 are the 
node voltages corresponding to nodes 1, 2, and 3. The values of 
these voltages are 

y= 12 V, v2 =21 V, and v3 =-3V 


(a) Determine the values of the resistances R, and Ro. 
(b) Determine the power supplied by each source. 


1.25A 


2 
G) 
2A 
Olan © 
©) Q) 


a 


2 


Figure P 4.4-16 


P 4.4-17 © The voltages vj, v2, and v3 in Figure P 4.4-17 are 
the node voltages corresponding to nodes 1, 2, and 3. The 
values of these voltages are 


vı = 12 V, v7) = 9.6 V, and v; = —1.33 V 


(a) Determine the values of the resistances R; and R3. 
(b) Determine the power supplied by each source. 


8Q 


Figure P 4.4-17 


P 4.4-18 The voltages v2, v3, and v4 for the circuit shown in 
Figure P 4.4-18 are: 

y= 16 V, v3 = 8V, and v4 =6V 
Determine the values of the following: 


(a) The gain, A, of the VCVS 

(b) The resistance R5 

(c) The currents i, and i, 

(d) The power received by resistor R4 


ig +y = 


Figure P 4.4-18 


P 4.4-19 Determine the values of the node voltages vı and vz 
for the circuit shown in Figure P 4.4-19. 


301 


Figure P 4.4-19 = 


P 4.4-20 The encircled numbers in Figure P 4.4-20 are node 
numbers. Determine the values of vı, v2, and v3, the node 
voltages corresponding to nodes 1, 2, and 3. 


(*)10V 


Figure P 4.4-20 a 


P 4.4-21 Determine the values of the node voltages vı, v2, and 
v3 for the circuit shown in Figure P 4.4-21. 
4i, 


2Q 22 


Figure P 4.4-21 


P 4.4-22 Determine the values of the node voltages vı, v2, and 
v3 for the circuit shown in Figure P 4.4-22. 


Ai, 


20 


Figure P 4.4-22 


Section 4.5 Mesh Current Analysis with 
Independent Voltage Sources 


P 4.5-1 Determine the mesh currents i), i2, and i3 for the 
circuit shown in Figure P 4.5-1. 


Answers: i; = 3 A, i = 2 A, and i = 4A 
20 


yG) 


Figure P 4.5-1 a= 


G)2iv 


P 4.5-2 The values of the mesh currents in the circuit shown 
in Figure P 4.5-2 are ij = 2 A, i2 = 3 A, and i3 = 4A. Deter- 
mine the values of the resistance R and of the voltages vı and v2 of 
the voltage sources. 


Answers: R = 12 Q, vı = —4 V, and v2 = —28 V 
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R 


Figure P 4.5-2 


P 4.5-3 The currents i, and i in Figure P 4.5-3 are the mesh 
currents. Determine the value of the resistance R required to 


(D 1A cause v, = —6 V. 


Answer: R=4Q 


R 
4Q + 
8Q 
18 V Va 
©) g E 


Figure P 4.5- 


200 Q 


Figure P 4.5-4 


P 4.5-5 (+) Find the current i for the circuit of Figure P 4.5-5. 


Hint: A short circuit can be treated as a 0-V voltage source. 


Figure P 4.5-5 


P 4.5-6 © Simplify the circuit shown in Figure P 4.5-6 by 
replacing series and parallel resistors by equivalent resistors. 
Next, analyze the simplified circuit by writing and solving 
mesh equations. 
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(a) Determine the power supplied by each source, 
(b) Determine the power absorbed by the 30-Q resistor. 


Figure P 4.5-6 


Section 4.6 Mesh Current Analysis with Current 
and Voltage Sources 


P 4.6-1 (+) Find i, for the circuit shown in Figure P 4.6-1. 
Answer: ip = 0.6 A 


50 Q 75Q 


0.5A(f) (+) 10v 


50 Q 25Q 


Figure P 4.6-1 


P 4.6-2 Find y, for the circuit shown in Figure P 4.6-2. 
Answer: ve = 15 V 


250 Q 


Figure P 4.6-2 


P 4.6-3 © Find v2 for the circuit shown in Figure P 4.6-3. 
Answer: wn =2 V 
+ U2 = 60 Q 


302 300 


Figure P 4.6-3 


P 4.6-4 Find vs for the circuit shown in Figure P 4.6-4. 


250 Q 


Figure P 4.6-4 


P 4.6-5 © Determine the value of the voltage measured by 


the voltmeter in Figure P 4.6-5. 
@ Voltmeter © 


Answer: 8 V 


6Q 


Figure P 4.6-5 


P 4.6-6 @ Determine the value of the current measured by 
the ammeter in Figure P 4.6-6. 


Hint: Write and solve a single mesh equation. 


@ Ammeter © 


Figure P 4.6-6 


P 4.6-7 The mesh currents are labeled in the circuit shown in 
Figure P 4.6-7. The values of these mesh currents are: 


i = —1.1014 A, iy = 0.8986 A and i; = —0.2899 A 


(a) Determine the values of the resistances R; and R3. 
(b) Determine the value of the current source current. 
(c) Determine the value of the power supplied by the 12-V 
voltage source. 
Ry 12V R3 


Figure P 4.6-7 


P 4.6-3 Determine values of the mesh currents i, iz, and i3 in 
the circuit shown in Figure P 4.6-8. 


Figure P 4.6-8 


P 4.6-9 The mesh currents are labeled in the circuit 
shown in Figure P 4.6-9. Determine the value of the mesh 
currents i4, and ip. 


12Q 


Figure P 4.6-9 


P 4.6-10 @ The mesh currents in the circuit shown in Figure 
P 4.6-10 are 
ij = —2.2213 A, i2 = 0.7787 A, and i = 0.0770 A 
(a) Determine the values of the resistances R, and R3. 
(b) Determine the value of the power supplied by the current 
source. 


Figure P 4.6-10 


P 4.6-11 © Determine the value of the voltage measured by 
the voltmeter in Figure P 4.6-11. 


Hint: Apply KVL to a supermesh to determine the current in 
the 2-Q resistor. 


Answer: 4/3 V 
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Figure P 4.6-11 


P 4.6-12 @ Determine the value of the current measured by 
the ammeter in Figure P 4.6-12. 


Hint: Apply KVL to a supermesh. 
Answer: —0.333 A 


Figure P 4.6-12 


P 4.6-13 Determine the values of the mesh currents ij, iz, 
and iz and the output voltage vo in the circuit shown in Figure 
P 4.6-13. 


Figure P 4.6-13 


P 4.6-14 Determine the values of the power supplied by the 
sources in the circuit shown in Figure P 4.6-14. 


Ch) 5A 20 3A(f) 


Figure P 4.6-14 


P 4.6-15 Determine the values of the resistance R and of the 
power supplied by the 6-A current source in the circuit shown 
in Figure P 4.6-15. 
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Figure P 4.6-15 


Section 4.7 Mesh Current Analysis with 
Dependent Sources 


P 4.7-1 © Find v2 for the circuit shown in Figure P 4.7-1. 


Answer: v = 10 V 


0.04v, 9 100 Q 


Figure P 4.7-1 


P 4.7-2 Determine the values of the power supplied by the 
voltage source and by the CCCS in the circuit shown in Figure 
P 4.7-2. 


Figure P 4.7-2 


P 4.7-3 Find v, for the circuit shown in Figure P 4.7-3. 
Answer: Vo = 2.5 V 
v, = 50i, 


Figure P 4.7-3 


P 4.7-4 Determine the mesh current i, for the circuit shown in 
Figure P 4.7-4. 


Answer: i, = —24mA 


Figure P 4.7-4 


P 4.7-5 Although scientists continue to debate exactly why 
and how it works, the process of using electricity to aid in the 
repair and growth of bones—which has been used mainly with 
fractures—may soon be extended to an array of other problems, 
ranging from osteoporosis and osteoarthritis to spinal fusions 
and skin ulcers. 

An electric current is applied to bone fractures that have 
not healed in the normal period of time. The process seeks to 
imitate natural electrical forces within the body. It takes only 
a small amount of electric stimulation to accelerate bone 
recovery. The direct current method uses an electrode that 
is implanted at the bone. This method has a success rate 
approaching 80 percent. 

The implant is shown in Figure P 4.7-5a, and the circuit 
model is shown in Figure P 4.7-5b. Find the energy delivered to 
the cathode during a 24-hour period. The cathode is represented 
by the dependent voltage source and the 100-kQ resistor. 


Cathode 


Micro Connector Generator 
(a) 
5000; 
10 kQ ; 
3v@) 100 kQ 
(b) 


Figure P 4.7-5 (a) Electric aid to bone repair. (b) Circuit model. 
P 4.7-6 Determine the value of the power supplied by the 
VCCS in the circuit shown in Figure P 4.7-6. 


+ Va — 
(D 2A 


22 


Figure P 4.7-6 
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P 4.7-7 The currents i), i», and i, are the mesh currents of the P 4.7-11 Determine the values of the mesh currents of the 
circuit shown in Figure P 4.7-7. Determine the values of i), ip, circuit shown in Figure P 4.7-11. 
and iz. 


Figure P 4.7-11 


Figure P 4.7-7 KOD . 
P 4.7-12 The currents i), i, and iz; are the mesh currents 


P 4.7-8 © Determine the value of the power supplied by the corresponding to meshes 1, 2, and 3 in Figure P 4.7-12. 
dependent source in Figure P 4.7-8. Determine the values of these mesh currents. 


209 


60 Q 


Figure P 4.7-8 


P 4.7-9 © Determine the value of the resistance R in the 
circuit shown in Figure P 4.7-9. 
5 kQ 10 kQ 


Figure P 4.7-12 


P 4.7-13 The currents i}, ip, and ią are the mesh currents 
corresponding to meshes 1, 2, and 3 in Figure P 4.7-13. The 


25V E) Gc J05 mA values of these currents are 


i = —1.375 A, i = —2.5 A and i3 = —3.25 A 
Figure P 4.7-9 


Determine the values of the gains of the dependent sources, A 


P 4.7-10 The circuit shown in Figure P 4.7-10 is the small signal and B 


model of an amplifier. The input to the amplifier is the voltage 
source voltage vs. The output of the amplifier is the voltage vo. 


(a) The ratio of the output to the input, vo/vs, is called the gain of 
the amplifier. Determine the gain of the amplifier. 

(b) The ratio of the current of the input source to the input 
voltage i»/vs is called the input resistance of the amplifier. 
Determine the input resistance. 


1kQ 


Figure P 4.7-13 


P 4.7-14 Determine the current i in the circuit shown in Figure 
Figure P 4.7-10 P 4.7-14. 
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Answer:i=3A 
4Q 


12 A(t) 289 


Figure P 4.7-14 


P 4.7-15 Determine the values of the mesh currents i, and i> 
for the circuit shown in Figure P 4.7-15. 
Ai, 


20 20 


Figure P 4.7-15 


P 4.7-16 Determine the values of the mesh currents i, and i, 
for the circuit shown in Figure P 4.7-16. 


4i, 
29 2 


Figure P 4.7-16 


Section 4.8 The Node Voltage Method and Mesh 
Current Method Compared 


P 4.8-1 The circuit shown in Figure P 4.8-1 has two inputs, vs 
and i,, and one output, vy. The output is related to the inputs by 
the equation 


Vo = ai, + bv, 


where a and b are constants to be determined. Determine the 
values a and b by (a) writing and solving mesh equations and 
(b) writing and solving node equations. 


Figure P 4.8-1 


Or 


P 4.8-2 © Determine the power supplied by the dependent 
source in the circuit shown in Figure P 4.8-2 by writing and 
solving (a) node equations and (b) mesh equations. 


iS 020 


EIA 
120V 


Figure P 4.8-2 
Section 4.9 Circuit Analysis Using MATLAB 


P 4.9-1 The encircled numbers in the circuit shown Figure 
P 4.9-1 are node numbers. Determine the values of the corre- 


Q 1A sponding node voltages vı, v2, and v3. 


Figure P 4.9-1 


P 4.9-2 Determine the values of the node voltages vı and v2 in 
the circuit shown in Figure P 4.9-2. 


Figure P 4.9-2 


P 4.9-3 Determine the values of the node voltages vı, v2, and 
v3 in the circuit shown in Figure P 4.9-3. 


Figure P 4.9-3 
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P 4.9-4 Determine the node voltages vı and vz for the circuit 


shown in Figure P 4.9-4. Tosa | 
22 Q 
7 © 


vi Œ) 2av i i2 


= Figure P 4.9-7 


P 4.9-8 Determine the values of the power supplied by each of 
Figure P 4.9-4 the sources for the circuit shown in Figure P 4.9-8. 


P 4.9-5 Determine the mesh currents i, and iz for the circuit 
shown in Figure P 4.9-5. 


= 5 


Q 
Sng 2A An 402 24A(}) C) 


(*) Figure P 4.9-8 
P 4.9-9 The mesh currents are labeled in the circuit shown 
in Figure P 4.9-9. Determine the value of the mesh currents i; 
= and 1. 


Figure P 4.9-5 


P 4.9-6 Represent the circuit shown in Figure P 4.9-6 by the 


matrix equation 
ai, 412 EEI —40 
an an ||vz|  |—228 


Determine the values of the coefficients a11, 412, 421, and a22. 


15V 


o) Figure P 4.9-9 
22 Q r A TERRE: ae Sas 
O P 4.9-10 The encircled numbers in the circuit shown in Figure 


P 4.9-10 are node numbers. Determine the values of the 
vi G) 10V corresponding node voltages vı and v>. 


Figure P 4.9-6 


P 4.9-7 Represent the circuit shown in Figure P 4.9-7 by the 


matrix equation 
ayı ai2}li1] _ | 4 
a2; a22 i2 — 10 


Determine the values of the coefficients a11, 412, 421, and az2. Figure P 4.9-10 


166 4. Methods of Analysis of Resistive Circuits 


Section 4.11 How Can We Check .. . ? 


P 4.11-1 Computer analysis of the circuit shown in Figure 
P 4.11-1 indicates that the node voltages are v, = 5.2 V, 
vp = —4.8 V, and v, = 3.0 V. Is this analysis correct? 


7[.[5]0 
@ Voltmeter © 


Hint: Use the node voltages to calculate all the element 
currents. Check to see that KCL is satisfied at each node. 


Figure P 4.11-3 


P 4.11-4 Computer analysis of the circuit shown in Figure 
P 4.11-4 indicates that the mesh currents are i; = 2A, 
i = 4 A, andi; = 3 A. Verify that this analysis is correct. 


Hint: Use the mesh currents to calculate the element voltages. 
Verify that KVL is satisfied for each mesh. 


Figure P 4.11-1 12 Q 


P4.11-2 © An old lab report asserts that the node voltages of 
the circuit of Figure P 4.11-2 are va = 4 V,v = 20 V, 
and ve = 12 V. Are these correct? 


23y) sa (s JOw 


Figure P 4.11-4 


Figure P 4.11-2 


P 4.11-3 Your lab partner forgot to record the values of R4, 
Rə, and R3. He thinks that two of the resistors in Figure 
P 4.11-3 had values of 10 kQ and that the other had a 
value of 5 KQ. Is this possible? Which resistor is the 5-kQ 
resistor? 


PSpice Problems 


SP 4-1 Use PSpice to determine the node voltages of the 
circuit shown in Figure SP 4-1. 


Figure SP 4-1 


SP 4-2 Use PSpice to determine the mesh currents of the 
circuit shown in Figure SP 4-2 when R = 4 Q. 


Figure SP 4-2 


Design Problems 


DP 4-1 An electronic instrument incorporates a 15-V power 
supply. A digital display is added that requires a 5-V power 
supply. Unfortunately, the project is over budget, and you are 
instructed to use the existing power supply. Using a voltage 
divider, as shown in Figure DP 4-1, you are able to obtain 5 V. 
The specification sheet for the digital display shows that the 
display will operate properly over a supply voltage range of 4.8 V 
to 5.4 V. Furthermore, the display will draw 300 mA (/) when the 
display is active and 100 mA when quiescent (no activity). 


(a) Select values of R, and R, so that the display will be supplied 
with 4.8 V to 5.4 V under all conditions of current J. 

(b) Calculate the maximum power dissipated by each resistor, R4 
and R,, and the maximum current drawn from the 15-V supply. 

(c) Is the use of the voltage divider a good engineering solution? 
If not, why? What problems might arise? 
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SP 4-3 The voltages va, vp, Ve, and vg in Figure SP 4-3 are the 
node voltages corresponding to nodes a, b, c, and d. The 
current 7 is the current in a short circuit connected between 
nodes b and c. Use PSpice to determine the values of va, Vp, Ve, 
and vg and of i. 


i 8V 


Figure SP 4-3 


SP 4-4 Determine the current i shown in Figure SP 4-4. 


Answer: i = 0.56 A 
2Q 


1Q 


Figure SP 4-4 


Digital 
display 


Figure DP 4-1 


DP 4-2 For the circuit shown in Figure DP 4-2, it is desired to 
set the voltage at node a equal to 0 V control an electric motor. 
Select voltages vı and vz to achieve v, = 0 V when v; and v2 are 
less than 20 V and greater than zero and R = 2 Q. 
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Figure DP 4-2 


DP 4-3 A wiring circuit for a special lamp in a home is shown in 
Figure DP 4-3. The lamp has a resistance of 2 Q, and the designer 
selects R = 100 Q. The lamp will light when / > 50 mA but will 
burn out when J > 75 mA. 


(a) Determine the current in the lamp and whether it will light 
for R = 1002. 

(b) Select R so that the lamp will light but will not burn out if R 
changes by +10 percent because of temperature changes in 
the home. 


50 Q R 


5v(*) 


Figure DP 4-3 A lamp circuit. 


D P 4-4 To control a device using the circuit shown in Figure 
DP 4-4, it is necessary that va = 10 V. Select the resistors when 
it is required that all resistors be greater than 1 © and 
R3 + R4 = 2020. 


10 Q R3 a 


Figure DP 4-4 


DP 4-5 The current i shown in the circuit of Figure DP 4-5 is 
used to measure the stress between two sides of an earth fault 
line. Voltage vı is obtained from one side of the fault, and vz is 
obtained from the other side of the fault. Select the resistances 
Ry, R2, and R3 so that the magnitude of the current 7 will remain 
in the range between 0.5 mA and 2 mA when v; and vz may each 
vary independently between +1 V and +2 V (1 V < v, <2V). 


Ry Ro 
Uy © ©) U2 


Figure DP 4-5 A circuit for earth fault-line stress measurement. 
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5.1 Introduction 


In this chapter, we consider five circuit theorems: 


e A source transformation allows us to replace a voltage source and series resistor by a current source 
and parallel resistor. Doing so does not change the element current or voltage of any other element of 
the circuit. 


e Superposition says that the response of a linear circuit to several inputs working together is equal 
to the sum of the responses to each of the inputs working separately. 


e Thévenin’s theorem allows us to replace part of a circuit by a voltage source and series resistor. 
Doing so does not change the element current or voltage of any element in the rest of the circuit. 


e Norton’s theorem allows us to replace part of a circuit by a current source and parallel resistor. 
Doing so does not change the element current or voltage of any element in the rest of the circuit. 


e The maximum power transfer theorem describes the condition under which one circuit transfers as 
much power as possible to another circuit. 


Each of these circuit theorems can be thought of as a shortcut, a way to reduce the complexity of an 
electric circuit so that it can be analyzed more easily. More important, these theorems provide insight 
into the nature of linear electric circuits. 


5.2 Source Transformations 


The ideal voltage source is the simplest model of a voltage source, but occasionally we need a more 
accurate model. Figure 5.2-1a shows a more accurate but more complicated model of a voltage 
source. The circuit shown in Figure 5.2-1 is sometimes called a nonideal voltage source. 
(The voltage of a practical voltage source decreases as the voltage source supplies more power. 
The nonideal voltage source models this behavior, whereas the ideal voltage source does not. The 
nonideal voltage source is a more accurate model of a practical voltage source than the ideal voltage 
source, but it is also more complicated. We will usually use ideal voltage sources to model practical 
voltage sources but will occasionally need to use a nonideal voltage source.) Figure 5.2-1b shows a 
nonideal current source. It is a more accurate but more complicated model of a practical current 
source. 
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FIGURE 5.2-1 (a) A nonideal 
voltage source. (b) A nonideal 
current source. (c) Circuit B 
connected to the nonideal voltage 
source. (d) Circuit B connected to 
the nonideal current source. 


Under certain conditions (R, = Rs and v, = R,ig), the nonideal voltage source and the nonideal 
current source are equivalent to each other. Figure 5.2-1 illustrates the meaning of “equivalent.” In 
Figure 5.2-1c, a nonideal voltage source is connected to circuit B. In Figure 5.2-1d, a nonideal 
current source is connected to that same circuit B. Perhaps Figure 5.2-1d was obtained from Figure 
5.2-lc, by replacing the nonideal voltage source with a nonideal current source. Replacing the 
nonideal voltage source by the equivalent nonideal current source does not change the voltage or 
current of any element in circuit B. That means that if you looked at a list of the values of the currents 
and voltages of all the circuit elements in circuit B, you could not tell whether circuit B was 
connected to a nonideal voltage source or to an equivalent nonideal current source. Similarly, we can 
imagine that Figure 5.2-1c was obtained from Figure 5.2-1d by replacing the nonideal current source 
with a nonideal voltage source. Replacing the nonideal current source by the equivalent nonideal 
voltage source does not change the voltage or current of any element in circuit B. The process of 
transforming Figure 5.2-lc into Figure 5.2-ld, or vice versa, is called a source transformation. 

To see why the source transformation works, we will perform an experiment using the test circuit 
shown in Figure 5.2-2. This test circuit contains a device called an “operational amplifier.” We will 
learn about operational amplifiers in Chapter 6, so we aren’t ready to analyze this circuit yet. Instead, 
imagine building the circuit and making some measurements to learn how it works. 

Consider the following experiment. We connect a resistor having resistance R to the terminals of 
the test circuit as shown in Figure 5.2-2 and measure the resistor voltage v and resistor current i. Next, 
we change the resistor and measure the new values of the resistor voltage and current. After some trial 
and error, we collect the following data: 


R, KQ 0 1 2 5 10 20 50 
i, mA 3 2.667 2.4 1.846 1.33 0.857 0.414 0 
v, V 0 2.667 4.8 9.231 13.33 17.143 20.69 24 


Two of these data points deserve special attention. The resistor acts like an open circuit when R = oo so 
we connect an open circuit across the terminals of the test circuit in this case. As expected, i=0. The 
resistor voltage is referred to as the “open circuit voltage,” denoted as voc We have measured 
Voc = 24 V. The resistor acts like a short circuit when R=0, so we connect a short circuit across the 
terminals of the test circuit. As expected, v=0. The resistor current is referred to as the “short-circuit 
current,” denoted as is. We have measured i,.=3 mA. 


Source Transformations 


A Test Circuit ~ FIGURE 5.2-2 A test circuit. 


Voc = 24 


i, mA 
FIGURE 5.2-3 A plot of the data collected from 
isc =3 the test circuit. 


Figure 5.2-3 shows a plot of the data. All of the data points lie on the straight line segment that 
connects the points (i ,.,0) and (0,voc)! The slope of the straight line is 


Voc 
slope = — — 


Use 


This slope has units of ©. It’s convenient to define R, as 


| ee (5.2-1) 


lsc 


The equation of the straight line representing our data is 


or 


v = —Rii + Voc (5.2-2) 


Our experiment has worked quite well. Equation 5.2-2 is a concise description of the test circuit. 
Now we are ready for a surprise. Consider the circuit shown in Figure 5.2-4 


Test Circuit #2 
FIGURE 5.2-4 Thévenin equivalent circuit. 
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The test circuit in Figure 5.2-4 consists of a voltage source connected in series with a resistor. 
The voltage of the voltage source in the second test circuit is equal to the open circuit voltage 
of the first test circuit. Also, the resistance of the resistor in the second test circuit is the parameter R, 
from the first test circuit, given by Eq. 5.2-1. 

Apply KVL in Figure 5.2-4 to get 


Reitv—Voo=O => v=—Riitvoe (5.2-3) 


Eq. 5.2-3 is the same equation as Eq. 5.2-2. The circuits in Figures 5.2-2 and 5.2-4 are both described by 
the same equation! There’s more. Consider the circuit shown in Figure 5.2-5. The test circuit in 
Figure 5.2-5 consists of a current source connected in parallel with a resistor. The current of the current 
source in the third test circuit is equal to the short-circuit current of the first test circuit. Also, the 
resistance of the resistor in the third test circuit is the parameter R, from the first test circuit, again given 
by Eq. 5.2-1. 


FIGURE 5.2-5 Norton equivalent circuit. 


Apply KCL in Figure 5.2-5 to get 


ise ati 0 v= -Ri + Riis (5.2-4) 
t 


Equations 5.2-2, 5.2-3, and 5.2-4 are identical. The three test circuits are each represented by the 
equation that describes our data. Any one of them could have generated our data! It is in this sense that 
we say that the second and third test circuits are equivalent to the first test circuit. 

The second and third test circuits have names. They are called the “Thévenin equivalent circuit” 
and “Norton equivalent circuit” of the first test circuit. Also, the parameter R, given by Eq. 5.2-1 is 
called the “Thévenin resistance” of the first test circuit. 

The Thévenin and Norton equivalent circuits are equivalent to each other. The source transfor- 
mation, described earlier in this section and summarized in Figure 5.2-6, may be preformed by 
replacing a Thévenin equivalent circuit with a Norton equivalent circuit or vice versa. 


FIGURE 5.2-6 Source Transformations. 
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EXAMPLE 5.2-1 Source Transformations 


First, determine the values ofi, and R, that cause the part of the circuit connected to the 2-kO resistorin Figure 5.2-7b tobe 
equivalent to part of the circuit connected to the 2-kO resistor in Figure 5.2-7a. Next, determine the values of v, and vp. 


FIGURE 5.2-7 The circuit considered in 
Example 5.2-1. 


Solution 
We can use a source transformation to determine the required values of i, and Rp. Referring to Figure 5.2-6 we get 


ae 
ip = pog = 0.002 A = 2 mA and Ry = 6 KQ 


Using voltage division in Figure 5.2-7a, we calculate 
2000 
Ya = 2000 + 6000 
The voltage across the parallel resistors in Figure 5.2-7b is given by 
a 2000R , eo 2000(6000) 
2000+R, ” 2000 + 6000 


(12) =3V 


Vp (0.002) = 1500(0.002) = 3 V 


As expected, the source transformation did not change the value of the voltage across the 2-kQ resistor. 


ExAMPLE 5.2-2 Source Transformations 


First, determine the values of i, and R, that cause the part of the circuit connected to the 2-kQ resistor in 
Figure 5.2-8b to be equivalent to part of the circuit connected to the 2-kQ resistor in Figure 5.2-8a. Next, determine 
the values of v, and vp. 


6kQ 5 


FIGURE 5.2-8 The circuit considered in 
Example 5.2-2. 


(a) 


Solution 

This example is very similar to the previous example. The difference between these examples is the polarity of the 
voltage source in part (a) of the figures. Reversing both the polarity of voltage source and the sign of the source 
voltage produces an equivalent circuit. Consequently, we can redraw Figure 5.2-8 as shown in Figure 5.2-9. 
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FIGURE 5.2-9 
The circuit from Figure 5.2-8 after changing 
(b) the polarity of the voltage source. 


Now we are ready use a source transformation to determine the required values of i, and Rp. Comparing Figure 5.2- 
9 to Figure 5.2-6, we write 


—12 
ip =~ = —0.002 A = —2 mA and R, = 6 kO 
6000 
Using voltage division in Figure 5.2-9a, we calculate 
2000 
Ya = — 3900 4 6000 12) = —3V 


The voltage across the parallel resistors in Figure 5.2-9b is given by 


© 2000R, , _ 2000(6000) 
~ 2000 +R, ” 2000 + 6000 


Vp (—0.002) = 1500(—0.002) = —3 V 


As before, the source transformation did not change the value of the voltage across the 2-k© resistor. 


EXAMPLE 5.2-3 Application of Source Transformations 


Use a source transformation to determine a relationship between the resistance R and the resistor current i in 
Figure 5.2-10. 


4kQ 


wO 2m) $A 
FIGURE 5.2-10 The circuit considered in Example 5.2-3. 
Solution 


We can use a source transformation to replace the 12-volt source in series with the 4-kO, resistor by the parallel 
combination of a current source and resistor. The resulting circuit is shown in Figure 5.2-11. 


3mA 2kQ 2mA (4) R 
l i FIGURE 5.2-11 The circuit from Figure 5.2-10 after a 
source transformation. 
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1mA Y) 2kQ R 


i FIGURE E 5.2-12 The circuit from Figure 5.2-11 replacing parallel current sources 
I by an equivalent current source. 


Now we will replace the parallel current sources by an equivalent current source. The resulting circuit is 
shown Figure 5.2-12. Using current division in Figure 5.2-12 gives 


01) (5.2-5) 
1= 2000 +R ? 2000+R < 


The source transformation did not change the value of the current in resistor R and neither did replacing parallel 
current sources by an equivalent current source. The relationship between resistance R and the resistor current i is 
the same in Figure 5.2-10 as it is in Figure 5.2-12. Consequently, Equation 5.2-5 describes the relationship between 
resistance R and the resistor current 7 in Figure 5.2-11. 


Try it 
in FLOS EXERCISE 5.2-1 Determine values of R and i, so that the circuits shown in Figures E 5.2-1a,b 
are equivalent to each other due to a source transformation. 
Answer: R = 10 Q and i; = 1.2 A 


Try it 
i wets EXERCISE 5.2-2 Determine values of R and i, so that the circuits shown in Figures E 5.2-2a,b 
are equivalent to each other due to a source transformation. 


Hint: Notice that the polarity of the voltage source in Figure E 5.2-2a is not the same as in Figure 
E 5.2-la. 


Answer: R = 10 Q andi, = —1.2 A 


R R 
( | 12V 12V 
(a) (b) (a) (b) 
FIGURE E 5.2-1 FIGURE E 5.2-2 


Try it 
in Ae EXERCISE 5.2-3 Determine values of R and v, so that the circuits shown in Figures E 5.2-3a,b 
are equivalent to each other due to a source transformation. 


89 
(a) 


Answer: R = 8 Q and v, = 24 V 


FIGURE E 5.2-3 
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od EXERCISE 5.2-4 Determine values of R and vs so that the circuits shown in Figures E 5.2-4a,b 


in WileyPLUS are equivalent to each other due to a source transformation. 


8Q 


(a) (b) FIGURE E 5.2-4 


Hint: Notice that the reference direction of the current source in Figure E 5.2-4b is not the same as in 
Figure E 5.2-3b. 


Answer: R = 8 Q and v, = —24 V 


5.3 Superposition 


The output of a linear circuit can be expressed as a linear combination of its inputs. For example, 
consider any circuit having the following three properties: 
1. The circuit consists entirely of resistors and dependent and independent sources. 


2. The circuit inputs are the voltages of all the independent voltage sources and the currents of all the 
independent current sources. 


3. The output is the voltage or current of any element of the circuit. 


Such a circuit is a linear circuit. Consequently, the circuit output can be expressed as a linear 
combination of the circuit inputs. For example, 


Vo = QV] + a2V2 +++ + AnVn (5.3-1) 
where vo is the output of the circuit (it could be a current instead of a voltage) and v1, v2,..., Vn are the 
inputs to the circuit (any or all the inputs could be currents instead of voltages). The coefficients 
a), 42,...,4, Of the linear combination are real constants called gains. 

Next, consider what would happen if we set all but one input to zero. Let vo; denote output when 
all inputs except the ith input have been set to zero. For example, suppose we set v2, v3, . . - , Vn to zero. 
Then 

Vol = 41V] (5.3-2) 


We can interpret vo; = avı as the circuit output due to input v;acting separately. In contrast, the vo in 
Eq 5.3-1 is the circuit output due to all the inputs working together. We now have the following 
important interpretation of Eq. 5.3-1: 


The output of a linear circuit due to several inputs working together is equal to the sum of the 
outputs due to each input working separately. 


The inputs to our circuit are voltages of independent voltage sources and the currents of 
independent current sources. When we set all but one input to zero, the other inputs become 0-V 


Superposition 


voltage sources and 0-A current sources. Because 0-V voltage sources are equivalent to short 
circuits and 0-A current sources are equivalent to open circuits, we replace the sources 
corresponding to the other inputs by short or open circuits. 

Equation 5.3-2 suggests a method for determining the values of the coefficients a), a2,..., dy of 
the linear combination. For example, to determine a), set v2, V3,...,Vn to zero. Then, dividing both 
sides of Eq. 5.5-2 by vı, we get 

Vol 


4i = — 
vi 


The other gains are determined similarly. 


( ExamPLE 5.3-1 Superposition ) 
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The circuit shown in Figure 5.3-1 has one output, vo, and three inputs, v1, i2, and v3. (As expected, the inputs are 
voltages of independent voltage sources and the currents of independent current sources.) Express the output as a 


linear combination of the inputs. 


Solution 


Let’s analyze the circuit using node equations. Label the node voltage at the top node of the current source and 


identify the supernode corresponding to the horizontal voltage source as shown in Figure 5.3-2. 
Apply KCL to the supernode to get 


Vie (Vast Vo) ve 
0 ae 
Multiply both sides of this equation by 40 to eliminate the fractions. Then we have 


Vip = (v3 + Vo) + 40i» = 4vo = vı + 40i — v = SV 


40Q U3 


FIGURE 5.3-1 The linear circuit for Example 5.3-1. FIGURE 5.3-2 A supernode. 


Dividing both sides by 5 expresses the output as a linear combination of the inputs: 


V4 ; V3 
o= F t8- 
v 5 + Slo 5 
Also, the coefficients of the linear combination can now be determined to be 
o 1 o. o 1 
PEEN N a — = VA endo, = eN 
Vi in V3 5 


Alternate Solution 


Figure 5.3-3 shows the circuit from Figure 5.3-1 when iz = 0 A and v3 = 0 V. (A zero current source is equivalent to 


an open circuit, and a zero voltage source is equivalent to a short circuit.) 
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Zero Voltage Score 


Zero Current Source FIGURE 5.3-3 Output due to the first input. 


Using voltage division 


10 a 
ANOS. 
In other words, 
i 1 
a&i = kol =- V/V 
al 5 


Next, Figure 5.3-4 shows the circuit when v; = 0 V and v3 = 0 V. The resistors are connected in parallel. Applying 
Ohm’s law to the equivalent resistance gives 


40x10, | gi 
E ERO ee 
In other words, 
a = “= = 8 V/A 
12 


Finally, Figure 5.3-5 shows the circuit when v; = 0 V and iz = 0 A. Using voltage division, 


Zero Voltage Score 


Zero Voltage 


Score 40 Q 
+ + 
Vo2 KOLO Uo3 
Another Zero Voltage Source = Zero Current Source 
FIGURE 5.3-4 Output due to the second input. FIGURE 5.3-5 Output due to the third input. 
10 ( 1 
Vo3 = v) = v 
=S Se 
In other words, 
Vo3 1 
a3 = <= = = = V/V 
V3 5 


Now the output can be expressed as a linear combination of the inputs 


A à 1 
Vo = avı + azi? 4 Cava = mM + 8i 4 ( V3 


as before. 
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EXAMPLE 5.3-2 Superposition ) 


Find the current i for the circuit of Figure 5.3-6a. 


4 3Q 22 
Ow Ora Q 
(a) 
n 30 22 2 30 a 20 
= e 


(b) (c) 


FIGURE 5.3-6 (a) The circuit for Example 5.3-2. (b) The independent voltage source acting alone. (c) The independent current 
source acting alone. 


Solution 
Independent sources provide the inputs to a circuit. The circuit in Figure 5.3-6a has two inputs: the voltage of 
the independent voltage source and the current of the independent current source. The current, i, caused by the 
two sources acting together is equal to the sum of the currents caused by each independent source acting separately. 
Step 1: Figure 5.3-6b shows the circuit used to calculate the current caused by the independent voltage 
source acting alone. The current source current is set to zero for this calculation. (A zero current source is equivalent 
to an open circuit, so the current source has been replaced by an open circuit.) The current due to the voltage source 
alone has been labeled as i; in Figure 5.3-6b. 
Apply Kirchhoff’s voltage law to the loop in Figure 5.3-6b to get 


(Notice that we did not set the dependent source to zero. The inputs to a circuit are provided by the independent 
sources, not by the dependent sources. When we find the response to one input acting alone, we set the other 
inputs to zero. Hence, we set the other independent sources to zero, but there is no reason to set the dependent 
source to zero.) 

Step 2: Figure 5.3-6c shows the circuit used to calculate the current caused by the current source acting alone. 
The voltage of the independent voltage is set to zero for this calculation. (A zero voltage source is equivalent to a 
short circuit, so the independent voltage source has been replaced by a short circuit.) The current due to the voltage 
source alone has been labeled as ip in Figure 5.3-6c. 

First, express the controlling current of the dependent source in terms of the node voltage, v,, using 
Ohm’s law: 


b=-- > w,=-3b 
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Next, apply Kirchhoff’s current law at node a to get 


: Pa ai : —3in — 3i : 7 
Co > T= => p==7A 
Step 3: The current, i, caused by the two independent sources acting together is equal to the sum of the 


currents, i; and iz, caused by each source acting separately: 


T 
i=i +i ae -A 


5.4 Thevenin’s Theorem 


In this section, we introduce the Thévenin equivalent circuit, based on a theorem developed by M. L. 
Thévenin, a French engineer, who first published the principle in 1883. Thévenin, who is credited with 
the theorem, probably based his work on earlier work by Hermann von Helmholtz (see 
Figure 5.4-1). 

Figure 5.4-2 illustrates the use of the Thévenin equivalent circuit. In Figure 5.4-2a, 
a circuit is partitioned into two parts—circuit A and circuit B—that are connected at a single 
pair of terminals. (This is the only connection between circuits A and B. In particular, if 
the overall circuit contains a dependent source, then either both parts of that dependent 
source must be in circuit A or both parts must be in circuit B.) In Figure 5.4-25, circuit A is 
replaced by its Thévenin equivalent circuit, which consists of an ideal voltage source in series 
with a resistor. Replacing circuit A by its Thévenin equivalent circuit does not change the 
voltage orcurrent of any elementin circuit B. This means thatif you looked ata list of the values 
of the currents and voltages of all the circuit elements in circuit B, you could not tell whether 
circuit B was connected to circuit A or connected to its Thévenin equivalent circuit. 

Finding the Thévenin equivalent circuit of circuit A involves three parameters: the 
open-circuit voltage, Voc, the short-circuit current, i,., and the Thévenin resistance, R, 
Figure 5.4-3 illustrates the meaning of these three parameters. In Figure 5.4-3a, an open 
circuit is connected across the terminals of circuit A. The voltage across that open circuit is 
the open-circuit voltage, voc. In Figure 5.4-3b, a short circuit is connected across the 
terminals of circuit A. The current in that short circuit is the short-circuit current, isc- 

Figure 5.4-3c indicates that the Thévenin resistance, R, is the equivalent resistance of circuit A*. 
Circuit A* is formed from circuit A by replacing all the independent voltage sources by short circuits 
and replacing all the independent current sources by open circuits. (Dependent current and voltage 
sources are not replaced with open circuits or short circuits.) Frequently, the Thévenin resistance, R, 
can be determined by repeatedly replacing series or parallel resistors by equivalent resistors. 
Sometimes, a more formal method is required. Figure 5.4-4 illustrates a formal method for determining 
the value of the Thévenin resistance. A current source having current i, is connected across the terminals 
of circuit A*. The voltage, v across the current source is calculated or measured. The Thévenin 


| 
(b) (a) (b) 


FIGURE 5.4-3 The Thévenin equivalent circuit involves three 
parameters: (a) the open-circuit voltage, Voc, (b) the short-circuit 
current, i,., and (c) the Thévenin resistance, R,. 


SSPL via Getty Images 


FIGURE 5.4-1 Hermann 
von Helmholtz (1821-1894), 
who is often credited with 
the basic work leading to 
Thévenin’s theorem. 


A Voc 


Circuit B Circui 


FIGURE 5.4-2 (a) A circuit partitioned into two parts: circuit A 
and circuit B. (b) Replacing circuit A by its Thévenin equivalent 
circuit. 


Thévenin’s Theorem 


Circuit A* Circuit A* 


FIGURE 5.4-4 (a) The Thévenin resistance, 
R,, and (b) a method for measuring or 
(b) calculating the Thévenin resistance, R,. 


resistance is determined from the values of i, and v, using 


R= (5.4-1) 


lt 


The open-circuit voltage, Voc, the short-circuit current, ise, and the Thévenin resistance, R, are 
related by the equation 


ig = Riise (5.4-2) 


Consequently, the Thévenin resistance can be calculated from the open-circuit voltage and the short- 
circuit current. 

In summary, the Thévenin equivalent circuit for circuit A consists of an ideal voltage source, 
having voltage voc, in series with a resistor, having resistance R,. Replacing circuit A by its Thévenin 
equivalent circuit does not change the voltage or current of any element in circuit B. 


Try it 


yourself ( ExAmMPLE 5.4-1 Thévenin Equivalent Circuit 


in WileyPLUS 


Determine the Thévenin equivalent circuit for the circuit shown in Figure 5.4-5. 


50 Q 


FIGURE 5.4-5 The circuit considered in Example 5.4-1. 
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Referring to Figure 5.4-2, we see that we can draw a Thévenin equivalent circuit once we have found the open- 
circuit voltage Voc and Thévenin resistance, R,. Figure 5.4-3 shows how to determine the open-circuit voltage, the 
Thévenin resistance, and also the short-circuit current is.. After we determine the values of voc, R, and ise we will 


use Eq. 5.4-2 to check that our values are correct. 


To determine the open-circuit voltage of the circuit shown in Figure 5.4-5, we connect an open 
circuit between terminals a and b as shown in Figure 5.4-6a. As the name suggests, the voltage across that 
open circuit is the open-circuit voltage, Voc. After taking node b in Figure 5.4-6a to be the reference node, we see 


that the node voltage at node a is equal to voc. Applying KCL at node a, we obtain the node equation 
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125 — Voc =. Vas 
50 = ——-.200 
Solving for Voc gives Vo = 20 W 


To determine the short-circuit current of the circuit shown in Figure 5.4-5, we connect a short circuit between 
terminals a and b as shown in Figure 5.4-6b. The current in that short circuit is i,.. Due to the short circuit, the 
voltage across the 200-Q resistor is 0 V. By Ohm’s law, the current in the 200-2, resistor is 0 A as shown in 
Figure 5.4-6b. Applying KVL to the loop consisting of the voltage source, 50-2 resistor, and short circuit, we see 
that the voltage across the 50- resistor is 125 V, also as shown in Figure 5.4-6b. Finally, apply KCL at node a in 
Figure 5.4-6b to get 


125 

= =2+0 lsc 

50 ap Ward 
Solving for ise gives eg WDA 


To determine the Thévenin resistance of the circuit shown in Figure 5.4-5, we set the voltage of the 
independent voltage source to zero and the current of the independent current source to zero. (Recall that a zero-volt 
voltage source is equivalent to a short circuit and a zero-amp current source is equivalent to an open circuit.) R, is 
the equivalent resistance connected to terminals a-b as shown in Figure 5.4-6c. 

50(200) 
R= 50||200 = —~—~_ = 40 0 
=) 50 + 200 

Our values of voc, Re and isc satisfy Eq. 5.4-2, so we’re confident that they are correct. Finally, the Thévenin 

equivalent circuit is shown in Figure 5.4-6d. 


50 Q 


Voc a 50 Q a 


50 Q a 40 Q a 
O 
200 Q `] 20 V 
O R; 
b b 
(c) (d) 


FIGURE 5.4-6 Determining the (a) open-circuit voltage, (b) short-circuit current, and (c) Thévenin resistance of the circuit in 
Figure 5.4-5. (d) The Thévenin equivalent of the circuit in Figure 5.4-5. 


Notice the important role of the terminals a-b in this problem. Those terminals are used to identify voc in 
Figure 5.4-6a, is in Figure 5.4-6b, and R, in Figure 5.4-6c. Importantly, the Thévenin equivalent circuit in 
Figure 5.4-6d is connected to the same pair of terminals as the original circuit in Figure 5.4-5. Finally, notice that 
the orientation of voc is the same, + near terminal a, in Figures 5.4-6a and d. 
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Second Solution 

Often we can simplify a circuit using source transformations and equivalent circuits. In this solution we will 
transform a circuit into an equivalent circuit repeatedly. We will start at the left side of the circuit in Figure 5.4-5, 
away from terminals a-b. If it is possible to continue these transformations until the equivalent circuit consists of the 
series connection of a voltage source and a resistor, connected between terminals a-b, then that series circuit is the 
Thévenin equivalent circuit. Figure 5.4-7 illustrates this procedure. 

The circuit in Figure 5.4-6 contains a voltage source connected in series with a 50-O resistor. Using a source 
transformation, these circuit elements are replaced by the parallel connection of a 2.5-A current source and 50-0, 
resistor in Figure 5.4-7a. The circuit in Figure 5.4-7a contains both parallel current sources and parallel resistors. In 
Figure 5.4-7b the parallel current sources are replaced by an equivalent current source and the parallel resistors are 
replaced by an equivalent resistor. A final source transformation converts the parallel connection of a current source 
and resistor in Figure 5.4-7b to the series connection of a voltage source and resistor in Figure 5.4-7c. We recognize 
Figure 5.4-7c as a Thévenin circuit that is equivalent to the circuit shown in Figure 5.4-5 and conclude that 
Figure 5.4-7c is the Thévenin equivalent of the circuit shown in Figure 5.4-5. 


, F 40Q 4 
O 
O 
b b 
(b) (c) 


FIGURE 5.4-7 Using source transformations and equivalent circuits to determine the Thévenin equivalent circuit of the circuit shown 
in Figure 5.4-5. 


Try it $ . . R : ; ; 
yourself ExamPLE 5.4-2 Thévenin Equivalent Circuit of a Circuit 


ae Containing a Dependent Source 


Determine the Thévenin equivalent circuit for the circuit shown in Figure 5.4-8. 


12V 


5Q 


FIGURE 5.4-8 The circuit considered in Example 5.4-2. 


Solution 
We will determine the values of voc, Rẹ and isc and use Eq. 5.4-2 to check that our values are correct. 

To determine the open-circuit voltage of the circuit shown in Figure 5.4-8, we connect an open circuit 
between terminals a and b and label the voltage across that open circuit as Voc. Figure 5.4-9 shows the resulting 
circuit after using KCL to label the element currents. 
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FIGURE 5.4-9 The circuit used to find the open-circuit voltage. 


The open circuit causes the current in the 5-Q resistor to be zero. The voltage across that resistor is also zero, so the 
voltage across the 40-Q resistor is vo. as labeled in Figure 5.4-9. 


V oc 
Using Ohm’s | la = — 
sing s law i 20 


Applying KVL to the loop consisting the 12-V source, 10-© resistor, and 40-Q resistor gives 
0 = —12 + Vo, — 10(3.5i,) 


Solving these equations for vo, gives Vee = 96N 


To determine the short-circuit current of the circuit shown in Figure 5.4-8, we connect a short circuit between 
terminals a and b and label the current across that short circuit as isc. Figure 5.4-10 shows the resulting circuit after 
using KCL to label the element currents. 


lat Isc 


FIGURE 5.4-10 The circuit used to find the short-circuit current. 


Applying KVL to the loop consisting of the 5-Q and 40-Q resistors gives 
Sie -40in=0 > ig = 
8 
Apply KCL at the top node of the 10-Q resistor to write 
A Sin = inane a Fio) > ty sia ten — -F lge 
Apply KVL to the loop consisting of the voltage source and the 5-Q and 10-Q resistors to write 


9 
=12 isc — | === lg =0 
ap ot o( E ) 


; j : : 12 
Solving this equation for ise gives lg = 5400 =1.1294A 


16 


Referring to Figure 5.4-4, we’ll determine the Thévenin resistance of the circuit by replacing the independent 
voltage source by a short circuit and connecting a current source to terminal a-b as shown in Figure 5.4-11. (Circuit 
A* in Figure 5.4-4 is obtained from Circuit A by replacing the independent voltage sources by short circuits and the 
independent current sources by open circuits.) 
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it-la 


5 Q 


FIGURE 5.4-11 The circuit used to find the Thévenin resistance. 


Apply KCL at the top node of the 10-Q resistor to write 
4.5ig+(i¢—ia)=ip => ip =3.5ig tit 
Applying KVL to the loop consisting of the 10-Q and 40-0. resistors gives 
40i, = 10i, = 10(3.5ig+i:) > ig = 2K, 
Applying KVL to the loop consisting of the independent current source and the 10-Q and 5-© resistors gives 


Vt = Sit t 10ip = Si+ 10(3.5ia + it) = 15i + 35i, = 15i +35(2i4) = 85 it 


The Thévenin resistance is R; ua 850 


lt 


Our values of voc, Re and isc satisfy Eq. 5.4-2, so we’re confident that they are correct. Finally, the Thévenin 
equivalent circuit is shown in Figure 5.4-12. 


85 Q 


a 
96 V 
FIGURE 5.4-12 The Thévenin equivalent circuit 
b for the circuit shown in Figure 5.4-8. 
Try it 
yourself ExamPLE 5.4-3 An Application of the 
in WileyPLUS 


Thévenin Equivalent Circuit 


Consider the circuit shown in Figure 5.4-13. 


(a) Determine the current, i, when R = 2 Q. 
(b) Determine the value of the resistance R required to cause i=5 A. 
(c) Determine the value of the resistance R required to cause i=8 A. 


i 
— 
O 


©) R 


O FIGURE 5.4-13 The circuit considered in Example 5.4-3. 


5 Q 4Q 
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Solution 

The circuit shown in Figure 5.4-13 is an example of the situation shown in Figure 5.4-2a in which Circuit B is the 
resistor R and Circuit A is the part of the circuit shown in Figure 5.4-13 that is connected to resistor R. Replacing 
the part of the circuit that is connected to resistor R by its Thévenin equivalent circuit will not change the value 
of the current in resistor R. 

In Figure 5.4-14 source transformations and equivalent resistances are used to determine the Thévenin 
equivalent of the part of the circuit that is connected to resistor R. That equivalent circuit is shown in Figure 5.4-14e. 
In Figure 5.4-15 the part of the circuit that is connected to resistor R has been replaced by its Thévenin equivalent 
circuit. We readily determine that 


l 48 
i= —— 
8 +R 
in Figure 5.4-15. Replacing the part of the circuit that is connected to resistor R by its Thévenin equivalent circuit 


did not change the current in resistor R. Consequently, Eq. 5.4-3 also describes the relationship between i and R in 
Figure 5.4-13. We can now easily answer questions (a), (b) and (c). 


(5.4-3) 


(a) When R = 2 Q the resistor current is i = 2 = 4.8 A. 
(b) To cause i=5 A requires R = 8 $= 8 8=1.60. 


(c) To cause i=8 A requires R 48 8 48 8 20. 


The answer in part (c) is probably not acceptable because we expect 0 < R < oo. Using Eq. 5.4-3 shows that when 
0< R< œ the circuit in Figure 5.4-13 can only produce currents in the range 0 < i < 6 A. The current specified in 
(c) is outside of this range and cannot be obtained using a positive resistance R. 


5Q 4Q 4Q 
(a) (b) 
4Q 42 40 8Q 
(c) (d) (e) 


FIGURE 5.4-14 Determining the Thévenin equivalent circuit using source transformations and equivalent resistance. 
i 
GQ os 
O 


B R 


FIGURE 5.4-15 The circuit obtained by replacing part of the circuit in Figure 5.4-13 by its Thévenin equivalent circuit. 


Norton’s Equivalent Circuit 


ie FIGURE 5.4-16 (a) Circuit under 


under A 
test test with laboratory source v, and 


resistor R. (b) Circuit of (a) with 
Thévenin equivalent circuit 
(a) (b) replacing the test circuit. 


A laboratory procedure for determining the Thévenin equivalent of a black box circuit 
(see Figure 5.4-16a) is to measure i and v for two or more values of v, and a fixed value of R. For 
the circuit of Figure 5.4-16b, we replace the test circuit with its Thévenin equivalent, obtaining 


V = Voc + IR} (5.4-4) 


The procedure is to measure v and i for a fixed R and several values of v,. For example, let R = 10 Q and 
consider the two measurement results 


(1) v =49V: i=05A, v=44V 
and (2) v =76V: i=2A, v=56V 
Then we have two simultaneous equations (using Eq. 5.4-4): 


44 = væ + 0.5R; 
56 = Voc + 2Rt 


Solving these simultaneous equations, we get R, = 8 Q and vo = 40 V, thus obtaining the Thévenin 
equivalent of the black box circuit. 
Try it 
yourself EXERCISE 5.4-1 Determine values of R, and vo. that cause the circuit shown in Figure 
inWileyPLUS E 5 4-1b to be the Thévenin equivalent circuit of the circuit in Figure E 5.4-1a. 


Answer: R, = 8 Q and voc = 2 V 


30 6Q a BE a Ro a 
O 
(+) 6Q Voc Voc 
O 
b b b 
(a) (b) (b) 
FIGURE E 5.4-1 FIGURE E 5.4-2 


Try it 
= yourself EXERCISE 5.4-2 Determine values of R, and vo. that cause the circuit shown in Figure 
in WileyPLUS E 54-25 to be the Thévenin equivalent circuit of the circuit in Figure E 5.4-2a. 


Answer: R, = 3 Q and vo, = —6 V 


5.5 Norton’s Equivalent Circuit 


An American engineer, E. L. Norton at Bell Telephone Laboratories, proposed an equivalent circuit for 
circuit A of Figure 5.4-2, using a current source and an equivalent resistance. The Norton equivalent 
circuit is related to the Thévenin equivalent circuit by a source transformation. In other words, a source 
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Ry 
b 
FIGURE 5.5-1 Norton 
equivalent circuit for a linear 
circuit A. 


Try it 
yourself 
in WileyPLUS 


transformation converts a Thévenin equivalent circuit into a Norton equivalent circuit or 
vice versa. Norton published his method in 1926, 43 years after Thévenin. 

Norton’s theorem may be stated as follows: Given any linear circuit, divide it into two 
circuits, A and B. If either A or B contains a dependent source, its controlling variable must be 
in the same circuit. Consider circuit A and determine its short-circuit current i,, at its terminals. 
Then the equivalent circuit of A is a current source ise in parallel with a resistance Rp, where Rp 
is the resistance looking into circuit A with all its independent sources deactivated. 

We therefore have the Norton circuit for circuit A as shown in Figure 5.5-1. Finding 
the Thévenin equivalent circuit of the circuit in Figure 5.5-1 shows that R, = R and voc = 
Riise. The Norton equivalent is simply the source transformation of the Thévenin 
equivalent. 


( ExAMPLE 5.5-1 Norton Equivalent Circuit ) 


Determine the Norton equivalent circuit for the circuit shown in Figure 5.5-2. 


125 V 


Solution 


FIGURE 5.5-2 The circuit considered 
in Example 5.5-1. 


In Figure 5.5-3, source transformations and equivalent circuits are used to simplify the circuit in Figure 5.5-2. 
These simplifications continue until the simplified circuit in Figure 5.5-3d consists of a single current source in 
parallel with a single resistor. The circuit in Figure 5.5-3d is the Norton equivalent circuit of the circuit in 
Figure 5.5-2. Consequently 


1.125A (4) 


ig =1.125A and R,=R, =320 


40 Q a 
O 
O 
b 
(b) 
a a 
O O 
1609 1.125A (t) 32 0 
O o FIGURE 5.5-3 Using source transformations 
b b 


and equivalent circuits to determine the Norton 
(d) equivalent circuit of the circuit shown in Figure 5.5-2. 
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Try it ; : : : . 
yourself ExamĪmPLE 5.5-2 Norton Equivalent Circuit of a Circuit 


in WileyPLUS Containing a Dependent Source 


Determine the Norton equivalent circuit for the circuit shown in Figure 5.5-4. 


12V 59 


FIGURE 5.5-4 The circuit considered in Example 5.5-2. 


Solution 
We determined the Thévenin equivalent of the circuit shown in Figure 5.5-4 in Example 5.4-2. The procedure used 


to determine the Norton equivalent of a circuit is very similar to the procedure used to determine the Thévenin 
equivalent of that circuit. In particular the values of voc, R,, and isc for the Norton equivalent are determined 
in exactly the same way in which they were determined for the Thévenin equivalent in Example 5.4-2. 


Referring to Example 5.4-2 we have 
= 96V, ic = 1:1294.A and RR =Re— soo 
Our values of voc, Rẹ and isc satisfy Eq. 5.4-2, so we’re confident that they are correct. Finally, the Norton 
equivalent circuit is shown in Figure 5.5-5. 


a 
O 
11294A (Ñ) 859 

o FIGURE 5.5-5 The Norton equivalent circuit for the 
b circuit shown in Figure 5.5-4. 

Try it : ; 

yourself ExAMPLE 5.5-3 An Application of the Norton 

‘oaie yE ENS Equivalent Circuit 


Consider the circuit shown in Figure 5.5-6. 


(a) Determine the voltage, v, when R = 24 Q. 
(b) Determine the value of the resistance R required to cause v= 40 V. 
(c) Determine the value of the resistance R required to cause v= 60 V. 


5Q AG) aS 


O FIGURE 5.5-6 The circuit considered in Example 5.5-3. 
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Solution 

We considered a similar problem in Example 5.4-3. In Example 5.4-3 we replaced the part of the circuit that is 
connected to resistor R by its Thévenin equivalent circuit. In this example we will replace the part of the circuit that 
is connected to resistor R by its Norton equivalent circuit. The Norton equivalent circuit can be obtained from the 
Thévenin equivalent using a source transformation. Referring to Figure 5.4-15, we obtain Figure 5.5-7 in which the 
part of the circuit that is connected to resistor R has been replaced by its Norton equivalent circuit. 


MORL R 


FIGURE 5.5-7 The circuit obtained by replacing part of the circuit in 


O Figure 5.5-6 by its Norton equivalent circuit. 
We readily determine that 
8R 48 R 
== Úe >> 5.5-1 
aaea et) 


in Figure 5.5-7. Replacing the part of the circuit that is connected to resistor R by its Norton equivalent circuit did 
not change the current in resistor R. Consequently Eq. 5.5-1 describes the relationship between v and R in 
Figure 5.5-6! We can now easily answer questions (a), (b) and (c). 


(a) When R = 24 Q the resistor current is v = aa Z 36) Ve 


(b) To cause v=40 V requires R = ae = 40 ©. 


(c) To cause v=60 V requires R = aoe = —40 0. 


The answer in part (c) is probably not acceptable because we expect 0 < R < oo. Using Eq. 5.5-1 shows that the 


circuit in Figure 5.5-6 can only produce voltage in the range 0 < v < 48 V. The voltage specified in (c) is outside of 
this range and cannot be obtained using a positive resistance R. 


Try it 
yourself EXERCISE 5.5-1 Determine values of R, and isc that cause the circuit shown in Figure 


in WileyPLUS E 5,5-1b to be the Norton equivalent circuit of the circuit in Figure E 5.5-1a. 


3Q 6Q 


(*) 6Q 


Om 


(a) (b) FIGURE E 5.5-1 


Answer: R, = 8 Q and i = 0.25 A 
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5.6 Maximum Power Transfer 


Many applications of circuits require the maximum power available from a source to be transferred to a load 
resistor R,. Consider the circuit A shown in Figure 5.6-1, terminated with a load R,.. As demonstrated in 
Section 5.4, circuit A can be reduced to its Thévenin equivalent, as shown in Figure 5.6-2. 


Circuit A R, 


R Us © R| 


FIGURE 5.6-1 Circuit A contains resistors and FIGURE 5.6-2 The Thévenin equivalent is 
independent and dependent sources. The load is the substituted for circuit A. Here we use v, for the Thévenin 
resistor Ri. source voltage. 


The general problem of power transfer can be discussed in terms of efficiency and effectiveness. 
Power utility systems are designed to transport the power to the load with the greatest efficiency by 
reducing the losses on the power lines. Thus, the effort is concentrated on reducing R,, which would 
represent the resistance of the source plus the line resistance. Clearly, the idea of using superconducting 
lines that would exhibit no line resistance is exciting to power engineers. 

In the case of signal transmission, as in the electronics and communications industries, the 
problem is to attain the maximum signal strength at the load. Consider the signal received at the antenna 
of an FM radio receiver from a distant station. It is the engineer’s goal to design a receiver circuit so that 
the maximum power ultimately ends up at the output of the amplifier circuit connected to the antenna of 
your FM radio. Thus, we may represent the FM antenna and amplifier by the Thévenin equivalent 
circuit shown in Figure 5.6-2. 

Let us consider the general circuit of Figure 5.6-2. We wish to find the value of the load resistance 
R, such that maximum power is delivered to it. First, we need to find the power from 


p=iR, 
Because the current i is j £ 
i i= —— 
RL +R, 
P 2 
we find that the power is = | — |R 5.6-1 
p 7 (z TA z) = (5:6-1) 


Assuming that v, and R, are fixed for a given source, the maximum power is a function of Ri. To find the 
value of R, that maximizes the power, we use the differential calculus to find where the derivative 
dp/dR,, equals zero. Taking the derivative, we obtain 


dp _ 2 (Ri + RO? = Ri + RRL 


dR ` (RL + Ri 
The derivative is zero when 
(Ri + RLY — (Ri + RL)Ri = 0 (5.6-2) 
or (Ri + RLR + Ry = 2R) =o (5.6-3) 


Solving Eq. 5.6-3, we obtain 
RL = Ri (5.6-4) 
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1.0 


0.75 


0.25 


(0) 0.5 1 1.5 
R, FIGURE 5.6-3 Power actually 
R; attained as R, varies in relation to R,. 


To confirm that Eq. 5.6-4 corresponds to a maximum, it should be shown that dp / dR,” < 0. Therefore, 
the maximum power is transferred to the load when R, is equal to the Thévenin equivalent resistance R,. 
The maximum power, when R; = R, is then obtained by substituting Rg = R, in Eq. 5.6-1 to yield 


v R, = Wee 
QR) 4R 


Pmax iE 


The power delivered to the load will differ from the maximum attainable as the load resistance R, 
departs from Ry = R.. The power attained as R, varies from R, is portrayed in Figure 5.6-3. 


The maximum power transfer theorem states that the maximum power delivered to a load by 
a source is attained when the load resistance, R4, is equal to the Thévenin resistance, R, of the 
source. 


te o R, FIGURE 5.6-4 Norton’s equivalent circuit representing 
the source circuit and a load resistor R}. Here we use i, 
O as the Norton source current. 


We may also use Norton’s equivalent circuit to represent circuit A in Figure 5.6.1. We then have a 
circuit with a load resistor Ry, as shown in Figure 5.6-4. The current i may be obtained from the current 
divider principle to yield 


; Re, 
i= —_i, 
R+ Ri 
Therefore, the power p is 
;2p2 
i  RéR 
p=?R, == (5.6-5) 
(Ri + RLY 
Using calculus, we can show that the maximum power occurs when 
R= R (5.6-6) 
Then the maximum power delivered to the load is 
Ri? 
Pmax = 5 (5.6-7) 


4 
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Try it . 
yourself ExAMPLE 5.6-1 Maximum Power Transfer 


in WileyPLUS 


Find the load resistance R, that will result in maximum power delivered 
to the load for the circuit of Figure 5.6-5. Also, determine the maximum 
power delivered to the load resistor. 


Solution 
First, we determine the Thévenin equivalent circuit for the circuit to the 
left of terminals a-b. Disconnect the load resistor. The Thévenin voltage 
SOULCE Voc 1S 

150 


oc = —~ X 180 = 150 
v 180 x 18 50 V 
The Thévenin resistance R, is 
30 x 150 
Z = 2N 
t 30+ 150 


The Thévenin circuit connected to the load resistor is shown in Figure 5.6-6. 


Maximum power transfer is obtained when Ry = R = 25 Q. 
Then the maximum power is 
Voc? CW 
Pmax ~ AR, 4x25 


225 W 


5s 300 ; 


180v È) RI 


O 
b 


FIGURE 5.6-5 Circuit for Example 
5.6-1. Resistances in ohms. 


O 

b 
FIGURE 5.6-6 Thévenin equivalent 
circuit connected to R, for Example 
5.6-1. 


Try it 
yourself 
in WilevPLUS 


( ExAMPLE 5.6-2 Maximum Power Transfer ) 


Find the load R, that will result in maximum power delivered to the load of the circuit of Figure 5.6-7a. Also, 


determine Pmax delivered. 


2Vab 


(c) (d) 


FIGURE 5.6-7 Determination 
of maximum power transfer to 
a load R,. 
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Solution 
We will obtain the Thévenin equivalent circuit for the part of the circuit to the left of terminals a,b in Figure 


5.6-7a. First, we find vo. as shown in Figure 5.6-7b. The KVL gives 
—6 + 10i — 2v» = 0 


Also, we note that va, = Voc = 4i. Therefore, 
10i — 8i = 6 


Ois—sorsemineretore, Voc = 4i = 12 V. 
To determine the short-circuit current, we add a short circuit as shown in Figure 5.6-7c. The 4-Q resistor is 


short circuited and can be ignored. Writing KVL, we have 
—6 + ise = 0 
RENEE, Fae = IVA 
Therefore, R, = Voc/ ise = 12 Q. The Thévenin equivalent circuit is shown in Figure 5.6-7d with the load resistor. 
Maximum load power is achieved when Ry = R, = 12 Q. Then, 
ve 12? 


Pmax ~ ZR 412) 


Try it 
yourself EXERCISE 5.6-1 Find the maximum power that can be delivered to R; for the circuit of Figure 
in WileyPLUS g z p à : . 
E 5.6-1, using a Thévenin equivalent circuit. 


3Q 2Q 


EO Ri 


O FIGURE E 5.6-1 


Answer: 9 W when R, = 40, 


5.7 Using MATLAB to Determine the 
Thévenin Equivalent Circuit 


MATLAB can be used to reduce the work required to determine the Thévenin equivalent of a circuit 
such as the one shown in Figure 5.7-1a. First, connect a resistor, R, across the terminals of the network, 
as shown in Figure 5.7-1b. Next, write node or mesh equations to describe the circuit with the resistor 
connected across its terminals. In this case, the circuit in Figure 5.7-1b is represented by the mesh 
equations 


12 = 28i — 10i — 8i3 
12 = —10i, + 28% — Biz (5.7-1) 
0 = —8i; — 8iz + (16 + R)i3 
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10Q 


(b) 


FIGURE 5.7-1 The circuit in (b) is obtained by connecting a resistor, R, across the terminals of the circuit in (a). 


The current i in the resistor R is equal to the mesh current in the third mesh, that is, 
i= (5.7-2) 


The mesh equations can be written using matrices such as 


28 -10 -8 ii 12 
-10 28 -8 ip | = | 12 (5.7-3) 
-8 -8 1642) |e 0 


Notice that i = i; in Figure 5.7-1b. 

Figure 5.7-2 shows a MATLAB file named ch5ex.m that solves Eq. 5.7-1. Figure 5.7-3 illustrates 
the use of this MATLAB file and shows that when R = 6 Q, then i = 0.7164 A, and that when R = 12 Q, 
then 7 = 0.5106 A. 

Next, consider Figure 5.7-4, which shows a resistor R connected across the terminals of a 
Thévenin equivalent circuit. The circuit in Figure 5.7-4 is represented by the mesh equation 


V,=RitRi (5.7-4) 


( N 


% chSex.m - MATLAB input file for Section 5-7 
z = [ 28 =10 =8; % 
-10 28 -8: % Mesh Equation 
-6 x : 4% 
5 lerk]; x Equation 5.7-3 
w = [ 12; % 
12; é 
0l: ve 
Im = ZW; % Calculate the mesh currents. 
I = Im{3} % Equation 5.7-2 


i A 


FIGURE 5.7-2 MATLAB file used to solve the mesh equation representing the circuit shown in Figure 5.7-1b. 
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File Edit Debug Desktop Window Help 
nS |? 


Shortcuts Z] Howto Add Z] What's New 
>> R=6; 
>> chSex 


0.7164 


>> R=12; 
>> chSex 


Start 


FIGURE 5.7-3 Computer screen showing the use of MATLAB to analyze the circuit shown in Figure 5.7-1. 


As a matter of notation, let i = i, when R = R,. Similarly, let i = ip when R = R». Equation 5.7-4 
indicates that 


Vi = Riia + Raia 


Vi = Riis + Rbi» oe 


Equation 5.7-5 can be written using matrices as 


eel: =e] 5.16) 


Given i,, R» ip, and Rp, this matrix equation can be solved for V, and R, the parameters of the Thévenin 
equivalent circuit. Figure 5.7-5 shows a MATLAB file that solves Eq. 5.7-6, using the values i, = 0.7164 
A, Ry = 6 Q, i, = 0.5106 A, and R, = 12 Q. The resulting values of V, and R, are 


V; = 10.664 V and R, = 8.8863 Q 


V, B J: FIGURE 5.7-4 The circuit obtained by 
l connecting a resistor, R, across the 
terminals of a Thévenin equivalent circuit. 
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se Find the Thevenin equivalent of the circuit N 
% connected to the resister R. 


Ra = 12: ia = 0.5106; Z When R=Ra then i=ia 
Rb = 6; ib = 0.7164; % When R=Rb then i=ib 
A = [1 -la: % 

1 -ib]: ž 

% Eqn 5.7-6 

b = [Ra*ia; % 

Rb*ib]: % 
x = Ab: 


Vt = X{1) % Open-Cireuit Voltage 


Sal = X(2) *% Thevenin Resistance E. 


FIGURE 5.7-5 MATLAB file used to calculate the open-circuit voltage and Thévenin resistance. 


5.8 Using PSpice to Determine the Thévenin 
Equivalent Circuit 


We can use the computer program PSpice to find the Thévenin or Norton equivalent circuit 
for circuits even though they are quite complicated. Figure 5.8-1 illustrates this method. We 
calculate the Thévenin equivalent of the circuit shown in Figure 5.8-1a by calculating its open-circuit 
voltage Voc and its short-circuit current is». To do so, we connect a resistor across its terminals 
as shown in Figure 5.8-1b. When the resistance of this resistor is infinite, the resistor voltage will 
be equal to the open-circuit voltage voc, as shown m Figure 5.8-1b. On the other hand, when 
the resistance of this resistor is zero, the resistor current will be equal to the short-circuit current isc, 
as shown in Figure 5.8-Ic. 

We can’t use either infinite or zero resistances in PSpice, so we will approximate the infinite 
resistance by a resistance that is several orders of magnitude larger than the largest resistance in circuit 
A. We can check whether our resistance is large enough by doubling it and rerunning the PSpice 
simulation. If the computed value of voc does not change, our large resistance is effectively infinite. 
Similarly, we can approximate a zero resistance by a resistance that is several orders of magnitude 
smaller than the smallest resistance in circuit A. Our small resistance is effectively zero when halving it 
does not change the computed value of icc. 


Circuit A Circuit A 


(a) 
FIGURE 5.8-1 A method for computing the values of voc and isc, using PSpice. 
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ExAMPLE 5.8-1 Using PSpice to find a Thévenin 
Equivalent Circuit 


Use PSpice to determine the values of the open-circuit voltage voc and the short-circuit current ise for the circuit 
shown in Figure 5.8-2. 


©) > 209 


FIGURE 5.8-2 The circuit considered in Example 5.8-1. FIGURE 5.8-3 The circuit from Figure 5.8-2 after adding 
a resistor across its terminals. 


Solution 
Following our method, we add a resistor across the terminals of the circuit as shown in Figure 5.8-3. Noticing that 


the largest resistance in our circuit is 20 Q and the smallest is 5 Q, we will determine voc and isc, using 
Voc ¥ VR when R> 200, 
v 
and Vee iR = when R&5Q 


Using PSpice begins with drawing the circuit in the OrCAD Capture workspace as shown in Figure 5.8-4 (see 
Appendix A). The VCVS in Figure 5.8-3 is represented by a PSpice “Part E” in Figure 5.8-4. Figure 5.8-5 
illustrates the correspondence between the VCVS and the PSpice “Part E.” 

To determine the open circuit voltage, we set the resistance R to a very large value and perform a “Bias Point’ 
simulation (see Appendix A). Figure 5.8-6 shows the simulation results when R = 20 MQ. The voltage across the 
resistor R is 33.6 V, So Voc = 33.6 V. (Doubling the value of R and rerunning the simulation did not change the value 
of the voltage across R, so we are confident that voe = 33.6 V.) 


Z¥ OrCAD Capture CIS - Demo Edition - [/ - (SCHEMATIC1 : PAGE1)] 
bi] File Edit View Place Macro PSpice Accessories Options Window Help 


Oca & tee 2c 
| SCHEMATIC1-thev yi bors PVE 


GAI 


9 


FIGURE 5.8-4 The circuit from 
Figure 5.8-3 drawn in the OrCAD 
Scale=200%  X=3.80 Y=1.80 z . Capture workspace. 


Egget EH Yla] 
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1¢ 8 
a 1 
Uc ku, 
i oh 2 
2 a FIGURE 5.8-5 A VCVS (a) and 
(a) (b) the corresponding PSpice “Part E” (b). 


sU & + ® 


| SCHEMATIC1-thev 


| Owes +P EO |a] 


{ FIGURE 5.8-6 Simulation results for 
Scale=200% X=5.70 Y=2.90 -: R=20 MQ. 


To determine the short-circuit current, we set the resistance R to a very small value and perform a Bias Point’ 
simulation (see Appendix A). Figure 5.8-7 shows the simulation results when R = 1 mQ. The voltage across the 
resistor R is 12.6 mV. Using Ohm’s law, the value of the short-circuit current is 

fee. 6 10 
ise = ———_,— = 12.6A 
1 x 10 
(Halving the value of R and rerunning the simulation did not change the value of the voltage across R, so we are 


confident that is = 12.6 A.) 


Z¥ OrCAD Capture CIS - Demo Edition - [/ - (SCHEMATIC1 : PAGE1)] 
bi] File Edit View Place Macro PSpice Accessories Options Window Help 


nel ő žb 22 MA fr 
| SCHEMATIC1-thev Janob HVA |V] I! 


i) 
D> 
aL 
Ni 
1 
+ 

A 
PUR 
9 
= 
=! 
<p 


> f FIGURE 5.8-7 Simulation results for 
Scale=200% X=4.70 Y=3.20 :: R=1MQ=0.001Q. 
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59 How Can We Check ...? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


EXAMPLE 5.9-1 How Can We Check Thévenin 
Equivalent Circuits? 


Suppose that the circuit shown in Figure 5.9-1a was built in the lab, using R = 2 KQ, and that the voltage labeled v 


was measured to be v = —1.87 V. Next, the resistor labeled R was changed to R = 5 kQ, and the voltage v was 
measured to be v = —3.0 V. Finally, the resistor was changed to R = 10 kQ, and the voltage was measured to be 
v = —3.75 V. How can we check that these measurements are consistent? 


3.83 kQ 2.8728 kQ 


4.788 kQ 


(a) (b) 
FIGURE 5.9-1 (a) A circuit with data obtained by measuring the voltage across the resistor R, and (b) the circuit obtained by 


replacing the part of the circuit connected to R by its Thévenin equivalent circuit. 


Solution 
Let’s replace the part of the circuit connected to the resistor R by its Thévenin equivalent circuit. Figure 5.9-1b 
shows the resulting circuit. Applying the voltage division principle to the circuit in Figure 5.9-1b gives 


R 
V= Voc (5.9-1) 
R+R, 
When R = 2 kQ, then v = —1.87 V, and Eq. 5.9-1 becomes 
2000 
1.87 = Ae 9-2 
87 = 50004” ee) 
Similarly, when R = 5 kQ, then v = —3.0 V, and Eq. 5.9-1 becomes 
5000 
30 = ne .9- 
5000 + Re” (323) 


Equations 5.9-2 and 5.9-3 constitute a set of two equations in two unknowns, Voc and R,. Solving these equations 
gives Voc = —5 V and R, = 3333 Q. Substituting these values into Eq. 5.9-1 gives 


ee) (5.9-4) 


EERE 
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Equation 5.9-4 can be used to predict the voltage that would be measured if R = 10 KQ. If the value of v obtained using 
Eq. 5.9-4 agrees with the measured value of v, then the measured data are consistent. Letting R= 10kO,in Eq. 5.9-4 gives 


10,000 
Y = 10,000 + 3333 


Because this value agrees with the measured value of v, the measured data are indeed consistent. 


(—5)=-3.75V (5.9-5) 


5.10 Design EXAMPLE Strain Gauge Bridge 


Strain gauges are transducers that measure mechanical strain. Electrically, the strain gauges are resistors. The strain 
causes a change in resistance that is proportional to the strain. 

Figure 5.10-1 shows four strain gauges connected in a configuration called a bridge. Strain gauge bridges 
measure force or pressure (Doebelin, 1966). 


R-AR | 
@ Voltmeter © 


R+AR 


Strain gauge bridge Amplifier 


FIGURE 5.10-1 Design problem involving a strain gauge bridge. 


The bridge output is usually a small voltage. In Figure 5.10-1, an amplifier multiplies the bridge output, vi, by 
a gain to obtain a larger voltage, vo, which is displayed by the voltmeter. 


Describe the Situation and the Assumptions 
A strain gauge bridge is used to measure force. The strain gauges have been positioned so that the force will 
increase the resistance of two of the strain gauges while, at the same time, decreasing the resistance of the other two 
strain gauges. 

The strain gauges used in the bridge have nominal resistances of R = 120 Q. (The nominal resistance is the 
resistance when the strain is zero.) This resistance is expected to increase or decrease by no more than 2 Q due to 
strain. This means that 


—20 <AR<20 (5.10-1) 
The output voltage vo is required to vary from —10 V to +10 V as AR varies from —2 Q to 2. 


State the Goal 
Determine the amplifier gain b needed to cause v, to be related to AR by 
volt 
o = 5—— -AR 5.10-2 
° ohm ( ) 


Generate a Plan 
Use Thévenin’s theorem to analyze the circuit shown in Figure 5.10-1 to determine the relationship between v; and 
AR. Calculate the amplifier gain needed to satisfy Eq. 5.10-2. 
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Act on the Plan 

We begin by finding the Thévenin equivalent of the strain gauge bridge. This requires two calculations: one to find 
the open-circuit voltage, v, and the other to find the Thévenin resistance R,. Figure 5.10-2a shows the circuit used to 
calculate v, Begin by finding the currents i, and ip. 

7 50 mV _ 50mV 

> (R—AR)+(R4AR)” DR 


i 


Similar! j AU ai 
h = = 
y 2 = RFAR)} (RAR) 2R 
Then v = (R ar AR)i = (R = AR)ia 
50 mV 
= (2AR) —, (5.10-3) 
AR 50 mV = 
a oa (0.4167 x 10°) AR 


Figure 5.10-2b shows the circuit used to calculate R,. This figure shows that R, is composed of a series 
connection of two resistances, each of which is a parallel connection of two strain gauge resistances 


t=O 


(b) 


FIGURE 5.10-2 Calculating (a) the open-circuit voltage, and (b) the Thévenin resistance of the strain gauge bridge. 


(R — AR)(R + AR) (R + AR)(R — AR) A — AR’ 


* (R— AR) +(R+AR) | (R+AR) + (R— AR) 2R 


Because R is much larger than AR, this equation can be simplified to 
R; = R 


In Figure 5.10-3 the strain gauge bridge has been replaced by its Thévenin equivalent circuit. 
This simplification allows us to calculate v; using voltage division 


100 kQ 


= — = = J. - 
maar e = (0.4162 x 10) AR (5.10-4) 


Model the voltmeter as an ideal voltmeter. Then the voltmeter current is i = 0 as shown in Figure 5.10-3. Applying 
KVL to the right-hand mesh gives 


vo + 50(0) — by; = 0 
or Vo = by; = b(0.4162 x 10°) AR (5.10-5) 


FIGURE 5.10-3 Solution to the design problem. 
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Comparing Eq. 5.10-5 to Eq. 5.10-2 shows that the amplifier gain b must satisfy 


b(0.4162 x 10-7) =5 


Hence, the amplifier gain is 


b = 12,013 


Verify the Proposed Solution 
Substituting b = 12,013 into Eq. 5.10-5 gives 


Vo = (12,013) (0.4162 x 10-3) AR = 4.9998 AR 


which agrees with Eq. 5.10-2. 


5.11 SUMMARY 


© Source transformations, summarized in Table 5.1 1-1, are used to 
transform a circuit into an equivalent circuit. A voltage source Voc 
in series with a resistor R, can be transformed into a current 
source ise = V,,/R, and a parallel resistor R,. Conversely, a current 
source isc in parallel with a resistor R, can be transformed into a 
voltage source Voc = Rise in series with a resistor R,. The circuits 
in Table 5.11-1 are equivalent in the sense that the voltage and 
current of all circuit elements in circuit B are unchanged by the 
source transformation. 

The superposition theorem permits us to determine the 
total response of a linear circuit to several independent sources 
by finding the response to each independent source separately 
and then adding the separate responses algebraically. 
Thévenin and Norton equivalent circuits, summarized in 
Table 5.11-2, are used to transform a circuit into a smaller, 
yet equivalent, circuit. First the circuit is separated into two 
parts, circuit A and circuit B, in Table 5.11-2. Circuit A can 
be replaced by either its Thévenin equivalent circuit or its 


Table 5.11-1 Source Transformations 


(5.10-6) 


Norton equivalent circuit. The circuits in Table 5.11-2 are 
equivalent in the sense that the voltage and current of all 
circuit elements in circuit B are unchanged by replacing 
circuit A with either its Thévenin equivalent circuit or its 
Norton equivalent circuit. 

Procedures for calculating the parameters Voc, isc, and R, of 
the Thévenin and Norton equivalent circuits are summarized 
in Figures 5.4-3 and 5.4-4. 

The goal of many electronic and communications circuits is 
to deliver maximum power to a load resistor RL. Maximum 
power is attained when Ry is set equal to the Thévenin 
resistance R, of the circuit connected to R,.. This results in 
maximum power at the load when the series resistance R, 
cannot be reduced. 

The computer programs MATLAB and SPICE can be used to 
reduce the computational burden of calculating the parame- 
ters Voc, isc, and R, of the Thévenin and Norton equivalent 
circuits. 


THEVENIN CIRCUIT 


Circuit 
B 


NORTON CIRCUIT 


O 
a 
Q R, ae 
b 
O 
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Table 5.11-2 Thévenin and Norton Equivalent Circuits 


ORIGINAL CIRCUIT THEVENIN CIRCUIT 


NORTON EQUIVALENT CIRCUIT 


Circuit 
A B 


Circuit 


Circuit 
B 


(+) Problem available in WileyPLUS at instructor’s discretion. 


PROBLEMS 


Section 5.2 Source Transformations 


P 5.2-1 @ The circuit shown in Figure P 5.2-la has been 
divided into two parts. The circuit shown in Figure P 5.2-1b was 
obtained by simplifying the part to the right of the terminals using 
source transformations. The part of the circuit to the left of the 
terminals was not changed. 


(a) Determine the values of R, and v, in Figure P 5.2-1b. 

(b) Determine the values of the current i and the voltage v in 
Figure P 5.2-1b. The circuit in Figure P 5.2-1b is equiv- 
alent to the circuit in Figure P 5.2-la. Consequently, 
the current i and the voltage v in Figure P 5.2-la have 
the same values as do the current i and the voltage v in 
Figure P 5.2-1b. 

(c) Determine the value of the current i, in Figure P 5.2-1a. 


Figure P 5.2-1 


P 5.2-2 © Consider the circuit of Figure P 5.2-2. Find i, by 
simplifying the circuit (using source transformations) to a 
single-loop circuit so that you need to write only one KVL 
equation to find ią. 


8Q 
wW DE 
10V © 42 


Figure P 5.2-2 


P5.2-3 @ Find v, using source transformations if i = 5/2 A 
in the circuit shown in Figure P 5.2-3. 


Hint: Reduce the circuit to a single mesh that contains the 
voltage source labeled vo. 


Answer: vs = 28 V 


Figure P 5.2-3 


P 5.2-4 (+) Determine the value of the current i, in the circuit 
shown in Figure P 5.2-4. 


6 kQ 4ko 10V 4kQ 
6V 


Figure P 5.2-4 


P5.2-5 @ Use source transformations to find the current i, in 
the circuit shown in Figure P 5.2-5. 


Answer: i,= 1A 


4A 


Figure P 5.2-5 


P 5.2-6 Use source transformations to find the value of the 
voltage v, in Figure P 5.2-6. 


Answer: v, =7 V 
100 Q BV 


Figure P 5.2-6 


P 5.2-7 Theequivalentcircuitin Figure P 5.2-7 is obtained from 
the original circuit using source transformations and equivalent 
resistances. (The lower case letters a and b identify the nodes of 
the capacitor in both the original and equivalent circuits.) 
Determine the values of Ra, Va Rp, and J, in the equivalent circuit 


#2 ap 


equivalent circuit 


Figure P 5.2-7 


P 5.2-8 The circuit shown in Figure P 5.2-8 contains an 
unspecified resistance R. 


(a) Determine the value of the current i when R = 4 Q. 
(b) Determine the value of the voltage v when R = 8 Q. 
(c) Determine the value of R that will cause i = 1 A. 
(d) Determine the value of R that will cause v = 16 V. 
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Figure P 5.2-8 


P 5.2-9 (+) Determine the value of the power supplied by the 
current source in the circuit shown in Figure P 5.2-9. 


159 


2av(*) O 


25 Q 


32VG) 


12Q 


Figure P 5.2-9 


Section 5.3 Superposition 


P 5.3-1 © The inputs to the circuit shown in Figure P 5.3-1 
are the voltage source voltages v; and v2, The output of the 
circuit is the voltage vo. The output is related to the inputs by 


Vo = avı + bvz 


where a and b are constants. Determine the values of a and b. 


20 Q 5 Q 


Figure P 5.3-1 


P 5.3-2 (+) A particular linear circuit has two inputs, vı and v2, 
and one output, vo. Three measurements are made. The first 
measurement shows that the output is vo = 4 V when the inputs 
are vı = 2 V and v2 = 0. The second measurement shows that the 
output is vo = 10 V when the inputs are vy; = 0 and v, = —2.5 V. 
In the third measurement, the inputs are vı = 3 V and vz = 3 V. 
What is the value of the output in the third measurement? 


P 5.3-3 @ The circuit shown in Figure P 5.3-3 has two 
inputs, v, and i,, and one output, i,. The output is related to the 
inputs by the equation 

ig = ais + bvg 
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Given the following two facts: 


The output is i; = 0.45 A when the inputs are i; = 0.25 A 
and v, = 15 V 


and 


The output is i; = 0.30 A when the inputs are i; = 0.50 A 
and vs = 0V 


Determine the values of the constants a and b and the values of 
the resistances are R, and R3. 


Answers: a=0.6 A/A, b = 0.02 A/V, R; = 30 Q, and R= 20 Q. 


9 @ Bo 


Figure P 5.3-3 


P 5.3-4 Use superposition to find v for the circuit of 
Figure P 5.3-4. 


10 Q 15 Q 


Figure P 5.3-4 


P 5.3-5 Determine v(t), the voltage across the vertical resistor 
in the circuit in Figure P 5.3-5. 


40 Q 10 Q 
S mgn O _ 


Figure P 5.3-5 


P 5.3-6 © Use superposition to find i for the circuit of 
Figure P 5.3-6. 


Answer: i= 3.5 mA 
15 mA 
© 
© 


2 kQ 6 kQ 


Figure P 5.3-6 


P 5.3-7 Determine v(t), the voltage across the 40 Q resistor in 
the circuit in Figure P 5.3-7. 


124+15cos(8t) V 


10 Q 


O 1+sin(5t) A 


Figure P 5.3-7 


P 5.3-8 © Use superposition to find the value of the current 
ix in Figure P 5.3-8. 


Answer: i, = 1/6 A 


b 6a 39 


Da Oa 


Figure P 5.3-8 


*P 5.3-9 The input to the circuit shown in Figure P 5.3-9 is the 
voltage source voltage v,. The output is the voltage və. The 
current source current i, is used to adjust the relationship 
between the input and output. Design the circuit so that input 
and output are related by the equation vp = 2v, + 9. 


Ai, 


6Q 


Figure P 5.3-9 
Hint: Determine the required values of A and i,. 


P 5.3-10 @ The circuit shown in Figure P 5.3-10 has three 
inputs: vı, v2, and iz. The output of the circuit is vo. The output 
is related to the inputs by 


Vo = avı + bv + cis 


where a, b, and c are constants. Determine the values of a, b, and c. 


8Q v2 


Figure P 5.3-10 


P 5.3-11 Determine the voltage v.(f) for the circuit shown in 
Figure P 5.3-11. 


12 cos 2t V 


Q hi, 


Figure P 5.3-11 


P 5.3-12 © Determine the value of the voltage v, in the 
circuit shown in Figure P 5.3-12. 


Figure P 5.3-12 


P5.3-13 (+) The input to the circuit shown in Figure P 5.3-13 
is the current 7,. The output is the voltage vo. The current i> is 
used to adjust the relationship between the input and output. 
Determine values of the current i, and the resistance R, that 
cause the output to be related to the input by the equation 


Vo = —0.5i + 4 


Figure P 5.3-13 


P 5.3-14 (+) Determine values of the current i, and the 
resistance R for the circuit shown in Figure P 5.3-14. 


8v 


Figure P 5.3-14 


P 5.3-15 © The circuit shown in Figure P 5.3-15 has three 
inputs: vı, i2, and v3. The output of the circuit is the current io. 
The output of the circuit is related to the inputs by 
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il = avo + bv + ci} 


where a, b, and c are constants. Determine the values of 
a, b, and c. 


20 Q 


12 Q9 


10 Q 


Figure P 5.3-15 


P 5.3-16 © Using the superposition principle, find the value 
of the current measured by the ammeter in Figure P 5.3-16a. 
Hint: Figure P 5.3-16b shows the circuit after the ideal 
ammeter has been replaced by the equivalent short circuit 
and a label has been added to indicate the current measured 
by the ammeter, im. 


23 3 
3+2 243 


5=5-3=2A 


Answer: in = 


Or, i 


(b) 


Figure P 5.3-16 (a) A circuit containing two independent 
sources. (b) The circuit after the ideal ammeter has been replaced 
by the equivalent short circuit and a label has been added to 
indicate the current measured by the ammeter, im- 


Section 5.4 Thévenin’s Theorem 


P 5.4-1 © Determine values of R, and voc that cause the 
circuit shown in Figure P 5.4-1b to be the Thévenin equivalent 
circuit of the circuit in Figure P 5.4-1a. 


Hint: Use source transformations and equivalent resistances 
to reduce the circuit in Figure P 5.4-1a until it is the circuit in 
Figure P 5.4-1b. 
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Answer: R, = 5 Q and vo, = 2 V Answer: Vo, = —2 V and R, = —8/3 Q 


32 30 a Ro a 


Figure P 5.4-1 


P 5.4-2 The circuit shown in Figure P 5.4-2b is the Thévenin Figure P 5.4-5 

equivalent circuit of the circuit shown in Figure P 5.4-2a. 

Find the value of the open-circuit voltage voc and Thévenin P 5,4-6 Find the Thévenin equivalent circuit for the circuit 
resistance R,. shown in Figure P 5.4-6. 


Answer: vos = —12 V and R= 160, 


10 Q 8a R 


= Figure P 5.4-6 


(a) (b) 
P 5.4-7 The equivalent circuit in Figure P 5.4-7 is obtained by 
Figure P 5.4-2 replacing part of the original circuit by its Thévenin equivalent 


PIN us . oe circuit. The values of the parameters of the Thévenin equivalent 
P5.4-3 @ The circuit shown in Figure P 5.4-3b is the Thévenin Circuit a6 


equivalent circuit of the circuit shown in Figure P 5.4-3a. Find the 
value of the open-circuit voltage voc and Thévenin resistance R,. Voc = 15 V and R; = 600 


Answer: Voc = 2 V and R, = 40 Determine the following: 


12 V R; (a) The values of V, and R,. (Four resistors in the original 
circuit have equal resistance, Ra.) 
(b) The value of R, required to cause i = 0.2 A. 
Voc (c) The value of R, required to cause v = 12 V. 


Figure P 5.4-3 


P 5.4-4 Find the Thévenin equivalent circuit for the circuit 
shown in Figure P 5.4-4. 


original circuit 


R 


t 


©) Ry 


Figure P 5.4-4 = 


equivalent circuit 


P 5.4-5 @ Find the Thévenin equivalent circuit for the circuit 


shown in Figure P 5.4-5. nets i Sie 


P 5.4-8 © A resistor, R, was connected to a circuit box as shown 
in Figure P 5.4-8. The voltage v was measured. The resistance was 
changed, and the voltage was measured again. The results are 
shown in the table. Determine the Thévenin equivalent of the 
circuit within the box and predict the voltage v when R = 8 KQ. 


R v 
Circuit 2kQ 6V 
4 KQ 2V 


Figure P 5.4-8 


P 5.4-9 © A resistor, R, was connected to a circuit box as 
shown in Figure P 5.4-9. The current i was measured. The 
resistance was changed, and the current was measured again. 
The results are shown in the table. 


(a) Specify the value of R required to cause i = 2 mA. 
(b) Given that R > 0, determine the maximum possible value 
of the current i. 


Hint: Use the data in the table to represent the circuit by a 
Thévenin equivalent. 


Circuit 


Figure P 5.4-9 


P 5.4-10 (+) For the circuit of Figure P 5.4-10, specify the 
resistance R that will cause current i, to be 2 mA. The current i, 
has units of amps. 


Hint: Find the Thévenin equivalent circuit of the circuit 
connected to R. 


2000i, 


Figure P 5.4-10 


P 5.4-11 (+) For the circuit of Figure P 5.4-11, specify the 
value of the resistance R; that will cause current i; to be —2 A. 


Answer: R = 120 


Figure P 5.4-11 
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P5.4-12 @ The circuit shown in Figure P 5.4-12 contains an 
adjustable resistor. The resistance R can be set to any value in 
the range 0 < R < 100 KQ. 


(a) Determine the maximum value of the current i, that can be 
obtained by adjusting R. Determine the corresponding 
value of R. 

(b) Determine the maximum value of the voltage v, that can be 
obtained by adjusting R. Determine the corresponding 
value of R. 

(c) Determine the maximum value of the power supplied to the 
adjustable resistor that can be obtained by adjusting R. 
Determine the corresponding value of R. 


12 kQ 


Figure P 5.4-12 


P 5.4-13 @ The circuit shown in Figure P 5.4-13 consists of 
two parts, the source (to the left of the terminals) and the load. 
The load consists of a single adjustable resistor having resist- 
ance 0 < Ry < 20 Q. The resistance R is fixed but unspecified. 
When R, = 4 Q, the load current is measured to be i, = 0.375 A. 
When R, = 8 Q, the value of the load current is i, = 0.300 A. 


(a) Determine the value of the load current when Ry = 100. 
(b) Determine the value of R. 


48 Q 


24v (*) 


O 
source load 


Figure P 5.4-13 
P 5.4-14 The circuit shown in Figure P 5.4-14 contains an 


unspecified resistance, R. Determine the value of R in each of 
the following two ways. 


(a) Write and solve mesh equations. 
(b) Replace the part of the circuit connected to the resistor R by 
a Thévenin equivalent circuit. Analyze the resulting circuit. 


40 Q 


40V ©) 


10 Q 


Figure P 5.4-14 
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P 5.4-15 @ Consider the circuit shown in Figure P 5.4-15. 
Replace the part of the circuit to the left of terminals a-b by 
its Thévenin equivalent circuit. Determine the value of the 


current I. 
a 


1209 30Q 


Figure P 5.4-15 


P 5.4-16 An ideal voltmeter is modeled as an open circuit. A 
more realistic model of a voltmeter is a large resistance. Figure 
P 5.4-16a shows a circuit with a voltmeter that measures the 
voltage vm. In Figure P 5.4-16b, the voltmeter is replaced by the 
model of an ideal voltmeter, an open circuit. The voltmeter 
measures Vmi, the ideal value of vy. 


200 Q 10 | 
O Ọ Voltmeter Ọ 
O 
(a) 
200 Q 10 Q 


200 Q 


10Q 


i 
9 Vm 


O 

O 
(c) 
Figure P 5.4-16 


As Rm — œ, the voltmeter becomes an ideal voltmeter 
and vm — Vmi. When Rm < 00, the voltmeter is not ideal and 
Vm > Vmi. The difference between vm and vmi is a measurement 
error caused by the fact that the voltmeter is not ideal. 


(a) Determine the value of vmi- 

(b) Express the measurement error that occurs when Rm = 
1000 Q as a percentage of vmi- 

(c) Determine the minimum value of Rm required to ensure 
that the measurement error is smaller than 2 percent of vmi- 


P 5.4-17 Given that0 < R < ov in the circuit shown in Figure 
P 5.4-17, consider these two observations: 


Observation 1: When R = 2 Q then vy = 4 V and ir = 2 A. 
Observation 1: When R = 6 Q then vr = 6 V and ig = 1 A. 


Determine the following: 


(a) The maximum value of ig and the value of R that causes ig 
to be maximal. 

(b) The maximum value of vp and the value of R that causes vp 
to be maximal. 

(c) The maximum value of pp = irvr and the value of R that 
causes Pp to be maximal. 


la 242 IR 
— > 
O 
$ 


Figure P 5.4-17 


P 5.4-18 @ Consider the circuit shown in Figure P 5.4-18. 
Determine 


(a) The value of vg that occurs when R = 9 Q. 
(b) The value of R that causes vg = 5.4 V. 
(c) The value of R that causes ir = 300 mA. 


6Q ip 


Figure P 5.4-18 


P 5.4-19 The circuit shown in Figure P 5.4-19a can be reduced 
to the circuit shown in Figure P 5.4-19d using source transfor- 
mations and equivalent resistances. Determine the values of the 
source voltage voc and the resistance R. 


(b) 


Figure P 5.4-19 


P 5.4-20 The equivalent circuit in Figure P 5.4-20 is obtained 
by replacing part of the original circuit by its Thévenin 
equivalent circuit. The values of the parameters of the Thévenin 
equivalent circuit are 


Voc = 15 V and R, = 60 Q 


Determine the following: 


(a) The values of V, and R,. (Three resistors in the original 
circuit have equal resistance, R,.) 

(b) The value of R, required to cause i = 0.2 A. 

(c) The value of R, required to cause v = 5 V. 


original circuit 


R 


equivalent circuit 


Figure P 5.4-20 


Section 5.5 Norton’s Equivalent Circuit 


P 5.5-1 © The part of the circuit shown in Figure P 5.5-la 
to the left of the terminals can be reduced to its Norton 
equivalent circuit using source transformations and equi- 
valent resistance. The resulting Norton equivalent circuit, 
shown in Figure P 5.5-1b, will be characterized by the 
parameters: 


iso = 0.5 A and R, = 200, 


(a) Determine the values of vg and R4. 
(b) Given that 0 < R, < oo, determine the maximum values of 
the voltage v and of the power p = vi. 


Answers: vs = 37.5 V, Ri = 250, max v = 10V and max 
p=1.25W 
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50 Q 


lsc 


Figure P 5.5-1 


P 5.5-2 @ Two black boxes are shown in Figure P 5.5-2. Box 
A contains the Thévenin equivalent of some linear circuit, and 
box B contains the Norton equivalent of the same circuit. With 
access to just the outsides of the boxes and their terminals, how 
can you determine which is which, using only one shorting wire? 


| 

1v 1A 1a! 
| 

| 


J B 


Figure P 5.5-2 Black boxes problem. 


P 5.5-3 The circuit shown in Figure P 5.5-3a can be reduced 
to the circuit shown in Figure P 5.5-3b using source transfor- 
mations and equivalent resistances. Determine the values of the 
source current i and the resistance R. 


Figure P 5.5-3 
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P 5.5-4 © Find the Norton equivalent circuit for the circuit P 5.5-8 Find the Norton equivalent circuit for the circuit 
shown in Figure P 5.5-4. shown in Figure P 5.5-8. 


2i 


Figure P 5.5-4 


P 5.5-5 @ The circuit shown in Figure P 5.5-5b is the Norton Figure P 5.5-8 
equivalent circuit of the circuit shown in Figure P 5.5-5a. 


Find the value of the short-circuit current i,, and Thévenin P 5.5-9 Find the Norton equivalent circuit for the circuit 
resistance R,. shown in Figure P 5.5-9. 


Answer: i,, = 1.13 A and R, = 7.57 Q 
32 5Q 


(a) (b) Figure P 5.5-9 
Figure P 5.5-5 P 5.5-10 An ideal ammeter is modeled as a short circuit. A 

more realistic model of an ammeter is a small resistance. Figure 
P 5.5-6 © The circuit shown in Figure P 5.5-6b is the Norton P 5.5-10a shows a circuit with an ammeter that measures the 
equivalentcircuitofthe circuit shown in Figure P 5.5-6a.Findthe current im. In Figure P 5.5-10b, the ammeter is replaced by the 
value of the short-circuit current i,, and Thévenin resistance R, model of an ideal ammeter, a short circuit. The ammeter 
measures imi, the ideal value of im. 


Answer: is. = —24 A and R, = —3 Q 
3Q 6Q 


(b) (a) 
Figure P 5.5-6 


P 5.5-7 Determine the value of the resistance R in the circuit O 
shown in Figure P 5.5-7 by each of the following methods: 


(a) Replace the part of the circuit to the left of terminals a—b by D amA 2 kQ 
its Norton equivalent circuit. Use current division to 
O 
determine the value of R. (b) 
(b) Analyze the circuit shown Figure P 5.5-7 using mesh equa- 
tions. Solve the mesh equations to determine the value of R. . 
L 
5 KQ 10kQ 3 4kQ == 
O O 
25 v(*) G | 0.5 mA CH3 ma Rm 
O O 
b (c) 


Figure P 5.5-7 Figure P 5.5-10 


As Rm — 0, the ammeter becomes an ideal ammeter and 
im — Imi. When Rm > 0, the ammeter is not ideal and im < imi. 
The difference between im and i, is a measurement error 
caused by the fact that the ammeter is not ideal. 


(a) Determine the value of imi- 

(b) Express the measurement error that occurs when Rm = 
20 Q as a percentage of imi- 

(c) Determine the maximum value of Rm required to ensure 
that the measurement error is smaller than 2 percent of imi- 


P 5.5-11 Determine values of R, and i,. that cause the circuit 
shown in Figure P 5.5-11b to be the Norton equivalent circuit 
of the circuit in Figure P 5.5-11a. 


Answer: R, = 3 Q and i = —2 A 
6Q 


39 a 


(b) 


Figure P 5.5-11 


P 5.5-12 © Use Norton’s theorem to formulate a general 
expression for the current i in terms of the variable resistance R 
shown in Figure P 5.5-12. 


Answer: i = 20/(8 + R) A 
12 Q 


Figure P 5.5-12 


Section 5.6 Maximum Power Transfer 


P 5.6-1 The circuit shown in Figure P 5.6-1 consists of two 
parts separated by a pair of terminals. Consider the part of the 
circuit to the left of the terminals. The open circuit voltage is 
Voc = 8 V, and short-circuit current is ie = 2 A. Determine the 
values of (a) the voltage source voltage v, and the resistance R3, 
and (b) the resistance R that maximizes the power delivered to 
the resistor to the right of the terminals, and the corresponding 
maximum power. 


ig 8Q Ry 
Or Q ; 


Figure P 5.6-1 
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P 5.6-2 © The circuit model for a photovoltaic cell is given 
in Figure P 5.6-2 (Edelson, 1992). The current i, is proportional 
to the solar insolation (kW/m®). 


(a) Find the load resistance, RL, for maximum power transfer. 
(b) Find the maximum power transferred when i, = 1 A. 


12 


O 
O R, 
O 


Figure P 5.6-2 Circuit model of a photovoltaic cell. 


P 5.6-3 © For the circuit in Figure P 5.6-3, (a) find R such 
that maximum power is dissipated in R, and (b) calculate the 
value of maximum power. 


Answer: R = 60 Q and Pmax = 54 mW 


150 Q 100 Q 


Figure P 5.6-3 


P 5.6-4 (+) For the circuit in Figure P 5.6-4, prove that for R, 
variable and R, fixed, the power dissipated in Ry is maximum 


when R, = 0. 
Re 
: 3 ` 


load 


source 
network 


Figure P 5.6-4 


P 5.6-5 @ Determine the maximum power that can be 
absorbed by a resistor, R, connected to terminals a-b of the 


circuit shown in Figure P 5.6-5. Specify the required value of R. 


Figure P 5.6-5 Bridge circuit. 
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P5.6-6 @ Figure P 5.6-6 shows a source connected to a load 
through an amplifier. The load can safely receive up to 15 W of 
power. Consider three cases: 


(a) A= 20 V/V and R, = 10 Q. Determine the value of R, that 
maximizes the power delivered to the load and the corre- 
sponding maximum load power. 

(b) A = 20 V/V and R = 8 Q. Determine the value of R, that 
maximizes the power delivered to the load and the corre- 
sponding maximum load power. 

(c) Ro = 10Q and Ry = 8 Q. Determine the value of A that 
maximizes the power delivered to the load and the corre- 
sponding maximum load power. 


500 mV B 100 KQ > v, 


source load 


Figure P 5.6-6 


amplifier 


P 5.6-7 © The circuit in Figure P 5.6-7 contains a variable 
resistance, R, implemented using a potentiometer. The resistance 
of the variable resistor varies over the range 0 < R < 1000 Q. 
The variable resistor can safely receive 1/4 W power. Determine 
the maximum power received by the variable resistor. Is the circuit 
safe? 


180 Q R 1202 


(+) 20v 


Figure P 5.6-7 


P 5.6-8 For the circuit of Figure P 5.6-8, find the power 
delivered to the load when œR, is fixed and R, may be varied 
between 1 Q and 5. Select R, so that maximum power is 
delivered to Ri. 


Answer: 13.9 W 


R; 


Figure P 5.6-8 


P 5.6-9 A resistive circuit was connected to a variable resistor, 
and the power delivered to the resistor was measured as shown in 
Figure P 5.6-9. Determine the Thévenin equivalent circuit. 


Answer: R, = 20 Q and va = 20 V 


Figure P 5.6-9 


P 5.6-10 The part circuit shown in Figure P 5.6-10a to left of 
the terminals can be reduced to its Norton equivalent circuit 
using source transformations and equivalent resistance. The 
resulting Norton equivalent circuit, shown in Figure P 5.6-10b, 
will be characterized by the parameters: 


ise = 1.5. A and R, = 80 Q 
(a) Determine the values of i, and R). 


(b) Given that O < Ry < oo, determine the maximum value of 
p = vi, the power delivered to Ro. 


Figure P 5.6-10 


P5.6-11 Given that0 < R < oo in the circuit shown in Figure 
P 5.6-11, determine (a) maximum value of i,, (b) the maximum 
value of v,, and (c) the maximum value of p, = ia Va. 
4o a 
O 


© R 


Figure P 5.6-11 


P 5.6-12 Given that 0 < R < œo in the circuit shown in 
Figure P 5.6-12, determine value of R that maximizes the 
power pa = ia Va and the corresponding maximum value of pa. 


8QO <% 
O 


2Q 


Figure P 5.6-12 


Section 5.8 Using PSpice to Determine the Thévenin 
Equivalent Circuit 


P 5.8-1 The circuit shown in Figure P 5.8-1 is separated into two 
parts by a pair of terminals. Call the part of the circuit to the left of 
the terminals circuit A and the part of the circuit to the right of the 
terminal circuit B. Use PSpice to do the following: 


(a) Determine the node voltages for the entire circuit. 

(b) Determine the Thévenin equivalent circuit of circuit A. 

(c) Replace circuit A by its Thévenin equivalent and determine 
the node voltages of the modified circuit. 

(d) Compare the node voltages of circuit B before and after 
replacing circuit A by its Thévenin equivalent. 


Figure P 5.8-1 


Section 5.9 How Can We Check ...? 


P 5.9-1 For the circuit of Figure P 5.9-1, the current i has been 
measured for three different values of R and is listed in the 
table. Are the data consistent? 


1k 
<> 10V 
R 


P 5.9-2 © Your lab partner built the circuit shown in 
Figure P 5.9-2 and measured the current i and voltage v 
corresponding to several values of the resistance R. The results 
are shown in the table in Figure P 5.9-2. Your lab partner says 


5000 | 16.5 
500 | 43.8 
0 | 97.2 


Figure P 5.9-1 
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that Ri = 8000 Q is required to cause i= 1 mA. Do you agree? 
Justify your answer. 


+ v- 


6 kQ 


12 kQ 


24 KQ 
R i v 
open O mA 12V 
10 kQ | 0.857 mA | 8.57 V 
short 3 mA OV 


Figure P 5.9-2 


P 5.9-3 In preparation for lab, your lab partner determined the 
Thévenin equivalent of the circuit connected to R, in Figure 
P 5.9-3. She says that the Thévenin resistance is R; = £ R and 
the open-circuit voltage is vo. = oO V. In lab, you built the circuit 
using R = 110 Q and R, = 40 Q and measured that i = 54.5 mA. 
Is this measurement consistent with the prelab calculations? Justify 
your answers. 


Figure P 5.9-3 


P 5.9-4 Your lab partner claims that the current i in Figure 
P 5.9-4 will be no greater than 12.0 mA, regardless of the value 
of the resistance R. Do you agree? 


i 500 Q 


3 kQ 


12v(*) 


1500 Q 


Figure P 5.9-4 
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P 5.9-5 Figure P 5.9-5 shows a circuit and some correspond- 
ing data. Two resistances, R, and R, and the current source 
current are unspecified. The tabulated data provide values of 
the current i and voltage v corresponding to several values of 
the resistance R. 


(a) Consider replacing the part of the circuit connected to the 
resistor R by a Thévenin equivalent circuit. Use the data in 
rows 2 and 3 of the table to find the values of R, and voc, the 
Thévenin resistance, and the open-circuit voltage. 


Use the results of part (a) to verify that the tabulated data 
(b) are consistent. 
(c) Fill in the blanks in the table. 
(d) Determine the values of R, and i,. 


PSpice Problems 


SP 5-1 The circuit in Figure SP 5-1 has three inputs: vı, vo, 
and i3. The circuit has one output, vo. The equation 

Vo =a vı +bv +ci; 
expresses the output as a function of the inputs. The 


coefficients a, b, and c are real constants. 


(a) Use PSpice and the principle of superposition to determine 
the values of a, b, and c. 

(b) Suppose vı = 10 V and v2 = 8 V, and we want the output to 
be vo = 7 V. What is the required value of i3? 


Hint: The output is given by v, = a when v; = 1 V, v2 = 0 V, and 
13 =O0A. 
100 Q 


v2 
O 
E) 1002 Di 


Figure SP 5-1 


R,Q i, A v, V 
+ (8) 3 (0) 
v 10 1.333 13.33 
20 0.857 17.14 
~ 40 0.5 ? 
80 ? 21.82 
(b) 


Figure P 5.9-5 


Answer: (a) Vo = 0.3333v, + 0.33332 + 33.333, (b) i3 = 30 
mA 


SP 5-2 The pair of terminals a-b partitions the circuit in 
Figure SP 5-2 into two parts. Denote the node voltages at 
nodes 1 and 2 as vı and v2. Use PSpice to demonstrate that 
performing a source transformation on the part of the circuit to 
the left of the terminal does not change anything to the right of 
the terminals. In particular, show that the current i, and the node 
voltages vı and v have the same values after the source 
transformation as before the source transformation. 


1009 4 7 & 3 


10V 


Figure SP 5-2 


SP 5-3 Use PSpice to find the Thévenin equivalent circuit 
for the circuit shown in Figure SP 5-3. 


Answer: Vo. = —2 V and R, = —8/3 Q 


Figure SP 5-3 


Design Problems 


DP 5-1 The circuit shown in Figure DP 5-la has four un- 
specified circuit parameters: vs, Rj, R2, and R3. To design this 
circuit, we must specify the values of these four parameters. The 
graph shown in Figure DP 5-1b describes a relationship between 
the current 7 and the voltage v. 


Figure DP 5-1 


Specify values of v,, Ri, Ro, and R3 that cause the current i 
and the voltage v in Figure DP 5-1a to satisfy the relationship 
described by the graph in Figure DP 5-1b. 
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SP 5-4 The circuit shown in Figure SP 5-4b is the Norton 
equivalent circuit of the circuit shown in Figure SP 5-4a. 
Find the value of the short-circuit current ise and Thévenin 
resistance R,. 


Answer: ix = 1.13 V and R, = 7.57 Q 


32 5 Q 


(a) 
Figure SP 5-4 


First Hint: The equation representing the straight line in Figure 
DP 5-1b is 

v = =R + Voc 
That is, the slope of the line is equal to —1 times the Thévenin 
resistance, and the v-intercept is equal to the open-circuit voltage. 


Second Hint: There is more than one correct answer to this 
problem. Try setting Rı = Ro. 


DP 5-2 The circuit shown in Figure DP 5-2a has four un- 
specified circuit parameters: i,, Rj, Ro, and R3. To design this 
circuit, we must specify the values of these four parameters. The 
graph shown in Figure DP 5-2b describes a relationship between 
the current 7 and the voltage v. 

Specify values of is, R;, R2, and R3 that cause the current i 
and the voltage v in Figure DP 5-2a to satisfy the relationship 
described by the graph in Figure DP 5-2b. 


First Hint: Calculate the open-circuit voltage voc and the 
Thévenin resistance R, of the part of the circuit to the left of 
the terminals in Figure DP 5-2a. 


Second Hint: The equation representing the straight line in 
Figure DP 5-2b is 

v= —Ri + Voc 
That is, the slope of the line is equal to —1 times the Thévenin 
resistance, and the v-intercept is equal to the open-circuit 
voltage. 


Third Hint: There is more than one correct answer to this 
problem. Try setting both R3 and R + Rə equal to twice the 
slope of the graph in Figure DP 5-2b. 
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Figure DP 5-2 


DP 5-3 The circuit shown in Figure DP 5-3a has four un- 
specified circuit parameters: vs, Rj, R2, and R3. To design this 
circuit, we must specify the values of these four parameters. The 
graph shown in Figure DP 5-3b describes a relationship between 
the current i and the voltage v. 


Figure DP 5-3 


Is it possible to specify values of v, Rj, Ro, and R; that 
cause the current i and the voltage v in Figure DP 5-1a to satisfy 
the relationship described by the graph in Figure DP 5-3)? 
Justify your answer. 


DP 5-4 The circuit shown in Figure DP 5-4a has four un- 
specified circuit parameters: vs, R,, R2, and d, where d is the gain 
of the CCCS. To design this circuit, we must specify the values 
of these four parameters. The graph shown in Figure DP 5-4b 
describes a relationship between the current 7 and the voltage v. 

Specify values of vs, R1, R2, and d that cause the current i 
and the voltage v in Figure DP 5-4a to satisfy the relationship 
described by the graph in Figure DP 5-4b. 


First Hint: The equation representing the straight line in Figure 
DP 5-4b is 
v= —Rii + Voc 


That is, the slope of the line is equal to —1 times the Thévenin 
resistance and the v-intercept is equal to the open-circuit 
voltage. 


Second Hint: There is more than one correct answer to this 
problem. Try setting R; = Ro. 


Figure DP 5-4 
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6.1 Introduction 


This chapter introduces another circuit element, the operational amplifier, or op amp. We will learn how 
to analyze and design electric circuits that contain op amps. In particular, we will see that: 


e Several models, of varying accuracy and complexity, are available for operational amplifiers. Simple 
models are easy to use. Accurate models are more complicated. The simplest model of the 
operational amplifier is the ideal operational amplifier. 


e Circuits that contain ideal operational amplifiers are analyzed by writing and solving node equations. 


e Operational amplifiers can be used to build circuits that perform mathematical operations. Many of 
these circuits are widely used and have been named. Figure 6.5-1 provides a catalog of some useful 
operational amplifier circuits. 


e Practical operational amplifiers have properties that are not included in the ideal operational 
amplifier. These include the input offset voltage, bias current, dc gain, input resistance, and output 
resistance. More complicated models are needed to account for these properties. 


6.2 The Operational Amplifier 


The operational amplifier is an electronic circuit element designed to be used with other circuit 
elements to perform a specified signal-processing operation. The «A741 operational amplifier is shown 
in Figure 6.2-la. It has eight pin connections, whose functions are indicated in Figure 6.2-1D. 

The operational amplifier shown in Figure 6.2-2 has five terminals. The names of these terminals 
are shown in both Figure 6.2-1b and Figure 6.2-2. Notice the plus and minus signs in the triangular part 
of the symbol of the operational amplifier. The plus sign identifies the noninverting input, and the minus 
sign identifies the inverting input. 

The power supplies are used to bias the operational amplifier. In other words, the power supplies 
cause certain conditions that are required for the operational amplifier to function properly. It is 
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© \JY 


741 
Offset null O) Top view No connection 


Inverting input (2) U4 wee 
Noninverting © ©) output 
input p 
v_ (usually 
-15 V) (5) Offset null 


(a) (b) 
FIGURE 6.2-1 (a) A A741 integrated circuit has eight connecting pins. (b) The correspondence between the circled 
pin numbers of the integrated circuit and the nodes of the operational amplifier. 


inconvenient to include the power supplies in drawings of operational amplifier circuits. These power 
supplies tend to clutter drawings of operational amplifier circuits, making them harder to read. 
Consequently, the power supplies are frequently omitted from drawings that accompany explanations 
of the function of operational amplifier circuits, such as the drawings found in textbooks. It is 
understood that power supplies are part of the circuit even though they are not shown. (Schematics, the 
drawings used to describe how to assemble a circuit, are a different matter.) The power supply voltages 
are shown in Figure 6.2-2, denoted as v, and v_. 

Because the power supplies are frequently omitted from the drawing of an operational amplifier 
circuit, it is easy to overlook the power supply currents. This mistake is avoided by careful application 
of Kirchhoff s current law (KCL). As a general rule, it is not helpful to apply KCL in a way that involves 
any power supply current. Two specific cases are of particular importance. First, the ground node in 
Figure 6.2-2 is a terminal of both power supplies. Both power supply currents would be involved if 
KCL were applied to the ground node. These currents must not be overlooked. It is best simply to 
refrain from applying KCL at the ground node of an operational amplifier circuit. Second, KCL requires 
that the sum of all currents into the operational amplifier be zero: 


i +i: +io +i +i- =0 
Both power supply currents are involved in this equation. Once again, these currents must not be 


overlooked. It is best simply to refrain from applying KCL to sum the currents into an operational 
amplifier when the power supplies are omitted from the circuit diagram. 


Inverting 
input node 
Q 


i2 
v1 Noninverting 
input node 


FIGURE 6.2-2 An op amp, including power supplies v, and v_. 
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6.3 The Ideal Operational Amplifier 


Operational amplifiers are complicated devices that exhibit both linear and nonlinear behavior. 
The operational amplifier output voltage and current, v, and i,, must satisfy three conditions for an 
operational amplifier to be linear, that is: 


[vo] < Vsat 

|io| < isat 
dvo(t) 

dt 


< SR (6.3-1) 


The saturation voltage v,,,, the saturation current isa and the slew rate limit SR are all parameters of an 
operational amplifier. For example, if a ~A741 operational amplifier is biased using +15-V and —15-V 
power supplies, then 


Vat = 14V, ist =2mA, and SR = 500,000 y (6.3-2) 


These restrictions reflect the fact that operational amplifiers cannot produce arbitrarily large voltages or 
arbitrarily large currents or change output voltage arbitrarily quickly. 

Figure 6.3-1 describes the ideal operational amplifier. The ideal operational amplifier is a simple 
model of an operational amplifier that is linear. The ideal operational amplifier is characterized by 
restrictions on its input currents and voltages. The currents into the input terminals of an ideal 
operational amplifier are zero. Consequently, in Figure 6.3-1, 


5 =O m a= 


The node voltages at the input nodes of an ideal operational amplifier are equal. Consequently, in 
Figure 6.3-1, 


v2 = V1 


The ideal operational amplifier is a model of a linear operational amplifier, so the operational amplifier 
output current and voltage must satisfy the restrictions in Eq. 6.3-1. If they do not, then the ideal 
operational amplifier is not an appropriate model of the real operational amplifier. The output current 
and voltage depend on the circuit in which the operational amplifier is used. The ideal op amp 
conditions are summarized in Table 6.3-1. 


Inverting 
input node 


Noninverting 
input node < —- 


vJ 
v= 0] Vo 


I FIGURE 6.3-1 The ideal operational amplifier. 


Table 6.3-1 Operating Conditions for an Ideal Operational Amplifier 


VARIABLE IDEAL CONDITION 
Inverting node input current i; =0 
Noninverting node input current in=0 
Voltage difference between inverting node voltage vı and vo—-v,) =0 


noninverting node voltage vz 
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ExAMPLE 6.3-1 Ideal Operational Amplifier ) 


Consider the circuit shown in Figure 6.3.2a. Suppose the operational amplifier is a ~A741 operational amplifier. 
Model the operational amplifier as an ideal operational amplifier. Determine how the output voltage v, is related to 


the input voltage vs. 


Inverting 
A input node 


Output 
+ Noninverting node 
~ input node Ri iil 


Solution 


FIGURE 6.3-2 (a) The 
operational amplifier 
circuit for Example 6.3-1 
and (b) an equivalent 
circuit showing the 
consequences of modeling 
the operational amplifier 
as an ideal operational 
amplifier. The voltages vı, 
V2, and vo are node 
voltages. 


Figure 6.3-2b shows the circuit when the operational amplifier of Figure 6.3-2a is modeled as an ideal operational 


amplifier. 


1. The inverting input node and output node of the operational amplifier are connected by a short circuit, so the 


node voltages at these nodes are equal: 
V1 = Vo 


2. The voltages at the inverting and noninverting nodes of an ideal op amp are equal: 


v2 = Vj = Vo 


3. The currents into the inverting and noninverting nodes of an operational amplifier are zero, so 


i) =0 and p=) 


4. The current in resistor R, is iz = 0, so the voltage across R, is 0 V. The voltage across R, is vs — v2 = Vs — Vo; 


hence, 


Wa = WR = i) 


or Ty = Way 


Does this solution satisfy the requirements of Eqs. 6.3-1 and 6.3-2? The output current of the operational amplifier 


must be calculated. Apply KCL at the output node of the operational amplifier to get 


1 7 Vo 
—=0 
Motoa 
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7 . Vo 
Because 1; = 0, 


Now Eqs. 6.3-1 and 6.3-2 require 


1B; 
5 
pa 
dt 


For example, when v, = 10 V and Ry = 20 kQ, then 


< 500,000 £ 
s 


lv) =10V < 14V 


zo ig = l mA < 2 mA 
Ry 20,000 2 

Pa =0< 500,000“. 

dt S 


223 


This is consistent with the use of the ideal operational amplifier. On the other hand, when v, = 10 V and 


R = 2 kO, then 


so it is not appropriate to model the uA741 as an ideal operational amplifier when v, = 10 V and Ry = 2 KQ. 


When v, = 10 V, we require R > 5KQ to satisfy Eq. 6.3-1. 


6.4 Nodal Analysis of Circuits Containing 
Ideal Operational Amplifiers 


It is convenient to use node equations to analyze circuits containing ideal operational 
amplifiers. 


There are three things to remember. 


1. The node voltages at the input nodes of ideal operational amplifiers are equal. Thus, one of these 


two node voltages can be eliminated from the node equations. For example, in Figure 6.4-1, the 
voltages at the input nodes of the ideal operational amplifier are vı and v2. Because 


vi = V2 


v2 can be eliminated from the node equations. 
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2. The currents in the input leads of an ideal operational amplifier are zero. These currents are involved 
in the KCL equations at the input nodes of the operational amplifier. 


3. The output current of the operational amplifier is not zero. This current is involved in the KCL 
equations at the output node of the operational amplifier. Applying KCL at this node adds another 
unknown to the node equations. If the output current of the operational amplifier is not to be 
determined, then it is not necessary to apply KCL at the output node of the operational amplifier. 


Try it 
yourself ( ExamPLE 6.4-1 Difference Amplifier ) 
in WileyPLUS 


The circuit shown in Figure 6.4-1 is called a difference amplifier. The operational amplifier has been modeled as an 
ideal operational amplifier. Use node equations to analyze this circuit and determine vo in terms of the two source 
voltages v, and vp. 


Inverting 
_v input node — 30 kQ 


Noninverting 
input node 


= FIGURE 6.4-1 Circuit of Example 6.4-1. 


Solution 
The node equation at the noninverting node of the ideal operational amplifier is 


V2 v=% . 
30,000 ` 10,000 ` 2~° 


Because v2 = vı and i = 0, this equation becomes 
V1 Vil sS Vb 
2a +. —__ = 
30,000 10,000 
Solving for vı, we have 
Vie OF De v5 
The node equation at the inverting node of the ideal operational amplifier is 
V= Ya vi Vo 
10,000 30,000 
Because vı = 0.75v, and i; = 0, this equation becomes 
Ost — th , Uist — Wy 
10,000 30,000 


+i, =0 


Solving for vo, we have 
gy = 3(Vp E Va) 


The difference amplifier takes its name from the fact that the output voltage vo is a function of the difference, 
Vb — Va, Of the input voltages. 
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Try it 
yourself ExAMPLE 6.4-2 Analysis of a Bridge Amplifier 
in WileyPLUS 


Next, consider the circuit shown in Figure 6.4-2a. This circuit is called a bridge amplifier. The part of the circuit that is 
called a bridge is shown in Figure 6.4-2b. The operational amplifier and resistors R5 and Re are used to amplify the output 
of the bridge. The operational amplifier in Figure 6.4-2a has been modeled as an ideal operational amplifier. As a 
consequence, vı = 0 and i; = 0, as shown. Determine the output voltage v, in terms of the source voltage vs. 


(a) (b) 


b 
FIGURE 6.4-2 (a) A bridge amplifier, including 
the bridge circuit. (b) The bridge circuit and (c) its 
Thévenin equivalent circuit. (d) The bridge 
amplifier, including the Thévenin equivalent of 
(c) (d) the bridge. 
Solution 


Here is an opportunity to use Thévenin’s theorem. Figure 6.4-2c shows the Thévenin equivalent of the bridge 
circuit. Figure 6.4-2d shows the bridge amplifier after the bridge has been replaced by its Thévenin equivalent. 
Figure 6.4-2d is simpler than Figure 6.4-2a. It is easier to write and solve the node equations representing Figure 
6.4-2d than it is to write and solve the node equations representing Figure 6.4-2a. Thévenin’s theorem assures us 
that the voltage v, in Figure 6.4-2d is the same as the voltage vo in Figure 6.4-2a. 

Let us write node equations representing the circuit in Figure 6.4-2d. First, notice that the node voltage v, is 
given by (using KVL) 


Va = Vi + Voc + Rit 
Because vı = 0 and 7; = 0, 


Var Voc 
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Now, writing the node equation at node a 


iy t+ —=0 
Rs Re 
Because v,= Vo. and i; = 0, 
Voc — Vo Voc >. 0 
Rs R6 


Solving for vo, we have 


Try it 
yourself ExAMPLE 6.4-3 Analysis of an Op Amp Circuit 


in WileyPLUS : : 
oe Using Node Equations 


Consider the circuit shown in Figure 6.4-3. Find 
the value of the voltage measured by the 
voltmeter. 


Solution 
Figure 6.4-4 shows the circuit from Figure 6.4-3 
after replacing the voltmeter by an equivalent open 275V G) 
circuit and labeling the voltage measured by the 
voltmeter. We will analyze this circuit by writing 
and solving node equations. The nodes of the = 
circuit are numbered in Figure 6.4-4. Let vı, v2, FIGURE 6.4-3 The circuit considered in Example 6.4-3. 
v3, and v4 denote the node voltages at nodes 1, 2, 3, 
and 4, respectively. 20 uA @ 40ka 

The output of this circuit is the voltage 
measured by the voltmeter. The output voltage 
is related to the node voltages by 


@ Voltmeter © 


Vm = v4 — 0 = v4 


The inputs to this circuit are the voltage of 2.75 V @ Vm 
the voltage source and the currents of the current 
sources. The voltage of the voltage source is 
related to the node voltages at the nodes of the 


FIGURE 6.4-4 The circuit from Figure 6.4-3 after replacing the 
voltage source by 


voltmeter by an open circuit and labeling the nodes. (Circled numbers 
O= ta = DTS va = =A ww are node numbers.) 


Apply KCL to node 2 to get 
8) — Wp 
30,000 


=04+60x10° 3S y—wW=18V 


Using v3 = —2.75 V gives 
v = —4.55 V 
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The noninverting input of the op amp is connected to node 2. The node voltage at the inverting input of an 
ideal op amp is equal to the node voltage at the noninverting input. The inverting input of the op amp is connected to 
node 1. Consequently, 

vi = V2 = —4.55 V 


Apply KCL to node 1 to get 


= Vi — V4 
20 10°°= 0 = —v4=0.8V 
4 * 40,000 eam 
Using vm = v4 and v; = —4.55 V gives the value of the voltage measured by the voltmeter to be 


Vin = —4.55 —'0.8 = =535 M 


Try it 
yourself ( ExAmMPLE 6.4-4 Analysis of an Op Amp Circuit ) 
in WileyPLUS 
Consider the circuit shown in Figure 6.4-5. Find 40 kQ 8ko 


the value of the voltage measured by the 
voltmeter. 


Solution 
Figure 6.4-6 shows the circuit from Figure 6.4-5 
after replacing the voltmeter by an equivalent open 
circuit and labeling the voltage measured by the 
voltmeter. We will analyze this circuit by writing 
and solving node equations. Figure 6.4-6 shows 
the circuit after numbering the nodes. Let v1, v2, v3, 
and v4 denote the node voltages at nodes 1, 2, 3, 
and 4, respectively. 

The input to this circuit is the voltage of the 
voltage source. This input is related to the node 
voltages at the nodes of the voltage source by 


FIGURE 6.4-5 The circuit considered in Example 6.4-4. 


40k2 G) 8kQ 


Criss > Vv) = —3.35V 


The output of this circuit is the voltage measured 
by the voltmeter. The output voltage is related to 
the node voltages by 


ye a O= V4 


The noninverting input of the op amp is connected to 
the reference node. The node voltage at the inverting 
input of an ideal op amp is equal to the node voltage 
at the noninverting input. The inverting input of the 
op amp is connected to node 2. Consequently, 


FIGURE 6.4-6 The circuit from Figure 6.4-5 after replacing the 
voltmeter by an open circuit and labeling the nodes. (Circled 
numbers are node numbers.) 


v2 = OV 
Apply KCL to node 2 to get 
A WW B 


i ea] 
20,000 z 


" 40,000 


=> y= —2vı + 3v = —2vı 
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Apply KCL to node 3 to get 


Von y3 V3 e = VA 
moa 10000 sc00 7? 7T v H 


Combining these equations gives 


v4 = 2v3 = —4vı 


Using vm = v4 and v; = —3.35 V gives the value of the voltage measured by the voltmeter to be 


Vm = —4(—3.35) = 13.4V 


6.5 Design Using Operational Amplifiers 


One of the early applications of operational amplifiers was to build circuits that performed mathematical 
operations. Indeed, the operational amplifier takes its name from this important application. Many of the 
operational amplifier circuits that perform mathematical operations are used so often that they have been 
given names. These names are part of an electrical engineer’s vocabulary. Figure 6.5-1 shows several 
standard operational amplifier circuits. The next several examples show how to use Figure 6.5-1 to design 
simple operational amplifier circuits. 


Vout = Vin 


(c) Voltage follower (buffer amplifier) 


OUVout = Ky(Kyv, + K5v2 + K3u3) 


(e) Noninverting summing amplifier 


(d) Summing amplifier 


FIGURE 6.5-1 A brief catalog of operational amplifier circuits. Note that all node voltages are referenced to the ground node. 
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O Vout =-Ry lin 


(g) Current-to-voltage converter (h) Negative resistance convertor 


R R R 
ovat =(1+=)( a 4 Jes 
Re Ry + Ro R3 + R4 
(i) Voltage-controlled (j) Bridge amplifier 
current source (VCCS) 
FIGURE 6.5-1 (Continued ) 
Try it ; i i 
yourself ExAMPLE 6.5-1 Preventing Loading Using 
in WileyPLUS 


a Voltage Follower 


This example illustrates the use of a voltage follower to prevent loading. The voltage follower is shown in Figure 
6.5-1c. Loading can occur when two circuits are connected. Consider Figure 6.5-2. In Figure 6.5-2a, the output of 
circuit | is the voltage v,. In Figure 6.5-2b, circuit 2 is connected to circuit 1. The output of circuit 1 is used as the 
input to circuit 2. Unfortunately, connecting circuit 2 to circuit 1 can change the output of circuit 1. This is called 
loading. Referring again to Figure 6.5-2, circuit 2 is said to load circuit 1 if v, A va. The current i, is called the load 
current. Circuit | is required to provide this current in Figure 6.5-2b but not in Figure 6.5-2a. This is the cause of the 
loading. The load current can be eliminated using a voltage follower as shown in Figure 6.5-2c. The voltage follower 
copies voltage v, from the output of circuit 1 to the input of circuit 2 without disturbing circuit 1. 


b 
O 
Circuit Circuit 
1 Vb 2 
a 


(a) (b) (c) 


FIGURE 6.5-2 Circuit 1 (a) before and (b) after circuit 2 is connected. (c) Preventing loading, using a voltage follower. 


Circuit 


Circuit Circuit 


1 2 
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30 kQ 30 kQ 
(a) (b) (c) 
FIGURE 6.5-3 A voltage divider (a) before and (b) after a 30-kQ resistor is added. (c) A voltage follower is added to prevent 
loading. 
Solution 


As a specific example, consider Figure 6.5-3. The voltage divider shown in Figure 6.5-3a can be analyzed by 
writing a node equation at node 1: 


Va — Vin Va 


20,000 ` 60,000 ~ a 


; 3 
Solving for va, we have Va = qvin 
In Figure 6.5-3b, a resistor is connected across the output of the voltage divider. This circuit can be analyzed 
by writing a node equation at node 1: 


Vb — Vin Vb re wn 0 
20,000 ` 60,000 ' 30,000 — 


Solving for v, we have Vb = 


Because v Æ va, connecting the resistor directly to the voltage divider loads the voltage divider. This loading is 
caused by the current required by the 30-kQ resistor. Without the voltage follower, the voltage divider must provide 
this current. 

In Figure 6.5-3c, a voltage follower is used to connect the 30-KQ resistor to the output of the voltage divider. 
Once again, the circuit can be analyzed by writing a node equation at node 1: 


Vict ini Ve 


20,000 ` 60,000” 


Solving for ve, we have ve= 


Because v. = va, loading is avoided when the voltage follower is used to connect the resistor to the 
voltage divider. The voltage follower, not the voltage divider, provides the current required by the 30-kQ 
resistor. 
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Try it 
yourself ExAmMPLE 6.5-2 Amplifier Design 
in WileyPLUS 


A common application of operational amplifiers is to scale a voltage, that is, to multiply a voltage by a constant, K, so that 


io = K Vin 
This situation is illustrated in Figure 6.5-4a. The input voltage vin is provided by an ideal voltage source. The output 
voltage v, is the element voltage of a 100-kQ resistor. 
Circuits that perform this operation are usually called amplifiers. The constant K is called the gain of the amplifier. 


The required value of the constant K will determine which of the circuits is selected from Figure 6.5-1. There 
are four cases to consider: K <0, K > 1, K=1, andO<K <1. 


10 kQ 50 kQ 


Operational 
amplifier 
circuit 


(c) (d) (e) 


FIGURE 6.5-4 (a) An amplifier is required to make vo = Kvin. The choice of amplifier circuit depends on the value of the gain K. Four 
cases are shown: (b) K MORK — 5, (AK = 1, and (e) K = 0:8. 


Solution 
Because resistor values are positive, the gain of the inverting amplifier, shown in Figure 6.5-la, is negative. 


Accordingly, when K < 0 is required, an inverting amplifier is used. For example, suppose we require K= —5. 
From Figure 6.5-1a, 


R 

ee ee 

Ri 

so JR = VNI 


As a rule of thumb, it is a good idea to choose resistors in operational amplifier circuits that have values between 
5 kQ and 500 kQ when possible. Choosing 


Ri = 10kO 
gives Re = 50k0, 
The resulting circuit is shown in Figure 6.5-4b. 


Next, suppose we require K = 5. The noninverting amplifier, shown in Figure 6.5-1b, is used to obtain gains 
greater than 1. From Figure 6.5-1b 


232 6. The Operational Amplifier 


SO Re = 4R; 


Choosing Rı = 10 kQ gives Ry = 40 kQ. The resulting circuit is shown in Figure 6.5-4c. 
Consider using the noninverting amplifier of Figure 6.5-1b to obtain a gain K = 1. From Figure 6.5-1b, 


(yee 
Se 
Rg 
a 
so Ri 


This can be accomplished by replacing R¢ by a short circuit (Re = 0) or by replacing R, by an open circuit (R; = œo) 
or both. Doing both converts a noninverting amplifier into a voltage follower. The gain of the voltage follower is 1. 
In Figure 6.5-4d, a voltage follower is used for the case K = 1. 

There is no amplifier in Figure 6.5-1 that has a gain between 0 and 1. Such a circuit can be obtained using a 
voltage divider together with a voltage follower. Suppose we require K = 0.8. First, design a voltage divider to 
have an attenuation equal to K: 


R 
0.3=—— 
Ri +R: 
SO Ro =4-R 


Choosing Rı = 20 kQ gives Rə = 80kQ. Adding a voltage follower gives the circuit shown in Figure 6.5-4e. 


ExAMPLE 6.5-3 Designing a Noninverting Summing Amplifier ) 


Design a circuit having one output, vo, and three inputs, v1, v2, and v3. The output must be related to the inputs by 


Vo = 2v1 + 3v2 + 4v3 


In addition, the inputs are restricted to having values between —1 V and 1 V, that is, 
mes V yeh) 


Consider using an operational amplifier having isu =2 mA and vsa = 15 V and design the circuit. 


Solution 

The required circuit must multiply each input by a separate positive number and add the results. The noninverting 
summer shown in Figure 6.5-1e can do these operations. This circuit is represented by six parameters: K1, K2, K3, 
K4, Ra, and Ry. Designing the noninverting summer amounts to choosing values for these six parameters. Notice 
that Kı + K2 + K; < 1 is required to ensure that all of the resistors have positive values. Pick K4 = 10 (a convenient 
value that is just a little larger than 2 + 3 + 4=9). Then, 


Vo = 2v; + 3v2 + 4v3 = 10(0.2v) + 0.3v2 + 0.413) 


That is, K4 = 10, Kı = 0.2, Ky = 0.3, and K3 = 0.4. Figure 6.5-le does not provide much guidance in picking 
values of R, and Ry. Try R,= R = 100 Q. 
Then, for example 


R, 100 100 R, 
= = = 1000 0, 2 Saree 
=a 1—(02+03+04) 0.1 * kK 02 


and (K4 — 1)R, = (10 — 1)100 = 900 Q 
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Figure 6.5-5 shows the resulting circuit. Itis necessary to check this circuit 
to ensure that it satisfies the specifications. Writing node equations 


Ve VAL e Wey = Ve Vey avs) Va 
T T 


500 33) 250 $ 1000 


Vo — Va Va 


900 i 100 $ 


0 


and solving these equations yield 


Vo 
TO FIGURE 6.5-5 The proposed noninverting 
summing amplifier. 


Vo = 2vı + 3v2 + 4v3 and va 


The output current of the operational amplifier is given by 


: Va — Vo Vo 500 Q 
oa = = - 6.5-1 
a 900 1000 (Pae 
How large can the output voltage be? We know that E 
U2 Uo 
[vol = |2vi + 3v2 + 4v3| = 
so elor E A v3 aig 


The operational amplifier output voltage will always be less than Vsat- 
That’s good. Now what about the output current? Notice that 
|vo| < 9 V. From Eq. 6.5-1, = 
=V 20y FIGURE 6.5-6 The final design of the 
[ioa] = | 1000 5 S 1000 Q =9mA noninverting summing amplifier. 


The operational amplifier output current exceeds isa =2 mA. This is not allowed. Increasing R, will reduce io. 
Try R, = 1000 ©. Then, 


& 
+ 
va 


(Ka — 1)Rp = (10 — 1)1000 = 9000 Q 
This produces the circuit shown in Figure 6.5-6. Increasing R, and R, does not change the operational amplifier 


output voltage. As before, 
Vo = 2v1 + 3v2 + 4v3 


and [vo] < 2|vi| + 3]v2| + 4ļv3| < 9 V 

Increasing R, does reduce the operational amplifier output current. Now, 
leah = Non 
a =| 10:000,0)|| a 


SO |ioa] < 2 mA and |vo| < 15 V, as required. 


6.6 Operational Amplifier Circuits and Linear 
Algebraic Equations 


This section describes a procedure for designing operational amplifier circuits to implement linear 
algebraic equations. Some of the node voltages of the operational amplifier circuit will represent the 
variables in the algebraic equation. For example, the equation 
z= 4x— 5y+2 (6.6-1) 
will be represented by an operational amplifier circuit that has node voltages vx, vy, and v, that are 
related by the equation 
vz = vx — 5vy + 2 (6.6-2) 
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A voltage or current that is used to represent something is called a signal. 


That “something” could be a temperature or a position or a force or something else. In this case, vx, v 


y? 


and v, are signals representing the variables x, y, and z. 

Equation 6.6-1 shows how the value of z can be obtained from values of x and y. Similarly, Eq. 
6.6-2 shows how the value of v, can be obtained from values of vx and vy. The operational amplifier 
circuit will have one output, v,, and two inputs, vx and vy. 

The design procedure has two steps. First, we represent the equation by a diagram called a block 
diagram. Second, we implement each block of the block diagram as an operational amplifier circuit. 

We will start with the algebraic equation. Equation 6.6-1 indicates that the value of variable z can 
be calculated from the values of the variables x and y using the operations of addition, subtraction, and 
multiplication by a constant multiplier. Equation 6.6-1 can be rewritten as 


(a) 
4x 
-5y Zz 
2 
(b) 


FIGURE 6.6-1 Symbolic 
representations of (a) multiplication by 
a constant and (b) addition. 


FIGURE 6.6-2 A block 
diagram representing Eq. 6.6-3. 


z=4x+(—5)y+2 (6.6-3) 


Equation 6.6-3 indicates that z can be obtained from x and y using only addition 
and multiplication, though one of the multipliers is now negative. 

Figure 6.6-1 shows symbolic representations of the operations of addition and 
multiplication by a constant. In Figure 6.6-1a, the operation of multiplication by a 
constant multiplier is represented by a rectangle together with two arrows, one 
pointing toward and one pointing away from the rectangle. The arrow pointing 
toward the rectangle is labeled by a variable representing the input to the operation, 
that is, the variable that is to be multiplied by the constant. Similarly, the arrow 
pointing away from the rectangle is labeled by a variable representing the output, or 
result, of the operation. The rectangle itself is labeled with the value of the multiplier. 
The symbol shown in Figure 6.6-1b represents the operation of addition. The 
rectangle is labeled with a plus sign. The arrows that point toward the rectangle are 
labeled by the variables that are to be added. There are as many of these arrows as 
there are variables to be added. One arrow points away from the rectangle. This 
arrow is labeled by the variable representing the sum. 

The rectangles that represent addition and multiplication by a constant are 
called blocks. A diagram composed of such blocks is called a block diagram. Figure 
6.6-2 represents Eq. 6.6-3 as a block diagram. Each block in the block diagram 
corresponds to an operation in the equation. Notice, in particular, that the product 
4x has two roles in Eq. 6.6-3. The product 4x is both the output of one operation, 
multiplying x by the constant 4, and one of the inputs to another operation, adding 
4x to —Sy and 2 to obtain z. This observation is used to construct the block diagram. 


The product 4xis the output of one block and the input to another. Indeed, this observation explains why the 
output of the block that multiplies x by 4 is connected to an input of the block that adds 4x to —5y and 2. 
Next, consider designing an operational amplifier circuit to implement the block diagram in Figure 
6.6-2. The blocks representing multiplication by a constant multiplier can be implemented using either 
inverting or noninverting amplifiers, depending on the sign of the multiplier. To do so, design the amplifier 
to have a gain that is equal to the multiplier of the corresponding block. (Noninverting amplifiers can be 
used when the constant is both positive and greater than 1. Example 6.5-2 shows that acircuit consisting ofa 
voltage divider and voltage follower can be used when the constant is positive and less than 1.) 
Figures 6.6-3b,d, f show operational amplifier circuits that implement the blocks shown in Figures 
6.6-3a,c,e, respectively. The block in Figure 6.6-3a requires multiplication by a positive constant, 4. 
Figure 6.6-3b shows the corresponding operational amplifier circuit, a noninverting amplifier having a 
gain equal to 4. This noninverting amplifier is designed by referring to Figure 6.5-1b and setting 
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20 kQ 60 kQ 20 kQ 100 kQ 


4v, Uy -5vy 


(a) (b) (c) (d) 


4x 
-5y + z 
2 


(e) (f) 


FIGURE 6.6-3 (a), (c), and (e) show the blocks from Figure 6.6-2, whereas (b), (d ), and ( f ) show the corresponding operational amplifier 
circuits. 


Rı = 20kO, and Re = 3R; = 60 kQ 


(A useful rule of thumb suggests selecting resistors for operational amplifier circuits to have resistances 
in the range 5 KQ to 500 KQO.) 
In Figure 6.6-3b, the notation vx = x indicates that vx is a voltage that represents x. A voltage or 
current that is used to represent something else is called a signal, so vx is the signal representing x. 
The block in Figure 6.6-3c requires multiplication by a negative constant, —5. Figure 6.6-3d 
shows the corresponding operational amplifier circuit, an inverting amplifier having a gain equal to —5. 
Design this inverting amplifier by referring to Figure 6.5-1a and setting 


Ri =20kQ and Rp =5R; = 100k0 


The block in Figure 6.6-3e requires adding three terms. Figure 
6.6-3f shows the corresponding operational amplifier circuit, a non- 
inverting summer. Design the noninverting summer by referring to 
Figure 6.6-4 and setting 


Ri =20kO, n=3, and nR=3(20,000) = 60kO 


(The noninverting summer is a special case of the noninverting- 
summing amplifier shown in Figure 6.5-le. Take Kı = K2 = K3=1/ 
(n + 1), Ky=n, Rp =R, and R,=R/(n + 1) in Figure 6.5-1e to get 
the circuit shown in Figure 6.6-4.) 

Figure 6.6-5 shows the circuit obtained by replacing each block 
in Figure 6.6-2 by the corresponding operational amplifier circuit 
from Figure 6.6-3. The circuit in Figure 6.6-5 does indeed implement 
Eq. 6.6-3, but it’s possible to improve this circuit. 

The constant input to the summer has been implemented using a 2-V voltage source. Although 
correct, this may be more expensive than necessary. Voltage sources are relatively expensive 
devices, considerably more expensive than resistors or operational amplifiers. We can reduce the cost 
of this circuit by using a voltage source we already have instead of getting a new one. Recall that we 
need power supplies to bias the operational amplifier. Suppose that +15-V voltage sources are used 
to bias the operational amplifier. We can reduce costs by using the +15-V voltage source together 


O Uo = Ug t Up + Ue 


FIGURE 6.6-4 The noninverting summer. 
The integer n indicates the number of inputs to the 
circuit. 
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20 kQ 60 kQ 


20 kQ 100 kQ 


FIGURE 6.6-6 Using the operational 


= = = amplifier power supply to obtain a 2-V signal. 
FIGURE 6.6-5 An operational amplifier circuit that implements Eq. 6.6-2. 


with a voltage divider and a voltage follower to obtain the 2-V input for the summer. Figure 6.6-6 
illustrates the situation. The voltage divider produces a constant voltage equal to 2 V. The voltage 
follower prevents loading (see Example 6.5-1). 

Applying the voltage division rule in Figure 6.6-6 requires that 


Ry 2 
—— = — =0.133 => Rk, =65R 
Ra + Rp 15 y 


The solution to this equation is not unique. One solution is Ra = 130 KQ and Rp = 20 KQ. Figure 6.6-7 
shows the improved operational amplifier circuit. We can verify, perhaps by writing node equations, 
that 


vz = vx — Sv + 2 


Voltage saturation of the operational amplifiers should be considered when defining the relationship 
between the signals vx, vy, and v, and the variables x, y, and z. The output voltage of an operational 


20 kQ 60 kQ 


FIGURE 6.6-7 An improved 
operational amplifier circuit that 
implements Eq. 6.6-2. 


Try it 
yourself 
in WileyPLUS 
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amplifier is restricted by |vo| < Vsa. Typically, Vsa is approximately equal to the magnitude of the 
voltages of the power supplies used to bias the operational amplifier. That is, Vsa is approximately 15 V 
when +15-V voltage sources are used to bias the operational amplifier. In Figure 6.6.7, v,, 4v,, and 
—Syvy are each output voltages of one of the operational amplifiers. Consequently, 


Vsat Vsat 
nN w 


15 15 
[vx] Sg ga [vyl ae Nam and [v2] < Vaat & 15 V (6.6-4) 


The simple encoding of x, y, and z by vx, vy, and v, is 
Vy =x, w=y, and v=Z (6.6-5) 


This is convenient because, for example, v, = 4.5 V indicates that z= 4.5. However, using Eq. 6.6-3 to 
replace vx, vy, and v, in Eq. 6.6-4 with x, y, and z gives 


|x] < 3.75,  |y| < 3.0, and |z| < 15 


Should these conditions be too restrictive, consider defining the relationship between the signals vx, vy, 
and v, and the variables x, y, and z differently. For example, suppose 
Xx y d F 
= an and v= ig 
Now we need to multiply the value of v, by 10 to get the value of z. For example, v, = 4.5 V indicates 
that z = 45. On the other hand, the circuit can accommodate larger values of x, y, and z. Equations 6.6-4 


and 6.6-6 imply that 


(6.6-6) 


Vx 


|x| < 37.5, |y| < 30.0, and |z| < 150.0 


EXERCISE 6.6-1 Specify the values of R, and R3 in Figure E 6.6-1 that are required to cause v3 to 


be related to vı and v3 by the equation v3 = (4)vı — (4) V2. 


Answer: R, = 10kQ and Rp =2.5 KQ 


EXERCISE 6.6-2 Specify the values of R, and R} in Figure E 6.6-1 that are required to cause v3 to 
be related to vı and vz by the equation v3 = (6)vı — (3) V2. 


Answer: R, = 20kQ and Rp = 40 kQ 


FIGURE E 6.6-1 
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6.7 Characteristics of Practical Operational 
Amplifiers 


The ideal operational amplifier is the simplest model of an operational amplifier. This simplicity is obtained 
by ignoring some imperfections of practical operational amplifiers. This section considers some of these 
imperfections and provides alternate operational amplifier models to account for these imperfections. 

Consider the operational amplifier shown in Figure 6.7-la. If this operational amplifier is 
ideal, then 

ly = 0, i2 = 0, and v — n = 0 (6.7-1) 

In contrast, the operational amplifier model shown in Figure 6.7-1d accounts for several nonideal 
parameters of practical operational amplifiers, namely: 
e Nonzero bias currents. 
e Nonzero input offset voltage. 
e Finite input resistance. 
e Nonzero output resistance. 
e Finite voltage gain. 
This model more accurately describes practical operational amplifiers than does the ideal operational 
amplifier. Unfortunately, the more accurate model of Figure 6.7-ld is much more complicated 
and much more difficult to use than the ideal operational amplifier. The models in Figures 6.7-1b and 


6.7-1c provide a compromise. These models are more accurate than the ideal operational amplifier but 
easier to use than the model in Figure 6.7-1d. It will be convenient to have names for these models. 


il iy 


Ideal 


U2 operational 
amplifier 
(a) (b) 
l1 Ro lo Ro lo 
vi = Uo Vo 
Ri A(v2 - vı) Ri Alu? + Vos- V1) 
i2 
v2 = = = 
(c) (d) 


FIGURE 6.7-1 (a) An operational amplifier and (b) the offsets model of an operational amplifier. (c) The finite gain 
model of an operational amplifier. (d) The offsets and finite gain model of an operational amplifier. 
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The model in Figure 6.7-1b will be called the offsets model of the operational amplifier. Similarly, the 
model in Figure 6.7-1c will be called the finite gain model of the operational amplifier, and the model in 
Figure 6.7-1d will be called the offsets and finite gain model of the operational amplifier. 

The operational amplifier model shown in Figure 6.7-1b accounts for the nonzero bias current and 
nonzero input offset voltage of practical operational amplifiers but not the finite input resistance, the 
nonzero output resistance, or the finite voltage gain. This model consists of three independent sources 
and an ideal operational amplifier. In contrast to the ideal operational amplifier, the operational 
amplifier model that accounts for offsets is represented by the equations 


ly = ibl, i = Ip2, and Vij — V2 = Vos (6.7-2) 


The voltage vos is a small, constant voltage called the input offset voltage. The currents ipı and ip are 
called the bias currents of the operational amplifier. They are small, constant currents. The difference 
between the bias currents is called the input offset current i,, of the amplifier: 

los = ib1 — tbe 
Notice that when the bias currents and input offset voltage are all zero, Eq. 6.7-2 is the same as 
Eq. 6.7-1. In other words, the offsets model reverts to the ideal operational amplifier when the bias 
currents and input offset voltage are zero. 

Frequently, the bias currents and input offset voltage can be ignored because they are very small. 
However, when the input signal to a circuit is itself small, the bias currents and input voltage can 
become important. 

Manufacturers specify a maximum value for the bias currents, the input offset current, and the 
input offset voltage. For the wA741, the maximum bias current is specified to be 500 nA, the maximum 
input offset current is specified to be 200 nA, and the maximum input offset voltage is specified to be 
5 mV. These specifications guarantee that 


li| <500nA and |i2| < 500nA 
libi — ġ2| < 200 nA 
|vos| < 5 mV 


Table 6.7-1 shows the bias currents, offset current, and input offset voltage typical of several types of 
operational amplifier. 


Table 6.7-1 Selected Parameters of Typical Operational Amplifiers 
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PARAMETER UNITS uA741 LF351 TLO51C OPA101 AM 


Saturation voltage, Vat V 13 13:5 13.2 13 
Saturation current, isat mA 2 15 6 30 
Slew rate, SR V/uS 0.5 13 23.7 6.5 
Bias current, i, nA 80 0.05 0.03 0.012 
Offset current, ios nA 20 0.025 0.025 0.003 
Input offset voltage, vos mV 1 5 0.59 0.1 
Input resistance, R; MQ 2 10° 10° 10° 
Output resistance, Ro Q 75 1000 250 500 
Differential gain, A V/mV 200 100 105 178 
Common mode rejection ratio, CMRR V/mv 31.6 100 44 178 
Gain bandwidth product, B MHz 1 4 3.1 20 


0.03 


5000 
1413 
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( ExAMPLE 6.7-1 Offset Voltage and Bias Currents ) 


The inverting amplifier shown in Figure 6.7-2a contains a uA741 operational amplifier. This inverting amplifier 
designed in Example 6.5-2 has a gain of —5, that is, 


Vo = =5 * Vin 


The design of the inverting amplifier is based on the ideal model of an operational amplifier and so did not account 
for the bias currents and input offset voltage of the A741 operational amplifier. In this example, the offsets model 
of an operational amplifier will be used to analyze the circuit. This analysis will tell us what effect the bias currents 
and input offset voltage have on the performance of this circuit. 


10 kQ 50 kQ 10 kQ 50 kQ 10 kQ 50 kQ 
J 
© D { 
Up = -5 Vin 
(a) (b) (c) 
10 kQ 50 kQ 10 ka 50 kQ 10 kQ 50 kQ 
E + j + > + 
v=6v ib] Up = BO kQ - i . U,=0 
E i l i kK i É pes 
(d) (e) (f) 


FIGURE 6.7-2 (a) An inverting amplifier and (b) an equivalent circuit that accounts for the input offset voltage and bias currents of 
the operational amplifier. (c)—( f ) Analysis using superposition. 


Solution 
In Figure 6.7-2b, the operational amplifier has been replaced by the offsets model of an operational amplifier. 
Notice that the operational amplifier in Figure 6.7-2b is the ideal operational amplifier that is part of the model of 
the operational amplifier used to account for the offsets. The circuit in Figure 6.7-2b contains four inputs that 
correspond to the four independent sources Vin, 141, ip2, and vos. (The input vin is obtained by connecting a voltage 
source to the circuit. In contrast, the “inputs” i,;, ip2, and vos are the results of imperfections of the operational 
amplifier. These inputs are part of the operational amplifier model and do not need to be added to the circuit.) 
Superposition can be used to good advantage in analyzing this circuit. Figures 6.7-2c—6.7-2f illustrate this process. 
In each of these figures, all but one input has been set to zero, and the output due to that one input has been 
calculated. 

Figure 6.7-2c shows the circuit used to calculate the response to vin alone. The other inputs i,,, i,2, and 
Vos have all been set to zero. Recall that zero current sources act like open circuits and zero voltage sources 
act like short circuits. Figure 6.7-2c is obtained from Figure 6.7-2b by replacing the current sources ip1, ip2 
by open circuits and by replacing the voltage source vos by a short circuit. The operational amplifier in 
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Figure 6.7-2c is the ideal operational amplifier that is part of the offsets model. Analysis of the inverting amplifier in 
Figure 6.7-2c gives 
Yo = =9° Vin 

Next, consider Figure 6.7-2d. This circuit is used to calculate the response to vos alone. The other inputs vin, 
i»1, and i,2 have all been set to zero. Figure 6.7-2d is obtained from Figure 6.7-2b by replacing the current sources 
iy and ipo by open circuits and by replacing the voltage source vin by a short circuit. Again, the operational amplifier 
is the ideal operational amplifier from the offsets model. The circuit in Figure 6.7-2d is one we have seen before; it 
is the noninverting amplifier (Figure 6.5-1b). Analysis of this noninverting amplifier gives 


_ (50,000 a 
ae 10000) e e 


Next, consider Figure 6.7-2e. This circuit is used to calculate the response to i,; alone. The other inputs vin, 
Vos, and ip2 have all been set to zero. Figure 6.7-2e is obtained from Figure 6.7-2b by replacing the current source i,2 
by an open circuit and by replacing the voltage sources vin and Vos by short circuits. Notice that the voltage across 
the 10-kQ resistor is zero because this resistor is connected between the input nodes of the ideal operational 
amplifier. Ohm’s law says that the current in the 10-kQ resistor must be zero. The current in the 
50-kO, resistor is i,;. Finally, paying attention to the reference directions, 


Vo = 50,000 - ip: 


Figure 6.7-2fis used to calculate the response to i,2 alone. The other inputs vin, Vos, and i,; have all been set to 
zero. Figure 6.7-2f is obtained from Figure 6.7-2b by replacing the current source i,; by an open circuit and by 
replacing the voltage sources vin and vos by short circuits. Replacing vos by a short circuit inserts a short circuit 
across the current source ip2. Again, the voltage across the 10-KQ resistor is zero, so the current in the 10-kO, 
resistor must be zero. Kirchhoff’s current law shows that the current in the 50-kO resistor is also zero. Finally, 


Vo = 0 

The output caused by all four inputs working together is the sum of the outputs caused by each input working 

alone. Therefore, 
Vo = —5+ Vin + 6+ Vos + (50,000) ip1 
When the input of the inverting amplifier vin is zero, the output v, also should be zero. However, vo is nonzero when 
we have a finite vos or i,;. Let 
output offset voltage = 6 - vos + (50,000) ip: 
Then Vo = —5- Vin + output offset voltage 
Recall that when the operational amplifier is modeled as an ideal operational amplifier, analysis of this inverting 
amplifier gives 
Vo = =5)° Vin 

Comparing these last two equations shows that bias currents and input offset voltage cause the output offset 
voltage. Modeling the operational amplifier as an ideal operational amplifier amounts to assuming that the output 
offset voltage is not important and thus ignoring it. Using the operational amplifier model that accounts for offsets 
is more accurate but also more complicated. 


How large is the output offset voltage of this inverting amplifier? The input offset voltage of a “A741 
operational amplifier will be at most 5 mV, and the bias current will be at most 500 nA, so 


output offset voltage < 6(0.005) + (50 x 10°) (500 x10-°) = 55 mV 


We note that we can ignore the effect of the offset voltage only when |5 vin| > 500 mV or |vin| > 100 mV. The 
output offset error can be reduced by using a better operational amplifier, that is, one that guarantees smaller bias 
currents and input offset voltage. 
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Now, let us turn our attention to different parameters of practical operational amplifiers. The 
operational amplifier model shown in Figure 6.7-1c accounts for the finite input resistance, the nonzero 
output resistance, and the finite voltage gain of practical operational amplifiers but not the nonzero bias 
current and nonzero input offset voltage. This model consists of two resistors and a VCVS. 

The finite gain model reverts to an ideal operational amplifier when the gain A becomes infinite. 
To see that this is so, notice that in Figure 6.7-1c 


Vo = A(v2 — V1) + Roio 
Vo — Rolo 
A 


The models in Figure 6.7-1, as well as the model of the ideal operational amplifier, are valid only when 
Vo and i, satisfy Eq. 6.3-1. Therefore, 


SO v — V = 


[vol < vat and lio| < Isat 


V, t+R 1 t 
Then b = v| < = as 
A 
Therefore, lim (v2 — vı) = 0 
A—o0o 
Next, because 
v — Vy v2 — V1 
i = and i = 
i Ri 


we conclude that 

lim į =0 and limi =0 

A—0o0 A—0o0 
Thus, i}, i2, and v2 — vı satisfy Eq. 6.7-1. In other words, the finite gain model of the operational 
amplifier reverts to the ideal operational amplifier as the gain becomes infinite. The gain for practical 
op amps ranges from 100,000 to 10’. 


( EXAMPLE 6.7-2 Finite Gain ) 


In Figure 6.7-3, a voltage follower is used as a buffer amplifier. Analysis based on the ideal operational amplifier 
shows that the gain of the buffer amplifier is 


Vo 
== | 
Vs 


What effects will the input resistance, output resistance, and finite voltage gain of a practical operational amplifier 
have on the performance of this circuit? To answer this question, replace the operational amplifier by the 
operational amplifier model that accounts for finite voltage gain. This gives the circuit shown in Figure 6.7-3b. 


FIGURE 6.7-3 (a) A voltage 
follower used as a buffer amplifier 
and (b) an equivalent circuit with the 
operational amplifier model that 

(a) (b) accounts for finite voltage gain. 
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Solution 


To be specific, suppose Ry = 1 KQ; R = 10 kQ; and the parameters of the practical operational amplifier are 
Ri = 100 KQ, R, = 1000, and A = 10°V/V. 
Suppose that vo = 10 V. We can find the current 7, in the output resistor as 
Vo 10 


= apf 
iL, 


Apply KCL at the top node of R; to get 
Hakot = 0 


Tt will turn out that 7, will be much smaller than both i, and i. It is useful to make the approximation that i; = 0. 
(We will check this assumption later in this example.) Then, 


= Up 
Next, apply KVL to the mesh consisting of the VCVS, Rə, and R; to get 
—A(v2 = vı) 5 ioRo + iL RL =) 
Combining the last two equations and solving for (v2 — vı) gives 


. -3 
a RL) _ O o0 + 10,000) _ gs. gay 
A 105 


Now i; can be calculated using Ohm’s law: 


Pee = = 1.01 x 10“ V a 
= = = —1.01 x 107A 
R 100,000 a 
This justifies our earlier assumption that i, is negligible compared with i, and ių. 
Applying KVL to the outside loop gives 


—v, — iR — Ri + vo = 0 
Now, let us do some algebra to determine vs: 


Vs = Vo — ü (Ri + Ri) = V5 + in(Ry + Ri) 


v2—-Vv 
=e = EROR) 
1 
EE e iL(Ro + Rt) s (Ri + Ri) 
i A Ri 
Vo (Ro + Ri) (Ri + Ri) 
= Vo +— X x 
Ri A Ri 
The gain of this circuit is 
Vo _ 1 
E 1 Rəo+Rı Ri+R 
Vs jl a x ar AML, x fae Iii 
A R Ri 


This equation shows that the gain will be approximately | when A is very large, Ro & R, and R; < Ri. In this 
example, for the specified A, Ro, and R;, we have 


Vo 1 1 
= = = 0.99999 
Vs 1 100+ 10,000 10°+1000 1.00001 
Il zx x x 
10° 10,000 10° 


Thus, the input resistance, output resistance, and voltage gain of the practical operational amplifier have only a 
small, essentially negligible, combined effect on the performance of the buffer amplifier. 
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Table 6.7-1 lists two other parameters of practical operational amplifiers that have not yet been 
mentioned. They are the common mode rejection ratio (CMRR) and the gain bandwidth product. 
Consider first the common mode rejection ratio. In the finite gain model, the voltage of the dependent 
source is 


A(v2 = vı) 
In practice, we find that dependent source voltage is more accurately expressed as 
yt+y. 
A(v2 = v1) + Acn ( 2 2) 
where v2 — vı is called the differential input voltage, 


vit W : 
~|* ™ is called the common mode input voltage, 


and Acm is called the common mode gain. 


The gain A is sometimes called the differential gain to distinguish it from A... The common mode 
rejection ratio is defined to be the ratio of A to Agn 


A 
CMRR = 
Acm 
The dependent source voltage can be expressed using A and CMRR as 
vi +v A vv 
A(v2 — v1) + Acm 7 = A(v — vı) + CMRR 2 


1 1 
= al (1 +z)” (1 sou)" 


CMRR can be added to the finite gain model by changing the voltage of the dependent source. The 
appropriate change is 


1 1 
replace A(v2 — vı) by A (1 T 2 cae) "a (1 2 SMRK) J 


This change will make the model more accurate but also more complicated. Table 6.7-1 shows 
that CMRR is typically very large. Forexample, atypical LF351 operational amplifier has A = 100V/mV 
and CMRR = 100 V/mV. This means that 


l 1 
AJI 1 = 100, 000.5v> — 5 
( + scuRR) "a ( mot J 00, 000.5v2 — 99, 999.5v; 
compared to A(v2 — vı) = 100,000v2 — 100,000v; 


In most cases, negligible error is caused by ignoring the CMRR of the operational amplifier. The CMRR 
does not need to be considered unless accurate measurements of very small differential voltages must be 
made in the presence of very large common mode voltages. 

Next, we consider the gain bandwidth product of the operational amplifier. The finite gain model 
indicates that the gain A of the operational amplifier is a constant. Suppose 


v =0 and v =M sin œt 


so that v — vı = M sin wt 
The voltage of the dependent source in the finite gain model will be 


A(v — vı) = A - M sin œt 
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The amplitude A-M of this sinusoidal voltage does not depend on the frequency œ. Practical 
operational amplifiers do not work this way. The gain of a practical amplifier is a function of 
frequency, say A(@). For many practical amplifiers, A(œ) can be adequately represented as 


A(o) == 

jo 
It is not necessary to know now how this function behaves. Functions of this sort will be discussed in 
Chapter 13. For now, it is enough to realize that the parameter B is used to describe the dependence of 
the operational amplifier gain on frequency. The parameter B is called the gain bandwidth product of the 
operational amplifier. 


EXERCISE 6.7-1 The input offset voltage of a typical A741 operational amplifier is 1 mV, and 
the bias current is 80 nA. Suppose the operational amplifier in Figure 6.7-2a is a typical uA741. Show 
that the output offset voltage of the inverting amplifier will be at most 10 mV. 


EXERCISE 6.7-2 Suppose the 10-kO resistor in Figure 6.7-2a is changed to 2 KQ and the 50-kO 
resistor is changed to 10 KQO. (These changes will not change the gain of the inverting amplifier. It will 
still be —5.) Show that the maximum output offset voltage is reduced to 35 mV. (Use ip = 500 nA and 
Vos = 5 mV to calculate the maximum output offset voltage that could be caused by the 4A741 amplifier.) 


EXERCISE 6.7-3 Suppose the A741 operational amplifier in Figure 6.7-2a is 
replaced with a typical OPAIOIAM operational amplifier. Show that the output offset 
voltage of the inverting amplifier will be at most 0.6 mV. 


EXERCISE 6.7-4 

a. Determine the voltage ratio v,/v, for the op amp circuit shown in Figure E 6.7-4. 

b. Calculate v,/v, for a practical op amp with A = 10°, Ro = 100 Q, and R; = 500 kQ. The 
circuit resistors are R, = 10 kQ, R; = 50 kQ, and R, = 25 KQ. 

Answer: (b) vo/Vvs = —2 


FIGURE E 6.7-4 


6.8 Analysis of Op Amp Circuits Using MATLAB 


Figure 6.8-1 shows an inverting amplifier. Model the operational amplifier as an ideal op amp. Then the 
output voltage of the inverting amplifier is related to the input voltage by 


Vo(t) = —R, (6.8-1) Pa 
Suppose that Rı = 2kQO, R= 50kQ, and v,=—4 cos ies 


(2000 zt) V. Using these values in Eq. 6.8-1 gives v,())= Vs) = ~4 cos (2000x) V |) 
100 cos(2000 zt) V. This is not a practical answer. It’s likely volt) 
that the operational amplifier saturates, and, therefore, the ideal = 
op amp is not an appropriate model of the operational amplifier. 

When voltage saturation is included in the model of the = 

operational amplifier, the inverting amplifier is described by FIGURE 6.8-1 An inverting amplifier. 
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R 
Viat when — 2al) > Viat 
Rı 
Ry Ry 
Vo(t) = -R O when — Vsat < -R vO < Veat (6.8-2) 
1 1 
R 
—Veat when — — y(t) < —Veat 
Ri 


where vsat denotes the saturation voltage of the operational amplifier. Equation 6.8-2 is a more accurate, 
but more complicated, model of the inverting amplifier than Eq. 6.8-1. Of course, we prefer the simpler 
model, and we use the more complicated model only when we have reason to believe that answers based 
on the simpler model are not accurate. 

Figures 6.8-2 and 6.8-3 illustrate the use of MATLAB to analyze the inverting amplifier when the 
operational amplifier model includes voltage saturation. Figure 6.8-2 shows the MATLAB input file, and 
Figure 6.8-3 shows the resulting plot of the input and output voltages of the inverting amplifier. 


P Saturate.m simulates op amp voltagesaturation N 


% circuit parameters 
Rl=2e3: % resistance, ohms 
R2=50e3; % resistance, ohms 
R3=20e3; % resistance, ohms 

% op amp parameter 
vsat =15; % saturation voltage, V 


% source parameters 
M=4; z amplitude, W 
f= 1000; % frequency, Hz 
w=2*pi*t; % frequency, rads 
theta = (pi~1d0)*160; % phase angle, rad 


% Divide the time interval {0, tf) into N increments 


th=2-f: % Final time 
N=200; % number of incerments 
t=O:tf/N: tf: % time, s 


ve = M*cos(w*t +thetal: z input voltage 


for k=1:length ivs) 


if {—(R2/Rlj#vsík) < -vsat}) voafk]) = —-vsat; % ------ 
elseif [(—[{R2/Rlj*vs(k} > vsat) voafk) = vsat; % egn. 
else vaofk) = —{R2/Rlj*vs(ki: % 6.0-2 
end A arenis 
end 
kA Sos eee Ceo ee eee eS 
zZ Plot Vo and vs versus t 
Z a A R E E R R Ga E E E A E S E R N E R R 
plot (t, vO, t, vs] % plot the transfer characteristic FIGURE 6.8-2 MATLAB 
axis{[0 tf —20 20]) : fil di 
xlabel(‘time. s’) input file corresponding 


aaa f‘vo(t), V) i - the a shown in 
igure 6.8-1. 
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20 | l l | l | l | | FIGURE 6.8-3 Plots of the input 
O 0.2 04 06 08 1 1.2 1.4 1.6 1.8 2 and output voltages of the circuit 
Time, s x103 shown in Figure 6.8-1. 


6.9 Using PSpice to Analyze Op Amp Circuits 


Consider an op amp circuit having one input, v;, and one output, vo. Let’s plot the output voltage as a 
function of the input voltage using PSpice. We need to do the following: 


1. 


2; 
3. 
4 


a 


Draw the circuit in the OrCAD Capture workspace. 
Specify a DC Sweep simulation. 

Run the simulation. 

Plot the simulation results. 


The DC Sweep simulation provides a way to vary the input of a circuit and then plot the output as 
function of the input. 


ExAMPLE 6.9-1 Using PSpice to Analyze an Op Amp Circuit ) 


The input to the circuit shown in Figure 6.9-1 is the voltage source voltage vj. 
The response is the voltage v,. Use PSpice to plot the output voltage as a 
function of the input voltage. 


Solution R2 = 98 kQ 
We begin by drawing the circuit in the OrCAD workspace as shown in 
Figure 6.9-2 (see Appendix A). The op amp in Figure 6.9-2 is represented by 
the PSpice part named OPAMP from the ANALOG library. The circuit output 
is anode voltage. It’s convenient to give the output voltage a PSpice name. In FIGURE 6.9-1 The circuit considered in 
Figure 6.9-2, a PSpice part called an off-page connector is used to label the Example 6.9-1. 

output node as “o.” Labeling the output node in this way gives the circuit 

output the Bonie. name V(o). 

We will perform a DC Sweep simulation. (Select PSpice\New Simulation Profile from the OrCAD Capture menu 
bar, then DC Sweep from the Analysis Type drop-down list. Specify the Sweep variable to be the input voltage by 
selecting Voltage Source and identifying the voltage source as Vi. Specify a linear sweep and the desired range of input 
voltages.) Select PSpice\Run Simulation Profile from the OrCAD Capture menu bar to ran the simulation. 

After a successful DC Sweep simulation, OrCAD Capture will automatically open a Schematics window. 
Select Trace/Add Trace from the Schematics menus to pop up the Add Traces dialog box. Select V(o) from the 


vp = -40.816 mV 


248 6. The Operational Amplifier 


my (150.000 m, 9.4995) 
10V4 
(100.000 m, 6.9996) 
(50.000 m, 4.4998) 
5V4 
(0.000, 1.9999) 
Jy 
> -40.816mV ov4 
— T T T T 
“0 -50 mV OmV 50 mV 100mV 150mV 200mV 
FIGURE 6.9-2 The circuit of Figure 6.9-1 as B v(o) 


V_V; 


drawn in the OrCAD workspace. 
FIGURE 6.9-3 The plot of the output voltage as a function of the input voltage. 


Simulation Output Variables list. Close the Add Traces dialog box. Figure 6.9-3 shows the resulting plot after 
removing the grid and labeling some points. The plot is a straight line. Consequently, the circuit output is related to 
the circuit input by an equation of the form 


Vo = mv; +b 
where the values of the slope m and intercept b can be determined from the points labeled in Figure 6.9-3. In particular, 
6.9996 — 4.4998 W 
= es SS GS BS DD = 
™~~0.100 — 0.050 V 
and 1.9999 = 59.996(0) +b => b=1.999922V 
The circuit output is related to the circuit input by the equation 
Vo = 50v; + 2 
6.10 How Can We Check ...? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 


The following example illustrates techniques useful for checking the solutions of the sort of 


problems discussed in this chapter. 


( ExAMPLE 6.10-1 How Can We Check Op Amp Circuits? ) 


The circuit in Figure 6.10-la was analyzed by writing and solving the following set of simultaneous equations 


Vi é 
Tots =? 


10is = v4 
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Given 
Z liga 10- i5 ~ v4 22 pagea 
10 10 
a Be ne oe e a3) NO) 9 ibe) = ses 
=M 
0.6 
Find (i2, i3, v4, i5, v6) = fae 
x : y) 
(a) (b) 
FIGURE 6.10-1 (a) An example circuit and (b) computer analysis using Mathcad. 
Vale ; 
— iB = 1p 
if 
3 = 5b + 10i 
20i; = v6 


(These equations use units of volts, milliamps, and kohms.) A computer and the program Mathcad were used to 
solve these equations as shown in Figure 6.10-1b. The solution of these equations indicates that 

nb =—-06mA, i =0.6mA, w=-12V, 

is = —1.2 mA, and w=12V 


How can we check that these voltage and current values are correct? 


Solution 
Consider the voltage v3. Using Ohm’s law, 
v3 = 20i3 = 20(0.6) = 12 V 
Remember that resistances are in KQ and currents in milliamps. Applying KVL to the mesh consisting of the 
voltage source and the 5-kQ and 20-k©. resistors gives 
v = 3 — 5i = 3 — 5(—0.6) = 6 V 
Clearly, v3 cannot be both 12 and 6, so the values obtained for is, i3, v4, is, and ve cannot all be correct. Checking the 
simultaneous equations, we find that a resistor value has been entered incorrectly. The KVL equation correspond- 
ing to the mesh consisting of the voltage source and the 5-kQ and 20-kQ resistors should be 
3 = 5in + 2033 
Note that 10i; was incorrectly used in the fourth line of the Mathcad program of Figure 6.10-1. After making this 
correction, i, 13, V4, is, and v6 are calculated to be 
b=—-02mA, 3=O02mA, w=—4V, 
is =0.4mA, and vw=4V 
Now v3 = 2013 = 20(0.2) = 4 
and v = 3 — 5i, = 3 — 5(—0.2) = 4 
This agreement suggests that the new values of i2, i3, v4, is, and ve are correct. As an additional check, consider vs. 
First, Ohm’s law gives 
vs = 10is = 10(—0.4) = —4 
Next, applying KVL to the loop consisting of the two 10-KQ resistors and the input of the operational amplifier gives 
vs = 0 + v4 = 0+ (—4) = —4 


This increases our confidence that the new values of iz, i3, v4, is, and Ve are correct. 
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6.11 Design EXAmpPLeE Transducer Interface Circuit ) 


A customer wants to automate a pressure measurement, which requires converting the output of the pressure 
transducer to a computer input. This conversion can be done using a standard integrated circuit called an analog-to- 
digital converter (ADC). The ADC requires an input voltage between 0 V and 10 V, whereas the pressure 
transducer output varies between —250 mV and 250 mV. Design a circuit to interface the pressure transducer with 
the ADC. That is, design a circuit that translates the range —250 mV to 250 mV to the range 0 V to 10 V. 


Describe the Situation and the Assumptions 
The situation is shown in Figure 6.1 1-1. 


Pressure 


transducer 


FIGURE 6.11-1 Interfacing a pressure transducer with an analog-to-digital converter (ADC). 


The specifications state that 


—250 mV < vı < 250mV 
OV <v <1l0V 


A simple relationship between vz and v, is needed so that information about the pressure is not obscured. Consider 
v =a:vı +b 


The coefficients, a and b, can be calculated by requiring that vz = 0 when v; = —250 mV and that v2 = 10 V when 
vı =250 mV, that is, 


0V = a (250 mV) + b 
10 V = a (250 mV) + b 


Solving these simultaneous equations gives a= 20 V/V and b=5 V. 


State the Goal 
Design a circuit having input voltage vı and output voltage v2. These voltages should be related by 


vy = 20y,+5V (6.11-1) 


Generate a Plan 

Figure 6.1 1-2 shows a plan (or a structure) for designing the interface circuit. The operational amplifiers are biased 
using +15-V and —15-V power supplies. The constant 5-V input is generated from the 15-V power supply by 
multiplying by a gain of 1/3. The input voltage, vı, is multiplied by a gain of 20. The summer (adder) adds the 
outputs of the two amplifiers to obtain v2. 
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O v2 = 200, + 5 V 


FIGURE 6.11-2 A structure (or plan) for the interface circuit. 


Each block in Figure 6.11-2 will be implemented using an operational amplifier circuit. 


Act on the Plan 

Figure 6.11-3 shows one proposed interface circuit. Some adjustments have been made to the plan. The 
summer is implemented using the inverting summing amplifier from Figure 6.5-1d. The inputs to this 
inverting summing amplifier must be —20v; and —5 V instead of 20v; and 5 V. Consequently, an inverting 
amplifier is used to multiply vı by —20. A voltage follower prevents the summing amplifier from loading the 
voltage divider. To make the signs work out correctly, the —15-V power supply provides the input to the 
voltage divider. 


Inverting amplifier 


2.5 kQ 50 kQ 


vy 


10 kQ 10 kQ 
Ov =20vı+5V 


Summing amplifier 


| Voltage 
follower 


-15V o 


Voltage 
divider 


5 kQ 


FIGURE 6.11-3 One implementation of the interface circuit. 


The circuit shown in Figure 6.11-3 is not the only circuit that solves this design challenge. There are 
several circuits that implement 


v = 20v, +5 V 
We will be satisfied with having found one circuit that does the job. 


Verify the Proposed Solution 

The circuit shown in Figure 6.11-3 was simulated using PSpice. The result of this simulation is the plot of the v2 
versus vı shown in Figure 6.11-4. Because this plot shows a straight line, vz is related to vı by the equation of a 
straight line 


vı = mv, +b 
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Law l ] ] 
(250.000 m, 10.002) 
LONI =] 
> 
a, BW |= + 
a 
OVE — 
(-250.000 m, 4.7506 m) 
-5 V l | | 
-400 mV -200 mV OV 200 mV 
U], V 


400 mV 


FIGURE 6.11-4 PSpice simulation of 
the circuit shown in Figure 6.11-3. 


where m is the slope of the line and b is the intercept of the line with the vertical axis. Two points on the line have 
been labeled to show that v> = 10.002 V when vı = 0.250 V and that v = 0.0047506 V when vı = —0.250 V. The 
slope m and intercept b can be calculated from these points. The slope is given by 


10.002 — (0.0047506) 


m = 


= 19.994 


0.250 — (—0.250) 


The intercept is given by 


b = 10.002 — 19.994 x 0.0250 = 5.003 


Thus, 


v2 = 19.994y, + 5.003 


(6.11-2) 


Comparing Eqs. 6.11-1 and 6.11-2 verifies that the proposed solution is indeed correct. 


6.12 SUMMARY 


© Several models are available for operational amplifiers. 

Simple models are easy to use. Accurate models are more 

complicated. The simplest model of the operational amplifier 

is the ideal operational amplifier. 

The currents into the input terminals of an ideal operational 

amplifier are zero, and the voltages at the input nodes of an 

ideal operational amplifier are equal. 

It is convenient to use node equations to analyze circuits that 

contain ideal operational amplifiers. 

) Operational amplifiers are used to build circuits that perform 
mathematical operations. Many of these circuits have been 
used so often that they have been given names. The inverting 
amplifier gives a response of the form v, = — Kv; where K is a 
positive constant. The noninverting amplifier gives a re- 
sponse of the form v, = Kv; where K is a positive constant. 


(8) 


Another useful operational amplifier circuit is the noninvert- 
ing amplifier with a gain of K = 1, often called a voltage 
follower or buffer. The output of the voltage follower 
faithfully follows the input voltage. The voltage follower 
reduces loading by isolating its output terminal from its input 
terminal. 

Figure 6.5-1 is a catalog of some frequently used operational 
amplifier circuits. 

Practical operational amplifiers have properties that are not 
included in the ideal operational amplifier. These include the 
input offset voltage, bias current, dc gain, input resistance, 
and output resistance. More complicated models are needed 
to account for these properties. 

PSpice can be used to reduce the drudgery of analyzing 
operational amplifier circuits with complicated models. 


PROBLEMS 


(+) Problem available in WileyPLUS at instructor’s discretion. 
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Section 6.3 The Ideal Operational Amplifier 


P 6.3-1 © Determine the value of voltage measured by the 
voltmeter in Figure P 6.3-1. 


Answer: —4 V 


20 kQ 


Figure P 6.3-1 


P 6.3-2 (+) Find v, and i, for the circuit of Figure P 6.3-2. 


3 kQ 4kQ 
12V © Ji 
i P 
1kQ Vo 


Figure P 6.3-2 


P 6.3-3 (+) Find v, and i, for the circuit of Figure P 6.3-3. 
Answer: Vo = —30 V and i, = 3.5 mA 


4 KQ 8 kQ 


12v(*) A 


Figure P 6.3-3 


P 6.3-4 @ Find v and i for the circuit of Figure P 6.3-4. 


0.1 ma Cf) 


— 


Figure P 6.3-4 


P 6.3-5 © Find v, and i, for the circuit of Figure P 6.3-5. 


Answer: vy = —15 V andi, = 7.5 mA 


12vV(*) 


Figure P 6.3-5 


P 6.3-6 © Determine the value of voltage measured by the 
voltmeter in Figure P 6.3-6. 


Answer: 7.5 V 


© Voltmeter © 


Figure P 6.3-6 
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P 6.3-7 (+) Find v, and i, for the circuit of Figure P 6.3-7. 


ae 


R3 


Vi 


Figure P 6.3-7 


P 6.3-8 Determine the current i, for the circuit shown in 
Figure P 6.3-8. 


Answer: ip = 2.5 mA 


6 kQ 


Figure P 6.3-8 


P 6.3-9 @ Determine the voltage v, for the circuit shown in 
Figure P 6.3-9. 


Answer: vo = —8 V 


Figure P 6.3-9 


P 6.3-10 © The circuit shown in Figure P 6.3-10 has one 


input, is, and one output, vo. Show that the output is proportional 


: À ee a a v 
to the input. Design the circuit so that the gain is = = 20 55. 


is 


Figure P 6.3-10 


P 6.3-11 © The circuit shown in Figure P 6.3-11 has one 
input, v, and one output, v,. Show that the output is propor- 
tional to the input. Design the circuit so that vo = 5 vs. 


Figure P 6.3-11 


P 6.3-12 © The input to the circuit shown in Figure P 6.3-12 
is the voltage v,. The output is the voltage vo. The output is 
related to the input by the equation vo = mv, + b where m and b 
are constants. Determine the values of m and b. 


5 kQ 20 kQ 


Figure P 6.3-12 


P 6.3-13 The output of the circuit shown in Figure P 6.3-13 is 
Vo = 3.5 V. Determine the value of (a) the resistance R, (b) the 
power supplied be each independent source, and (c) the power 
Poa = loa X Vo Supplied by the op amp. 


Figure P 6.3-13 
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P 6.3-14 © Determine the node voltages at nodes a, b, c, and 80 kQ 25 kQ 25 kQ 80 kQ 


d of the circuit shown in Figure P 6.3-14. 


Figure P 6.3-14 


P 6.3-15 (+) Determine the node voltages at nodes a, b, c, 
and d of the circuit shown in Figure P 6.3-15. 


Figure P 6.3-17 


Section 6.4 Nodal Analysis of Circuits Containing 
Ideal Operational Amplifiers 


P 6.4-1 @ Determine the node voltages for the circuit shown 
in Figure P 6.4-1. 
Answer: v, = 2 V, vw = —0.25 V, ve = —5 V, va = —2.5 V, 
and ve = —0.25 V 


Figure P 6.3-15 


P 6.3-16 © Figure P 6.3-16 shows four similar circuits. The 
outputs of the circuits are the voltages vı, v2, v3, and v4. 
Determine the values of these four outputs. 


3 20 kQ b 


25 kQ 80 kQ 80 kQ 25 kQ 


Vo 


~ Figure P 6.4-1 


P 6.4-2 +) Find v, and i, for the circuit of Figure P 6.4-2. 
Answer: vo = —4 V and i, = 1.33 mA 


© Ss + 
š Vo 
Figure P 6.3-16 
P 6.3-17 © Figure P 6.3-17 shows four similar circuits. The 


outputs of the circuits are the voltages vı, v2, v3, and v4. = 
Determine the values of these four outputs. Figure P 6.4-2 
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P 6.4-3 @ Determine the values of the node voltages, vand P 6.4-6 @ Determine the node voltages for the circuit shown 
Vo, Of the circuit shown in Figure P 6.4-3. in Figure P 6.4-6. 


v, 8kQ Answer: va = —0.75 V, w = 0 V, and vy. = —0.9375 V 


a 


Figure P 6.4-3 
oe Figure P 6.4-6 


P 6.4-4 (+) The output of the circuit shown in Figure P 6.4-4 
iS Vo. The inputs are vı and v2. Express the output as a function P 6.4-7 Find v, and i, for the circuit shown in Figure P 6.4-7. 
of the inputs and the resistor resistances. 


10 kQ 


Figure P 6.4-4 


P 6.4-5 © The outputs of the circuit shown in Figure P 6.4-5 Figure P 6.4-7 
are vo and io. The inputs are vı and v2. Express the outputs as ; NODS PDN 
functions of the inputs and the resistor resistances. P 6.4-8 © Find v, andi, forthe circuit shown in Figure P 6.4-8. 


10 kQ 20 kQ 


Figure P 6.4-8 


P 6.4-9 @ Determine the node voltages for the circuit shown 
in Figure P 6.4-9. 

Answer: va =— 12V, w= —-4V, vy. =—-4V, v =—4V, 
Figure P 6.4-5 Ve = —3.2 V, vp = —4.8 V, and vg = —3.2 V 


c 10k 


d 20kQ è 
O 


40 kQ 


Figure P 6.4-9 


P 6.4-10 The circuit shown in Figure P 6.4-10 includes a 
simple strain gauge. The resistor R changes its value by AR 
when it is twisted or bent. Derive a relation for the voltage gain 
Və/vs and show that it is proportional to the fractional change in 
R, namely, AR/Ro. 


R, AR 


A Vo = = 
NSWEY: Vo RR R, 


R=R,+AR 


Figure P 6.4-10 A strain gauge circuit. 


P 6.4-11 @ Find vs for the circuit shown in Figure P 6.4-11. 


Figure P 6.4-11 


P 6.4-12 The circuit shown in Figure P 6.4-12 has one output, 
Vo, and two inputs, vı and vz. Show that when a = r the 
output is proportional to the difference of the inputs, vı — v2. 
Specify resistance values to cause v, = 5 (vı — v2). 
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Figure P 6.4-12 


P 6.4-13 The circuit shown in Figure P 6.4-13 has one output, 
Vo, and one input, v;. Show that the output is proportional to the 
input. Specify resistance values to cause vo = 20v;. 


Figure P 6.4-13 


P 6.4-14 The circuit shown in Figure P 6.4-14 has one input, 
vs, and one output, vo. Show that the output is proportional to 
the input. Design the circuit so that vy, = 20v.. 


Figure P 6.4-14 


P 6.4-15 The circuit shown in Figure P 6.4-15 has one input, 
vs, and one output, vo. The circuit contains seven resistors 
having equal resistance R. Express the gain of the circuit 
v/v, in terms of the resistance R. 
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Figure P 6.4-15 


P 6.4-16 The circuit shown in Figure P 6.4-16 has one input, 
Vs, and one output, vo. Express the gain v,/v, in terms of the 
resistances Rı, Ro, R3, R4, and Rs. Design the circuit so that 
Vo = —20 vg. 


Figure P 6.4-16 


P 6.4-17 The circuit shown in Figure P 6.4-17 has one input, 
Vs, and one output, v,. Express the gain of the circuit v,/v, in 
terms of the resistances Rj, R2, R3, R4, Rs, and Re. Design the 
circuit so that vo = —20v,. 


Figure P 6.4-17 


P 6.4-18 The circuit shown in Figure P 6.4-18 has one input, 
Vs, and one output, i,. Express the gain of the circuit i,/v, in 
terms of the resistances R4, Ro, R3, and Ro. (This circuit contains 
a pair of resistors having resistance R, and another pair having 
resistance R2.) Design the circuit so that i, = 0.02v,. 


Figure P 6.4-18 


P 6.4-19 The circuit shown in Figure P 6.4-19 has one input, 
vs, and one output, vo. The circuit contains one unspecified 
resistance, R. 


(a) Express the gain of the circuit v/v, in terms of the 
resistance R. 

(b) Determine the range of values of the gain that can be 
obtained by specifying a value for the resistance R. 

(c) Design the circuit so that v = —3v,. 


Figure P 6.4-19 


P 6.4-20 The circuit shown in Figure P 6.4-20 has one input, 
vs, and one output, vo. The circuit contains one unspecified 
resistance, R. 


(a) Express the gain of the circuit v/v, in terms of the 
resistance R. 

(b) Determine the range of values of the gain that can be 
obtained by specifying a value for the resistance R. 

(c) Design the circuit so that v, = —5y,. 


Figure P 6.4-20 


P 6.4-21 @ The circuit shown in Figure P 6.4-21 has three 
inputs: vı, v2, and v3. The output of the circuit is vo. The output 
is related to the inputs by 


Vo = avı + bv2 + cv3 
where a, b, and c are constants. Determine the values of a, b, 


and c. 


20 kQ 40 kQ 


20 kQ 


20 kQ 30 kQ 


20 kQ 


Figure P 6.4-21 


P 6.4-22 @ The circuit shown in Figure P 6.4-22 has two 
inputs: vı and v2. The output of the circuit is v. The output is 
related to the inputs by 


Vo = avı + bvz 


where a and b are constants. Determine the values of a and b. 
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Figure P 6.4-22 


P 6.4-23 (+) The input to the circuit shown in Figure P 6.4- 
23 is the voltage source voltage vs. The output is the node 
voltage vo The output is related to the input by the equation 
Vo = kv, where k = 2 is called the gain of the circuit. 


Vs 
Determine the value of the gain k. 


Figure P 6.4-23 


P 6.4-24 © The input to the circuit shown in Figure P 6.4-24is 
the current source current i,. The output is the node voltage vo. 
The output is related to the input by the equation v, = mi, + b 
where m and b are constants. Determine the values of m and b. 


Figure P 6.4-24 


P 6.4-25 The input to the circuit shown in Figure P 6.4-25 is the 
node voltage v,. The output is the node voltage vo. The output is 


; i Vo . 
related to the input by the equation v = kv, where k = — is 
Vs 


called the gain of the circuit. Determine the value of the gain k. 
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50 kQ 


Section 6.5 Design Using Operational Amplifiers 


P 6.5-1 Design the operational amplifier circuit in Figure 
P 6.5-1 so that 


Vout = F ` lin 


where r = 20 — 


Figure P 6.4-25 Operational 
j amplifier 


P 6.4-26 (+) The values of the node voltages v1, v2, and vo in creat 


Figure P 6.4-26 are vı = 6.25 V, v2 = 3.75 V, and vo = —15 V. 
Determine the value of the resistances Rj, Ro, and R3. 
20 kQ Ry Figure P 6.5-1 


P 6.5-2 Design the operational amplifier circuit in Figure 
P 6.5-2 so that 


Tout = & ` Vin 


h = 2— 
where g v 


Operational 
amplifier 


circuit 


Figure P 6.4-26 Figure P 6.5-2 


P 6.4-27 © The input to the circuit shown in Figure P 6.4-27 P 6.5-3 © Design the operational amplifier circuit in Figure 


is the voltage source voltage v;. The output is the node voltage P 6.5-3 so that 


Vo. The output is related to the input by the equation vy = kv; Vout = 5 -v1 +2- v 


where k = ~° is called the gain of the circuit. Determine the 
Vi 
value of the gain k. 


A Operational 


amplifier 
circuit 


Figure P 6.5-3 


P 6.5-4 Design the operational amplifier circuit in Figure 
P 6.5-3 so that 


Figure P 6.4-27 Vout = 5- (vı — V2) 


P 6.5-5 © Design the operational amplifier circuit in Figure 


P 6.5-3 so that 
Vot = 5: Vj = 2 


P 6.5-6 The voltage divider shown in Figure P 6.5-6 has a 


gain of 
Vout _ —10 kQ 


=2 
vn  5kQ+(=10k0) 


Design an operational amplifier circuit to implement the 
—10-KQ resistor. 


Figure P 6.5-6 A circuit with a negative resistor. 


P 6.5-7 © Design the operational amplifier circuit in Figure 


P 6.5-7 so that 


iin =O and 


Vout = 3+ Vin 


Operational 
amplifier 
circuit 


Figure P 6.5-7 


P 6.5-8 Design an operational amplifier circuit with output 
Vo=6 vı + 2 vo, where vı and v, are input voltages. 


P 6.5-9 © Determine the voltage v, for the circuit shown in 
Figure P 6.5-9. 


Hint: Use superposition. 


(—3)(3) + (ACA + (4)(8)=7 V 
8 KQ 24 KQ 


= 


Q ? 


Answer: Vo 


3v(*) 
© 


Figure P 6.5-9 


P 6.5-10 For the op amp circuit shown in Figure P 6.5-10, find 
and list all the possible voltage gains that can be achieved by 
connecting the resistor terminals to either the input or the 
output voltage terminals. 
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Figure P 6.5-10 Resistances in KQ. 


P 6.5-11 © The circuit shown in Figure P 6.5-11 is called a 
Howland current source. It has one input, vin, and one output, 
ioue Show that when the resistances are chosen so that 


RR; = R R4, the output is related to the input by the equation 
F Vin 
iout = — 
out Ri 


Figure P 6.5-11 


P 6.5-12 The input to the circuit shown in Figure P 6.5-12a is 
the voltage v,. The output is the voltage v,. The voltage v, is 
used to adjust the relationship between the input and output. 


(a) Show that the output of this circuit is related to the input by 
the equation 
Vo = AV; +b 
where a and b are constants that depend on Rj, Ro, R3, R4, 
Rs, and vy. 
(b) Design the circuit so that its input and output have the 
relationship specified by the graph shown in Figure P 6.5-12b. 


262 6. The Operational Amplifier 


Uo, V 
BL 


Figure P 6.5-12 


P 6.5-13 © The input to the circuit shown in Figure P 6.5-13a 
is the voltage vs. The output is the voltage vo. The voltage vp is 
used to adjust the relationship between the input and output. 


(a) Show that the output of this circuit is related to the input by 
the equation 
Vo = av; + b 
where a and b are constants that depend on R4, Ro, R3, Ra, 
and vp. 
(b) Design the circuit so that its input and output have the 
relationship specified by the graph shown in Figure P 6.5-13b. 


Ry R3 


©) ; í 
B i 


(a) 


Figure P 6.5-13 


P 6.5-14 © The input to the circuit shown in Figure P 6.5-14 
is the voltage source voltage vs. The output is the node voltage 
Vo. The output is related to the input by the equation vo = 
mv, + b where m and b are constants. (a) Specify values of R3 
and v, that cause the output to be related to the input by the 
equation vo = 4vs + 7. (b) Determine the values of m and b 
when R3 = 20kQ, and v, = 2.5 V. 


30 KQ 


10 kQ 


20 kQ 


Figure P 6.5-14 


P 6.5-15 The circuit shown in Figure P 6.5-15 uses a potenti- 
ometer to implement a variable resistor having a resistance R 
that varies over the range 


0 < R < 200 kQ 
The gain of this circuit is G = ‘*. Varying the resistance R over 
it’s range causes the value of the gain G to vary over the range 


Determine the minimum and maximum values of the gains 
Gmin and Gmax: 


Figure P 6.5-15 


P 6.5-16 Theinputtothecircuitshown in Figure P6.5-16ais the 
voltage v,. The output is the voltage v,. The voltage v, is used to 
adjust the relationship between the input and output. Determine 
values of R4 and v, that cause the circuit input and output to have 
therelationship specified by the graph shown in Figure P 6.5-16b. 


Answer: v, = 1.62 V and R4 = 62.5 kQ 


Uo, V 


(b) 
Figure P 6.5-16 


P 6.5-17 Figure P 6.5-17 shows three similar circuits. The 
outputs of the circuits are the voltages v;, v2, and v3. Determine 
the values of these three outputs. 


Figure P 6.5-17 


P 6.5-18 The input to the circuit shown in Figure P 6.5-18 is the 
source voltage vs. The output is the voltage across the 25-kQ 
resistor, vo. The output is related to the input by the equation v, = 
(g) vi where g is the gain of the circuit. Determine the value of g. 
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inputs corresponding to w, x, and y. 


P 6.6-2 Design a circuit to implement the equation 


0 =4w+x+ 10- (6y + 2z) 


The output of the circuit should correspond to z. 


Section 6.7 Characteristics of Practical Operational 
Amplifiers 

P 6.7-1 Consider the inverting amplifier shown in Figure 
P 6.7-1. The operational amplifier is a typical OP-O7E (Table 
6.7-1). Use the offsets model of the operational amplifier to 
calculate the output offset voltage. (Recall that the input vin is 
set to zero when calculating the output offset voltage.) 


Answer: 0.45 mV 


10 kQ 


100 kQ 


Figure P 6.7-1 


P 6.7-2 Consider the noninverting amplifier shown in 
Figure P 6.7-2. The operational amplifier is a typical LF351 
(Table 6.7-1). Use the offsets model of the operational 
amplifier to calculate the output offset voltage. (Recall that 
the input vin is set to zero when calculating the output offset 
voltage.) 


Figure P 6.5-18 


Section 6.6 Operational Amplifier Circuits and 
Linear Algebraic Equations 


P 6.6-1 Design a circuit to implement the equation 
=the 9 
z=4wt+7— 3y 


The circuit should have one output corresponding to z and three 


Figure P 6.7-2 


P 6.7-3 Consider the inverting amplifier shown in Figure 
P 6.7-3. Use the finite gain model of the operational amplifier 
(Figure 6.7-1c) to calculate the gain of the inverting amplifier. 
Show that 


Vo _ Rin(Ro — AR?) 
Vin (Ri + Rin)(Ro + R2) + Ri Rin(1 +A) 
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Figure P 6.7-3 


P 6.7-4 Consider the inverting amplifier shown in Figure P 
6.7-3. Suppose the operational amplifier is ideal, R; = 5 KQ, 
and Ry = 50 kQ. The gain of the inverting amplifier will be 
e Z 10 
Vin 
Use the results of Problem P 6.7-3 to find the gain of the 
inverting amplifier in each of the following cases: 


(a) The operational amplifier is ideal, but 2 percent resistors 
are used and R; = 5.1 KQ and R = 49 KQ. 

(b) The operational amplifier is represented using the finite 
gain model with A = 200,000, Ri = 2 MQ, and R, =75 Q; 
Rı = 5KQ and R = 50 KQ. 

(c) The operational amplifier is represented using the finite 
gain model with A = 200,000, R; = 2 MQ, and R, =75 Q,; 
R; =5.1 KQ and R = 49 KQ. 


P 6.7-5 The circuit in Figure P 6.7-5 is called a difference 
amplifier and is used for instrumentation circuits. The output of 
a measuring element is represented by the common mode 
signal Vem and the differential signal (vn + vp). Using an ideal 
operational amplifier, show that 


R 
v=- (in +») 


when 


Figure P 6.7-5 


Section 6.10 How Can We Check ...? 


P 6.10-1 Analysis of the circuit in Figure P 6.10-1 shows that 
io =—1 mA and vo = 7 V. Is this analysis correct? 


Hint: Is KCL satisfied at the output node of the op amp? 


6 kQ 4 KQ 


Figure P 6.10-1 


P 6.10-2 Your lab partner measured the output voltage of the 
circuit shown in Figure P 6.10-2 to be v, = 9.6 V. Is this the 
correct output voltage for this circuit? 


Hint: Ask your lab partner to check the polarity of the voltage 
that he or she measured. 


4 KQ 


10 kQ 


12 kQ 


Figure P 6.10-2 


P 6.10-3 Nodal analysis of the circuit shown in Figure P 6.10- 
3 indicates that vy, = —12 V. Is this analysis correct? 


Hint: Redraw the circuit to identify an inverting amplifier and a 
noninverting amplifier. 


Figure P 6.10-3 


P 6.10-4 © Computer analysis ofthe circuitin Figure P 6.10-4 
indicates that the node voltages are va = —5 V, vw =0 V, 
ve =2V, va =5V, ve =2V, v =2V, and v= 11V. Is 
this analysis correct? Justify your answer. Assume that the 
operational amplifier is ideal. 


Hint: Verify that the resistor currents indicated by these node 
voltages satisfy KCL at nodes b, c, d, and f. 


a 10kQ 


Figure P 6.10-4 


P 6.10-5 Computer analysis of the noninverting summing 
amplifier shown in Figure P 6.10-5 indicates that the node 
voltages are v, =2V, vw = —0.25 V, v. =—5V, v= 
—2.5 V, and ve = —0.25 V. 
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(a) Is this analysis correct? 

(b) Does this analysis verify that the circuit is a noninverting 
summing amplifier? Justify your answers. Assume that the 
operational amplifier is ideal. 


Ist Hint: Verify that the resistor currents indicated by these 
node voltages satisfy KCL at nodes b and e. 


2nd Hint: Compare to Figure 6.5-le to see that Ra = 10 KQ 
and Ry = 1 KQ. Determine K,, K>, and K4 from the resistance 
values. Verify that va = K4(K,v, + Kavo). 


Figure P 6.10-5 


SP 6-1 The circuit in Figure SP 6-1 has three inputs: vw, Vx, 


and vy. The circuit has one output, v,. The equation 


Vz = AVy + bvx + cvy 


20 kQ 


60 kQ 


20 kQ 100 kQ 


Figure SP 6-1 
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expresses the output as a function of the inputs. The 
coefficients a, b, and c are real constants. 


(a) Use PSpice and the principle of superposition to determine 
the values of a, b, and c. 

(b) Suppose vw = 2 V, vx =x, vy = y and we want the output to 
be v,=z. Express z as a function of x and y. 


Hint: The output is given by v, =a when vw = 1 V, vx = OV, 
and vy = OV. 
Answer: (a) v, = Vy + 4 Vx—5 vy (b)z=4x—5y+2 


SP 6-2 The input to the circuit in Figure SP 6-2 is vs, and the 
output is vo. (a) Use superposition to express ve as a function of 
vs. (b) Use the DC Sweep feature of PSpice to plot v, as a 
function of vs. (c) Verify that the results of parts (a) and (b) 
agree with each other. 


25 kQ 


80 kQ 


Vo 


i 


Figure SP 6-2 


SP 6-3 A circuit with its nodes identified is shown in Figure 
SP 6-3. Determine v34, V23, Vso, and ip. 


10 kQ 


Figure SP 6-3 Bridge circuit. 


SP 6-4 Use PSpice to analyze the VCCS shown in Figure 
SP 6-4. Consider two cases: 


(a) The operational amplifier is ideal. 
(b) The operational amplifier is a typical A741 represented 
by the offsets and finite gain model. 


Figure SP 6-4 A VCCS. 


Design Problems 


DP 6-1 Design the operational amplifier circuit in Figure 
DP 6-1 so that 1 


lout = a° lin 
4 


Operational 
Amplifier 


Circuit 


Figure DP 6-1 


DP 6-2 Figure DP 6-2a shows a circuit that has one input, vj, 
and one output, vo. Figure DP 6-2b shows a graph that specifies a 
relationship between v, and v;. Design a circuit having input v; 
and output v, that have the relationship specified by the graph in 
Figure DP 6-2b. 


Hint: A constant input is required. Assume that a 5-V source is 
available. 


üg V 
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Hint: A constant input is required. Assume that a 5-V source is 
available. 


DP 6-4 Design a circuit having three inputs, vı, v2, v3, and two 
outputs, Va, Vp, that are related by the equation 


va] [12 3 -2 he > 
vw} | 8 -6 ojl? —4 
V3 
Hint: A constant input is required. Assume that a 5-V source is 
available. 


DP 6-5 A microphone has an unloaded voltage vs = 20 mV, as 
shown in Figure DP 6-5a. An op amp is available as shown in 
Figure DP 6-5b. It is desired to provide an output voltage of 4 V. 
Design an inverting circuit and a noninverting circuit and 
contrast the input resistance at terminals x-y seen by the 
microphone. Which configuration would you recommend to 
achieve good performance in spite of changes in the microphone 
resistance R,? 


Hint: We plan to connect terminal a to terminal x and terminal b 
to terminal y or vice versa. 


vi Vo Microphone 
| 
y 
= (a) 
5 R2 
| b + 
-8| 

Vo 

(a) (b) ° ; 
Figure DP 6-2 E a (b) 


DP 6-3 Design a circuit having input v; and output vo that are 
related by the equations (a) v,=12v, + 6, (b) vo = 12v;—6, 
(c) Vo = —12y; + 6, and (d) vo = — 12v; — 6. 


Figure DP 6-5 Microphone and op amp circuit. 
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IN THIS CHAPTER 


7.1 Introduction 7.8 Initial Conditions 7.11 How Can We 
7.2 Capacitors of Switched Check... ? 
7.3 Energy Storage ina Circuits 7.12 DESIGN 
Capacitor 7.9 Operational EXAMPLE— 
7.4 Series and Parallel Amplifier Circuits and Integrator and 
Capacitors Linear Differential Switch 
7.5 Inductors Equations 7.13 Summary 
7.6 Energy Storage in an 7.10 Using MATLAB to Problems 
Inductor Plot Capacitor or Design Problems 
7.7 Series and Parallel Inductor Voltage and 
Inductors Current 


7.1 Introduction 


This chapter introduces two more circuit elements, the capacitor and the inductor. The constitutive 
equations for the devices involve either integration or differentiation. Consequently: 


In 


Electric circuits that contain capacitors and/or inductors are represented by differential equations. 
Circuits that do not contain capacitors or inductors are represented by algebraic equations. We say 
that circuits containing capacitors and/or inductors are dynamic circuits, whereas circuits that do not 
contain capacitors or inductors are static circuits. 


Circuits that contain capacitors and/or inductors are able to store energy. 


Circuits that contain capacitors and/or inductors have memory. The voltages and currents at a 
particular time depend not only on other voltages at currents at that same instant of time but also on 
previous values of those currents and voltages. 


addition, we will see that: 

In the absence of unbounded currents or voltages, capacitor voltages and inductor currents are 
continuous functions of time. 

In a de circuit, capacitors act like open circuits, and inductors act like short circuits. 


Series or parallel capacitors can be reduced to an equivalent capacitor. Series or parallel inductors 
can be reduced to an equivalent inductor. Doing so does not change the element current or voltage of 
any other circuit element. 


An op amp and a capacitor can be used to make circuits that perform the mathematical operations of 
integration or differentiation. Appropriately, these important circuits are called the integrator and the 
differentiator. 


The element voltages and currents in a circuit containing capacitors and inductors can be 
complicated functions of time. MATLAB is useful for plotting these functions. 


Capacitors 


7.2 Capacitors 


A capacitor is a circuit element that stores energy in an electric field. A capacitor can 

be constructed using two parallel conducting plates separated by distance d as shown d 7| 
in Figure 7.2-1. Electric charge is stored on the plates, and a uniform electric field fa 
exists between the conducting plates whenever there is a voltage across the capacitor. 

The space between the plates is filled with a dielectric material. Some capacitors use 

impregnated paper for a dielectric, whereas others use mica sheets, ceramics, metal +a) 
films, or just air. A property of the dielectric material, called the dielectric constant, 

describes the relationship between the electric field strength and the capacitor 

voltage. Capacitors are represented by a parameter called the capacitance. The 

capacitance of a capacitor is proportional to the dielectric constant and surface area of 

the plates and is inversely proportional to the distance between the plates. In other 

words, the capacitance C of a capacitor is given by 


GaSe E 


d 
v(t) 


where € is the dielectric constant, A the area of the plates, and d the distance between FIGURE 7.2-1 A capacitor 
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-q(0) 


plates. The unit of capacitance is coulomb per volt and is called farad (F) in honor of connected to a voltage source. 


Michael Faraday. 

A capacitor voltage v(t) deposits a charge +q(f) on one plate and a charge —q(t) on the other plate. 
We say that the charge q(t) is stored by the capacitor. The charge stored by a capacitor is proportional to 
the capacitor voltage v(t). Thus, we write 


q(t) = Cv(t) (7.2-1) 


where the constant of proportionality C is the capacitance of the capacitor. 


Capacitance is a measure of the ability of a device to store energy in the form of a separated 
charge or an electric field. 


In general, the capacitor voltage v(t) varies as a function of time. Consequently, g(t), the charge 
stored by the capacitor, also varies as a function of time. The variation of the capacitor charge with 
respect to time implies a capacitor current i(f), given by 


t) = — q(t 
i(t) = “a(t 
We differentiate Eq. 7.2-1 to obtain 
(a) S= C0 (7.2-2) 
dt 


Equation 7.2-2 is the current-voltage relationship of a capacitor. The current and voltage in Eq. 7.7-2 
adhere to the passive convention. Figure 7.2-2 shows two alternative symbols to represent capacitors in 
circuit diagrams. In both Figure 7.2-2a and b, the capacitor current and voltage adhere to the passive 
sign convention and are related by Eq. 7.2-2. 

Now consider the waveform shown in Figure 7.2-3, in which the voltage changes from a constant 
voltage of zero to another constant voltage of 1 over an increment of time, At. Using Eq. 7.2-2, we 
obtain 
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(V) 
i(t) | i(t) | 


l 

l 

C v(t) Č v(t) l 
I 


= (0) At tis) — 


FIGURE 7.2-3 Voltage waveform in which 


FIGURE 7.2-2 Circuit symbols the change in voltage occurs over an increment 


of a capacitor. of time, At. 
0 t<0 
C 
i(t)=4— 0<t<Dt 
O= y 
0 t > Dt 


Thus, we obtain a pulse of height equal to C/At. As At decreases, the current will increase. 
Clearly, At cannot decline to zero or we would experience an infinite current. An infinite current is an 
impossibility because it would require infinite power. Thus, an instantaneous (Dt = 0) change of 
voltage across the capacitor is not possible. In other words, we cannot have a discontinuity in v(f). 


The voltage across a capacitor cannot change instantaneously. 


Now, let us find the voltage v(t) in terms of the current i(t) by integrating both sides of Eq. 7.2-2. 
We obtain 


v(t) = af i(t)dt (7.2-3) 


This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current from 
time —oo until time f. To do so requires that we know the value of the capacitor current from time 
t = —oo until time t = t. Often, we don’t know the value of the current all the way back to tT = —oo. 
Instead, we break the integral up into two parts: 


v(t) = i: d+ / ieee ae J TET (7.2-4) 


to 


This equation says that the capacitor voltage v(t) can be found by integrating the capacitor current 
from some convenient time t = tọ until time t = f, provided that we also know the capacitor voltage 
at time fo. Now we are required to know only the capacitor current from time t = tọ until time t = t. 
The time fg is called the initial time, and the capacitor voltage v(fo) is called the initial condition. 
Frequently, it is convenient to select tọ = 0 as the initial time. 

Capacitors are commercially available in a variety of types and capacitance values. Capacitor 
types are described in terms of the dielectric material and the construction technique. Miniature metal 
film capacitors are shown in Figure 7.2-4. Miniature hermetically sealed polycarbonate capacitors are 
shown in Figure 7.2-5. Capacitance values typically range from picofarads (pF) to microfarads (uF). 
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Courtesy of Electronic Concepts Inc. Courtesy of Electronic Concepts Inc. 


FIGURE 7.2-4 Miniature metal film capacitors ranging FIGURE 7.2-5 Miniature hermetically sealed 
from 1 mF to 50 mF. polycarbonate capacitors ranging from 1 uF to 50 uF. 


Two pieces of insulated wire about an inch long when twisted together will have a capacitance of about 
1 pF. On the other hand, a power supply capacitor about an inch in diameter and a few inches long may 
have a capacitance of 0.01 F. 

Actual capacitors have some resistance associated with them. Fortunately, it is easy to include 
approximate resistive effects in the circuit models. In capacitors, the dielectric material between the 
plates is not a perfect insulator and has some small conductivity. This can be represented by a very high 
resistance in parallel with the capacitor. Ordinary capacitors can hold a charge for hours, and the parallel 
resistance is then hundreds of megaohms. For this reason, the resistance associated with a capacitor is 
usually ignored. 


Try it 
yourself EXAMPLE 7.2-1 Capacitor Current and Voltage 
in WileyPLUS 
Find the current for a capacitor C = 1 mF when the voltage across v (V) 
the capacitor is represented by the signal shown in Figure 7.2-6. 10 
Solution 
The voltage (with units of volts) is given by 
0 il 2 t (s) 
t mEn FIGURE 7.2-6 Waveform of the 
v (1) a. 107 O0<t<l voltage across a capacitor for Example 
~ )20—10t 1 S<? 7.2-1. The units are volts and seconds. 
0 t>2 i (mA) 
Then, because i = C dv/dt, where C = 107° F, we obtain 10 
0 t<0 


Og ore l 
=M lera 
0 i 


he) = 


t (s) 


-10 — 


Therefore, the resulting current is a series of two pulses of 
magnitudes 107? A and —107° A, respectively, as shown in Figure 
2A 


FIGURE 7.2-7 Current for Example 
All. 
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Try it 


yourself ( ExAMPLE 7.2-2 Capacitor Current and Voltage ) 
in WileyPLUS 


Find the voltage v(f) for a capacitor C = 1/2 F when the current is as 
shown in Figure 7.2-8 and v(t) = 0 for t < 0. 


Solution 
First, we write the equation for i(f) as 
@ san 
3 i QSr 
i(t) = 
il Llaga 
Q ey 


Then, because v(0) = 0 


0 ESQ) 
t 
2 | tdt 0<t<l 
0 
v(t) = t 
2 | (Ijdt+v(1) 1<t<2 
1 
v(2) DSi 
with units of volts. Therefore, for O < t < 1, we have 
v(t) =t? 


For the period 1 < t < 2, we note that v(1) = 1 and, therefore, we have 
v(t) = 2(¢- 1) +1=(Qt-1)V 
The resulting voltage waveform is shown in Figure 7.2-9. The voltage 


changes with i? during the first 1 s, changes linearly with ¢ during the 
period from 1 to 2 s, and stays constant equal to 3 V after t = 2 s. 


i (A) 


| 

| 

| 

| 

| 
© I 2 == 
FIGURE 7.2-8 Circuit waveform for Example 
7.2-2. The units are in amperes and seconds. 


v(t) 
(volts) 


(0) il 2 5S IOS- 


FIGURE 7.2-9 Voltage waveform for Example 
T22. 


Try it 
yourself ExamPLE 7.2-3 Capacitor Current and Voltage 


in WileyPLUS 


Figure 7.2-10 shows a circuit together with two plots. The plots represent the current and voltage of the capacitor in 


the circuit. Determine the value of the capacitance of the capacitor. 


i(t), mA 


30) |= 


FIGURE 7.2-10 The circuit and plots 
considered in Example 7.2-3. 
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Solution 
The current and voltage of the capacitor are related by 
1 t 
Wi) =F file) devn) (7.2-5) 
Cl 
1 t 
or v(t) — v(to) = af i(t) dt (7.2-6) 
Clr 


Because i(f) and v(t) are represented graphically by plots rather than equations, it is useful to interpret Eq. 7.2-6 
using 


v(t) — v(to) = the difference between the values of voltage at times ¢ and to 


t 
and i i(t) dt = the area under the plot of i(t) versus ¢ for times between to and t 


to 
Pick convenient values ¢ and fo, for example, fg = 1 s and t = 3s. Then, 
v(t) — v(to) = —1 — (—3) =2V 


t 3 

and Tona 0.05 dt = (0.05)(3 — 1) = 0.1 A -s 
to 1 

Using Eq. 7.2-6 gives 
E = @= 005 A cook ome 
=e = 0. y = 


Try it . 
yourself-| EXAMPLE 7.2-4 Capacitor Current @® INTERACTIVE EXAMPLE 


in WileyPLUS and Voltage 


Figure 7.2-11 shows a circuit together with two plots. The plots represent the current and voltage of the capacitor in 
the circuit. Determine the values of the constants a and b used to label the plot of the capacitor current. 


vd), V re i(t), i 
24 = 
v(t) 5 uF 


2 5 7 t(ms) 


FIGURE 7.2-11 The circuit and plots considered in Example 7.2-4. 


Solution 
The current and voltage of the capacitor are related by 


i(t) = CL (0) G27) 
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Because i(f) and v(f) are represented graphically, by plots rather than equations, it is useful to interpret Eq. 7.2-7 as 
the value of i(t) = C x the slope of v(t) 


To determine the value of a, pick a time when i(t) = a and the slope of v(f) is easily determined. For example, at 
time f = 3 ms, 
0 — 24 Vv 


d 
(0003) = = 8000 
a S 9002 0.005 R 


d d 
(The notation zg 0.003) indicates that the derivative gO is evaluated at time ¢t = 0.003 s.) Using Eq. 7.2-7 
gives 


a = (5 x 1076) (8000) = 40 mA 
To determine the value of b, pick t = 6 ms; 


d 24—0 v 
ERTO 2 Ee 
a (9-006) = 5005 007 eee ee 


Using Eq. 7.2-7 gives 
p= (5 x 05°)(12:x 10°) = mA 


Try it 
yourself ExamPLE 7.2-5 Capacitor Current and Voltage ) 
in WileyPLUS 
T The input to the circuit shown in Figure 7.2-12 is the current 
it) —3.15¢ E A “fore 
+ v(t) - a A 
The output is the capacitor voltage 
iO v(t) =4— 1.250!” V fort>0 
FIGURE 7.2-12 


open Find the value of the capacitance C. 
The circuit 


considered in 
Example 7.2-5. 


Solution 
The capacitor voltage is related to the capacitor current by 


TE : l ea 


That is, 
Vg 3.75 —3.125 
A= 2 —1.2t ae : —1.2t OE —1.2t M= —1.2t 1 f 
5e F) 3.75e “dt + v(0) CCLD? ; (0) T (e ) + v(0) 
Equating the coefficients of e~!” gives 
3.125 3125 
23 = S CS Sa FF 


(C 25 
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EXERCISE 7.2-1 Determine the current i(t) for t > 0 for the circuit of Figure E 7.2-1b when v,(A) 
is the voltage shown in Figure E 7.2-la. 


vO 


N WwW A 0 


= 


(b) 


FIGURE E 7.2-1 (a) The voltage source voltage. (b) The circuit. 


Hint: Determine ic(t) and ig(t) separately, then use KCL. 


2t—2 2<t<4 
Answer: v(t)=< 7-t 4<t<8 
(0) otherwise 


7.3 Energy Storage in a Capacitor 


Consider a capacitor that has been connected to a battery of voltage v. A current flows and a charge is 
stored on the plates of the capacitor, as shown in Figure 7.3-1. Eventually, the voltage across the 
capacitor is a constant, and the current through the capacitor is zero. The capacitor has stored energy by 
virtue of the separation of charges between the capacitor plates. These charges have an electrical force 
acting on them. 

The forces acting on the charges stored in a capacitor are said to result from an electric field. An 
electric field is defined as the force acting on a unit positive charge in a specified region. Because the 
charges have a force acting on them along a direction x, we recognize that the energy required originally 
to separate the charges is now stored by the capacitor in the electric field. 

The energy stored in a capacitor is 


t 
We(t) =| vi dt 


Remember that v and i are both functions of time and could be written as v(t) and i(t). Because 
dv 
=C? 
í dt 
we have 
v(t) 


v(—o0) 


t d v(t) 1 
w= f we de=c f vdv = =- Cv? 
—00 dt v(—oo) 2 
Switch 


t=0 
closed R R 
— eh FIGURE 7.3-1 A circuit 
+ t (a) where the capacitor is charged 
oN CF” 10V Ce and v, = 10 V and (b) the switch 
is opened at t = 0. 
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Because the capacitor was uncharged at t = —oo, set v(—co) = 0. Therefore, 
Nes 
We(t) = JO (tJ (7.3-1) 


Therefore, as a capacitor is being charged and v(ż) is changing, the energy stored, we, is changing. 
Note that w.(t) > 0 for all v(), so the element is said to be passive. 
Because q = Cv, we may rewrite Eq. 7.3-1 as 


l 2 
w = 504 (t) J (7.3-2) 


The capacitor is a storage element that stores but does not dissipate energy. For example, consider a 
100-mF capacitor that has a voltage of 100 V across it. The energy stored is 


wape 1 (0.1)(100)? = 500J 
2 2 

As long as the capacitor is not connected to any other element, the energy of 500 J remains stored. Now 
if we connect the capacitor to the terminals of a resistor, we expect a current to flow until all the energy is 
dissipated as heat by the resistor. After all the energy dissipates, the current is zero and the voltage 
across the capacitor is zero. 

As noted in the previous section, the requirement of conservation of charge implies that the 
voltage on a capacitor is continuous. Thus, the voltage and charge on a capacitor cannot change 
instantaneously. This statement is summarized by the equation 


v(0") = 0") 
where the time just prior to t = 0 is called t = 07 and the time immediately after t = 0 is called t = 0*. 
The time between t= 07 and t = 0° is infinitely small. Nevertheless, the voltage will not change 
abruptly. 
To illustrate the continuity of voltage for a capacitor, consider the circuit shown in Figure 7.3-1. 
For the circuit shown in Figure 7.3-la, the switch has been closed for a long time and the capacitor 


voltage has become v. = 10 V. At time t = 0, we open the switch, as shown in Figure 7.3-1b. Because 
the voltage on the capacitor is continuous, 


ve(0*) = ve(07) = 10 V 


Try it 
yourself ( EXAMPLE 7.3-1 Energy Stored by a Capacitor ) 
in WileyPLUS 
A 10-mF capacitor is charged to 100 V, as shown in the circuit of Figure 
Eo R 7.3-2. Find the energy stored by the capacitor and the voltage of the 
E | capacitor at t = 0° after the switch is opened. 
+ 
100 cF? Solution 
The voltage of the capacitor is v = 100 V att = 0 . Because the voltage at 
FIGURE 7.3-2 Circuit of t = 0* cannot change from the voltage at t = 07, we have 
Example 7.3-1 with C = 10 mF. v(OT) = v(0-) = 100V 


The energy stored by the capacitor at t = O% is 


1 


1 
We=5CV = 5 (107°) (100) 2w] 
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EXAMPLE 7.3-2 Power and Energy for a Capacitor ) 


The voltage across a 5-mF capacitor varies as shown in 100 
Figure 7.3-3. Determine and plot the capacitor current, 
power, and energy. 


50 
s (V) 
Solution 
The current is determined from is = C dv/dt and is shown 
in Figure 7.3-4a. The power is v(t)i(t)—the product of the 
(0) 1 2 3 4 g O=- 


current plot (Figure 7.3-4a) and the voltage plot (Figure 
7.3-3)—and is shown in Figure 7.3-4b. The capacitor FIGURE 7.3-3 The voltage across a capacitor. 

receives energy during the first two seconds and then 

delivers energy for the period 2 < t < 3. 

The energy is w = f p dt and can be found as the area under the p(t) plot. The plot for the energy is shown in 
Figure 7.3-4c. Note that the capacitor increasingly stores energy from tf = 0s to t = 2 s, reaching a maximum 
energy of 25 J. Then the capacitor delivers a total energy of 18.75 J to the external circuit from t = 2s to t = 3 s. 
Finally, the capacitor holds a constant energy of 6.25 J after t = 3 s. 


0125 
ilt) 
(A) © 
t(s) — 
-0.25 a 
a 
25.0 Storing energy 
p(t) 
(W) G(S) 
-12.5 
ogo -<n Delivering energy 
(b) 
250 Storing energy Delivering energy 
i Holding energy constant 


FIGURE 7.3-4 The current, power, and 
(c) energy of the capacitor of Example 7.3-2. 
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EXERCISE 7.3-1 A 200-uF capacitor has been charged to 100 V. Find the energy stored by the 
capacitor. Find the capacitor voltage at t = 0* if v(07) = 100 V. 


Answer: w(1) = 1 J and v(0*) = 100 V 


EXERCISE 7.3-2 A constant current i=2A flows into a capacitor of 100uF after 
a switch is closed at t= 0. The voltage of the capacitor was equal to zero at t=O. Find the 
energy stored at (a) t = 1 s and (b) t= 100s. 


Answer: w(1) = 20kJ and w(100) = 200 MJ 


7.4 Series and Parallel Capacitors 


FIGURE 7.4-1 Parallel connection of 
N capacitors. 


FIGURE 7.4-2 Equivalent circuit for N parallel 
capacitors. 


FIGURE 7.4-3 Series connection of 
N capacitors. 


FIGURE 7.4-4 Equivalent circuit for N 
series capacitors. 


First, let us consider the parallel connection of N capacitors as shown in 
Figure 7.4-1. We wish to determine the equivalent circuit for the NV 
parallel capacitors as shown in Figure 7.4-2. 

Using KCL, we have 


i=h+bh+B+:-:+In 


Because in = Cy — 
S 1 
n n It 


and v appears across each capacitor, we obtain 


. dv dv i dv i i dv 
eS Ou O de ga 
v 
= (Ci +02 +03 FECT (7.4-1) 
N 
d 
= X Gi ads 
n=l dt 


For the equivalent circuit shown in Figure 7.4-2, 


dv 


i= C (7.4-2) 


Comparing Eqs. 7.4-1 and 7.4-2, it is clear that 


Thus, the equivalent capacitance of a set of N parallel capacitors is 
simply the sum of the individual capacitances. It must be noted that all 
the parallel capacitors will have the same initial condition v(0). 

Now let us determine the equivalent capacitance C, of a set of N 
series-connected capacitances, as shown in Figure 7.4-3. The equivalent 
circuit for the series of capacitors is shown in Figure 7.4-4. 

Using KVL for the loop of Figure 7.4-3, we have 


v = vi +v +3 +: VN (7.4-3) 
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Because, in general, 


1 t 
w= TEM 
to 


n 


where i is common to all capacitors, we obtain 


1 j 1 t 
=] id TETEE id t 
v A t+ vı(to) AE t + vy(to) 
EET aes 
= eee T n e 
C O Ca) Ja O TAN (7.4-4) 


N t N 
(>: z) f idt +) vn(to) 


n=1 


From Eq. 7.4-3, we note that at t = fo, 


v(to) = vı (to) + V2(to) ionia vy(to) = 5 Vn(to) (7.4-5) 


n=l 


Substituting Eq. 7.4-5 into Eq. 7.4-4, we obtain 


N 1 t 
v= — idt+v 7.4-6 
bs +) [iat (1.4-6) 


Using KVL for the loop of the equivalent circuit of Figure 7.4-4 yields 


1 t 
v=— | idt+v(to) (7.4-7) 
C; to 
Comparing Eqs. 7.4-6 and 7.4-7, we find that 
1 41 
For the case of two series capacitors, Eq. 7.4-8 becomes 
1 l T 1 
CG Cı O 
CıC2 
C= 7.4-9 
. C+C ves 
Try it . . 
yourself ( EXAMPLE 7.4-1 Parallel and Series Capacitors ) 
in WileyPLUS 


Find the equivalent capacitance for the circuit of Figure 7.4-5 when 
Cee = 2 mF, v (0) = 10 V, and v2(0) = v3(0) = 20 V. 


Solution 
Because Cy and C3 are in parallel, we replace them with Cp, where 


Cp = C2 + C3 = 4mF 


FIGURE 7.4-5 Circuit for Example 


The voltage at t= 0 across the equivalent capacitance C, is equal to the 
7.4-1. 


voltage across C2 or C3, which is v2(0) = v3(0) = 20 V. As a result of 
replacing Cy and C3 with Cp, we obtain the circuit shown in Figure 7.4-6. 
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We now want to replace the series of two capacitors C; and C, with one 
equivalent capacitor. Using the relationship of Eq. 7.4-9, we obtain 


iG. (2 x 10° *) (4 x 105 ee 
s = = = mF 
Ci+Cy (2x10>) + (4x 10-3) 6 


FIGURE 7.4-6 


Circuit resulting from 
Figure 7.4-5 by replacing The voltage at t = 0 across C; is 


Cy and C3 with Cp. 
: v(0) = vı (0) + vp(0) 


where vp(0) = 20 V, the voltage across the capacitance C, at t = 0. Therefore, we 
5 v C, obtain 


EET v(0) = 10 + 20 = 30 V 


Equivalent circuit for the 


croi of Eample 7A. Thus, we obtain the equivalent circuit shown in Figure 7.4-7. 


Try it 
yourself EXERCISE 7.4-1 Find the equivalent capacitance for the circuit of Figure E 7.4-1 


in WileyPLUS 
Answer: Ceg = 4 mF 


6 mF 12 mF 2 mF 1/3 mF 


aT. hed 
jt jee 


eq 
FIGURE E 7.4-1 FIGURE E 7.4-2 


EXERCISE 7.4-2 Determine the equivalent capacitance Ceq for the circuit shown in 
Figure E 7.4-2. 


Answer: 10/19 mF 


7.5 Inductors 


An inductor is a circuit element that stores energy in a magnetic field. An inductor can be constructed by 
winding a coil of wire around a magnetic core as shown in Figure 7.5-1. Inductors are represented by a 
parameter called the inductance. The inductance of an inductor depends on its size, materials, and 
method of construction. For example, the inductance of the inductor shown in Figure 7.5-1 is given by 


uN?A 
L= 7 


where N is the number of turns—that is, the number of times that the wire is wound around the 
core—A is the cross-sectional area of the core in square meters; / the length of the winding in meters; 
and u is a property of the magnetic core known as the permeability. The unit of inductance is called 


henry (H) in honor of the American physicist Joseph Henry. 
Practical inductors have inductances ranging from | uH to 10 H. 
Inductors are wound in various forms, as shown in Figure 7.5-2. 


Inductance is a measure of the ability of a device to 
store energy in the form of a magnetic field. 


In Figure 7.5-1, a current source is used to cause a coil 
current i(t). We find that the voltage v(t) across the coil is 
proportional to the rate of change of the coil current. That is, 


d 
i) = (Lae 7.5-1 
v) = LS il) (7.5-1) 
where the constant of proportionality is L, the inductance of the 
inductor. 
Integrating both sides of Eq. 7.5-1, we obtain 


(7.5-2) 


This equation says that the inductor current i(t) can be found by 
integrating the inductor voltage from time —oo until time t. To do 
so requires that we know the value of the inductor voltage from 
time tT = —oo until time t = t. Often, we don’t know the value of 
the voltage all the way back to t = —oo. Instead, we break the 
integral up into two parts: 


TE . f À m g I ae [ ‘iba 


l (7.5-3) 


This equation says that the inductor current i(t) can be found by 
integrating the inductor voltage from some convenient time t = to 
until time t = f, provided that we also know the inductor current at 
time to. Now we are required to know only the inductor voltage from 
timet = fo untiltimet = t. The time fp is called the initial time, and 
the inductor current i(tọ) is called the initial condition. Frequently, 
it is convenient to select tọ = O as the initial time. 

Equations 7.5-1 and 7.5-3 describe the current—voltage 
relationship of an inductor. The current and voltage in these 
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~ Length / | 
Area A 


Magnetic Core 


i(t) 
FIGURE 7.5-1 An inductor connected to a current 
source. 


Courtesy of Vishay Intertechnology, Inc. 


FIGURE 7.5-2 Elements with inductances arranged in 
various forms of coils. 


FIGURE 7.5-3 Circuit symbol for an inductor. 


equations adhere to the passive convention. The circuit symbol for an inductor is shown in Figure 7.5-3. 
The inductor current and voltage in Figure 7.5-3 adhere to the passive sign convention and are related 


by Eqs. 7.5-1 and 7.5-3. 


Consider the voltage of an inductor when the current changes at t = 0 from zero to a constantly 
increasing current and eventually levels off as shown in Figure 7.5-4. Let us determine the voltage of the 


inductor. We may describe the current (in amperes) by 


0 t<0 
10t 
i(t) = a O<t<h 
1 


10 t>h 


282 7. Energy Storage Elements 


i (A) v (V) 


10 


(0) t t(s) (0) ti t(s) — 


FIGURE 7.5-4 A current waveform. The current is in FIGURE 7.5-5 Voltage response for the current 


amperes. waveform of Figure 7.5-4 when L = 0.1 H. 


Let us consider a 0.1-H inductor and find the voltage waveform. Because v = L(di/dt), we have (in volts) 


0 t<0 
1 

v(t) = ra 0<t<ti 
0 t>th 


The resulting voltage pulse waveform is shown in Figure 7.5-5. Note that as ¢, decreases, the 
magnitude of the voltage increases. Clearly, we cannot let t; = 0 because the voltage required would 
then become infinite, and we would require infinite power at the terminals of the inductor. Thus, 
instantaneous changes in the current through an inductor are not possible. 


The current in an inductance cannot change instantaneously. 


An ideal inductor is a coil wound with resistanceless wire. Practical inductors include the actual 
resistance of the copper wire used in the coil. For this reason, practical inductors are far from ideal 
elements and are typically modeled by an ideal inductance in series with a small resistance. 


( ExAMPLE 7.5-1 Inductor Current and Voltage ) 


Find the voltage across an inductor, L = 0.1 H, when the current in the inductor is 
il) = 2ie A. 
for t > 0 and i(0) = 0. 


Solution 

The voltage for t < 0 is 

j d 

Oe, — (0.1)— (20e ”) = 2(—2te* +e”) = 2e (1 — 28) V 

The voltage is equal to 2 V when t = 0, as shown in Figure 7.5-6b. The current waveform is shown in Figure 


7.5-6a. 
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FIGURE 7.5-6 Voltage and current waveforms for Example 7.5-1. 


Exampce 7.5-2 Inductor Current @ INTERACTIVE EXAMPLE 


and Voltage 


Figure 7.5-7 shows a circuit together with two plots. The plots represent the current and voltage of the inductor in 
the circuit. Determine the value of the inductance of the inductor. 


v(t), V il) i(t), A 
30 = L 
| | 
vo) i 2 J 6 ims) 
-2 FIGURE 7.5-7 The circuit and plots 
2 6 t (ms) considered in Example 7.5-2. 
Solution 
The current and voltage of the inductor are related by 
1 t 
i(t) = al v(t) dt + i(to) (7.5-4) 
LJ tq 
1 t 
or i(t) — i(to) = z v(t) dt (7.5-5) 
to 


Because i(t) and v(t) are represented graphically, by plots rather than equations, it is useful to interpret Eq. 7.5-5 
using 
i(t) — i(to) = the difference between the values of current at times ¢ and to 


t 
and | v(t)dt = the area under the plot of v(t) versus ¢ for times between to and t 
to 


Pick convenient values ¢ and tọ, for example, tọ = 2 ms and t = 6 ms. Then, 
i(t) — i(to) = 1 — (—2) = 3 A 
t 0.006 
and / v(t) dt = | 30 dt = (30)(0.006 — 0.002) = 0.12 V - s 
to 0.002 


Using Eq. 7.5-5 gives 


1 V- 
3=7(0.12) = L=0.040 = 0.040 H = 40 mH 
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Try it 
yourself ExamPLE 7.5-3 Inductor Current and Voltage 
in WileyPLUS 


The input to the circuit shown in Figure 7.5-8 is the voltage 


pe Ji V(t) =4e"V fore =O 
The output is the current 


liO O = —1.2e" —15A forge 
© The initial inductor current is i,(0) = —3.5 A. Determine the values of the inductance 
v(t) L and resistance R. 
FIGURE 7.5-8 The z 
circuit considered in Solution 
Example 7.5-3. Apply KCL at either node to get 
t US 
(t) ( ie (t) = ( Yi Bi v(t)dt + o| 
0 
That is 
Aet 4e 4 
1.20720 — ] 4e-'dt — 3.5 = | ~20"_1) — 3.5 
É a oR if ee R UW ) 
A E ll 
= =A D 
($ z) T 
Equating coefficients gives 
1 
Se 35S o> eo 
SL 


4i 4 1 4 
Resi R S(O), R 


and 12) 


EXERCISE 7.5-1 Determine the voltage v(t) for t > 0 for the circuit of Figure E 7.5-1b when i(t) 
is the current shown in Figure E 7.5-1a. 


ig(t)( 


= 


+ v(t) = + vp_lt) - 


N wo fF wT 


popu | 
123 4 5 67 8 9 £4) 


(a) (b) 
FIGURE E 7.5-1 (a) The current source current. (b) The circuit. 


Hint: Determine vı (t) and vg(t) separately, then use KVL. 


2t—2 2<t<4 
Answer: v(t) = 4 7-t 4<t<8 
0 otherwise 
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7.6 Energy Storage in an Inductor 


The power in an inductor is 
di 
=vi=|L—|i 7.6-1 
p=vi ( a)! ( ) 


The energy stored in the inductor is stored in its magnetic field. The energy stored in the inductor during 


the interval fp to ¢ is given by 
t i(t) 
w= f pdī= al idi 
to i(to) 


Integrating the current between i(tọ) and i(f), we obtain 


L +2 i(t) L 2 L <> 
w=5 E Olitg = 5! — ZF Co) (7.6-2) 
Usually, we select fọ = —oo for the inductor and then the current i(—co) = 0. Then we have 
I 
w= z% (7.6-3) 


Note that w(t) > 0O for all i(f), so the inductor is a passive element. The inductor does not 
generate or dissipate energy but only stores energy. It is important to note that inductors and 
capacitors are fundamentally different from other devices considered in earlier chapters in that they 
have memory. 


ExamPLE 7.6-1 Inductor Voltage and Current ) 


Find the current in an inductor, L = 0.1 H, when the voltage v (V) 
across the inductor is 
0736m =S © 
= St | a 
w= O |) 
(0) o2 0.4 0.6 t(s) 
Assume that the current is zero for t < 0. 
4 
Solution ae 
The voltage as a function of time is shown in Figure 7.6-1a. a (b) 
Note that the voltage reaches a maximum at t = 0.2 s. The | | l 
current is 0.2 0.4 0.6 t(s) 
t 
Ja 1 i vdt+ i( to) FIGURE 7.6-1 Voltage and current for Example 7.6-1. 
0 


Because the voltage is zero for t < 0, the current in the inductor at t = 0 is i(0) = 0. Then we have 


t 


(1+ so) =4(1—e™(1+5t))A 


T 


t 
i= 10 | 10re™ dt = 100 
l i TE T | 25 


The current as a function of time is shown in Figure 7.6-1b. 
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( EXAMPLE 7.6-2 Power and Energy for an Inductor ) 


Find the power and energy for an inductor of 0.1 H 
when the current and voltage are as shown in 
(a) Figures 7.6-2a,b. 


Solution 
First, we write the expression for the current and 
(b) the voltage. The current is 


i = @ t<0 


206 0S 


| 
T 
| 
| 
| 
40 L = 20 il<e 
p (W) (c) é 
The voltage is expressed as 
_ 


v — Oa 
2O ll 
(d) =0 lzy 
You can verify the voltage by using v = L(di/dt). 
Then the power is 
p = vi = 40t W 


w (J) 


@ 1 2 TO 


FIGURE 7.6-2 Current, voltage, power, and energy for Example 


7.6-2, for 0 < t < 1 and zero for all other time. 


The energy, in joules, is then 


1 
Sia 
2 


= 
II 


0.05(20) 0<t<1 
= 0.05(20) 1<t 


and zero for all t < 0. 
The power and energy are shown in Figures 7.6-2c,d. 


( ExamPLE 7.6-3 Power and Energy for an Inductor ) 


o Find the power and the energy stored in a 0.1-H inductor when 
i = 20te7%” A and v = 2e” (1 — 2t) V for t > 0 and i=0 for 
t < 0. (See Example 7.5-1.) 


Solution 
The power is 
0 0.5 1.0 15 is) p=iv=(20te~)[2e7(1 — 2t)] = 40re “(1 -21)W r> 0 
FIGURE 7.6-3 Energy stored in the The energy is then 


inductor of Example 7.6-3. 1 
à w = 54i’ = 0.05 (201e) = 207 “I 4 >0 


Note that w is positive for all values of t > 0. The energy stored in the inductor is shown in Figure 7.6-3. 
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7.7 Series and Parallel Inductors 


A series and parallel connection of inductors can be reduced to an equivalent simple inductor. Consider 
a series connection of N inductors as shown in Figure 7.7-1. The voltage across the series connection is 


M Li Bo Dy 
66 ——— Yon 
toa = © ae. = ee = 
U 
Ë b FIGURE 7.7-1 Series of N inductors. 
v = v +v tes: HYN 
di di di 
= L —+LlL:— +: +Ly— 
dt ? dt Nad 


l 
M= 
5 
&| 8: 


Because the equivalent series inductor L,, as shown in Figure 7.7-2, is represented by i 


a —, 
di 
v=L,— ü 
dt v Ls 
we require that 
b 


N 
ae, (7.7-1) 


n=1 


Thus, an equivalent inductor for a series of inductors is the sum of the N 
inductors. 
Now, consider the set of N inductors in parallel, as shown in Figure 
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FIGURE 7.7-2 Equivalent inductor Ls 
for N series inductors. 


7.1-3. The current i is equal to the sum of the currents in the N inductors: Ly 
N 
a. 
n=! FIGURE 7.7-3 Connection of N parallel 
However, because inductors. 
. if i 
in -7 f v dt + in(to) sg 
Ly to 
we may obtain the expression v Ls 


i= frat inlt) (7.7-2) 7 


n=1 n=1 


The equivalent inductor Lp, as shown in Figure 7.7-4, is represented by the 
equation 


1 t 
i= al v dt + i(to) (7.7-3) 
Ly to 


When Eqs. 7.7-2 and 7.7-3 are set equal to each other, we have 


La x 1 (7.7-4) 


FIGURE 7.7-4 Equivalent inductor Lp 
for the connection of N parallel inductors. 
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and i(to) = X in(to) (7.7-5) 


n=1 


( EXAMPLE 7.7-1 Series and Parallel Inductors ) 


Dml Find the equivalent inductance for the circuit of Figure 7.7-5. All the 
inductor currents are zero at fo. 


20mH Solution 
First, we find the equivalent inductance for the 5-mH and 20-mH inductors 
we in parallel. 
T 7.7-5 The circuit of Example From Eg. 7.7-4, we obtain 
1 1l 1 
L Ly ly 
LL» 5x20 
bo~ = = 4mH 
j a Diet, 5420 ae 


This equivalent inductor is in series with the 2-mH and 3-mH inductors. Therefore, using Eq. 7.7-1, we obtain 


N 
f= > Ln=2+3+4=9mH 


n=l 


EXERCISE 7.7-1 Find the equivalent inductance of the circuit of Figure E 7.7-1. 
Answer: Leg = 14 mH 


3 mH 2mH 
O O 
42 mH 3 mH 20 mH 4 mH 12 mH 
5 mH 4 mH 
Oo O 
FIGURE E 7.7-1 FIGURE E 7.7-2 


EXERCISE 7.7-2 Find the equivalent inductance of the circuit of Figure E 7.7-2. 


Answer: Leg = 4 mH 


7.8 Initial Conditions of Switched Circuits 


In this section, we consider switched circuits. These circuits have the following characteristics: 


1. All of the circuit inputs, that is, the independent voltage source voltages and independent current 
source currents, are constant functions of time. 


Initial Conditions of Switched Circuits 


2. The circuit includes one or more switches that open or close at time fo. We denote the time 
immediately before the switch opens or closes as fp and the time immediately after the switch opens 
or closes as ig . Often, we will assume that to = 0. 


3. The circuit includes at least one capacitor or inductor. 


4. We will assume that the switches in a circuit have been in position for a long time at t = fo, the 
switching time. We will say that such a circuit is at steady state immediately before the time of 
switching. A circuit that contains only constant sources and is at steady state is called a dc circuit. 
All the element currents and voltages in a dc circuit are constant functions of time. 


We are particularly interested in the current and voltage of energy storage elements after the switch 
opens or closes. (Recall from Section 2.9 that open switches act like open circuits and closed switches act 
like short circuits.) In Table 7.8-1, we summarize the important characteristics of the behavior of an 
inductor and a capacitor. In particular, notice that neither a capacitor voltage nor an inductor current can 
change instantaneously. (Recall from Sections 7.2 and 7.5 that such changes would require infinite power, 
something that is not physically possible.) However, instantaneous changes to an inductor voltage or a 
capacitor current are quite possible. 

Suppose that a dc circuit contains an inductor. The inductor current, like every other voltage and 
current in the dc circuit, will be a constant function of time. The inductor voltage is proportional to the 
derivative of the inductor current, v = L(di/dt), so the inductor voltage is zero. Consequently, the 
inductor acts like a short circuit. 


An inductor in a de circuit behaves as a short circuit. 


Similarly, the voltage of a capacitor in a de circuit will be a constant function of time. The capacitor 
current is proportional to the derivative of the capacitor voltage i = C (dv/dt), so the capacitor current is 
zero. Consequently, the capacitor acts like a open circuit. 


Table 7.8-1 Characteristics of Energy Storage Elements 
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VARIABLE INDUCTORS CAPACITORS 


Passive sign convention 


Voltage di 


eal dt + i(0 A c? 
=- , i=C— 
= | vdt + i(0) P7 
Power di dv 
i= Li— = Cv— 
i iT p vI 
Energy 15 laa 
= -L° = Cv? 
w= Li w=5cv 
An instantaneous change is not permitted for the Current Voltage 
element’s 


Current 


Will permit an instantaneous change in the Voltage Current 
element’s 


This element acts as a (see note below) Short circuit to a constant current into its Open circuit to a constant voltage across its 


terminals terminals 


Note: Assumes that the element is in a circuit with steady-state condition. 
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A capacitor in a de circuit behaves as an open circuit. 


Our plan to analyze switched circuits has two steps: 


1. Analyze the dc circuit that exists before time fọ to determine the capacitor voltages and inductor 
currents. In doing this analysis, we will take advantage of the fact that capacitors behave as open circuits 
and inductors behave as short circuits when they are in dc circuits. 


2. Recognize that capacitor voltages and inductor currents cannot change instantaneously, so 
the capacitor voltages and inductor currents at time ft} have the same values that they had at 
time t3. 

0 


The following examples illustrate this plan. 


EXAMPLE 7.8-1 Initial Conditions in a Switched Circuit ) 


Consider the circuit Figure 7.8-1. Prior to t = 0, the switch has been closed for a long time. Determine the values of 
the capacitor voltage and inductor current immediately after the switch opens at time ¢ = 0. 


Solution 

1. To find v.(0~) and iL (07), we consider the circuit before the switch opens, that is for t < 0. The circuit input, 
the voltage source voltage, is constant. Also, before the switch opens, the circuit is at steady state. Because the 
circuit is a dc circuit, the capacitor will act like an open circuit, and the inductor will act like a short circuit. In 
Figure 7.8-2, we replace the capacitor by an open circuit having voltage v.(0~) and the inductor by a short 
circuit having current i, (07). First, we notice that 


Next, using the voltage divider principle, we see that 
w0) = (3) 10=6V 
2. The capacitor voltage and inductor current cannot change instantaneously, so 
v,(07) 0) =6V 
and in(0") =ip(0 ) =2A 


10 V 


FIGURE 7.8-1 Circuit with an inductor and a capacitor. The FIGURE 7.8-2 Circuit of Figure 7.8-1 for t < 0. 
switch is closed for a long time prior to opening at t = 0. 
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( EXAMPLE 7.8-2 Initial Conditions in a Switched Circuit ) 


Find i, (0*), ve(0*), dve(0*)/dt, and di (0%) /dt for the circuit of Figure 7.8-3. We will use dv. (0%) /dt to denote 
dv.(t)/dt|,_o+- 


Switch 2 


Switch 1 


lov (*) LH 


FIGURE 7.8-3 Circuit for Example 7.8-2. Switch 1 closes 
at ¢ = 0 and switch 2 opens at t = 0. 


Assume that switch 1 has been open and switch 2 has been closed for a long time and steady-state conditions 
prevail at t = O`. 


Solution 

First, we redraw the circuit for t = 0” by replacing the inductor with a short 
circuit and the capacitor with an open circuit, as shown in Figure 
7.8-4. Then we note that 


iO =0 
and v.(0-) =-2V 


Therefore, we have 


mo = 70.) =0 
and vo(0*) =v, (07) =—2V 
To find dv.(0*)/dt and di, (0*)/dt, we throw the switch at t = 0 and 
redraw the circuit of Figure 7.8-3, as shown in Figure 7.8-5. (We did not 


draw the current source because its switch is open.) 
Because we wish to find dv.(0*)/dt, we recall that 


FIGURE 7.8-4 Circuit of Figure 7.8-3 
att — Ome 


dv 
e CEs 
dt 
+) = (gt 
A dvo(0*) _ i(0*) FIGURE 7.8-5 Circuit of Figure 7.8-3 
dt C at t = 0* with the switch closed and the 
Similarly, because for the inductor current source disconnected. 
diz 
v = L— 
-med 


we may obtain di (0*)/dt as 
diy (0*) = v_(0*) 
dt» L 
Using KVL for the right-hand mesh of Figure 7.8-5, we obtain 


VL — Ve AP lip, = 0 
Therefore, at t = 0*, 
vL (0) = v,(0T) — i (0) = -2 -0 = -2 V 
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Hence, we obtain 


di, (OT 
ua) = —2 A/s 
dt 
Similarly, to find iœ, we write KCL at node a to obtain 
6 — 10 
‘aaa 5 =0 
Consequently, at t = 0°, 
10 — v,(0 
i (0t) = vel ) (0+) =6-0=6A 
, au O)  4.(0 6 
Accordingly, ae 12 S = 1/2 = 12 V/S 
Thus, we found that at the switching time t = 0, the current in the inductor and the voltage of the capacitor 
remained constant. However, the inductor voltage did change instantaneously from v, (07) = 0 to v (07) = —2 V, 
and we determined that di (0+) /dt = —2 A/s. Also, the capacitor current changed instantaneously from i,(0~) = 


0 to i,(0*) = 6A, and we found that dv.(0*)/dt = 12 V/s. 


7.9 Operational Amplifier Circuits and Linear 
Differential Equations 


This section describes a procedure for designing operational amplifier circuits that implement linear 
differential equations such as 


3 2 
2) + 5 Syl) + ao y(t) + 3y(t) = 6x(t) (7.9-1) 


The solution of this equation is a function y(t) that depends both on the function x(t) and on a set of 


initial conditions. It is convenient to use the initial conditions: 
œ 

de> 

Having specified these initial conditions, we expect a unique function y(t) to correspond to any given 

function x(t). Consequently, we will treat x(t) as the input to the differential equation and y(f) as the 

output. 

Section 6.6 introduced the notion of diagramming operations as blocks and equations as block 

diagrams. Section 6.6 also introduced blocks to represent addition and multiplication by a constant. 


Figure 7.9-1 illustrates two additional blocks, representing integration and differentiation. 
3 


Suppose that we were somehow to obtain 7 y(t). We could then integrate three times to obtain 


(t) =0, “x(t =0, and y(t)=0 (7.9-2) 


d d 
ga O at)» and y(t), as illustrated in Figure 7.9-2. 


(a) (b) 


FIGURE 7.9-1 Block diagram representations of (a) differentiation and (b) integration. 
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2 
£ yi) d yo 
B dê dt” de 
es : 
dt 
FIGURE 7.9-2 The first partial block diagram. FIGURE 7.9-3 A block diagram that represents Eq. 7.9-3. 
3 3 
Now we must obtain apo) To do so, solve Eq. 7.9-1 for ap?) to get 
E 25? 949 SO (7.9-3) 
— y(t) = 3x(t) — }2.5— — : .9- 
an” dP dt” j 


Next, represent Eq. 7.9-3 by a block diagram such as the diagram shown in Figure 7.9-3. Finally, the 
block diagrams in Figures 7.9-2 and 7.9-3 can be combined as shown in Figure 7.9-4 to obtain the block 
diagram of Eq. 7.9-1. 

Our next task is to implement the block diagram as an operational amplifier circuit. Figure 7.9-5 
provides operational amplifier circuits to implement both differentiation and integration. To see how the 
integrator works, consider Figure 7.9-6. The nodes of the integrator in Figure 7.9-6 have been labeled in 
anticipation of writing node equations. Let v1, v2, and v3 denote the node voltages at nodes 1, 2, and 3, 
respectively. 


FIGURE 7.9-4 A block diagram 
that represents Eq. 7.9-1. 


l uF 1 MQ i 
x(t) o— - 5, 10 
d d 
x(t) T a x(t) 
(a) (b) 
1 MQ l uF 
x(t) -f x(t) dt 


(c) (d) 


FIGURE 7.9-5 Block diagram representations of (a) differentiation and (c) integration. Corresponding operational 
amplifier circuits that (b) differentiate and (d) integrate. 
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FIGURE 7.9-6 The integrator. 


The input to the integrator is x(f), the node voltage at node 1. Thus, vı = x(t). The output of the 
integrator is y(t), the node voltage at node 3. Thus, v3 = y(t). The noninverting input of the ideal 
operational amplifier is attached to the reference node, and the inverting input is connected to node 2. 
The node voltages at these two nodes must be equal, so v2 = 0. 

The voltage across the resistor is related to the node voltages at the resistor nodes by 


va(t) = vi (t) — v2(t) = x(t) — 0 = x(t) 


The resistor current is calculated, using Ohm’s law, to be 


The value of the current flowing into an input of an ideal operational amplifier is zero, so applying KCL 
at node 2 gives 


The voltage across the capacitor is related to the node voltages at the capacitor nodes by 
ve(t) = v2(t) = v(t) = 0 = y(t) = —y(2) (7.9-4) 
The capacitor voltage is related to the capacitor current by 
1 t 
vc(t) = af ic(t) dt + vc (0) 
C Jo 
Recall that y(0) = 0. Thus, vc(0) = 0, and 
1 f 1 f'x(t) 1 f 
vc(t) == | ic(t) dt = f dt I x(t) dt 
C Jo C Jo 0 
Finally, using Eq. 7.9-4 gives 


x(t) dt = —k [xo dt (7.9-5) 


1 
where k = —. 
R 


Equation 7.9-5 indicates that the integrator does two things. First, the input is integrated. Second, 
the integral is multiplied by a negative constant k. In Figure 7.9-5d, values of R and C have been selected 
to make k = —1. Multiplying a function by —1 reflects the graph of the function across the time axis. 
This reflection is called an inversion, and the circuit is said to be an inverting circuit. Consequently, the 
integrator shown in Figure 7.9-5d is sometimes called an inverting integrator. We will call this circuit an 
integrator unless we want to call attention to the inversion, in which case, we will call the circuit an 
inverting integrator. 

Analysis of the summing integrator shown in Figure 7.9-7 is similar to the analysis of the 
integrator. The inputs to the summing integrator are x(t), the node voltage at node 1, and x2(t), the node 
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@ + v1 - G C iclt) O) 
t) = 


y(t) 


FIGURE 7.9-7 The summing integrator. 


voltage at node 2. The output of the integrator is y(4), the node voltage at node 4. The ideal operational 
amplifier causes the voltage at node 3 to be zero. Hence, 


V(t) =x, (t), v(t) = x(t), v3(t) =0, and vy(t) = y(t) 
Using Ohm’s law shows the currents in the resistors to be 


f vi(t) x(t) . v(t) _ x(t) 
f = = —— d i= = 
i, (t) R, R, and i(t) R Rs 
The value of the current flowing into an input of an ideal operational amplifier is zero, so applying KCL 
at node 3 gives 


X\(t X(t 
The voltage across the capacitor is related to the node voltages at the capacitor nodes by 

vo(t) = v3(t) — va(t) = 0 — y(t) = —y(¢) (7.9-6) 
The capacitor voltage is related to the capacitor current by 


vel(t) =f udt 


ic(t) = i(t) + i(t) = 


C 
Recall that y(0) = 0. Thus, vc(0) = 0, and 


r= feoai f (O48) f Oa 


Finally, using Eq. 7.9-6 gives 


O=- [ GRO) a= — S nt tonto) a (7.9-7) 


1 1 
where k; = — and k = ——. 
RıC RoC 


Equation 7.9-7 indicates that the summing integrator does four things. First, each input is 
multiplied by a separate constant: x; is multiplied by k,, and xz is multiplied by k2. Second, the products 
are summed. Third, the sum is integrated. Fourth, the integral is multiplied by —1. (Like the inverting 
integrator, this circuit inverts its output. It is sometimes called an inverting summing integrator. 
Fortunately, we don’t need to use that long name very often.) 

The summing amplifier in Figure 7.9-7 accommodates two inputs. To accommodate additional 
inputs, we add more input resistors, each connected between an input node and the inverting input node 
of the operational amplifier. (The operational amplifier circuit that implements Eq. 7.9-1 will require a 
four-input summing integrator.) 

We will design an operational amplifier circuit to implement Eq. 7.9-1 by replacing the blocks 
in the block diagram of Eq. 7.9-1 by operational amplifier circuits. This process will be easier if we 
first modify the block diagram to accommodate inverting integrators. Figures 7.9-8 and 7.9-9 show 
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2 
a FIGURE 7.9-8 The block diagram 


= yt) -4 y(t) 
3 dt? dt es . 
Ë y(t) yi) from Figure 7.9-2, adjusted to 
dt : accommodate inverting integrators. 


FIGURE 7.9-9 The block 
diagram from Figure 7.9-3, 
adjusted to accommodate 
the consequences of using 
inverting integrators. 


modified versions of the block diagrams from Figures 7.9-2 and 7.9-3. Replace all the integrators in 
Figure 7.9-2 by inverting integrators to get Figure 7.9-8. It’s necessary to set the input equal to 


3 3 
d 
-75 y(t) instead of JIZ y(t) to cause the output to equal to se instead - —y(f). 
The block diagram in Figure 7.9-9 produces — qe) from qe) ,— wo , and y(t). The block 


diagrams in Figures 7.9-8 and 7.9-9 can be combined as shown in Figure 7.9-10 to obtain the block 
diagram of Eq. 7.9-1. 

A summing integrator can multiply each of its inputs by a separate constant, add the products, and 
integrate the sum. The block diagram shown in Figure 7.9-11 emphasizes the blocks that can be 
implemented by a single four-input summing integrator. 


FIGURE 7.9-11 The block diagram representing Eq. 7.9-1, emphasizing the part implemented by the summing 
integrator. 
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R, R, 
y(t) 
R, z 
1 
-x(t) L yt) 
x dt? Á 
R3 
4 vin) 
dt 


FIGURE 7.9-12 The summing integrator. 


2 


d- 
Figure 7.9-12 shows the four-input summing integrator. The signal — ae y(t) is the output of this 


circuit and is also one of the inputs to the circuit. The resistor R, is connected between this input and the 
node connected to the inverting input of the operational amplifier. The summing integrator is 
represented by the equation 


P t 2 
a y(t) = i (rz! x(t)] ao y(t) im So] + geno) (7.9-8) 


Integrating both sides of Eq. 7.9-3 gives 


a i a d 
I y(t) = f (3 x(t)| + 2.5 qo) +2 | +1.5 YD): (7.9-9) 
For convenience, pick C = 1 uF. Comparing Eqs. 7.9-8 and 7.9-9 gives 

Rı = 333 kQ, Ro =400k0, R3 =500kQ, and Ry = 667kO 


The summing integrator implements most of the block diagram, leaving only four other blocks to 
be implemented. Those four blocks are implemented using two inverting integrators and two inverting 
amplifiers. The finished circuit is shown in Figure 7.9-13. 


FIGURE 7.9-13 An operational amplifier circuit that implements Eq. 7.9-1. 
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7.10 Using MATLAB to Plot Capacitor or Inductor 
Voltage and Current 


Suppose that the current in a 2-F capacitor is 


4 t<2 
t+2 2<t<6 
20-2t 6<1r< 14 
—8 t>4 


i(t) = (7.10-1) 


where the units of current are A and the units of time are s. When the initial capacitor voltage is 
v(0) = —5 V, the capacitor voltage can be calculated using 


v(t) =% f i(t)dt -5 (7.10-2) 


Equation 7.10-1 indicates that i(t) = 4 A, when t < 2s. Using this current in Eq. 7.10-2 gives 


1 t 
v(t) =; 4dr —5 = 2t—5 (7.10-3) 


when t < 2s. Next, Eq. 7.10-1 indicates that i(t) = t + 2 A, when 2 < t < 6s. Using this current in Eq. 
7.10-2 gives 


vo =3( f ardar f 4a) -5s=3 [+2ac-1= 441-4 (7.10-4) 


when 2 < ¢ < 6s. Continuing in this way, we calculate 


(f 20-29 ac f utaa f 4dr) —s wes 


t £ 
I (20—24) dr+11=-7 + 10—31 
6 


v(t) = 


Il 


1 
2 
1 
2 
when 6 < t < 14s, and 


v(t) = (fi-s [ co-anacs [a+r act faa) -s 


i (7.10-6) 
1 
= >| —8 dt + 11 = 67 — 4t 
2 Ji4 
when ¢t > 14s. 
Equations 7.10-3 through 7.10-6 can be summarized as 
2t—5 t2 
2 
7 +t—4 2<t<6 
v(t) = 3 (7.10-7) 


t 
=z We 3! 6<t< 14 
67 — 4t t> 14 


Using MATLAB to Plot Capacitor or Inductor Voltage and Current 


Fees. > 


unction i=CapCur(t) function v=CapVol(t) 
Lf <2 if t<2 
i=4; v=2*t—5; 
elseif t<6 elseif t<6 
i=t+2; v=0.25*t*t+t—4; 
elseif t<14 elseif t<14 
i=20—-—2*t; v=—.5*t*t+10*t— 31; 
else else 
i=-—8; v=67-—4*t; 
N end J C end J 
(a) (b) 
N N 


for k=1:1:length(t) 
i(k)=CapCur(k-1); 
v(k)=CapVol(k- 1); 

end 

plot(t,i,t,v) 

text(12,10,'v(t), V’) 

text(10,—-5,’i(t), A’) 

title(‘Capacitor Voltage and Current’ ) 


oo ‘time, s’) e 
(c) 


FIGURE 7.10-1 MATLAB input files representing (a) the capacitor current and (b) the capacitor voltage; (c) the 
MATLAB input file used to plot the capacitor current and voltage. 


Equations 7.10-1 and 7.10-7 provide an analytic representation of the capacitor current and voltage. 
MATLAB provides a convenient way to obtain graphical representation of these functions. Figures 
7.10-la,b show MATLAB input files that represent the capacitor current and voltage. Notice that the 
MATLAB input file representing the current, Figure 7.10-1a, is very similar to Eq. 7.10-1, whereas the 
MATLAB input file representing the voltage, Figure 7.10-1b, is very similar to Eq. 7.10-7. Figure 7.10- 
1c shows the MATLAB input file used to plot the capacitor current and voltage. Figure 7.10-2 shows 
the resulting plots of the capacitor current and voltage. 


Capacitor voltage and current 


| | | | 
O 2 4 6 8 10 12 14 16 18 20 FIGURE 7.10-2 A plot of the voltage 


Time, s and current of a capacitor. 
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7.11 How Can We Check... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problems discussed in this chapter. 


EXAMPLE 7.11-1 How Can We Check the Voltage and 
Current of a Capacitor? 


A homework solution indicates that the current and voltage of a 2-F capacitor are 


4 re Dw 
yn —j) E 
WO 50 =o Ger eie as) 
—8 t>14 
and 
2t—5 peo 
£ 
ae PRA G 
v(t) = 2 (7.11-2) 
Sg eet 6<t< 14 
67 — 4t t> 14 


where the units of current are A, the units of voltage are V, and the units of time are s. How can we check this 
homework solution to see whether it is correct? 


Solution 
The capacitor voltage cannot change instantaneously. The capacitor voltage is given by 
v(t) = 2r—5 (7.11-3) 
when ¢ < 2s and by 
2 
Ve) = at at (7.11-4) 


when 2 < t < 6s. Because the capacitor voltage cannot change instantaneously, Eqs. 7.1 1-3 and 7.11-4 must both 
give the same value for (2), the capacitor voltage at time t = 2 s. Solving Eq. 7.11-3 gives 
v(2) = 2(2) -5=-1V 
Also, solving Eq. 7.11-4 gives 
22 


W= a A 
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These values agree, so we haven’t found an error. Next, let’s check v(6), the capacitor voltage at time t = 6 s. The 
capacitor voltage is given by 


B 
v(t) = 5 10¢ — 21 (7.11-5) 
when 6 < t < 14s. Equations 7.11-4 and 7.11-5 must both give the same value for v(6). Solving Eq. 7.11-4 gives 


62 
(6) =7+6-4=11V 


whereas solving Eq. 7.11-5 gives 


62 
»(6) = -5 + 10(6) — 21 =21 V 


These values don’t agree. That means that v(t) changes instantaneously at t = 6s, so v(f) cannot be the voltage 
across the capacitor. The homework solution is not correct. 


( 7.12 DesiGN EXAMPLE Integrator and Switch 


This design challenge involves an integrator and a voltage-controlled switch. 
An integrator is a circuit that performs the mathematical operation of integration. The output of an integrator, 
say, V,(Z), is related to the input of the integrator, say, v(t), by the equation 


volt) =K. vs(t)dt + volti) Giz) 


The constant K is called the gain of the integrator. 
Integrators have many applications. One application of an integrator is to measure an interval of time. 
Suppose v,(f) is a constant voltage V,. Then, 


volt) = K- (t2 — t1)- Vs + Vo(t1) (7.12-2) 


This equation indicates that the output of the integrator at time t, is a measure of the time interval t — t1. 

Switches can be controlled electronically. Figure 7.12-1 illustrates an electronically controlled SPST 
switch. The symbol shown in Figure 7.12-la is sometimes used to emphasize that a switch is controlled 
electronically. The node voltage v.(f) is called the control voltage. Figure 7.12-1b shows a typical control 
voltage. This voltage-controlled switch is closed when v,(t) = vy and open when v(t) = vL. The switch shown 
in Figure 7.12-1 is open before time f,. It closes at time ż; and stays closed until time t2. The switch opens at time 
t> and remains open. 

Consider Figure 7.12-2. The voltage v.(t) controls the switch. The integrator converts the time interval 
tz — tı to a voltage that is displayed using the voltmeter. The time interval to be measured could be as small as 
5 ms or as large as 200 ms. The challenge is to design the integrator. The available components include: 
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velt) (V) 


Uy 
v,,(0) ee oe v(t) | | 
l v 
L 


Control W 
voltage Yc p 


(a) (b) 
FIGURE 7.12-1 The voltage-controlled switch. (a) Switch symbol. (b) Typical control voltage. 


velt) (V) 


FIGURE 7.12-2 Using an integrator to measure an interval of time. 


e Standard 2 percent resistors (see Appendix D). 
e 1-uF, 0.2-uF, and 0.1-uF capacitors. 

e Operational amplifiers. 

e +15-V and — 15-V power supplies. 

e 1-kO, 10-kO, and 100-kO, potentiometers. 

e Voltage-controlled SPST switches. 


Describe the Situation and the Assumptions 
It is convenient to set the integrator output to zero at time t4. The relationship between the integrator output voltage 
and the time interval should be simple. Accordingly, let 


olh) = ———-- (h-t 7.12-3 
volta) = =: (= 1) (7.123) 
Figure 7.12-2 indicates that V, = 5 V. Comparing Eqs. 7.12-2 and 7.12-3 yields 


1 
Io Wa = LON and, therefore, K = 10 — (7.12-4) 
ms s 
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State the Goal 
Design an integrator satisfying both 


1 
K=10— and v(1) =0 (712-5) 
Generate a Plan 


Let us use the integrator described in Section 7.9. Adding a switch as shown in Figure 7.12-3 satisfies the condition 
Vo(t;) = 0. The analysis performed in Section 7.9 showed that 


1 6 
aO SE eS sar 7.12-6 
volt) = -7g | O (7.12-6) 
so R and C must be selected to satisfy 
ee aie (7.12-7) 
RC =~ es i 
t=ti 
R C 


V(t) 
FIGURE 7.12-3 An integrator using 
= an operational amplifier. 


Act on the Plan 
Any of the available capacitors would work. Select C = 1 uF. Then, 
1 
R E 100 kQ (7.12-8) 
10—-1 pF 
s 


The final design is shown in Figure 7.12-4. 


Verify the Proposed Solution 
The output voltage of the integrator is given by 


1 t —1 í 
vo) =~ | AVRO TC One ae =) 


where the units of voltage are V and the units of time are s. The interval of time can be calculated from the output 
voltage, using 


For example, an output voltage of —4 V indicates a time interval of 50 s = 80 ms. 
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Uy 
v(t) vL M 


t ty t (ms) 


@ Voltmeter © 


FIGURE 7.12-4 Using an operational amplifier integrator to measure an interval of time. 


7.13 SUMMARY 


© Table 7.13-1 summarizes the element equations for capaci- © Circuits that contain capacitors and/or inductors have mem- 


tors and inductors. (Notice that the voltage and current 
referred to in these equations adhere to the passive conven- 
tion.) Unlike the circuit elements we encountered in previous 
chapters, the element equations for capacitors and inductors 
involve derivatives and integrals. 

Circuits that contain capacitors and/or inductors are able to 
store energy. The energy stored in the electric field of a 
capacitor is equal to 5C v? (t), where v(t) is the voltage across 
the capacitor. The energy stored in the magnetic field of a 
inductor is equal to }Li*(t), where i(f) is the current in the 
inductor. 


ory. The voltages and currents in that circuit at a particular 
time depend not only on other voltages and currents at that 
same instant of time but also on previous values of 
those currents and voltages. For example, the voltage across 
a capacitor at time ft, depends on the voltage across that 
capacitor at an earlier time tọ and on the value of the capacitor 
current between fg and fy. 

A set of series or parallel capacitors can be reduced to an 
equivalent capacitor. A set of series or parallel inductors can 
readily be reduced to an equivalent inductor. Table 7.13-2 
summarizes the equations required to do so. 


Table 7.13-1 Element Equations for Capacitors and Inductors 


CAPACITOR INDUCTOR 
+ vf) = + v(t) - 
i(t) C i(t) 
d r l 
i(t) = CEO =F f ede ith) 
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Table 7.13-2 Parallel and Series Capacitors and Inductors 


SERIES OR EQUIVALENT 
PARALLEL CIRCUIT CIRCUIT EQUATION 
+ v(t) - 
+ v(t) - 
oS YY» los 1 
= = 5 aT I 
5 . eq = — 
i(t) M i(t) Ty i 
+ v(t) - + v(t) - 
OLIN Oo--SYYY_» Leg = Li + Lo 
wy ” L2 w ms 
+ v(t) - 
+ v(t) - 
C2 o— Ceg = C1 + C2 
i(t) i(t) Coq 
Cı 
+ v(t) - + v(t) - i 
oee Gar Ca= 7 
ilt) Cy C2 il) Ceg GG 


to the derivative in the equation for the capacitor current. 
Similarly, the current through any inductor will be constant 
and the voltage across any inductor will be zero. Conse- 
quently, the capacitors will act like open circuits and the 
inductors will act like short circuits. Notice that this situation 
occurs only when all of the inputs to the circuit are constant. 


© In the absence of unbounded currents, the voltage across a 
capacitor cannot change instantaneously. Similarly, in the 
absence of unbounded voltages, the current in an inductor 
cannot change instantaneously. In contrast, the current in a 
capacitor and voltage across an inductor are both able to 
change instantaneously. 

© We sometimes consider circuits that contain capacitors and © An op amp and a capacitor can be used to make circuits that 


inductors and have only constant inputs. (The voltages of the perform the mathematical operations of integration and 


independent voltage sources and currents of the independent 
current sources are all constant.) When such a circuit is at 
steady state, all the currents and voltages in that circuit will 
be constant. In particular, the voltage across any capacitor 
will be constant. The current in that capacitor will be zero due 


differentiation. Appropriately, these important circuits are 
called the integrator and the differentiator. 

The element voltages and currents in a circuit containing 
capacitors and inductors can be complicated functions of 
time. MATLAB is useful for plotting these functions. 


PROBLEMS 


(+) Problem available in WileyPLUS at instructor’s discretion. 


tion 7.2 it . d d 
Section Capacitors Hint: TA cos (wt +0) = —A sin (wt + 0) - i (cot + 0) 


—Ao sin (wt + 0) 
= Aw cos (or + (0 + =)) 


Answer: i(t) = 3 cos(2t + 120°) A 


P 7.2-1 © A 15-uF capacitor has a voltage of 5 V across it at 
t = 0. If a constant current of 25 mA flows through the capacitor, 
how long will it take for the capacitor to charge up to 150 uC? 


Answer: t = 3 ms P 7.2-3 @ The voltage v(#) across a capacitor and current i(f) in 


that capacitor adhere to the passive convention. Determine the 
capacitance when the voltage is v(t) = 12 cos(500t — 45°) V and 
the current is i(t) = 3 cos(500r + 45°) mA. 


P 7.2-2 The voltage v(f) across a capacitor and current i(f) in 
that capacitor adhere to the passive convention. Determine the 
current i(t) when the capacitance is C = 0.125F, and the 
voltage is v(t) = 12 cos(2t + 30°) V. 


Answer: C = 0.5 uF 
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P 7.2-4 Determine v(f) for the circuit shown in Figure 
P 7.2-4a(t) when the i,(f) is as shown in Figure P 7.2-4b 
and vo(0~) = —1 mV. 


i, (UA) 
4 
+ (0) 
te 2 pF v 
-2 


(a) (b) 


Figure P 7.2-4 (a) Circuit and (b) waveform of current source. 


P 7.2-5 (+) The voltage v(t) and current i(t) of a 1-F capacitor 
adhere to the passive convention. Also, v(0)=0OV and 
i(0) = 0A. (a) Determine v(t) when i(t) = x(t), where x(t) 
is shown in Figure P 7.2-5 and i(t) has units of A. (b) Determine 
i(t) when v(t) = x(t), where x(t) is shown in Figure P 7.2-5 and 
v(t) has units of V. 


Hint: x(t) = 4t — 4when 1 < t < 2,andx(t) = —4t + 12 when 
2<t<3. 


x 


OrRN WHO 


Lo I a a er 
O 1 2 3 4t) 


Figure P 7.2-5 


P 7.2-6 The voltage v(t) and current i(f) of a 0.5-F capacitor 
adhere to the passive convention. Also, v(0)=0V and 
i(0) = 0A. (a) Determine v(t) when i(t) = x(t), where x(t) 
is shown in Figure P 7.2-6 and i(t) has units of A. (b) Determine 
i(t) when v(t) = x(t), where x(t) is shown in Figure P 7.2-6 and 
v(t) has units of V. 


Hint: x(t) = 0.2t — 0.4 when 2 < t < 6. 


| | | | 
8 t(s) 


oF 
N 
NS 
(op) 


Figure P 7.2-6 


P 7.2-7 © The voltage across a 40-uF capacitor is 25 V at 
to = 0. If the current through the capacitor as a function of time is 
given by i(t) = 6e~™ mA for t < 0, find v(#) for t > 0. 


Answer: v(t) = 50 — 25e-" V 


P 7.2-8 Find i for the circuit of Figure P 7.2-8 if v= 
5(1 — 2e-*/) V. 


Figure P 7.2-8 


P 7.2-9 Determine v(f) for t > 0 for the circuit of Figure 
P 7.2-9a when i,(f) is the current shown in Figure P 7.2-9b and 
v(0) =1V. 


+ 
v(t) 


Figure P 7.2-9 


P 7.2-10 Determine v(t) for t > 0 for the circuit of Figure 
P 7.2-10a when v(0) = —4 V and i,(f) is the current shown in 
Figure P 7.2-10b. 


20 + 
i, (f) 0.1 FF 2O 
(a) 


ig (A) 


0.25 


(b) 


0.5 


Figure P 7.2-10 


P 7.2-11 Determine i(f) for t > 0 for the circuit of Figure 
P 7.2-1la when v,(f) is the voltage shown in Figure P 7.2-11b. 


i(t) 


— 


v(t) © 5F 5Q 


(a) 


t (s) 


Figure P 7.2-11 


P 7.2-12 The capacitor voltage in the circuit shown in Figure 
P 7.2-12 is given by 


v(t) =12-—10e-* V_ for t>0 


Determine i(t) for t > 0. 


Figure P 7.2-12 
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P 7.2-13 © The capacitor voltage in the circuit shown in 
Figure P 7.2-13 is given by 

v(t) =2.4+5.6e "V fot>0 
Determine i(t) for t > 0. 


209 400 Q 


es 
v(t) 2mF 100Q 


(*)12v 


Figure P 7.2-13 


P 7.2-14 (+) The capacitor voltage in the circuit shown in 
Figure P 7.2-14 is given by 
v(t) =10—- 8e "V fot>0 
Determine i(f) for t > 0. 
i(t) 


— 


+ 
20 mF v(t) 


@Œ)ı2v 


Figure P 7.2-14 


P 7.2-15 © Determine the voltage v(t) fort > 0 for the circuit 
of Figure P 7.2-15b when i,(f) is the current shown in Figure 
P7.2-15a. The capacitor voltage at time t = Ois v(0) = —12 V. 


(b) 
Figure P 7.2-15 (a) The voltage source voltage. (b) The circuit. 


P 7.2-16 © The input to the circuit shown in Figure P 7.2-16 
is the current 


i(t) = 3.75e7!” A fort>0 
The output is the capacitor voltage 
v(t) =4-— 1.25e7!” V fort>0 


Find the value of the capacitance C. 
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Cc 
0.05 F 
+ v(t) = 
4Q | i(t) 
i (t) 
Figure P 7.2-16 oO 


v(t) 
P7.2-17 (+) The input to the circuit shown in Figure P 7.2-17 Figure P 7.2-19 
is the current 


i(t) = 3e A fort>0 P 7.2-20 © The input to the circuit shown in Figure P 7.2-20 
is the voltage: 
The initial capacitor voltage is vc(0) = —2 V. Determine the v(t) =3+4e A fort>0 
current source voltage w(t) for t > 0. The output is the current i(t) = 0.3 —1.6e-7 V fort > 0 
Determine the values of the resistance and capacitance. 
+ v(t) = Answers: R = 10Q and C = 0.25 F 


4Q 0.05 F 
G 
i(t) 
R 
+ vt) - | i(t) 
Figure P 7.2-17 © 


P 7.2-18 (+) The input to the circuit shown in Figure P 7.2-18 na 
is the current Figure P 7.2-20 


HA — 3o25 
i(t)=3e "A fort>0 P7.2-21 @ Consider the capacitor shown in Figure P 7.2-21. 


The output is the voltage The current and voltage are given by 
v(t) = 9.6e2* +0.4V fort>0 0.5 0<t<0.5 
ft os f : . i(th=<{ 2 05<t<1.5 
The initial capacitor voltage is vc(0) = —2 V. Determine the 0 15 
values of the capacitance C and resistance R. aie 
+ volt) = 2t+86 0<t<0.5 
and v(t) = at+b 05<1t< 1.5 
R Cc Cc t>1.5 


where a, b, and c are real constants. (The current is given in 
amps, the voltage in volts, and the time in seconds.) Determine 
the values of a, b, and c. 


Answers: a = 8 V/s, b= 5.6 V, and c = 17.6 V 


i(t 
Figure P 7.2-18 | i0 


P 7.2-19 The input to the circuit shown in Figure P 7.2-19 is 


the voltage v(t) C=0.25F 


v(t) =84+5e'!"V_ fort >0 = 


Determine the current i(t) for t > 0. Figure P 7.2-21 


P 7.2-22 © At time t = 0, the voltage across the capacitor 
shown in Figure P 7.2-22 is v(0) = —20 V. Determine the 
values of the capacitor voltage at times 1 ms, 3 ms, and 7 ms. 


i (t), mA 


+ 


i(t) 2.5 pF a5 vie) 


2 4 7 


Figure P 7.2-22 


Section 7.3 Energy Storage in a Capacitor 
P 7.3-1 © The current i through a capacitor is shown in Figure 
P 7.3-1. When v(0) = 0 and C = 0.5F, determine and plot 
v(t), p(t), and w(t) for Os < t < 6s. 

i(A) 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 


| l 
8 t(s) 


Figure P 7.3-1 


P 7.3-2 In a pulse power circuit, the voltage of a 10-uF 
capacitor is zero for t < 0 and 


v=5(1-e ) V t>0 


Determine the capacitor current and the energy stored in the 
capacitor at t = 0 ms and t = 10 ms. 


P 7.3-3 © If v(t) is given by the waveform shown in Figure 
P 7.3-3, sketch the capacitor current for —1 s < t < 2s. Sketch 
the power and the energy for the capacitor over the same time 
interval when C = | mF. 


Figure P 7.3-3 
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P 7.3-4 The current through a 2-yF capacitor is 50 cos(10¢+ 
7/6) 1A for all time. The average voltage across the capacitor is 
zero. What is the maximum value of the energy stored in the 
capacitor? What is the first nonnegative value of t at which 
the maximum energy is stored? 


P 7.3-5 A capacitor is used in the electronic flash unit of a 
camera. A small battery with a constant voltage of 6 V is used to 
charge a capacitor with a constant current of 10 uA. How long 
does it take to charge the capacitor when C = 10 uF? What is 
the stored energy? 


P 7.3-6 The initial capacitor voltage of the circuit shown in 
Figure P 7.3-6 is ve(07) = 3 V. Determine (a) the voltage 
v(t) and (b) the energy stored in the capacitor at t = 0.2 s 
and t = 0.8 s when 


i(t) = 


3e° A 0<t<1 
0 t>I1s 


Answers: 


(a) 18e°V,0<t<1 
(b) w(0.2) = 6.65 J and w(0.8) = 2.68 kJ 


Figure P 7.3-6 


P 7.3-7 © (a) Determine the energy stored in the capacitor in 
the circuit shown in Figure P 7.3-7 when the switch is closed 
and the circuit is at steady state. (b) Determine the energy stored 
in the capacitor when the switch is open and the circuit is at 
steady state. 


12V 


Figure P 7.3-7 


Section 7.4 Series and Parallel Capacitors 
P 7.4-1 (+) Find the current i(t) for the circuit of Figure P 7.4-1. 
Answer: i(t) = —1.2 sin 100t mA 
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i(t) 
3 uF 
6 cos 100rV 2 uF 4 uF 


Figure P 7.4-1 


P 7.4-2 @ Find the current i(t) for the circuit of Figure P 7.4-2. 
Answer: i(t) = —1.5¢e7250 mA 


Figure P 7.4-2 


P 7.4-3 @ The circuit of Figure P 7.4-3 contains five 
identical capacitors. Find the value of the capacitance C. 


Answer: C = 10 uF 


i(t) = 25 cos 250¢ mA 


14 sin 250tV 


Figure P 7.4-3 


P 7.4-4 The circuit shown in Figure P 7.4-4 contains seven 
capacitors, each having capacitance C. The source voltage is 
given by 


v(t) = 4 cos(3t) V 
Find the current i(t) when C = 1 F. 


— 
C | iC 
v(t) C C 
C 
C G 


Figure P 7.4-4 


P 7.4-5 @ Determine the value of the capacitance C in the 
circuit shown in Figure P 7.4-5, given that Ceq = 8 F. 


Answer: C = 20 F 


1 


6F 
A 
e 
12 F 4F 
12F 
10 F 30 F 
Bo—_| 
Ce 


Figure P 7.4-5 


P 7.4-6 Determine the value of the equivalent capacitance C.,, 
in the circuit shown in Figure P 7.4-6. 


Answer: Ceg = 10 F 


15 F 
a 60F 30 F 
10 F 
40 F 
b 60 F 


Cog 


Figure P 7.4-6 


P 7.4-7 @ The circuit shown in Figure P 7.4-7 consists of 
nine capacitors having equal capacitance C. Determine the 
value of the capacitance C, given that Ceq = 50 mF. 


Answer: C = 90 mF 


Figure P 7.4-7 


P 7.4-8 © The circuit shown in Figure P 7.4-8 is at steady 
state before the switch opens at time t = 0. The voltage v(f) is 
given by 


3.6V fort<0 
v(t) = —2.5t 
3.6e V fort >0 


(a) Determine the energy stored by each capacitor before the 
switch opens. 

(b) Determine the energy stored by each capacitor 1 s after the 
switch opens. 


The parallel capacitors can be replaced by an equivalent 
capacitor. 


(c) Determine the energy stored by the equivalent capacitor 
before the switch opens. 
(d) Determine the energy stored by the equivalent capacitor | s 
after the switch opens. 
t=0 


Figure P 7.4-8 


P 7.4-9 The circuit shown in Figure P 7.4-9 is at steady state 
before the switch closes. The capacitor voltages are both zero 
before the switch closes (vı (0) = v2(0) = 0). The current i(1) is 
given by 


= OA for t <0 
~ | 2.4e3% A fort >0 


(a) Determine the capacitor voltages v,(f) and v2(f) for t > 0. 
(b) Determine the energy stored by each capacitor 20 ms after 
the switch closes. 


The series capacitors can be replaced by an equivalent 
capacitor. 


(c) Determine the voltage across the equivalent capacitor, 
+ on top, for t > 0. 

(d) Determine the energy stored by the equivalent capacitor 
20 ms after the switch closes. 


Figure P 7.4-9 


P 7.4-10 Find the relationship for the division of current 
between two parallel capacitors as shown in Figure P 7.4-10. 
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Answer: in = iC,/(C; + C2), n= 1, 2 


Figure P 7.4-10 


Section 7.5 Inductors 


P 7.5-1 Nikola Tesla (1857—1943) was an American electrical 
engineer who experimented with electric induction. Tesla 
built a large coil with a very large inductance, shown in Figure 
P 7.5-1. The coil was connected to a source current 


is = 100 sin 400t A 


so that the inductor current i, =i,. Find the voltage across the 
inductor and explain the discharge in the air shown in the 
figure. Assume that L=200H and the average discharge 
distance is 2 m. Note that the dielectric strength of air is 
3 x 10° V/m. 


© Everett Collection Historical/Alamy 

Figure P 7.5-1 Nikola Tesla sits impassively as alternating current 
induction coils discharge millions of volts with a roar audible 10 
miles away (about 1910). 


P 7.5-2 The model of an electric motor consists of a series 
combination of a resistor and inductor. A current i(t) = 4te A 
flows through the series combination of a 10-Q resistor and 0.1-H 
inductor. Find the voltage across the combination. 


Answer: v(t) = 0.4e™ + 39.6te' V 


P 7.5-3 The voltage v(t) and current i(t) of a 1-H inductor 

adhere to the passive convention. Also, v(0)=0V and 

i(0) = 0A. 

(a) Determine v(t) when i(t) = x(t), where x(f) is shown in 
Figure P 7.5-3 and i(f) has units of A. 

(b) Determine i(f) when v(t) = x(t), where x(f) is shown in 
Figure P 7.5-3, and v(t) has units of V. 
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= 


OrN WR gA 
| 


L I I I 
O 1 2 3 49 


Figure P 7.5-3 


Hint: x(t) = 4t — 4when1 < t < 2,andx(t) = —4t + 12 when 
POS 3. 

P 7.5-4 The voltage v(f) across an inductor and current i(f) in 
that inductor adhere to the passive convention. Determine the 
voltage v(t) when the inductance is L= 250 mH, and the 
current is i(t) = 120 sin (500t — 30°) mA. 


Hint: A cos (wt + @) - “(or +0) 


Aw cos (œt + 0) 
= Aq sin (ot + (o + =) 


Answer: v(t) = 15 sin(500t + 60°) V 


P 7.5-5 Determine i(t) fort > 0 when i (0) = —2 uA for 
the circuit of Figure P 7.5-5a when v,(f) is as shown in Figure 
P 7.5-5b. 


d 
at sin(@t+0) = 


v, (mV) 
4 
Ve 
Ys 5 mH 
-1 
| | | 
1 2 3 t (us) 
(a) (b) 


Figure P 7.5-5 


P 7.5-6 Determine v(t) for t > 0 for the circuit of Figure 
P 7.5-6a when i, (0) = 0 and i, is as shown in Figure P 7.5-6b. 


2 kQ j 
ig (t) 4 mH U 
i} g 

(a) 


Figure P 7.5-6 


P 7.5-7 The voltage v(t) and current i(f) of a 0.5-H inductor 
adhere to the passive convention. Also, v(0)= 0V, and 
i(0) = 0A. 


(a) Determine v(t) when i(t) = x(t), where x(f) is shown in 
Figure P 7.5-7 and i(f) has units of A. 

(b) Determine i(t) when v(t) = x(t), where x(t) is shown in 
Figure P 7.5-7 and v(f) has units of V. 


Hint: x(t) = 0.2t — 0.4 when 2 < t < 6. 
x 

O= 

OS 

0:6: = 

0.4 — 

02 = 

0.0 = 


| | | l l 
8 t(s) 


Figure P 7.5-7 


P 7.5-8 Determine i(f) for t > 0 for the current of Figure 
P 7.5-8a when i(0) = 25 mA and v,(f) is the voltage shown in 
Figure P 7.5-8b. 


8 9 ds) 


(a) (b) 
Figure P 7.5-8 
P 7.5-9 © Determine i(t) for t > 0 for the current of Figure 


P 7.5-9a when i(0) = —2 A and v,(f) is the voltage shown in 
Figure P 7.5-9b. 


Ug (t) 


(a) 
Figure P 7.5-9 
P 7.5-10 Determine i(f) for t > 0 for the current of Figure 


P 7.5-10a when i(0) = 1 A and v,(f) is the voltage shown in 
Figure P 7.5-10b. 


v, (V) 
| i(t) 


v(t) 2H 


(a) (b) 
Figure P 7.5-10 


P 7.5-11 (+) Determine i(t) for t > 0 for the circuit of Figure 
P 7.5-11a when i(0) = 25 mA and v,(f) is the voltage shown in 
Figure P 7.5-11b. 


v(t) 


(a) (b) 
Figure P 7.5-11 


P 7.5-12 (+) The inductor current in the circuit shown in 
Figure P 7.5-12 is given by 

i(t)=6+4e* A fort>0 
Determine v(f) for t > 0. 


+ vi) - ilt) 


—_ 


0.2 H 


12v) 


Figure P 7.5-12 
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P 7.5-13 @ The inductor current in the circuit shown in 
Figure P 7.5-13 is given by 


i(t) =5- 3e“ A fort>0 
Determine v(t) for t > 0. 


+ vi) - iD 


O 4H 


Figure P 7.5-13 


P 7.5-14 © The inductor current in the circuit shown in 
Figure P 7.5-14 is given by 

i(t) =3+2e"A fot>0 
Determine v(t) for t > 0. 


in 
5 ACH) v(t) 


Figure P 7.5-14 


P 7.5-15 Determine the current i(t) for t > 0 for the circuit of 
Figure P 7.5-15b when v(t) is the voltage shown in Figure 
P 7.5-15a. The inductor current at time t = 0 is i(0) = —12 A. 


(b) 
Figure P 7.5-15 (a) The voltage source voltage. (b) The circuit. 


P7.5-16 © The input to the circuit shown in Figure P 7.5-16 
is the voltage 


v(t) = 15e “V fort>0 
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The initial current in the inductor is i(0) = 2 A. Determine the 
inductor current i(f) for t > 0. 


Figure P 7.5-16 


P7.5-17 (+ The input to the circuit shown in Figure P 7.5-17 
is the voltage 


v(t) =4e™" V fort>0 


The output is the current 


i(t) = —1.2e™ —1.5A fort>0 


The initial inductor current is ip (0) = —3.5 A. Determine the 
values of the inductance L and resistance R. 


Figure P 7.5-17 


P 7.5-18 The source voltage the circuit shown in Figure 
P7.5-18 is v(t) =8 e7 4°" V after time t=0. The initial inductor 
current is i,(0)=210 mA. Determine the source current i(t) 
for t>0. 


Answer: i(t)=360 e *°% — 190 mA for t>0. 


50 mH 


Figure P 7.5-18 


P 7.5-19 The input to the circuit shown in Figure P 7.5-19 is 
the current 


i(t)=5+2e" A fort>0 


The output is the voltage: v(t) = 75 — 82e” V fort >0 


Determine the values of the resistance and inductance. 


i(t) 


© 


+ v(t) - 


Figure P 7.5-19 


P 7.5-20 (+) Consider the inductor shown in Figure P 7.5-20. 
The current and voltage are given by 


St—4.6 O0<1r< 0.2 


i(t) = at+b 0.2<t<0.5 


Cc t>0.5 
12:5 O<¢< 02 
and v(t) = 25 0.2<t<0.5 
0 t>0.5 


where a, b, and c are real constants. (The current is given 
in amps, the voltage in volts, and the time in seconds.) 
Determine the values of a, b, and c. 


Answers: a = 10 A/s, b = —5.6 A, and c = —0.6 A 


Figure P 7.5-20 


P 7.5-21 (+) At time ¢ = 0, the current in the inductor shown 
in Figure P 7.5-21 is i(0) = 45 mA. Determine the values of the 
inductor current at times | ms, 4 ms, and 6 ms. 


v(t), V 


250 mH 


iO 


2 4 


Figure P 7.5-21 


P 7.5-22 © One of the three elements shown in Figure P 7.5- 
22 is a resistor, one is a capacitor, and one is an inductor. Given 


i(t) = 0.25cos(2t) A, 


and v,(t) = — 10 sin(2¢) V, v(t) = 10 sin(2¢) V, and v.(t) = 
10 cos(2t) V, determine the resistance of the resistor, the 
capacitance of the capacitor, and the inductance of the 
inductor. (We require positive values of resistance, 
capacitance, and inductance.) 


Answers: resistance = 40 Q, capacitance = 0.0125 F, and 
inductance = 20 H 


i(t) i(t) 


Figure P 7.5-22 


P 7.5-23 (+) One of the three elements shown in Figure P 7.5- 
23 is a resistor, one is a capacitor, and one is an inductor. Given 


v(t) = 24cos(5t) V, 
i(t) = 3 cos(5t) A, ip(t) = 12 sin(5t) A and i(t) = 
—1.8 sin(5t) A, determine the resistance of the resistor, 
the capacitance of the capacitor, and the inductance of 


the inductor. (We require positive values of resistance, 
capacitance, and inductance.) 


and 


i, 


Figure P 7.5-23 


Section 7.6 Energy Storage in an Inductor 


P 7.6-1 © The current i(t) in a 100-mH inductor connected 
in a telephone circuit changes according to 


0 t<0 
i(t)=4 4 0<t<1 
4 >I 


where the units of time are seconds and the units of current are 
amperes. Determine the power p(t) absorbed by the inductor 
and the energy w(t) stored in the inductor. 


0 t<0 
1.6 O<t<1 and 
0 t>1 


Answers: p(t) = 
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0 t<0 
w(t)=< 087 O<t<1 
0.8 t>1 


The units of p(t) are W and the units of w(t) are J. 


P 7.6-2 The current i(f) in a 5-H inductor is 


(t) = 0 t<0 
aa 4 sin 2t 


t>0 
where the units of time are s and the units of current are A. 
Determine the power p(t) absorbed by the inductor and the 
energy w(f) stored in the inductor. 


Hint: 2 (cos A) (sin B) = sin (A + B) 4 


sin (A — B) 


P 7.6-3 (+ The voltage v(t) across a 25-mH inductor used in a 
fusion power experiment is 


=f, ° 
me 6 cos 100r 


where the units of time are s and the units of voltage are V. 
The current in this inductor is zero before the voltage changes 
at t = 0. Determine the power p(t) absorbed by the inductor 
and the energy w(t) stored in the inductor. 


t<0 
t>0 


Hint: 2(cos A) (sin B) = sin(A + B) 4 


sin(A — B) 


Answer: p(t) = 7.2sin200¢W and w(t) = 3.6[1 — cos 2002 mJ 


P 7.6-4 The current in an inductor, L = 1/4H, is i = 4te™ A 
for t > 0 and į = 0 for t < 0. Find the voltage, power, and 
energy in this inductor. 


Partial Answer: w = 2e” J 


P 7.6-5 The current through the inductor of a television 
tube deflection circuit is shown in Figure P 7.6-5 when 
L= 1/2H. Find the voltage, power, and energy in the 
inductor. 


Partial Answer: 

p = 2tfor0<t<1 
= 2(t—2)forl<t<2 
0 for other t 


i(A) 


| 
| 
| 
| 
| 
(0) 1 2 


Figure P 7.6-5 
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Section 7.7 Series and Parallel Inductors 
P 7.7-1 (+) Find the current i(t) for the circuit of Figure P 7.7-1. 
Answer: i(t) = 15 sin 100f mA 


6 cos 100r v (*) 6H 3H 


Figure P 7.7-1 


P 7.7-2 © Find the voltage v(t) for the circuit of Figure P 7.7-2. 


Answer: v(t) = —6e~25 mV 


4 mH 


‘ 
5 + 3250 a Cf) vi) 4 mH 


Figure P 7.7-2 


P 7.7-3 The circuit of Figure P 7.7-3 contains four identical 
inductors. Find the value of the inductance L. 


Answer: L = 2.86H 


i(t) = 14 sin 250t mA 


—_ 


25 cos 250r V (È) 


Figure P 7.7-3 


P 7.7-4 The circuit shown in Figure P 7.7-4 contains seven 
inductors, each having inductance L. The source voltage is 
given by 
v(t) = 4 cos(3t) V 
Find the current i(t) when L = 4 H. 
i(t) 


— L 


O 
= L 


Figure P 7.7-4 


P 7.7-5 Determine the value of the inductance L in the circuit 
shown in Figure P 7.7-5, given that Leg = 18 H. 


Answer: L = 20H 


Leg 


Figure P 7.7-5 
P 7.7-6 Determine the value of the equivalent inductance Leq 


for the circuit shown in Figure P 7.7-6. 


Answer: Leg = 120H 


60H 


Leg 


Figure P 7.7-6 


P 7.7-7 @ The circuit shown in Figure P 7.7-7 consists of 10 
inductors having equal inductance L. Determine the value of 
the inductance L, given that Leg = 12 mH. 


Answer: L = 35 mH 


Figure P 7.7-7 


P 7.7-8 © The circuit shown in Figure P 7.7-8 is at steady 
state before the switch closes. The inductor currents are both 
zero before the switch closes (i (0) = i2(0) = 0). 

The voltage v(f) is given by 


v(t) = T 


(a) Determine the inductor currents i;(f) and i(t) for t > 0. 
(b) Determine the energy stored by each inductor 200 ms after 
the switch closes. 


frt<0 
V fort>0 


The parallel inductors can be replaced by an equivalent 
inductor. 


(c) Determine the current in the equivalent inductor, directed 
downward, for t > 0. 

(d) Determine the energy stored by the equivalent inductor 
200 ms after the switch closes. 


Figure P 7.7-8 


P 7.7-9 The circuit shown in Figure P 7.7-9 is at steady 
state before the switch opens at time t = 0. The current i(f) is 
given by 


0.8 A 


aS ies 


fort <0 
A fort>0 


(a) Determine the energy stored by each inductor before the 
switch opens. 

(b) Determine the energy stored by each inductor 200 ms after 
the switch opens. 


Figure P 7.7-9 


The series inductors can be replaced by an equivalent 
inductor. 


(c) Determine the energy stored by the equivalent inductor 
before the switch opens. 

(d) Determine the energy stored by the equivalent inductor 
200 ms after the switch opens. 


P 7.7-10 Determine the current ratio i,/i for the circuit 
shown in Figure P 7.7-10. Assume that the initial currents 
are zero at fo. 
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Figure P 7.7-10 


P 7.7-11 @ Consider the combination of circuit elements 
shown in Figure P 7.7-11. 


(a) Suppose element A is a 20-uF capacitor, element B is a 
5-uF capacitor, and element C is a 20-uF capacitor. 
Determine the equivalent capacitance. 

(b) Suppose element A is a 50-mH inductor, element B is a 
30-mH inductor, and element C is a 20-mH inductor. 
Determine the equivalent inductance. 

(c) Suppose element A is a 9-kQ resistor, element B is a 6-kO 
resistor and element C is a 10-kQ resistor. Determine the 
equivalent resistance. 


Answers: (a) Ceq = 20 HF, (b) Leg = 16 mH, and (c) Reg = 6 KQ 


Figure P 7.7-11 


P 7.7-12 @ Consider the combination of circuit elements 
shown in Figure P 7.7-12. 


(a) Suppose element A is a 8-uF capacitor, element B is a 
16-uF capacitor, and element C is a 12-uF capacitor. 
Determine the equivalent capacitance. 

(b) Suppose element A is a 20-mH inductor, element B is a 
5-mH inductor, and element C is an 8-mH inductor. 
Determine the equivalent inductance. 

(c) Suppose element A is a 20-kQ, resistor, element B is a 
30-kQ) resistor, and element C is a 16-KQ resistor. Deter- 
mine the equivalent resistance. 


Answers: (a) Ceq = 8 HF, (b) Leq = 12 mH, and (c) Reg = 28 kQ 
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Figure P 7.7-12 


Section 7.8 Initial Conditions of Switched Circuits 


P7.8-1 © The switch in Figure P 7.8-1 has been open foralong 
time before closing at time t = 0. Find v,(0*) and i (0*), the 
values of the capacitor voltage and inductor current immediately 
after the switch closes. Let v,(oo) and i, (oo) denote the values of 
the capacitor voltage and inductor current after the switch has 
been closed for a long time. Find v.(co) and i, (co). 


Answers: v.(0*™)= 12V, iL(0*) =0, v-(co) =4V, and 
in(oo) = 1mA 


8 ka i 


12V 


Figure P 7.8-1 


P 7.8-2 The switch in Figure P 7.8-2 has been open for a long 
time before closing at time t = 0. Find v.(0*) and iL (0*), the 
values of the capacitor voltage and inductor current immedi- 
ately after the switch closes. Let v.(oo) and i, (oo) denote the 
values of the capacitor voltage and inductor current after the 
switch has been closed for a long time. Find v,(oo) and i, (co). 


Answer: v.(0*t) =6V, i,(0*) =1mA, v.(00) =3V, and 
i,(co) = 1.5mA 


Figure P 7.8-2 


P 7.8-3 © The switch in Figure P 7.8-3 has been open for along 
time before closing at time t = 0. Find ve(0™) and iL (0*), the 
values of the capacitor voltage and inductor current immediately 


after the switch closes. Let v,(oo) and i (o0) denote the values 
of the capacitor voltage and inductor current after the switch 
has been closed for a long time. Find v,(co) and iy (00). 
Answers: v.(0*)=0V, iL(0*)=0, v.(00) =8V, and 
iL (o0) = 0.5 mA 


12V 


Figure P 7.8-3 


P 7.8-4 The switch in the circuit shown in Figure P 7.8-4 has 
been closed for along time before it opens at time t = 0. Determine 
the values of vg(0-) and vı (0-), the voltage across the 4-O resistor 
and the inductor immediately before the switch opens, and the 
values of vp(0+) and v; (0+), the voltage across the 4-Q resistor 
and the inductor immediately after the switch opens. 


+ V»(t) — 


Figure P 7.8-4 


P 7.8-5 The switch in the circuit shown in Figure P 7.8-5 has 
been open for a long time before it closes at time t= 0. Determine 
the values of ig(0-) and ic(0-), the current in one of the 20-0 
resistors and in the capacitor immediately before the switch closes, 
and the values of ig(0+) and ic(0+), the current in that 20-Q resistor 
and in the capacitor immediately after the switch closes. 


t=0 
20 Q 


Figure P 7.8-5 


P 7.8-6 The switch in the circuit shown in Figure P 7.8-6 
has been open for a long time before it closes at time 
t=0. Determine the values of v,(0-), the voltage across the 
inductor immediately before the switch closes, and v,(0+), 
the voltage across the inductor immediately after the switch 
closes. 


20 Q 


Figure P 7.8-6 


P 7.8-7 The switch in the circuit shown in Figure P 7.8-7 has 
been closed for a long time before it opens at time t=0. 
Determine the values of ic(0-), the current in the capacitor 
immediately before the switch opens, and ic(0+), the current in 
the capacitor immediately after the switch opens. 


t=0 


20 V 20 Q 


ig(t) | 2.2 uF 


Figure P 7.8-7 


P 7.8-8 The circuit shown in Figure P 7.8-8 is at steady state 

when the switch opens at time ¢=0. Determine v,(0—), 

vı(0+), in(0—), (0+), i3(0—), i3(0+), v4(O—), and v4(0+). 
i3(t) 


—> $ 


vilt) — 


12V 


Figure P 7.8-8 


*P 7.8-9 The circuit shown in Figure P 7.8-9 is at steady state 
when the switch opens at time t=0. Determine v,(0—), 
v\(O+), in(0—), and i2(0+). 


Hint: Modeling the open switch as an open circuit leads us to 
conclude that the inductor current changes instantaneously, 
which would require an infinite voltage. We can use a more 
accurate model of the open switch, a large resistance, to avoid the 
infinite voltage. 
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Figure P 7.8-9 


P 7.8-10 The circuit shown in Figure P 7.8-10 is at steady 
state when the switch closes at time t = 0. Determine v,(0—), 
vı(0+), i(0—), and i,(0+). 


Figure P 7.8-10 


P 7.8-11 @ The circuit shown in Figure P 7.8-11 has reached 
steady state before the switch opens at time t = 0. Determine the 
values of i (f), vc(d), and v(t) immediately before the switch opens 
and the value of vg(t) immediately after the switch opens. 


Answers: i (0—) = 1.25 A, vc(O—) = 20 V, vr(O—) = —5 V, 
and vy(0+) = —4 V 


Figure P 7.8-11 


P 7.8-12 The circuit shown in Figure P 7.8-12 has reached 
steady state before the switch closes at time ft = 0. 


(a) Determine the values of i, (f), vc(t), and vp(t) immediately 
before the switch closes. 
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(b) Determine the value of vp(t) immediately after the switch 
closes. 


Figure P 7.8-12 


P 7.8-13 The circuit shown in Figure P 7.8-13 has reached 
steady state before the switch opens at time t = 0. Determine the 
values of i (f), vc(t), and vp(t) immediately before the switch 
opens and the value of vg(t) immediately after the switch opens. 


Answers: i,(0O—) = 0.4A, vc(0O—) = 16V, vr(0O-) =O0V, 
and vy(0+) = —12 V 


Figure P 7.8-13 
Section 7.9 Operational Amplifier Circuits and 
Linear Differential Equations 


P 7.9-1 Design a circuit with one input, x(t), and one output, 
y(t), that are related by this differential equation: 


2 
a0 4£ (1 + y(t) a) 


P 7.9-2 Design a circuit with one input, x(t), and one output, 
y(t), that are related by this differential equation: 


1a 


TEO + y(t) = — l) 


P 7.9-3 Design a circuit with one input, x(t), and one output, 
y(t), that are related by this differential equation: 
d° a 


d 
2p) 16 3 9(0) 8 y(t) 


10y(t) = —4x(t) 


P 7.9-4 Design a circuit with one input, x(), and one output, 
y(t), that are related by this differential equation: 

ad a d 

t)+16 t)+8—y(t)4 

qa) + 6a y(t) + 8 y(t) 4 


10y(t) = 4x(t) 


Section 7.11 How Can We Check ... ? 


P 7.11-1 A homework solution indicates that the current and 
voltage of a 100-H inductor are 


0.025 t<l 


t 
—-—+0.065 1<t<3 
i=; ?° 


f 
—-— 0.115 3<t<9 
50 <t< 
0.065 t<9 
and 
0 t<l 
—4 1<t<3 
v(t) = 
2 3<t<9 
0 t>9 


where the units of current are A, the units of voltage are V, and 
the units of time are s. Verify that the inductor current does not 
change instantaneously. 


P 7.11-2 A homework solution indicates that the current and 
voltage of a 100-H inductor are 


t 
~ 300 + 0.025 


t 


~ 100 


| _ 9.03 
100 


0.015 


t<al 


+0.03 1<t<4 


i(t) = 
4<t<9 


t<9 
and 


—1 t<l 
—2 1<tr<4 
1 4<1t<9 
0 t>9 


v(t) = 


where the units of current are A, the units of voltage are V, and 
the units of time are s. Is this homework solution correct? 
Justify your answer. 


Design Problems 


DP 7-1 Consider a single-circuit element, that is, a single 
resistor, capacitor, or inductor. The voltage v(t) and current 
i(t) of the circuit element adhere to the passive convention. 
Consider the following cases: 


(a) v(t) =4 + 2e-* V and i(t) = —3e7*’ A for t > 0 
(b) v(t) = —3e-* V and i(t) = 4+ 2e-* A for t>0 
(©) v(t) = 4+ 2e-*' V and i(t) = 2+ eA for t > 0 


For each case, specify the circuit element to be a capacitor, 
resistor, or inductor and give the value of its capacitance, 
resistance, or inductance. 


DP 7-2 Figure DP 7-2 shows a voltage source and unspecified 
circuit elements. Each circuit element is a single resistor, 
capacitor, or inductor. Consider the following cases: 


(a) i(t) = 1.131 cos (2t + 45°) A 
(b) i(t) = 1.131 cos (2t — 45°) A 


For each case, specify each circuit element to be a capacitor, 
resistor, or inductor and give the value of its capacitance, 
resistance, or inductance. 
Hint: cos (0 + ġ) = cos 0 cos ¢ — sin Osin b 

4 cos 2t V 


Figure DP 7-2 


DP 7-3 Figure DP 7-3 shows a voltage source and unspecified 
circuit elements. Each circuit element is a single resistor, capac- 
itor, or inductor. Consider the following cases: 


(a) v(t) = 11.31 cos (2t + 45°) V 
(b) v(t) = 11.31 cos (2t — 45°) V 
For each case, specify each circuit element to be a capacitor, 


resistor, or inductor and give the value of its capacitance, 
resistance, or inductance. 


Hint: cos (0 + h) = cos 0 cos ġ — sin 0 sin & 
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+ v(t) - 


Figure DP 7-3 


DP 7-4 A high-speed flash unit for sports photography requires 
a flash voltage v(0*) = 3 V and 
dv(t) 


dt |o 


The flash unit uses the circuit shown in Figure DP 7-4. Switch 1 
has been closed a long time, and switch 2 has been open a long 
time at t= 0. Actually, the long time in this case is 3 s. 
Determine the required battery voltage Vg when C = 1/8 F. 


= 24 V/s 


Vg 


3Q 


Switch 1 
1Q 


Flash E 


1/2 H 
voltage 


Figure DP 7-4 


DP 7-5 For the circuit shown in Figure DP 7-5, select a value of 
R so that the energy stored in the inductor is equal to the energy 
stored in the capacitor at steady state. 


20 Q 


10 mH 


10v (*) 


1 uF 


Figure DP 7-5 


CHAPTER 8 €@® The Complete 
Response of RL 
and RC Circuits 
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8.5 Stability of First-Order Circuits Design Problems 
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8.6 The Unit Step Source Check ...? 


8.1 Introduction 


In this chapter, we consider the response of RL and RC circuits to abrupt changes. The abrupt change 
might be a change to the circuit, as when a switch opens or closes. Alternately, the abrupt change might 
be achange to the input to the circuit, as when the voltage of a voltage source is a discontinuous function 
of time. 

RL and RC circuits are called first-order circuits. In this chapter, we will do the following: 
e Develop vocabulary that will help us talk about the response of a first-order circuit. 
e Analyze first-order circuits with inputs that are constant after some particular time, fo. 
e Introduce the notion of a stable circuit and use it to identify stable first-order circuits. 
e Analyze first-order circuits that experience more than one abrupt change. 
e Introduce the step function and use it to determine the step response of a first-order circuit. 


e Analyze first-order circuits with inputs that are not constant. 


8.2 First-Order Circuits 


Circuits that contain capacitors and inductors can be represented by differential equations. The order 
of the differential equation is usually equal to the number of capacitors plus the number of inductors in 
the circuit. 


Circuits that contain only one inductor and no capacitors or only one capacitor and no 
inductors can be represented by a first-order differential equation. These circuits are called 


first-order circuits. 
322 


First-Order Circuits 


Thévenin and Norton equivalent circuits simplify the analysis of first-order circuits by showing 
that all first-order circuits are equivalent to one of two simple first-order circuits. Figure 8.2-1 shows 
how this is accomplished. In Figure 8.2-1a, a first-order circuit is partitioned into two parts. One part is 
the single capacitor or inductor that we expect to find in a first-order circuit. The other part is the rest of 
the circuit—everything except that capacitor or inductor. The next step, shown in Figure 8.2-1), 
depends on whether the energy storage element is a capacitor or an inductor. If it is a capacitor, then the 
rest of the circuit is replaced by its Thévenin equivalent circuit. The result is a simple first-order 
circuit—a series circuit consisting of a voltage source, a resistor, and a capacitor. On the other hand, if 
the energy storage element is an inductor, then the rest of the circuit is replaced by its Norton equivalent 
circuit. The result is another simple first-order circuit—a parallel circuit consisting of a current source, a 
resistor, and an inductor. Indeed, all first-order circuits are equivalent to one of these two simple first- 
order circuits. 

Consider the first-order circuit shown in Figure 8.2-2a. The input to this circuit is the voltage v,(f). 
The output, or response, of this circuit is the voltage across the capacitor. This circuit is at steady state 
before the switch is closed at time t = 0. Closing the switch disturbs this circuit. Eventually, the 
disturbance dies out and the circuit is again at steady state. The steady-state condition with the switch 
closed will probably be different from the steady-state condition with the switch open. Figure 8.2-2b 
shows a plot of the capacitor voltage versus time. 


v,(t) = A cos (1000r + 0) 


Resistors, One energy storage 
Op amps, and element: (a) 
sources a capacitor or inductor 


Complete Response 
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3 | | | 


Thévenin , 
equivalent A capacitor 
circuit 


Norton 
equivalent An inductor -1 | 
circuit 


(b) 
FIGURE 8.2-1 A plan for analyzing first-order circuits. | | | | | 


(a) First, separate the energy storage element from the -T20 -10 (0) 10 20 30 
rest of the circuit. (b) Next, replace the circuit connected t, ms 

to a capacitor by its Thévenin equivalent circuit or 

replace the circuit connected to an inductor by its Norton (b) 

equivalent circuit. FIGURE 8.2-2 (a) A circuit and (b) its complete response. 


40 


50 
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8. The Complete Response of RL and RC Circuits 


When the input to a circuit is sinusoidal, the steady-state response is also sinusoidal. Furthermore, 
the frequency of the response sinusoid must be the same as the frequency of the input sinusoid. The 
circuit shown in Figure 8.2-2a is at steady state before the switch is closed. The steady-state capacitor 
voltage will be 


v(t) = Bcos(1000r + ), t< 0 (8.2-1) 


The switch closes at time t = 0. The value of the capacitor voltage at the time the switch closes is 
v(0) = B cos(ġ), t=0 (8.2-2) 


After the switch closes, the response will consist of two parts: a transient part that eventually dies out 
and a steady-state part. The steady-state part of the response will be sinusoidal and will have the 
frequency of the input. For a first-order circuit, the transient part of the response is exponential. Indeed, 
we consider first-order circuits separately to take advantage of the simple form of the transient response 
of these circuits. After the switch is closed, the capacitor voltage is 


v(t) = Ke~/* + M cos(1000t + ô) (8.2-3) 


Notice that Ke~“* goes to zero as t becomes large. This is the transient part of the response, which dies 
out, leaving the steady-state response, M cos(1000r-+ ô). 

As a matter of vocabulary, the “transient part of the response” is frequently shortened to the 
transient response, and the “steady-state part of the response” is shortened to the “steady-state 
response.” The response, v(t), given by Eq. 8.2-3, is called the complete response to contrast it with the 
transient and steady-state responses. 


complete response = transient response + steady-state response 


(The term transient response is used in two different ways by electrical engineers. Sometimes it 
refers to the “transient part of the complete response,” and at other times, it refers to a complete 
response, which includes a transient part. In particular, PSpice uses the term transient response to 
refer to the complete response. This can be confusing, so the term transient response must be used 
carefully.) 

In general, the complete response of a first-order circuit can be represented as the sum of two 
parts, the natural response and the forced response: 


complete response = natural response + forced response 


The natural response is the general solution of the differential equation representing the first-order 
circuit, when the input is set to zero. The forced response is a particular solution of the differential 
equation representing the circuit. 

The complete response of a first-order circuit will depend on an initial condition, usually a 
capacitor voltage or an inductor current at a particular time. Let fg denote the time at which the initial 
condition is given. The natural response of a first-order circuit will be of the form 


natural response = Ke ‘~)/" 


When tọ = 0, then 
natural response = Ke!" 


The constant K in the natural response depends on the initial condition, for example, the capacitor 
voltage at time to. 

In this chapter, we will consider three cases. In these cases, the input to the circuit after the 
disturbance will be (1) a constant, for example, 


v(t) = Vo 
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or (2) an exponential, for example, 
vs(t) = Voe"/* 
or (3) a sinusoid, for example, 
vs(t) = Vo cos (wt + 0) 


These three cases are special because the forced response will have the same form as the input. For 
example, in Figure 8.2-2, both the forced response and the input are sinusoidal, and the frequency of the 
forced response is the same as the frequency of the input. For other inputs, the forced response may not 
have the same form as the input. For example, when the input is a square wave, the forced response is 
not a square wave. 

When the input is a constant or a sinusoid, the forced response is also called the steady-state 
response, and the natural response is called the transient response. 

Here is our plan for finding the complete response of first-order circuits: 


Step 1: Find the forced response before the disturbance. Evaluate this response at time t = tọ to obtain 
the initial condition of the energy storage element. 


Step 2: Find the forced response after the disturbance. 


Step 3: Add the natural response = Ke“ to the forced response to get the complete response. Use the 


initial condition to evaluate the constant K. 


8.3 The Response of a First-Order Circuit 
to a Constant Input 


In this section, we find the complete response of a first-order circuit when the input to the circuit is 
constant after time tọ. Figure 8.3-1 illustrates this situation. In Figure 8.3-1a, we find a first-order circuit 
that contains a single capacitor and no inductors. This circuit is at steady state before the switch closes, 
disturbing the steady state. The time at which steady state is disturbed is denoted as fo. In Figure 8.3-1a, 
to = 0. Closing the switch removes the resistor R, from the circuit. (A closed switch is modeled by a 
short circuit. A short circuit in parallel with a resistor is equivalent to a short circuit.) After the switch 
closes, the circuit can be represented as shown in Figure 8.3-1b. In Figure 8.3-1b, the part of the circuit 
that is connected to the capacitor has been replaced by its Thévenin equivalent circuit. Therefore, 
R3 RoR3 


Voc = = > V d R = 
oc R> ER s an t R> +R; 


Let’s represent the circuit in Figure 8.3-1b by a differential equation. The capacitor current is 
given by 


FIGURE 8.3-1 

(a) A first-order circuit 
containing a capacitor. 
(b) After the switch 
closes, the circuit 
connected to the 
capacitor is replaced by 
its Thévenin equivalent 
(b) circuit. 
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FIGURE 8.3-2 (a) A 
first-order circuit 
containing an inductor. 
(b) After the switch 
closes, the circuit 
connected to the 
inductor is replaced by 
its Norton equivalent 
circuit. 


The same current, i(t), passes through the resistor. Apply KVL to Figure 8.3-1b to get 


Voc = R(t) + v(t) = R (c5) + v(t) 


d V(t) Vo 
VM) +RO= RE 


The highest-order derivative in this equation is first order, so this is a first-order differential equation. 

Next, let’s turn our attention to the circuit shown in Figure 8.3-2a. This circuit contains a single 
inductor and no capacitors. This circuit is at steady state before the switch closes at time fọ = 0, 
disturbing the steady state. After the switch closes, the circuit can be represented as shown in Figure 
8.3-2b. In Figure 8.3-2b, the part of the circuit that is connected to the inductor has been replaced by its 
Norton equivalent circuit. We calculate 


Therefore, (8.3-1) 


V RoR 
I, =— and R= = 
R R + R3 


Let’s represent the circuit in Figure 8.3-2b by a differential equation. The inductor voltage is 


given by 


v(t) = Litt) 


The voltage v(t) appears across the resistor. Apply KCL to the top node in Figure 8.3-2b to get 


d 
L—i(t) 
v(t) dt 
fog = +(e) = + il 
d R R 
Therefore, ani) 7 ile) = 7 ls (8.3-2) 


As before, this is a first-order differential equation. 
Equations 8.3-1 and 8.3-2 have the same form. That is, 
d x(t) 
a) + 
The parameter t is called the time constant. We will solve this differential equation by separating the 
variables and integrating. Then we will use the solution of Eq. 8.3-3 to obtain solutions of Eqs. 8.3-1 
and 8.3-2. 
We may rewrite Eq. 8.3-3 as 


=- =K (8.3-3) 


dx Kīr—x 
dt T 
dx dt 


or, separating the variables, x— Kt T 


The Response of a First-Order Circuit to a Constant Input 327 


Forming the indefinite integral, we have 


where D is a constant of integration. Performing the integration, we have 


t 
ln(x — Kt) = —-+ D 
T 


Solving for x gives x(t) = Kt + Ae" 
where A = e?” , which is determined from the initial condition, x(0). To find A, let t = 0. Then 


x(0) = Kt+Ae~°/* = Kt +A 


or A = x(0) — Kt 
Therefore, we obtain x(t) = Kt + [x(0) — Ktje“/* (8.3-4) 
Because x(0o) = Jim x(t) = Kt 


Equation 8.3-4 can be written as 


x(t) = x(oo) + [x(0) — x(oo)]e~/" 


Taking the derivative of x(t) with respect to ż leads to a procedure for measuring or calculating the 
time constant: 


g l —t/T 
File) = — = [x(0) — x(00)]e 
d 
Now let t = 0 to get a) Le =z (0) — x(00)] 
x(0o) — x(0) 
pi T (8.3-5) 
ae) i 


Figure 8.3-3 shows a plot of x(f) versus t. We can determine the 
values of (1) the slope of the plot at time t = 0, (2) the initial value of x 
(t), and (3) the final value of x(t) from this plot. Equation 8.3-5 can be 
used to calculate the time constant from these values. Equivalently, 
Figure 8.3-3 shows how to measure the time constant from a plot of x 
(t) versus t. 

Next, we apply these results to the RC circuit in Figure 8.3-1. 
Comparing Eqs. 8.3-1 and 8.3-3, we see that 


Voc 
t) = v(t), t= RC, and K = 
x(t) =v(), t= R Re 
Making these substitutions in Eq. 8.3-4 gives 
t 
v(t) = Voc + (v(0) — Vee > (8.3-6) FIGURE 8.3-3 A graphical technique for 


measuring the time constant of a first-order circuit. 
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The second term on the right-hand side of Eq. 8.3-6 dies out as ¢ increases. This is the transient 
or natural response. At t = 0, e ° = 1. Letting t = 0 in Eq. 8.3-6 gives v(0) = v(0), as required. When 


t = 5t, e > = 0.0067 ~0, so at time t = 5r, the capacitor voltage will be 
v(5t) = 0.9933 Voc + 0.0067 v(0) © Voc 


This is the steady-state or forced response. The forced response is of the same form, a constant, as the 
input to the circuit. The sum of the natural and forced responses is the complete response: 


complete response = v(t), forced response = Voc 


and natural response = (v(0) — Voc)e/ 8O 
Next, compare Eqs. 8.3-2 and 8.3-3 to find the solution of the RL circuit in Figure 8.3-2. We see 
that 
L È 
x(t) =i(t), t= R? and K = R 
Making these substitutions in Eq. 8.3-4 gives 
a PV! (8.3-7) 
Again, the complete response is the sum of the forced (steady-state) response and the transient (natural) 
response: 
complete response = i(t), forced response = /,, 
and natural response = (i(0) — Is )e7 */)" 
Try it : f se ct : 
yourself ( ExAmPLE 8.3-1 First-Order Circuit with a Capacitor ) 
in WileyPLUS 


Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-4a. What is the value of the 
capacitor voltage 50 ms after the switch opens? 


Solution 

The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Because the capacitor 
voltage cannot change instantaneously, the capacitor voltage will be 2 volts immediately after the switch opens. 
Therefore, the initial condition is 


v(0) =2V 


Figure 8.3-4b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b, we 
see that 
R,=10kQ and V,.=8V 


The time constant for this first-order circuit containing a capacitor is 
a RCE (10x 10°) (2 x 107°) =20 x 10 1220m; 
Substituting these values into Eq. 8.3-6 gives 
v(t) =8—6e Vv (8.3-8) 
where ¢ has units of ms. To find the voltage 50 ms after the switch opens, let t = 50. Then, 


v(50) = 8 — 6e-*9/ — 7.51 V 
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Figure 8.3-4c shows a plot of the capacitor voltage as a function of time. 


Complete response 


10 
9 = E 
8 
7 
6 
= 
s5 
a 
4 
10 kQ 
3 
p 2 
8v 2uF = v(t) 
Š ae | 
0 | | 
(b) 250 0 50 100 150 
t, ms 
(c) 


FIGURE 8.3-4 (a) A first-order circuit and (b) an equivalent circuit that is valid after the switch opens. (c) A plot of the complete 
response, v(t), given in Eq. 8.3-8. 


Try it . . . . 
yourself ( EXAMPLE 8.3-2 First-Order Circuit with an Inductor ) 
in WileyPLUS 


Find the inductor current after the switch closes in the circuit shown in Figure 8.3-5a. How long will it take for the 
inductor current to reach 2 mA? 


Complete response 
5 | | | 


4 mA D 1000 Q 


(a) 


4 mA D 1000 Q 


(b) “500 5 10 15 2n 
t, US 
(c) 
FIGURE 8.3-5 (a) A first-order circuit and (b) an equivalent circuit that is valid after the switch closes. (c) A plot of the complete 
response, i(t), given by Eq. 8.3-9. 
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Solution 
The inductor current will be 0 A until the switch closes. Because the inductor current cannot change instantaneously, 
it will be 0 A immediately after the switch closes. Therefore, the initial condition is 
i(0) =0 
Figure 8.3-5b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure 8.3-2b, we 
see that 
R,=1000Q and /,,=4mA 


The time constant for this first-order circuit containing an inductor is 


eo 10 
=— => = § x 10° =5 
a 1000 i A 
Substituting these values into Eq. 8.3-7 gives 
i(t) = 4 — 4e™5 mA (8.3-9) 


where ¢ has units of microseconds. To find the time when the current reaches 2 mA, substitute i(t) = 2 mA. Then 
2 = 4 — 4e™ mA 


Solving for t gives 


2—4 
t=-—5xIn (=) = 3.47 us 


Figure 8.3-5c shows a plot of the inductor current as a function of time. 


Try it 7 i . 
yourself ( EXxamPLe 8.3-3 First-Order Circuit ) > INTERACTIVE EXAMPLE 


in WileyPLUS 


The switch in Figure 8.3-6a has been open for a long time, and the circuit has reached steady state before the switch 
closes at time ¢ = 0. Find the capacitor voltage for t > 0. 


Solution 

The switch has been open for a long time before it closes at time t = 0. The circuit will have reached steady state 
before the switch closes. Because the input to this circuit is a constant, all the element currents and voltages will be 
constant when the circuit is at steady state. In particular, the capacitor voltage will be constant. The capacitor 
current will be 


d 
dt 


d 
v(t) = C—(a constant) = 0 


i(t) =C a 


40 kQ 20 kQ 


8V 2 uF v(t) 


(b) (c) 
FIGURE 8.3-6 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0. 
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The capacitor voltage is unknown, but the capacitor current is zero. In other words, the capacitor acts like an open 
circuit when the input is constant and the circuit is at steady state. (By a similar argument, inductors act like short 
circuits when the input is constant and the circuit is at steady state.) 

Figure 8.3-6b shows the appropriate equivalent circuit while the switch is open. An open switch acts like an 
open circuit; thus, the 10-kQ and 30-kQ, resistors are in series. They have been replaced by an equivalent 
40-KQ resistor. The input to the circuit is a constant (12 volts), and the circuit is at steady state; therefore, the 
capacitor acts like an open circuit. The voltage across this open circuit is the capacitor voltage. Because we 
are interested in the initial condition, the capacitor voltage has been labeled as v(0). Analyzing the circuit in Figure 
8.3-6b using voltage division gives 


60 x 10° 


v(0) = 3 
40 x 10° + 60 x 10 


PETN 


Figure 8.3-6c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the 
10-KQ resistor, removing it from the circuit. (A short circuit in parallel with any resistor is equivalent to a short 
circuit.) The part of the circuit that is connected to the capacitor has been replaced by its Thévenin equivalent 
circuit. After the switch is closed, 


60 x 10° 
z 3 z712 = 
30 x 10° + 60 x 10 


ee 8V 
30 x 10° x 60 x 10° 


= 5 7 = 20 x 10? = 20k0 
30 x 10° + 60 x 10 


and R; 


and the time constant is 
T= R CE (20 x 10°) x (2x 10°) =40x O E= Os 
Substituting these values into Eq. 8.3-6 gives 
v(t) = 8 — 0.8e™“ y 


where ¢ has units of ms. 


Try it . . . 
yourself | EXAMPLE 8.3-4 First-Order Circuit | @ 'NTERACTIVE EXAMPLE 


in WileyPLUS 


The switch in Figure 8.3-7a has been open for a long time, and the circuit has reached steady state before the switch 
closes at time t = 0. Find the inductor current for t > 0. 


300 Q 


O 
O 
(b) (c) 


FIGURE 8.3-7 (a) A first-order circuit. The equivalent circuit for (b) t < 0 and (c) t > 0. 
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Solution 
Figure 8.3-7b shows the appropriate equivalent circuit while the switch is open. The 100-Q and 200-0 resistors are 
in series and have been replaced by an equivalent 300-0. resistor. The input to the circuit is a constant (12 volts), 
and the circuit is at steady state; therefore, the inductor acts like a short circuit. The current in this short circuit is the 
inductor current. Because we are interested in the initial condition, the initial inductor current has been labeled as 
i(0). This current can be calculated using Ohm’s law: 

i(0) = be = 40 mA 

300 

Figure 8.3-7c shows the appropriate equivalent circuit after the switch closes. Closing the switch shorts out the 
100-Q resistor, removing it from the circuit. The part of the circuit that is connected to the inductor has been 
replaced by its Norton equivalent circuit. After the switch is closed, 


Hee == 60mA and R, = 2000 
and the time constant is 
ca E % 10° = 25ers 
R 200 


Substituting these values into Eq. 8.3-7 gives 
i(t) = 60 — 20e™/ mA 


where ¢ has units of microseconds. 


Try it 
yourself ( EXAMPLE 8.3-5 First-Order Circuit ) 


in WileyPLUS 


The circuit in Figure 8.3-8a is at steady state before the switch opens. Find the current i(f) for t > 0. 


i= 0) 60 kQ valt) 30 kQ 60 kQ 
Q 
+ + 
2uF v(t) 4V 2uF v(t) 
i(t) = F 
(b) (c) 


FIGURE 8.3-8 (a) A first-order circuit, (b) the circuit after the switch opens, and (c) the equivalent circuit after the switch opens. 


Solution 
The response or output of a circuit can be any element current or voltage. Frequently, the response is not the 
capacitor voltage or inductor current. In Figure 8.3-8a, the response is the current i(f) in a resistor rather than 
the capacitor voltage. In this case, two steps are required to solve the problem. First, find the capacitor voltage using 
the methods already described in this chapter. Once the capacitor voltage is known, write node or mesh equations to 
express the response in terms of the input and the capacitor voltage. 

First we find the capacitor voltage. Before the switch opens, the capacitor voltage is equal to the voltage of the 
2-volt source. The initial condition is 

v(0) =2V 

Figure 8.3-8b shows the circuit as it will be after the switch is opened. The part of the circuit connected to the 
capacitor has been replaced by its Thévenin equivalent circuit in Figure 8.3-8c. The parameters of the Thévenin 
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equivalent circuit are 
60 x 10° 
3 3 = 
60 x 10° + 60 x 10 
60 x 10° x 60 x 10° 


and R, = 30 x 10° 4 ; z= 60 x 10° = 60 KQ 
60 x 10° + 60 x 10 


Ve = 4V 


The time constant is 
a8 C — 60 x 10°) (2 < 10°) = 0 ie 
Substituting these values into Eq. 8.3-6 gives 
v(t) = 4 — Je Vy 
where ¢ has units of ms. 
Now that the capacitor voltage is known, we return to the circuit in Figure 8.3-8b. Notice that the node 


voltage at the middle node at the top of the circuit has been labeled as v, (1). The node equation corresponding to this 
node is 


va(t) — 8 valt) valt) — v(t) 
60x 10° 60x10 30x 10? 
Substituting the expression for the capacitor voltage gives 


va(t) — 8 valt) valt) — (4 = oe 
ae 3 + 5 =10 
60x 10° 60 x 10 30 x 10 


or v(t) — 8 + v(t) + 2|va(t) z (4 = Ege =0 


Solving for v,(4), we get 


8 +.2(4 — 261/170 
1 ee ee 
4 
Finally, we calculate i(t) using Ohm’s law: 
(A) v,(t) AL e7t/120 
ry = = 
60x 10° O 10° 


a oe (/120 y 


= 66.7 — 16.7e-/ 9 uA 


where ¢ has units of ms. 


ExamPLE 8.3-6 First-Order Circuit with tọ £0 


Find the capacitor voltage after the switch opens in the circuit shown in Figure 8.3-9a. What is the value of the 
capacitor voltage 50 ms after the switch opens? 


Solution 
This example is similar to Example 8.3-1. The difference between the two examples is the time at which the switch 
opens. The switch opens at time ż = 0 in Example 8.3-1 and at time t = 50 ms = 0.05 s in this example. 
The 2-volt voltage source forces the capacitor voltage to be 2 volts until the switch opens. Consequently, 
v(t) =2V for t< 0.055 


In particular, the initial condition is 
v(0.05) =2V 


Figure 8.3-9b shows the circuit after the switch opens. Comparing this circuit to the RC circuit in Figure 8.3-1b, 
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Complete response 


10 , 
9 = — 
8 
7 
6 
= 
z5 
a 
4 
10 kQ 
3 
p 2 
8V 2 uF v(t) 
e rE A 
0 | | 
(b) -50 (0) 50 100 150 
t, ms 
(c) 


FIGURE 8.3-9 (a) A first-order circuit and (b) an equivalent circuit that is valid after the switch opens. (c) A plot of the complete 
response, v(t), given by Eq. 8.3-10. 
we see that 

R,=10kQ and V..=8V 
The time constant for this first-order circuit containing a capacitor is 

T= hiG— (0102055 

A plot of the capacitor voltage in this example will have the same shape as did the plot of the capacitor voltage in 
Example 8.3-1, but the capacitor voltage in this example will be delayed by 50 ms because the switch opened 50 ms 


later. To account for this delay, we replace t by t — 50 ms in the equation that represents the capacitor voltage. 
Consequently, the voltage of the capacitor in this example is given by 


v(t) = 8 — 6e7¢-50)/20 vy (8.3-10) 


where ¢ has units of ms. (Compare Eq. 8.3-8 and 8.3-10.) To find the voltage 50 ms after the switch opens, let 

t = 100 ms. Then, 
v(100) = 8 — 6e~(10-50)/20 _ 7,51 V 

The value of the capacitor voltage 50 ms after the switch opens is the same here as it was in Example 8.3-1. Figure 

8.3-9c shows a plot of the capacitor voltage as a function of time. As expected, this plot is a delayed copy of the plot 

shown in Figure 8.3-4c. 


ExamPLe 8.3-7 First-Order Circuit with t, £0 


Find the inductor current after the switch closes in the circuit shown in Figure 8.3-10a. How long will it take for the 
inductor current to reach 2 mA? 


Solution 
This example is similar to Example 8.3-2. The difference between the two examples is the time at which the switch 
closes. The switch closes at time t = 0 in Example 8.3-2 and at time ¢ = 10 ys in this example. 
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Complete response 


5 | | 
n= a 
O O | io 
4mA(f) 1000 Q 5 mH 
T 
E 
(a) S 
po 
4mA(}) 1000Q 5 mH 
| | | | | | | | 
(b) -5 0 5 10 15) oe O 
t, 4S 
(c) 


FIGURE 8.3-10 (a) A first-order circuit and (b) an equivalent circuit that is valid after the switch closes. (c) A plot of the complete 
response, i(f), given by Eq. 8.3-11. 


The inductor current will be 0 A until the switch closes. Because the inductor current cannot change 
instantaneously, it will be 0 A immediately after the switch closes. Therefore, the initial condition is 
i(10 us) =0A 


Figure 8.3-10b shows the circuit after the switch closes. Comparing this circuit to the RL circuit in Figure 
8.3-2b, we see that 


R,=1000Q and /,,=4mA 

The time constant for this first-order circuit containing an inductor is 

E Slo 

rae ON = 5 x 107 = 5 us 

R 1000 
A plot of the inductor current in this example will have the same shape as did the plot of the inductor current in 
Example 8.3-2, but the inductor current in this example will be delayed by 10 us because the switch closed 10 us 
later. To account for this delay, we replace t by t—10 us in the equation that represents the inductor current. 
Consequently, the current of the inductor in this example is given by 

i(t) = 4 — 4e- 197 mA (8.3-11) 

where ¢ has units of microseconds. (Compare Eq. 8.3-9 and 8.3-11.) To find the time when the current reaches 
2 mA, substitute i(t) = 2 mA. Then 


2 = 4 — 4e-" 19/5 mA 


2—4 
i= 5 1n( ) + 10 = 13.47 us 
Solving for f gives 4 


Because the switch closes at time 10 us, an additional time of 3.47 us after the switch closes is required for the value 
of the current to reach 2 mA. Figure 8.3-10c shows a plot of the inductor current as a function of time. As expected, 
this plot is a delayed copy of the plot shown in Figure 8.3-5c. 
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( ExAMPLE 8.3-8 Exponential Response of a First-Order Circuit ) 


Figure 8.3-11a shows a plot of the voltage across the inductor in Figure 8.3-11b. 


aE 
= (0.14, 2) 
S 2} 
a 
(0) L 
o 0.2 04 06 
GS Ps 
FIGURE 8.3-11 (a) A first-order circuit 
(a) (b) and (b) a plot of the inductor voltage. 


(a) Determine the equation that represents the inductor voltage as a function of time. 
(b) Determine the value of the resistance R. 
(c) Determine the equation that represents the inductor current as a function of time. 


Solution 
(a) The inductor voltage is represented by an equation of the form 


D fort <0 
() = ee fort > 0 
where D, E, F, and a are unknown constants. The constants D, E, and F are described by 
D=v(t) whent<0, E= Jim v(t), and E+F= jim v(t) 


From the plot, we see that 
D=0,E=0, and E+F=4V 


0 fort <0 
Consequently, A ee — >0 


To determine the value of a, we pick a time when the circuit is not at steady state. One such point is labeled on 
the plot in Figure 8.3-11. We see v (0.14) = 2 V; that is, the value of the voltage is 2 volts at time 0.14 seconds. 
Substituting these into the equation for v(t) gives 


In(0.5) 
2 = 4e-4(0.14) = =) 
e Sa eon 
0 fort <0 
Consequently, v(t) = de fort >0 


(b) Figure 8.3-12a shows the circuit immediately after the switch opens. In Figure 8.3-12b, the part of the circuit 
connected to the inductor has been replaced by its Thévenin equivalent circuit. 
The time constant of the circuit is given by 
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(b) 
FIGURE 8.3-12 (a) The first-order circuit after the switch opens. FIGURE 8.3-13 The first-order circuit before the 
(b) An equivalent circuit. switch opens. 
a š f t 
Also, the time constant is related to the exponent in v(t) by —5t = ——. Consequently, 
T 
IRES 
=-= —— > R=15Q0 

T 4 

(c) The inductor current is related to the inductor voltage by 


i(t) = if v(t)dt + i(0) 


Figure 8.3-13 shows the circuit before the switch opens. The closed switch is represented by a short circuit. 
The circuit is at steady state, and the voltage sources have constant voltages, so the inductor acts like a short 


circuit. The inductor current is given by 
6 
i(t) =— = 0.4A 
AO a 


In particular, i(0—) = 0.4 A. The current in an inductor is continuous, so i(0+) = i(0—). Consequently, 
i(0) =0.4A 


Returning to the equation for the inductor current, after the switch opens, we have 


f l 
IIS f 4e™™ dt + 0.4 = = (e-* — 1) +0.4 = 0.6 — 0.2e-7 


In summary, i(t) = { 0.4 fort <0 


0.6—0.2e-* fort >0 


EXERCISE 8.3-1 The circuit shown in Figure E 8.3-1 is at steady state before the switch closes at time t = 0. 
Determine the capacitor voltage v(t) for t > 0. 
3Q 6Q 


FIGURE E 8.3-1 


Answer: v(t) = 2 + e°" V for t > 0 
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EXERCISE 8.3-2 The circuit shown in Figure E 8.3-2 is at steady state before the switch closes at 
time ¢ = 0. Determine the inductor current i(f) for t > 0. 


3Q 6Q 


FIGURE E 8.3-2 


1 1 
Answer: i(t) = at oo A fort > 0 


8.4 Sequential Switching 


Often, circuits contain several switches that are not switched at the same time. For example, a circuit 
may have two switches where the first switch changes state at time t = 0 and the second switch closes at 
t= 1 ms. 


Sequential switching occurs when a circuit contains two or more switches that change state at 
different instants. 


Circuits with sequential switching can be solved using the methods described in the previous sections, 
based on the fact that inductor currents and capacitor voltages do not change instantaneously. 

As an example of sequential switching, consider the circuit shown in Figure 8.4-1a. This circuit 
contains two switches—one that changes state at time tf = 0 and a second that closes at t = 1 ms. 
Suppose this circuit has reached steady state before the switch changes state at time t = 0. Figure 
8.4-1b shows the equivalent circuit that is appropriate for t < 0. Because the circuit is at steady state and 
the input is constant, the inductor acts like a short circuit and the current in this short circuit is the 


1=0 t=1ms 


2a 10A(f) | a 22 


) ( 
c) (d) 


t) 

( 
FIGURE 8.4-1 (a) A circuit with sequential switching. (b) The equivalent circuit before t = 0. (c) The equivalent circuit 
for 0 <t< 1 ms. (d) The equivalent circuit after t = 1 ms. 


(a b) 


2 mH Ji 
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inductor current. The short circuit forces the voltage across the resistor to be zero, so the current in the 
resistor is also zero. As a result, all of the source current flows in the short circuit and 


i(t)=10A t<0 


The inductor current will be 10 A immediately before the switch changes state at time t= 0. We express 
this as 


i(07) = 10A 


Because the inductor current does not change instantaneously, the inductor current will also be 10 A 
immediately after the switch changes state. That is, 


i(0*) = 10A 
This is the initial condition that is used to calculate the inductor current after t = 0. Figure 
8.4-1c shows the equivalent circuit that is appropriate after one switch changes state at time t = 0 


and before the other switch closes at time t = 1 ms. We see that the Norton equivalent of the part of the 
circuit connected to the inductor has the parameters 


Ig =OA and R=20 
The time constant of this first-order circuit is 


L 2x 10-3 
t= = =1x 103 = 1 ms 
The inductor current is 
i(t) = i(0)e™"" = 10e A 


for 0 < t< 1 ms. Notice that żt has units of ms. Immediately before the other switch closes at time t = 1 
ms, the inductor current will be 


i(1~) = 10e™! = 3.68 A 


Because the inductor current does not change instantaneously, the inductor current will also be 3.68 A 
immediately after the switch changes state. That is, 


i(1*) =3.68A 


This is the initial condition that is used to calculate the inductor current after the switch closes at time 
t= | ms. Figure 8.4-1d shows the appropriate equivalent circuit. We see that the Norton equivalent of 
the part of the circuit connected to the inductor has the parameters 


Ig. =OA and R=10 
The time constant of this first-order circuit is 


L 2x10% 
tz ln axi Ims 
R 1 


The inductor current is 
=m t = 3,68 -D?2 A 


for 1 ms < t. Once again, t has units of ms. Also, fo denotes the time 
when the switch changes state—1 ms in this example. 

Figure 8.4-2 shows a plot of the inductor current. The time 
constant changes when the second switch closes. As a result, the slope t (ms) 
of the plot changes at t= 1 ms. Immediately before the switch closes, FIGURE 8.4-2 Current waveform for t > 0. The 
the slope is —3.68 A/ms. Immediately after the switch closes, the slope exponential has a different time constant for 0 < t < tı 
becomes —3.68/2 A/ms. and for t > tı where tı = 1 ms. 
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8.5 Stability of First-Order Circuits 


We have shown that the natural response of a first-order circuit is 
x(t) = Ke" 
and that the complete response is the sum of the natural and forced responses: 
x(t) = xXn(t) + x¢(t) 


When t > 0, the natural response vanishes as t — 0, leaving the forced response. In this case, the circuit is 
said to be stable. When t < 0, the natural response grows without bound as t — 0. The forced response 
becomes negligible, compared to the natural response. The circuit is said to be unstable. When a circuit is 
stable, the forced response depends on the input to the circuit. That means that the forced response contains 
information about the input. When the circuit is unstable, the forced response is negligible, and this 
information is lost. In practice, the natural response of an unstable circuit is not unbounded. This response 
will grow until something happens to change the circuit. Perhaps that change will be saturation of an 
op amp or of a dependent source. Perhaps that change will be the destruction of a circuit element. In most 
applications, the behavior of unstable circuits is undesirable and is to be avoided. 

How can we design first-order circuits to be stable? Recalling that t = R,C or t = L/R, we see that 


R, > 0 is required to make a first-order circuit stable. 


This condition will always be satisfied whenever the part of the circuit connected to the capacitor or 
inductor consists of only resistors and independent sources. Such circuits are guaranteed to be stable. In 
contrast, a first-order circuit that contains op amps or dependent sources may be unstable. 


( ExamPLE 8.5-1 Response of an Unstable First-Order Circuit 


The first-order circuit shown in Figure 8.5-la is at steady state before the switch closes at t = 0. This circuit 
contains a dependent source and so may be unstable. Find the capacitor voltage v(t) for t > 0. 


FIGURE 8.5-1 (a) A first- 
order circuit containing a 
dependent source. (b) The 
circuit used to calculate the 
initial condition. (c) The 
circuit used to calculate 
Voc- (d ) The circuit used to 
calculate R;. 
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Solution 
The input to the circuit is a constant, so the capacitor acts like an open circuit at steady state. We calculate the initial 
condition from the circuit in Figure 8.5-1b. Applying KCL to the top node of the dependent current source, we get 


= a 22 = 
Therefore, i = 0. Consequently, there is no voltage drop across the resistor, and 
v(0) = 12 V 
Next, we determine the Thévenin equivalent circuit for the part of the circuit connected to the capacitor. This 


requires two calculations. First, calculate the open-circuit voltage, using the circuit in Figure 8.5-1c. Writing a KVL 
equation for the loop consisting of the two resistors and the voltage source, we get 


12 = (5 x 10°) x i+ (10 x 10°) x (i — 2i) 
Solving for the current, we find 
i= —2.4 mA 
Applying Ohm’s law to the 10-KQ resistor, we get 
Voc = (10 x 10°) x (2) = 24V 

Now calculate the Thévenin resistance using the circuit shown in Figure 8.5-1d. Apply KVL to the loop consisting 
of the two resistors to get 

0 = (5 x 10°) x i+ (10 x 10°) x (Ir +i- 2i) 
Solving for the current, 

i= 2Iy 

Applying Ohm’s law to the 10-KQ resistor, we get 

Vr = 10 x 10° x (Ir +i— 2i) = -10 x 10° x Ir 
The Thévenin resistance is given by 


Fee een 
It 


The time constant is 
t = RC = —20 ms 
This circuit is unstable. The complete response is 
v(t) = 24 — 12 e" 
The capacitor voltage decreases from v(0) = 12 V rather than increasing toward vs = 24 V. Notice that 


uea) = lim v(t) = —oo 


It’s not appropriate to refer to the forced response as a steady-state response when the circuit is unstable. 


( ExAMPLE 8.5-2 Designing First-Order Circuits to be Stable ) 


The circuit considered in Example 8.5-1 has been redrawn in Figure 8.5-2a, with the gain of the dependent 
source represented by the variable B. What restrictions must be placed on the gain of the dependent source to 
ensure that it is stable? Design this circuit to have a time constant of +20 ms. 
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Solution 
Figure 8.5-2b shows the circuit used to calculate R,. Applying 
KVL to the loop consisting of the two resistors, 
5x 10? xi+Vr=0 
Solving for the current gives 
es 10 
Applying KCL to the top node of the dependent source, we get 
Vr 

iO 10? 


0 i 
Combining these equations, we get 5 kQ 
= im : =) oe É Doug hg i 
(b) 


The Thévenin resistance is given by 


Bi] 


Ir= 


Vr 10 x 10° 


R, = — = -—— FIGURE 8.5-2 (a) A first-order circuit containing a 
ie 2B 3 dependent source. (b) The circuit used to calculate 
The condition B < 3/2 is required to ensure that R, is positive and the Thévenin resistance of the part of the circuit 
the circuit is stable. connected to the capacitor. 
To obtain a time constant of +20 ms requires 
a 20 x 100° 
R =-=- = 10x 10 = 10kO 
C 2x 10 
which in turn requires 
Tee 10 x 10° 
x = —-——. 
2B-3 


Therefore B = 1. This suggests that we can fix the unstable circuit by decreasing the gain of the dependent source 
from 2 A/A to 1 A/A. 


8.6 The Unit Step Source 


The unit step function provides a convenient way to represent an 
abrupt change in a voltage or current. 

1 We define the unit step function as a function of time that is zero 
for t < tọ and unity for t > tọ. At t = tọ, the value changes from zero to 
one. We represent the unit step function by u(t — to), where 


u(t — to) 


0 t<t 
o to ‘= u(t — to) = { i 2s i (8.6-1) 
0 
FIGURE 8.6-1 Unit step forcing function, u(t — to). 
The value of u(t — tọ) is not defined at t = tọ, where it switches instantaneously from a value of zero to 
one. The unit step function is shown in Figure 8.6-1. We will often consider tọ = 0. 


The unit step function is dimensionless. To represent a voltage that changes abruptly from one 
constant value to another constant value at time t = tọ, we can write 


v(t) =A + Bu(t — to) 
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A t<to 
A+B t>t 


$ 


which indicates that v(t) = { 


A+Bu(t - to) v(t) 


where A and B have units of Volt. Figure 8.6-2 shows a voltage source having this voltage. 


It is worth noting that u(—t) indicates that we have a value of 1 for t < 0, so that 
FIGURE 8.6-2 Symbol 


for a voltage source 


u(—t) = 1 ¢<0 having a voltage that 
~ 10 t>0 changes abruptly at time 
t= fo. 
v v 
Vo vH i 
| 
| 
| 
= 
to th t — to | t — 
| 
FIGURE 8.6-3 (a) 
| Vok | Rectangular voltage pulse. 
(b) Two-step voltage 
waveforms that yield the 
(a) (b) voltage pulse. 


Let us consider the pulse source 


0 t < to 
v(t) = $ Vo to<t<h Voult - to) 
0 t<i 


which is shown in Figure 8.6-3a. As shown in Figure 8.6-3b, the pulse can be obtained from Voult- t) 
two-step voltage sources, the first of value Vo occurring at t = to and the second equal to — Vo 

occurring at f = tı. Thus, the two-step sources of magnitude Vo shown in Figure 8.6-4 will 

yield the desired pulse. We have v(t) = Vou(t — to)—Vou(t — tı) to provide the pulse. Notice Shae en 

how easy it is to use two-step function symbols to represent this pulse source. The pulse is said Twozstep voltage sources 
to have a duration of (tı—to) s. 


that yield a rectangular 
voltage pulse v(t) with a 
magnitude of Vo anda 


A pulse signal has a constant nonzero value for a time duration of A, = tı—to. aes an ~ to) 
where to f: 


We recognize that the unit step function is an ideal model. No real element can switch 
instantaneously. However, if the switching time is very short compared to the time constant of the 
circuit, we can approximate the switching as instantaneous. 


Try it 3 . i 
yourself ( ExamĪmPLE 8.6-1 First-Order Circuit ) @® INTERACTIVE EXAMPLE 
20 2 


in WileyPLUS 


Figure 8.6-5 shows a first-order circuit. The input to the circuit is the voltage of 
the voltage source, v(t). The output is the current of the inductor, i(t). Determine 
the output of this circuit when the input is v(t) = 4 — 8u(t) V. 


FIGURE 8.6-5 The circuit 
considered in Example 8.6-1. 
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20Q 


aR 


FIGURE 8.6-6 Circuits used to calculate the steady-state FIGURE 8.6-7 The circuit used to calculate R,. 
response (a) before t = 0 and (b) after t = 0. 


Solution 
The value of the input is one constant, 4 V, before time t = 0 and a different constant, —4 V, after time t = 0. The 


response of the first-order circuit to the change in the value of the input will be 
io(t) =A+Be“ for t>0 (8.6-2) 
where the values of the three constants A, B, and a are to be determined. 
The values of A and B are determined from the steady-state responses of this circuit before and after the input 
changes value. Figures 8.6-6a,b show the circuits used to calculate those steady-state responses. Figures 


8.6-6a,b require some explanation. 
Inductors act like short circuits when the input is constant and the circuit is at steady state. Consequently, the 


inductor is replaced by a short circuit in Figure 8.6-6a and in Figure 8.6-6b. 
The value of the inductor current at time t = 0 will be equal to the steady-state inductor current before the 


input changes. At time t = 0, the output current is 
ip(0) = A + Be) =A+B 

Consequently, the inductor current is labeled as A + B in Figure 8.6-6a. 

The value of the inductor current at time t = oo will be equal to the steady-state inductor current after the 
input changes. At time t = oo, the output current is 

ip(C0) =A+Be 4) =A 

Consequently, the inductor current is labeled as A in Figure 8.6-6b. 

Analysis of the circuit in Figure 8.6-6a gives 


A+B=0.2A 
Analysis of the circuit in Figure 8.6-6b gives 
A = —0.2 A 
Therefore, B = 0.4 A 


The value of the constant a in Eq. 8.6-2 is determined from the time constant, t, which in turn is calculated from the 
values of the inductance L and of the Thévenin resistance, R, of the circuit connected to the inductor. 


1 I, 
Ss 
a R 
Figure 8.6-7 shows the circuit used to calculate R,. It is seen from Figure 8.6-7 that 
R; = 20 Q 
20 1 
Therefore, a=— = 2- 
10 s 


(The time constant is t = 10/20 = 0.5 s.) Substituting the values of A, B, and a into Eq. 8.6-2 gives 


Ba) 0.2A for t< 0 
WI | OVAOACH#A ior 7 =O 
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Try it : . . 
yourself ( ExamĪmPLE 8.6-2 First-Order Circuit ) @ = 'NTERACTIVE EXAMPLE 


in WileyPLUS 


Figure 8.6-8 shows a first-order circuit. The input to the circuit is the 


voltage of the voltage source, v(t). The output is the voltage across O 
the capacitor, v,(t). Determine the output of this circuit when the input is + 
v(t) = 7—14u(?) V. ve) È) 460 mF == volt) 


FIGURE 8.6-8 The circuit considered in 
Example 8.6-2. 


Solution 
The value of the input is one constant, 7 V, before time t = 0 and a 
different constant, —7 V, after time t = 0. The response of the first-order 
circuit to the change in the value of the input will be 

vo(t) =A+Be for t>0 (8.6-3) 
where the values of the three constants A, B, and a are to be determined. 

The values of A and B are determined from the steady-state responses of this circuit before and after the input 
changes value. Figures 8.6-9a, b show the circuits used to calculate those steady-state responses. Figures 8.6-9a, b 
require some explanation. 

Capacitors act like open circuits when the input is constant and the circuit is at steady state. Consequently, the 
capacitor is replaced by an open circuit in Figure 8.6-9a and in Figure 8.6-9b. 


The value of the capacitor voltage at time t = 0 will be equal to the steady-state capacitor voltage before the 
input changes. At time ¢ = 0, the output voltage is 


vo(0) = A+ Be“) =A +B 
Consequently, the capacitor voltage is labeled as A + B in Figure 8.6-9a. 


The value of the capacitor voltage at time t = oo will be equal to the steady-state capacitor voltage after the 
input changes. At time t = oo, the output voltage is 


volo) = A + Be) = A 


Consequently, the capacitor voltage is labeled as A in Figure 8.6-9b. 
Apply the voltage division rule to the circuit in Figure 8.6-9a to get 


A+B= x 7 = 4.38 V 
35 
Apply the voltage division rule to the circuit in Figure 8.6-9b to get 
5 
A= x (—7) = —4.38 V 
BES n 
Therefore, B=8.76V 


The value of the constant a in Eq. 8.6-3 is determined from the time constant t, which in turn is 
calculated from the values of the capacitance C and of the Thévenin resistance R, of the circuit connected to 
the capacitor: 


3Q 
O 
5Q se R; 
O 
FIGURE 8.6-9 Circuits used to calculate the steady-state FIGURE 8.6-10 The circuit used to calculate R,. 


response (a) before t = 0 and (b) after t = 0. 
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1 
=== RC 
a 


Figure 8.6-10 shows the circuit used to calculate R,. It is seen from Figure 8.6-10 that 


Therefore, 


(5)(3) 


RO = 187 
=o 875 
1 1 
a= —~ = 1.16 
(1.875) (460 x 107-7) s 


(The time constant is t = (1.875)(460 x 107°) = 0.86 s.) Substituting the values of A, B, and a into Eq. 8.6-3 gives 


—4.38 V for t< 0 
Vo(t) = Sie 
438 876e =" V for t>0 


8.7 The Response ofa First-Order Circuit to 
a Nonconstant Source 


In the previous sections, we wisely used the fact that the forced response to a constant source will be a 
constant itself. It now remains to determine what the response will be when the forcing function is not 
a constant. 
The differential equation described by an RL or RC circuit is represented by the general form 
dx(t 
ato + ax(t) = y(t) (8.7-1) 
where y(f) is a constant only when we have a constant-current or constant-voltage source and where 
a = 1/t is the reciprocal of the time constant. 
In this section, we introduce the integrating factor method, which consists of multiplying Eq. 8.7-1 
by a factor that makes the left-hand side a perfect derivative, and then integrating both sides. 
Consider the derivative of a product of two terms such that 
d d. d. 
J (e) = S e” + axe” = (z + ax) e” (8.7-2) 
The term within the parentheses on the right-hand side of Eq. 8.7-2 is exactly the form on the left- 
hand side of Eq. 8.7-1. 
Therefore, if we multiply both sides of Eq. 8.7-1 by e”, the left-hand side of the equation can be 
represented by the perfect derivative, d(xe“’)/dt. Carrying out these steps, we show that 


d. 
(G+ ax) et! = ye“ 


or & a — ajpat 
P7 (xe) = ye 


Integrating both sides of the second equation, we have 


y = / ye"dt + K 


—at 


where K is a constant of integration. Therefore, solving for x(t), we multiply by e “ to obtain 


pce J ye”dt + Ke“ (8.7-3) 
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When the source is a constant so that y(t) = M, we have 
—at at —at M —at 
x=e°M | e dt+ Ke“ = — + Ke“ = xt +x 
a 


where the natural response is x, = Ke “ and the forced response is xp = M/a, a constant. 
Now consider the case in which y(f), the forcing function, is not a constant. Considering Eq. 8.7-3, 
we see that the natural response remains x, = Ke “’. However, the forced response is 


Xp = em f sine" dt 


Thus, the forced response will be dictated by the form of y(t). Let us consider the case in which y(f) is 
an exponential function so that y(t) = e”. We assume that (a + b) is not equal to zero. Then we have 


1 bt 
ee em f erat Z em f dear — oe = F (8.7-4) 


Therefore, the forced response of an RL or RC circuit to an exponential forcing function is of the 
same form as the forcing function itself. When a + b is not equal to zero, we assume that the forced 
response will be of the same form as the forcing function itself, and we try to obtain the relationship 
that will be satisfied under those conditions. 


EXAMPLE 8.7-1 First-Order Circuit with Nonconstant Source ) 


Find the current i for the circuit of Figure 8.7-la for t > 0 when 
te ier ay 


Assume the circuit is in steady state at t = O`. 


5Q 42 


itd | E (*) lov i | 


(b) (c) 


FIGURE 8.7-1 (a) A circuit with a nonconstant source, (b) the appropriate equivalent circuit after the switch opens, and (c) the 
appropriate equivalent circuit before the switch opens. 


Solution 
Because the forcing function is an exponential, we expect an exponential for the forced response is. Therefore, we 
expect ip to be 


i Bee! 
for t > 0. Writing KVL around the right-hand mesh, we have 
di 
LS + Ri = v, 
di 
or Z 4 = 10e” 
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for t > 0. Substituting i; = Be~”, we have 
—2Be~* + 4Be~*' = 10e77 
or (—2B + 4B)e** = 102 ** 


Hence, B = 5 and ip = Se! 


The natural response can be obtained by considering the circuit shown in Figure 8.7-1b. This is the equivalent 
circuit that is appropriate after the switch has opened. The part of the circuit that is connected to the inductor has 
been replaced by its Norton equivalent circuit. The natural response is 


in = Ae E/H = Ae“ 
The complete response is 
i= in tip = Ae“ + 5e” 


The constant A can be determined from the value of the inductor current at time t = 0. The initial inductor current 
i(0) can be obtained by considering the circuit shown in Figure 8.7-1c. This is the equivalent circuit that is appropriate 
before the switch opens. Because v(t) = 0 for t < 0 and a zero voltage source is a short circuit, the voltage source 
at the right side of the circuit has been replaced by a short circuit. Also, because the circuit is at steady state before 
the switch opens and the only input is the constant 10-volt source, the inductor acts like a short circuit. The current 
in the short circuit that replaces the inductor is the initial condition i(0). From Figure 8.7-1c, 


10 
(0) =~ =2A 


Therefore, at t = 0, 
i(0) = Ae**9 a 5e2%0 = A a 5 
or 2=A+5 


or A = —3. Therefore, i= (-3e %+5e~)A t>0 


The voltage source of Example 8.7-1 is a decaying exponential of the form 
vs = 10e-*u(t) V 


This source is said to be aperiodic (nonperiodic). A periodic source is one that repeats itself exactly after a 
fixed length of time. Thus, the signal ff) is periodic if there is a number T such that for all t 


ft+T) =f) (8.7-5) 


The smallest positive number T that satisfies Eq. 8.7-5 is called the period. The period defines the 
duration of one complete cycle of f(t). Thus, any source for which there is no value of T satisfying Eq. 
8.7-5 is said to be aperiodic. An example of a periodic source is 10 sin 27, which we consider in Example 
8.7-2. The period of this sinusoidal source is 7 s. 
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EXAMPLE 8.7-2 First-Order Circuit with Nonconstant Source ) 


Find the response v(t) for t > 0 for the circuit of Figure 8.7-2a. The initial voltage v(0) = 0, and the current source 
is i, = (10 sin 2A)u(t) A. 


i(t) FES UO) 4i (t) 


FIGURE 8.7-2 (a) A circuit with a nonconstant source. 
(b) (b) The equivalent circuit for t > 0. 


Solution 
Because the forcing function is a sinusoidal function, we expect that vpis of the same form. Writing KCL at node a, 
we obtain 


dv v 
oF R ls 
or e n (8.7-6) 
di A 


for t > 0. We assume that vp will consist of the sinusoidal function sin 2t and its derivatives. 
Examining Eq. 8.7-6, v;/4 plus 0.5 dv;/dt must equal 10 sin 2t. However, d(sin 2f)/dt = 2 cos 2t. Therefore, 
the trial vf needs to contain both sin 2f and cos 2¢ terms. Thus, we try the proposed solution 


ve = A sin 2t + B cos 2t 
The derivative of vç is then 


a = 2A cos 2t — 2B sin 2t 


Substituting vp and dv;/dt into Eq. 8.7-6, we obtain 


1 
(A cos 2t — B sin 2t) +714 sin 2t + B cos 2t) = 10 sin 2t 


Therefore, equating sin 2¢ terms and cos 2f terms, we obtain 


(7-2) =10 and (4+3) =0 


Solving for A and B, we obtain 


40 —160 
ae ae 
40 . 160 
Consequently, w= sin 2t — 7 cos 2t 


It is necessary that vp be made up of sin 2t and cos 2t because the solution has to satisfy the differential equation. 
Of course, the derivative of sin œt is œ cos ot. 

The natural response can be obtained by considering the circuit shown in Figure 8.7-2b. This is the equivalent 
circuit that is appropriate for t > 0. The part of the circuit connected to the capacitor has been replaced by its 
Thévenin equivalent circuit. The natural response is 


Ya = DEO = Det? 
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The complete response is then 


Then the complete response is 


40 160 
V= Vat ve = De? 4 sin 2t cos 2t 
ae 17 17 
Because v(0) = 0, we obtain at t = 0 
160 
0 = D-— 
17 
= 160 
a7 
160 _, /2 40 . 
P= e | sin 2t cos 2t | V 
( ily; li 
Table 8.7-1 Forced Response to a Forcing Function 
FORCING FUNCTION, y(t) FORCED RESPONSE, x(t) 
1. Constant 
yO) =M xX = N, a constant 
2. Exponential 
y(t) = Me™ xe = Ne? 
3. Sinusoid 
y(t) = M sin (wt+0) xe =A sin œt + B cos wt 


A special case for the forced response of a circuit may occur when the forcing function is a damped 
exponential when we have y(t) = e™™. Referring back to Eq. 8.7-4, we can show that 


et 


a—b 
when y(t) = e ”' Note that here we have e™™ whereas we used e” for Eq. 8.7-4. For the special case 
when a = b, we have a — b = 0, and this form of the response is indeterminate. For the special case, 
we must use x» = te” as the forced response. The solution x; for the forced response when a = b 
will satisfy the original differential Eq. (8.7-1). Thus, when the natural response already contains a 
term of the same form as the forcing function, we need to multiply the assumed form of the forced 
response by t. 

The forced response to selected forcing functions is summarized in Table 8.7-1. We note that if 
a circuit is linear, at steady state, and excited by a single sinusoidal source having frequency œ, then 
all the element currents and voltages are sinusoids having frequency œ. 


Xp = 


EXERCISE 8.7-1 The electrical power plant for the orbiting space station shown in Figure 
E 8.7-1a uses photovoltaic cells to store energy in batteries. The charging circuit is modeled by the 
circuit shown in Figure E 8.7-1b, where v, = 10 sin 20t V. If v(0`) = 0, find w(t) for t > 0. 
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10Q 
FIGURE E 8.7-1 (a) The NASA 


space station design shows the 
10 mF v longer habitable modules that 
would house an orbiting scientific 
laboratory. (b) The circuit for 
(a) (b) energy storage for the laboratories. 
Courtesy of the National Aeronautics and Space Administration 


Answer: v = 4 e™'™ — 4 cos 20t + 2 sin 20t V 


8.8 Differential Operators 


In this section, we introduce the differential operator s. 
An operator is a symbol that represents a mathematical operation. We can define a differential 
operator s such that dx g Px 


sx=— and sx=—— 
dt dt? 


Thus, the operator s denotes differentiation of the variable with respect to time. The utility of the 
operator s is that it can be treated as an algebraic quantity. This permits the replacement of differential 
equations with algebraic equations, which are easily handled. 

Use of the s operator is particularly attractive when higher-order differential equations are 
involved. Then we use the s operator, so that 


d"x 
s"x =——  forn>0 
dt" 
We assume that n = 0 represents no differentiation, so that 
0 
s =l 


which implies s°x = x. 
Because integration is the inverse of differentiation, we define 


1 t 
a= | x dt (8.8-1) 


S oo 
The operator 1/s must be shown to satisfy the usual rules of algebraic manipulations. Of these rules, 
the commutative multiplication property presents the only difficulty. Thus, we require 
1 1 
s:-=-—-s=1 (8.8-2) 
ss 
Is this true for the operator s? First, we examine Eq. 8.8-1. Multiplying Eq. 8.8-1 by s yields 


1 d f! 
siasi f xa 


or X=xX 


as required. Now we try the reverse order by multiplying sx by the integration operator to obtain 


351 


352 
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1 
Therefore, —sx =x 
s 


only when x(—oo) = 0. From a physical point of view, we require that all capacitor voltages and 
inductor currents be zero at t = —oo. Then the operator 1/s can be said to satisfy Eq. 8.8-2 and can be 
manipulated as an ordinary algebraic quantity. 

Differential operators can be used to find the natural solution of a differential equation. For 
example, consider the first-order differential equation 


Z x(t) + ax(t) = by(t) (8.8-3) 


The natural solution of this differential equation is 
X(t) = Ke” (8.8-4) 


The homogeneous form of a differential equation is obtained by setting the forcing function equal to 
zero. The forcing function in Eq. 8.8-3 is y(t). The homogeneous form of this equation is 


+a) =0 (8.8-5) 


To see that x,(f) is a solution of the homogeneous form of the differential equation, we substitute 
Eq. 8.8-4 into Eq. 8.8-5. 


d 

i (Ke) + a(Ke") = sKe* +aKe" = 0 

To obtain the parameter s in Eq. 8.8-4, replace d/dt in Eq. 8.8-5 by the differential operator s. This 
results in 


sx + ax = (s+a)x =0 (8.8-6) 
This equation has two solutions: x = 0 and s = —a. The solution x = 0 isn’t useful, so we use the 
solution s = —a. Substituting this solution into Eq. 8.8-4 gives 
X(t) = Ke“ 


This is the same expression for the natural response that we obtained earlier in this chapter by other 
methods. That’s reassuring but not new. Differential operators will be quite useful when we analyze 
circuits that are represented by second- and higher-order differential equations. 


8.9 Using PSpice to Analyze First-Order Circuits 


To use PSpice to analyze a first-order circuit, we do the following: 


1. Draw the circuit in the OrCAD Capture workspace. 
2. Specify a Time Domain (Transient) simulation. 

3. Run the simulation. 
4 


Plot the simulation results. 


Time domain analysis is most interesting for circuits that contain capacitors or inductors or both. 
PSpice provides parts representing capacitors and inductors in the ANALOG parts library. The part 
name for the capacitor is C. The part properties that are of the most interest are the capacitance and the 
initial condition, both of which are specified using the OrCAD Capture property editor. (The initial 
condition of a capacitor is the value of the capacitor voltage at time t = 0.) The part name for the inductor 
is L. The inductance and the initial condition of the inductor are specified using the property editor. 
(The initial condition of an inductor is the value of the inductor current at time t = 0.) 


Table 8.9-1 PSpice Voltage Sources for Transient Response Simulations 


Using PSpice to Analyze First-Order Circuits 


NAME 


SYMBOL 


VOLTAGE WAVEFORM 


VEXP 


VPULSE 


VPWL 


VSIN 


VOFF = y? 
VAMPL = 
FREQ = 


tl, vl 


per 


t2, v2 


vo + va 


vo 
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The voltage and current sources that represent time-varying inputs are provided in the SOURCE 
parts library. Table 8.9-1 summarizes these voltage sources. The voltage waveform describes the 
shape of the voltage source voltage as a function of time. Each voltage waveform is described using a 
series of parameters. For example, the voltage of an exponential source VEXP is described using vl, 
v2, tdl, td2, tcl, and tc2. The parameters of the voltage sources in Table 8.9-1 are specified using the 
property editor. 


ExAMPLE 8.9-1 Using PSpice to Analyze First-Order Circuits ) 


The input to the circuit shown in Figure 8.9-1a is the voltage source voltage, v;(t), shown in Figure 8.9-la. The 
output, or response, of the circuit is the voltage across the capacitor, v(t). Use PSpice to plot the response of this 
circuit. 


u(t), V 
4 1 kQ 
4 
vilt) 1 pF == vo 
2il = 
2 LQ, 12 20022m mS 
FIGURE 8.9-1 An RC circuit 
(a) (b) (b) with a pulse input (a). 
Solution » Input 
We begin by drawing the circuit in the OrCAD 
: e R1 1k 
workspace as shown in Figure 8.9-2 (see 
Appendix A). The voltage source is a VPULSE > Output 
part (see the second row of Table 8.9-1). Figure V1 
8.9-la shows v;(t) making the transition from y = Fi C1 
—1 V to 4 V instantaneously. Zero is not an TD =0 1uF 
acceptable value for the parameters tr or tf. TR = Ins 
Choosi Il value for tr and ¢f will Nios 
oosing a very small value for tr and tf wi PW = 2ms 
make the transitions appear to be instantaneous PER = 10ms = 
when using a time scale that shows a period of oy: . l 
the input waveform. In this example, the period ss 8.9-2 The circuit of Figure 8.9-1 as drawn in the OrCAD 
workspace. 


of the input waveform is 10 ms, so 1 ns is a 
reasonable choice for the values of tr and tf. 

It’s convenient to set td, the delay before the periodic part of the waveform, to zero. Then the values of vl and 
v2 are —1 and 4, respectively. The value of pw is the length of time that v;(f) = v2 = 4 V, so pw = 2 ms in this 
example. The pulse input is a periodic function of time. The value of per is the period of the pulse function, 10 ms. 

The circuit shown in Figure 8.9-1b does not have a ground node. PSpice requires that all circuits have a 
ground node, so it is necessary to select a ground node. Figure 8.9-2 shows that the bottom node has been selected 
to be the ground node. 

We will perform a Time Domain (Transient) simulation. (Select PSpice\New Simulation Profile from the 
OrCAD Capture menu bar; then choose Time Domain (Transient) from the Analysis Type drop-down list. The 
simulation starts at time zero and ends at the Run to Time. Specify the Run to Time as 20 ms to run the simulation 
for two full periods of the input waveform. Select the Skip The Initial Transient Bias Point Calculation (SKJPBP) 
check box.) Select PSpice\Run from the OrCAD Capture menu bar to run the simulation. 

After a successful Time Domain (Transient) simulation, OrCAD Capture will automatically open a Schematics 
window. Select Trace/Add Trace to pop up the Add Traces dialog box. Add the traces V(OUTPUT) and VIINPUT). 
Figure 8.9-3 shows the resulting plot after removing the grid and labeling some points. 
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5.0 V 
(1.9912 m, 3.4638) 


(12.000 m, 3.3385) 


(2.7876 m, 1.0551) (12.757 m, 1.0506) 


Zao) 


OV 


Os 5 ms 10 ms 15 ms 20 ms 
o V (OUTPUT) © V (INPUT) Time 


-2.0 V 


FIGURE 8.9-3 The response of the RC circuit to the pulse input. 


8.10 How Can We Check ... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following examples illustrate techniques useful for checking the solutions of the sort of 
problems discussed in this chapter. 


ExAMPLE 8.10-1 How Can We Check the Response of 
a First-Order Circuit? 


Consider the circuit and corresponding transient response shown in Figure 8.10-1. How can we check whether the 
transient response is correct? Three things need to be verified: the initial voltage, v,(¢o); the final voltage, v,(co); 
and the time constant, T. 


Solution 

Consider first the initial voltage, vo(to). (In this example, fo = 10 us.) Before time fo = 10 us, the switch is closed and 
has been closed long enough for the circuit to reach steady state, that is, for any transients to have died out. To 
calculate v,(f), we simplify the circuit in two ways. First, replace the switch with a short circuit because the switch 
is closed. Second, replace the inductor with a short circuit because inductors act like short circuits when all the 
inputs are constants and the circuit is at steady state. The resulting circuit is shown in Figure 8.10-2a. After 
replacing the parallel 300-© and 600-Q resistors by the equivalent 200-Q resistor, the initial voltage is calculated 
using voltage division as 


200 


= 300+ 200°*¥ 


Vo(to) 
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volt) (V) 
6 


l | | | | l 
® 10 la 20 23 WM se OE) 


(a) (b) 


FIGURE 8.10-1 (a) A transient response and (b) the corresponding circuit. 


Next consider the final voltage, v,(0o). In this case, the switch is open and the circuit has reached steady state. 
Again, the circuit is simplified in two ways. The switch is replaced with an open circuit because the switch is open. 
The inductor is replaced by a short circuit because inductors act like short circuits when all the inputs are constants 
and the circuit is at steady state. The simplified circuit is shown in Figure 8.10-2b. The final voltage is calculated 
using voltage division as 


600 


200 + 600 


The time constant is calculated from the circuit shown in Figure 8.10-2c. This circuit has been simplified by 
setting the input to zero (a zero voltage source acts like a short circuit) and replacing the switch by an open circuit. 
The time constant is 


L Ax 10 
R, 200 + 600 


T= = 5 x 107% = 5 us 


(a) (b) (c) 


FIGURE 8.10-2 Circuits used to calculate the (a) initial voltage, (b) final voltage, and (c) time constant. 
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| 
| 
| 
| 
| 
| 
e OS 20 25 30 


35 40 t(us) FIGURE 8.10-3 Interpretation of the transient response. 


Figure 8.10-3 shows how the initial voltage, final voltage, and time constant can be determined from the plot of 
the transient response. (Recall that a procedure for determining the time constant graphically was illustrated in Figure 
8.3-3.) Because the values of v,(fo), vo(co), and t obtained from the transient response are the same as the values 
obtained by analyzing the circuit, we conclude that the transient response is indeed correct. 


EXAMPLE 8.10-2 


How Can We Check the Response of 
a First-Order Circuit? 


Consider the circuit and corresponding tran- 
sient response shown in Figure 8.10-4. How 
can we check whether the transient response 
is correct? Four things need to be verified: 
the steady-state capacitor voltage when the 
switch is open, the steady-state capacitor 
voltage when the switch is closed, the time 
constant when the switch is open, and the 
time constant when the switch is closed. 


Solution 

Figure 8.10-5a shows the circuit used to calcu- 
late the steady-state capacitor voltage when the 
switch is open. The circuit has been simplified 
in two ways. First, the switch has been replaced 
with an open circuit. Second, the capacitor has 
been replaced with an open circuit because 
capacitors act like open circuits when all the 
inputs are constants and the circuit is at steady 
state. The steady-state capacitor voltage is 
calculated using voltage division as 


We 
$ ~ 60 + 30+ 150 


Figure 8.10-5b shows the circuit used 
to calculate the steady-state capacitor voltage 


= NY 


velt) (V) 


L L CO T mN 
20 40 60 80 100 120 140 160 180 t(ms) 


30 kQ 150 kQ 
60 kQ 


(b) 
FIGURE 8.10-4 (a) A transient response and (b) the corresponding circuit. 
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30kQ 150 kQ 150 kQ 
IE) 60 kQ v_() PNO) 60 kQ V¢(s0) 


(a) (b) 


30kQ 150 kQ 30kQ 150 kQ h 
60 kQ 60 kQ Ue 


(c) (d) 


FIGURE 8.10-5 Circuits used to calculate (a) the steady-state voltage when the switch is open, (b) the steady-state voltage when the 
switch is closed, (c) the time constant when the switch is open, and (d) the time constant when the switch is closed. 


when the switch is closed. Again, this circuit has been simplified in two ways. First, the switch has been replaced with a 
short circuit. Second, the capacitor has been replaced with an open circuit. The steady-state capacitor voltage is 
calculated using voltage division as 


E 60 

Veo = 60-430 
Figure 8.10-5c shows the circuit used to calculate the time constant when the switch is open. This circuit has 

been simplified in two ways. First, the switch has been replaced with an open circuit. Second, the input has been set 


to zero (a zero voltage source acts like a short circuit). Notice that 180 kQ in parallel with 60 KQ is equivalent to 
45 KQ. The time constant is 


(45 x 100°)" (0.5 © 107°) = 22.5 X10 = 22s 


12=8V 


Figure 8.10-5d shows the circuit used to calculate the time constant when the switch is closed. The switch has 
been replaced with a short circuit, and the input has been set to zero. Notice that 30 KQ in parallel with 60 KQ is 
equivalent to 20 kQ. The time constant is 


r= (20 x 10°))(0:5:« 107°) = 10° — 10m 


Having done these calculations, we 
expect the capacitor voltage to be 3 V until velt) V) 


l 
the switch closes at t= 20 ms. The capacitor S= 4 SSeS 
voltage will then increase exponentially ia H 
to 8 V, with a time constant equal to 10 ms. ef= | 


The capacitor voltage will remain 8 V until 
the switch opens at t = 90 ms. The capacitor 
voltage will then decrease exponentially to ee o 
3 V, with a time constant equal to 22.5 ms. E | 

Figure 8.10-6 shows that the transient 
response satisfies this description. We con- 20, 40 60 80 100 120 140 160 180 +¢(ms) 
clude that the transient response is correct. FIGURE 8.10-6 Interpretation of the transient response. 
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8.11 Design EXAMPLE A Computer and Printer 


It is frequently necessary to connect two pieces of electronic equipment together so that the output from one 
device can be used as the input to another device. For example, this situation occurs when a printer 
is connected to a computer, as shown in Figure 8.11-la. This situation is represented more generally by 
the circuit shown in Figure 8.11-1b. The driver sends a signal through the cable to the receiver. Let us replace 
the driver, cable, and receiver with simple models. Model the driver as a voltage source, the cable as an 
RC circuit, and the receiver as an open circuit. The values of resistance and capacitance used to model 
the cable will depend on the length of the cable. For example, when RG58 coaxial cable is used, 


Q 
R =r. £l where r = 0.54 — 
m 


F 
and C= c- where c=88 © 


and £ is the length of the cable in meters, Figure 8.11-1c shows the equivalent circuit. 

Suppose that the circuits connected by the cable are digital circuits. The driver will send 1’s and 0’s to the 
receiver. These 1’s and 0’s will be represented by voltages. The output of the driver will be one voltage, Voy, to 
represent logic 1 and another voltage, VoL, to represent a logic 0. For example, one popular type of logic, called 
TTL logic, uses Voy = 2.4 V and Vo = 0.4 V. (TTL stands for transistor—transistor logic.) The receiver uses 
two different voltages, Viy and Vg, to represent 1’s and 0’s. (This is done to provide noise immunity, but that is 
another story.) The receiver will interpret its input, vp, to be a logic 1 whenever v, > Vm and to be a logic 0 
whenever vp < Vi. (Voltages between Vim and Vu will occur only during transitions between logic 1 
and logic 0. These voltages will sometimes be interpreted as logic | and other times as logic 0.) TTL logic uses 
Vin = 2.0 V and Vr, = 0.8 V. 


Circuit 1 Circuit 2 
driver receiver 


(b) 
FIGURE 8.11-1 (a) Two circuits connected by a cable. (b) An equivalent circuit. 
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valt) 
VoH F 


to ti t 


FIGURE 8.11-2 Voltages that occur during a transition from a logic 0 to a logic 1. 


Figure 8.11-2 shows what happens when the driver output changes from logic 0 to logic 1. Before time fo, 
Va= Vo, and w<Vy for t<to 


In words, a logic 0 is sent and received. The driver output switches to Voy at time fo. The receiver input vp makes 
this transition more slowly. Not until time t, does the receiver input become large enough to be interpreted as a 
logic 1. That is, 


Vp > Vin for t>t 1 
The time that it takes for the receiver to recognize the transition from logic 0 to logic 1 
At = ti — to 


is called the delay. This delay is important because it puts a limit on how fast 1’s and 0’s can be sent from the driver 
to the receiver. To ensure that the 1’s and 0’s are received reliably, each 1 and each 0 must last at least At. The rate at 
which 1’s and 0’s are sent from the driver to the receiver is inversely proportional to the delay. 

Suppose two TTL circuits are connected using RG58 coaxial cable. What restriction must be placed on the 
length of the cable to ensure that the delay, Ar, is less than 2 ns? 


Describe the Situation and the Assumptions 
The voltage v,(t) is the capacitor voltage of an RC circuit. The RC circuit is at steady state just before time tọ. 
The input to the RC circuit is v,(f). Before time fo, v(t) = Vor = 0.4 V. At time fo, v,(f) changes abruptly. 
After time fo, va(t) = Voy = 2.4 V. 
Before time fo, v(t) = Vor = 0.4 V. After time fo, v,(f) increases exponentially. Eventually, v(t) = 
Vou = 2.4 V. 
The time constant of the RC circuit is 


ERC E= o = 47.52 a 2 0 
where £ is the cable length in meters. 
State the Goal 


Calculate the maximum value of the cable length Z for which vp > Vim = 2.0 V by time t = tọ + At, where 
AS 


Design Example 


Generate a Plan 

Calculate the voltage v,(f) in Figure 8.11-1b. The voltage v,() will depend on the length of the cable, £, 
because the time constant of the RC circuit is a function of @. Set vp = Viy at time t = tọ + At. Solve the 
resulting equation for the length of the cable. 


Act on the Plan 
Using the notation introduced in this chapter, 


vp(0) = Vor = 0.4 V 
vp(oo) = Von = 2.4 V 


and t = 47.52 x 10°" . g? 
Using Eq. 8.3-6, we express the voltage v,(f) as 

v(t) = Vou + (Vor — Vog) 6) 
The capacitor voltage v, will be equal to Vp; at time t; = fo + At, so 


Vin = Vou + (Vor — Vou)e™" 
Solving for the delay, At, gives 


V g — 
At =—tIn | m = = —47.52 x 107? . £? . In es 
Vor — Vou Vor — Von 
In this case, 
—At 
l= a 
47.52 x 10-2 -In aoe 
Vor — Vou 
and, therefore, 
—2-107° 
° SSG = Slim = 16.8 fi 
47.52 x 107! - In |=—_—— 
0.4 — 2.4 


Verify the Proposed Solution 
When ¢ = 5.11 m, then 


R = 0.54 x 5.11 = 2.76 Q 


and C = (88 x 107'?) x 5.11 = 450 pF 
so t = 2.76 x (450 x 107") = 1.24 ns 
2.0 — 2.4 
Finall At = —1.24 x 107° x nJ-—___| = 1. 
inally, t x x nlos = i 995 ns 


Because Aż < 2 ns, the specifications have been satisfied but with no margin for error. 
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8.12 SUMMARY 


(8) 


Voltages and currents can be used to encode, store, and 
process information. When a voltage or current is used to 
represent information, that voltage or current is called a 
signal. Electric circuits that process that information are 
called signal-processing circuits. 

Circuits that contain energy-storing elements, that is, 
capacitors and inductors, are represented by differential 
equations rather than by algebraic equations. Analysis of 
these circuits requires the solution of differential equations. 
In this chapter, we restricted our attention to first-order 
circuits. First-order circuits contain one energy storage ele- 
ment and are represented by first-order differential equations, 
which are reasonably easy to solve. We solved first-order 
differential equations, using the method called separation of 
variables. 

The complete response of a circuit is the sum of the natural 
response and the forced response. The natural response is the 
general solution of the differential equation that represents 
the circuit when the input is set to zero. The forced response 
is the particular solution of the differential equation repre- 
senting the circuit. 

The complete response can be separated into the transient 
response and the steady-state response. The transient re- 
sponse vanishes with time, leaving the steady-state 
response. When the input to the circuit is either a constant 
or a sinusoid, the steady-state response can be used as the 
forced response. 


Table 8.12-1 Summary of First-Order Circuits 
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The term transient response sometimes refers to the 
“transient part of the complete response” and other times 
to a complete response that includes a transient part. In 
particular, PSpice uses the term transient response to refer 
to the complete response. Because this can be confusing, the 
term must be used carefully. 

The step response of a circuit is the response when the input 
is equal to a unit step function and all the initial conditions of 
the circuit are equal to zero. 

We used Thévenin and Norton equivalent circuits to reduce 
the problem of analyzing any first-order circuit to the prob- 
lem of analyzing one of two simple first-order circuits. One 
of the simple first-order circuits is a series circuit consisting 
of a voltage source, a resistor, and a capacitor. The other is a 
parallel circuit consisting of a current source, a resistor, and 
an inductor. Table 8.12-1 summarizes the equations used 
to determine the complete response of a first-order circuit. 
The parameter t in the first-order differential equation 
d x(t) 
a) + z9 
constant T is the time for the response of a first-order circuit 
to complete 63 percent of the transition from initial value to 
final value. 

Stability is a property of well-behaved circuits. It is easy to 
tell whether a first-order circuit is stable. A first-order circuit 
is stable if, and only if, its time constant is not negative, that 
is, Tt > 0. 


= K is called the time constant. The time 


FIRST-ORDER CIRCUIT CONTAINING A CAPACITOR 


Op amps, 
resistors, 


and 
sources 


Replace the circuit consisting of op amps, resistors, and sources 
by its Thévenin equivalent circuit: 


Rt 


Voc C v(t) 


The capacitor voltage is: 
v(t) = Voc + (v(0) — Voc)e™"/" 
where the time constant t is 
t= RC 


and the initial condition v(0) is the capacitor voltage at time 
t=0. 


FIRST-ORDER CIRCUIT CONTAINING AN INDUCTOR 


Op amps, 
resistors, 


and 
sources 


Replace the circuit consisting of op amps, resistors, and sources 
by its Norton equivalent circuit: 


The inductor current is 
i(t) = e+ (i(0) iaje 

where the time constant Tt is 

L 

t= — 

R 
and the initial condition i(0) is the inductor current at time 
t= 0. 


PROBLEMS 


(+) Problem available in WileyPLUS at instructor’s discretion. 
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Section 8.3 The Response of a First-Order Circuit to 
a Constant Input 


P 8.3-1 © The circuit shown in Figure P 8.3-1 is at steady 
state before the switch closes at time t = 0. The input to the 
circuit is the voltage of the voltage source, 12 V. The output of 
this circuit is the voltage across the capacitor, v(t). Determine 
v(t) for t > 0. 


Answer: v(t) = 6—2e!3* V fort > 0 


Figure P 8.3-1 


P 8.3-2 © The circuit shown in Figure P 8.3-2 is at steady 
state before the switch opens at time t= 0. The input to the circuit 
is the voltage of the voltage source, 12 V. The output of this 
circuit is the current in the inductor, i(t). Determine i(t) for t > 0. 


Answer: i(t) = 1+e-°*'A fort > 0 


Figure P 8.3-2 


P 8.3-3 © The circuit shown in Figure P 8.3-3 is at steady 
state before the switch closes at time t = 0. Determine the 
capacitor voltage v(t) for t > 0. 


—6 + 18e 66" V fort > 0 
6Q 


Answer: v(t) 


3Q 


Figure P 8.3-3 


P 8.3-4 © The circuit shown in Figure P 8.3-4 is at steady 
state before the switch closes at time t = 0. Determine the 


inductor current i(t) for t > 0. 


1 
= +i eos A fort>0 


Answer: i(t) 


6Q 


3Q 


Figure P 8.3-4 


P 8.3-5 © The circuit shown in Figure P 8.3-5 is at steady 
state before the switch opens at time t = 0. Determine the 
voltage v,(t) for t > 0. 


Answer: v(t) = 10—5e-" V fort > 0 
t=0 


Figure P 8.3-5 


P 8.3-6 The circuit shown in Figure P 8.3-6 is at steady state 
before the switch opens at time t = 0. Determine the voltage 
v(t) for t > 0. 


Answer: v(t) = 5e~* V fort > 0 


Figure P 8.3-6 
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P 8.3-7 Figure P 8.3-7a shows astronaut Dale Gardner using 
the manned maneuvering unit to dock with the spinning Westar 
VI satellite on November 14, 1984. Gardner used a large tool 
called the apogee capture device (ACD) to stabilize the satellite 
and capture it for recovery, as shown in Figure P 8.3-7a. The 
ACD can be modeled by the circuit of Figure P 8.3-7b. Find the 
inductor current i, for t > 0. 


Answer: i(t) = 6¢ 7" A 


Courtesy of NASA 


VsH 


(b) 


Figure P 8.3-7 (a) Astronaut Dale Gardner using the manned 
maneuvering unit to dock with the Westar VI satellite. (b) Model 
of the apogee capture device. Assume that the switch has been 

in position for a long time at t = O`. 


P 8.3-8 © The circuit shown in Figure P 8.3-8 is at steady 
state before the switch opens at time t = 0. The input to the 
circuit is the voltage of the voltage source, V,. This voltage 
source is a dc voltage source; that is, V, is a constant. The output 
of this circuit is the voltage across the capacitor, v,(f). The 
output voltage is given by 


volt) = 2+ 8e" V fort > 0 


Determine the values of the input voltage V,, the capacitance C, 
and the resistance R. 


Figure P 8.3-8 
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P 8.3-9 © The circuit shown in Figure P 8.3-9 is at steady 
state before the switch closes at time t = 0. The input to the 
circuit is the voltage of the voltage source, 24 V. The output of 
this circuit, the voltage across the 3-Q resistor, is given by 


volt) = 6 — 3e?" V whent > 0 


Determine the value of the inductance L and of the resistances 
R 1 and Ro. 


Figure P 8.3-9 


P 8.3-10 A security alarm for an office building door is 
modeled by the circuit of Figure P 8.3-10. The switch repre- 
sents the door interlock, and v is the alarm indicator voltage. 
Find v(t) for t > 0 for the circuit of Figure P 8.3-10. The switch 
has been closed for a long time at t = 0°. 


4Q 92 


20 VÆ) CH) 9A 


t=0 


1/3 H 


Figure P 8.3-10 A security alarm circuit. 


P 8.3-11 © The voltage v(f) in the circuit shown in Figure 
P 8.3-11 is given by 


v(t) =8+4e~ V fort >0 


Determine the values of R, R2, and C. 


Figure P 8.3-11 


P 8.3-12 © The circuit shown in Figure P 8.3-12 is at steady 
state when the switch opens at time t = 0. Determine i(f) for 
t> 0. 


Figure P 8.3-12 


P 8.3-13 © The circuit shown in Figure P 8.3-13 is at steady 
state when the switch opens at time t = 0. Determine v(t) for 
t>0. 


30 kQ 60 kQ 


Figure P 8.3-13 


P 8.3-14 © The circuit shown in Figure P 8.3-14 is at steady 
state when the switch closes at time t = 0. Determine i(f) for 
t>0. 


Figure P 8.3-14 
P 8.3-15 © The circuit in Figure P 8.3-15 is at steady state 


before the switch closes. Find the inductor current after the 
switch closes. 


Hint: i0) = 0.1 A, Ie =0.3 A, R=40Q 
Answer: i(t) = 0.3 — 0.2e7” A t>0 


40 Q 


2v ©) 


Figure P 8.3-15 
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P 8.3-16 Consider the circuit shown in Figure P 8.3-16. 
(a) Determine the time constant t and the steady-state capacitor 
voltage when the switch is open. (b) Determine the time 
constant t and the steady-state capacitor voltage when the 
switch is closed. 


2 kQ 


Figure P 8.3-16 


P 8.3-17 The circuit shown in Figure P 8.3-17 is at steady 
state before the switch closes. The response of the circuit is the 
voltage v(t). Find v(t) for t > 0. 


Hint: After the switch closes, the inductor current is i(f) = 
02 (1 =e "A 


Answer: v(t) = 8 + e™!* V 


Figure P 8.3-17 


P 8.3-18 © The circuit shown in Figure P 8.3-18 is at steady 
state before the switch closes. The response of the circuit is the 
voltage v(t). Find v(t) for t > 0. 


Answer: v(t) = 37.5 — 97.5e 60" y 


t=0 


400 Q 400 Q 


Figure P 8.3-18 


P 8.3-19 © The circuit shown in Figure P 8.3-19 is at steady 
state before the switch closes. Find v(t) for t > 0. 


12 Q 


Figure P 8.3-19 
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P 8.3-20 © The circuit shown in Figure P 8.3-20 is at steady 
state before the switch closes. Determine i(f) for t > 0. 


t= 0 


20 Q 


20 Q 


Figure P 8.3-20 


P 8.3-21 The circuit in Figure P 8.3-21 is at steady state before 
the switch closes. Determine an equation that represents the 
capacitor voltage after the switch closes. 


18V 25mF 


Figure P 8.3-21 


P 8.3-22 The circuit shown in Figure P 8.3-22 is at steady state 
when the switch closes at time t = 0. Determine i(t) for t > 0. 


Figure P 8.3-22 


P 8.3-23 The circuit in Figure P 8.3-23 is at steady state before 
the switch closes. Determine an equation that represents the 
inductor current after the switch closes. 


Figure P 8.3-23 


P 8.3-24 Consider the circuit shown in Figure P 8.3-24a and 
corresponding plot of the inductor current shown in Figure 
P 8.3-24b. Determine the values of L, R, and Ro. 


8. The Complete Response of RL and RC Circuits 


Hint: Use the plot to determine values of D, E, F, and a such 
that the inductor current can be represented as 


Answers: L = 4.8 H, R, = 200 Q, and R = 300 Q 


D for t<0 
E+Fe“ for t>0 


i(t) 


200 
L 
E 160+ 
= (27.725, 160) 
120 
] i ] i ] 
O 40 80 120 160 
t, MS 
(b) 


Figure P 8.3-24 


P 8.3-25 Consider the circuit shown in Figure P 8.3-25a and 
corresponding plot of the voltage across the 40-Q resistor 
shown in Figure P 8.3-25b. Determine the values of L and Ro. 
Hint: Use the plot to determine values of D, E, F, and a such 
that the voltage can be represented as 

D for t<0 


v(t) = E 
E+ Fe“ for t>0 
Answers: L = 8 H and Ro = 10 Q. 


100 


(0.14, 60) 
60 


v(t), V 


20 


Figure P 8.3-25 


P 8.3-26 Determine v,(f) for +>0 for the circuit shown in 
Figure P 8.3-26. 


0.8 H 


18Q 


0.7H 
Figure P 8.3-26 


P 8.3-27 (+) The circuit shown in Figure P 8.3-27 is at steady 
state before the switch closes at time t = 0. After the switch 
closes, the inductor current is given by 


i(t) = 0.6 —0.2e-* A fort > 0 


Determine the values of R;, Ro, and L. 


Answers: R, = 20 Q, R = 10 Q, and L = 4 H 


Figure P 8.3-27 


P 8.3-28 © After time f = 0, a given circuit is represented by 
the circuit diagram shown in Figure P 8.3-28. 


(a) Suppose that the inductor current is 
i(t) = 21.6 + 28.4e-" mA fort > 0 


Determine the values of R; and R3. 

(b) Suppose instead that R, = 16 Q, R3 = 20 Q, and the initial 
condition is (0) = 10 mA. 
Determine the inductor current for t > 0. 


42 i(t) 


36 mA CH) 


Figure P 8.3-28 


P 8.3-29 @ Consider the circuit shown in Figure P 8.3-29. 


(a) Determine the time constant t and the steady-state 
capacitor voltage v(oo) when the switch is open. 

(b) Determine the time constant t and the steady-state capaci- 
tor voltage v(co) when the switch is closed. 


Answers: (a) t= 3 s, and v(co) = 24 V; (b) t = 2.25 s, and 
v(co) = 12 V 
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Figure P 8.3-29 


Section 8.4 Sequential Switching 


P 8.4-1 © The circuit shown in Figure P 8.4-1 is at steady 
state before the switch closes at time t = 0. The switch remains 
closed for 1.5 s and then opens. Determine the capacitor voltage 
v(t) for t > 0. 


Hint: Determine v(t) when the switch is closed. Evaluate v(t) at 
time ¢= 1.5 s to get v(1.5). Use v(1.5) as the initial condition to 
determine v(t) after the switch opens again. 


5+ 5e” V 
10 — 2.64e-25(-1 5) Y 


forO<t<1.5s 


Answer: v(t) = { for1.5s<t 


Figure P 8.4-1 


P 8.4-2 © The circuit shown in Figure P 8.4-2 is at steady 
state before the switch closes at time t = 0. The switch remains 
closed for 1.5 s and then opens. Determine the inductor current 
i(t) for t > 0. 


2+ e7™05t A 
Answer: v(t) = l 3 — 0.53e-06610-15) A 


4Q 4Q 


forO <t<1.5s 
for 1.5s < t 


Figure P 8.4-2 


P 8.4-3 Cardiac pacemakers are used by people to maintain 
regular heart rhythm when they have a damaged heart. The 
circuit of a pacemaker can be represented as shown in Figure 
P 8.4-3. The resistance of the wires, R, can be neglected because 
R < 1 mQ. The heart’s load resistance Ry is 1 kQ. The first 
switch is activated at f = tọ, and the second switch is activated at t, 
= fọ + 10 ms. This cycle is repeated every second. Find v(t) for to 
< t < 1. Note that it is easiest to consider fọ = O for this 


368 


calculation. The cycle repeats by switch 1 returning to position a 
and switch 2 returning to its open position. 


Hint: Use q = Cv to determine v(0_ ) for the 100-4F capacitor. 
Switch 2 


The heart 


Figure P 8.4-3 


P 8.4-4 An electronic flash on a camera uses the circuit 
shown in Figure P 8.4-4. Harold E. Edgerton invented the 
electronic flash in 1930. A capacitor builds a steady-state 
voltage and then discharges it as the shutter switch is pressed. 
The discharge produces a very brief light discharge. Determine 
the elapsed time ż; to reduce the capacitor voltage to one-half of 
its initial voltage. Find the current i(f) at t = t. 


5V 100 kQ 


Figure P 8.4-4 Electronic flash circuit. 


P 8.4-5 (+) The circuit shown in Figure P 8.4-5 is at steady 
state before the switch opens at t = 0. The switch remains open 
for 0.5 second and then closes. Determine v(t) for t > 0. 


402 t=0.5s 


+ 


50 mF v(t) 402 


24V(*) 


Figure P 8.4-5 


Section 8.5 Stability of First-Order Circuits 


P 8.5-1 @ The circuit in Figure P 8.5-1 contains a current 
controlled voltage source. What restriction must be placed on 
the gain R of this dependent source to guarantee stability? 


Answer: R < 400 Q 


Figure P 8.5-1 
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P 8.5-2 The circuit in Figure P 8.5-2 contains a current- 
controlled current source. What restriction must be 
placed on the gain B of this dependent source to guarantee 
stability? 


4 + 8ult) V ©) 


Figure P 8.5-2 


Section 8.6 The Unit Step Source 


P 8.6-1 © The input to the circuit shown in Figure P 8.6-1 is 
the voltage of the voltage source, v,(t). The output is the voltage 
across the capacitor, v(t). Determine the output of this circuit 
when the input is v(t) = 8 — 15 u(t) V. 


6Q 


Figure P 8.6-1 


P 8.6-2 (+) The input to the circuit shown in Figure P 8.6-2 
is the voltage of the voltage source, v(t). The output is the 
voltage across the capacitor, v,(f). Determine the output of this 
circuit when the input is v = 3 + 3 u(t) V. 


3Q 


+ 
volt) 


500 mF 


vt) È) 


Figure P 8.6-2 


P 8.6-3 © The input to the circuit shown in Figure P 8.6-3 is 
the voltage of the voltage source, v(t). The output is the current 
in the inductor, i,(t). Determine the output of this circuit when 
the input is v = —7 + 13 u(t) V. 


u(t) 


Figure P 8.6-3 


P 8.6-4 Determine v,(f) for t>0 for the circuit shown in 
Figure P 8.6-4. 


30 kQ 


45 kQ 


20 kQ 


Figure P 8.6-4 


P 8.6-5 The initial voltage of the capacitor of the circuit 
shown in Figure P 8.6-5 is zero. Determine the voltage v(f) 
when the source is a pulse, described by 


0 t<ls 
vy=< 4V 1<t<2s 
0 t>28 
500 kQ 
$ 
Us 2uF v 


Figure P 8.6-5 


P 8.6-6 Studies of an artificial insect are being used to 
understand the nervous system of animals. A model neuron 
in the nervous system of the artificial insect is shown in Figure 
P 8.6-6. A series of pulses, called synapses, is required. 
The switch generates a pulse by opening at t = 0 and closing 
at t = 0.5 s. Assume that the circuit is in steady state and 
that v(0 ) = 10 V. Determine the voltage v(t) for O < t < 2 s. 


Switch 
6 Q 


30 V 3Q 


Figure P 8.6-6 Neuron circuit model. 
P 8.6-7 Determine the voltage vo(f) in the circuit shown in 
Figure P 8.6-7. 


ig 4H 25Q 


+ 


<x 


(*)2-s8u(t) v A 


Figure P 8.6-7 
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P 8.6-8 © Determine v,(t) for t > 0 for the circuit of Figure 
P 8.6-8. 


Figure P 8.6-8 


P 8.6-9 The voltage source voltage in the circuit shown in 
Figure P 8.6-9 is 
v(t) = 7 — l4u (t) V 


Determine v(t) for t > 0. 
0.46 F 


$ 
vst) (E) v(t) 


Figure P 8.6-9 


P 8.6-10 © Determine the voltage v(t) for t > 0 for the circuit 
shown in Figure P 8.6-10. 


96 Q 32 Q 


5 + 15u(t) 


Figure P 8.6-10 
P 8.6-11 The voltage source voltage in the circuit shown in 
Figure P 8.6-11 is 
vs(t) = 5 + 20u (t) 
Determine i(t) for t > 0. 


5 kQ ioka a 


O 

IO P i, 25H & flo 
O 
b 


Figure P 8.6-11 
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P 8.6-12 The voltage source voltage in the circuit shown in 


Figure P 8.6-12 is 
v(t) = 12 — 6u(t) V 


Determine v(t) for t > 0. 


Figure P 8.6-12 


P 8.6-13 Determine i(t) for t > 0 for the circuit shown in 
Figure P 8.6-13. 


Figure P 8.6-13 


P 8.6-14 Determine i(t) for t > 0 for the circuit shown in 
Figure P 8.6-14. 


150 Q 100 Q 


6u(t) V C) 2V 


Figure P 8.6-14 


P 8.6-15 Determine v(t) for t > 0 for the circuit shown in 
Figure P 8.6-15. 


BQ 4 


Figure P 8.6-15 
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P 8.6-16 Determine v(t) for t > 0 for the circuit shown in 
Figure P 8.6-16. 


Figure P 8.6-16 


P 8.6-17 © Determine i(t) for t > 0 for the circuit shown in 
Figure P 8.6-17. 


12 Q 


24 Q 
Figure P 8.6-17 


P 8.6-18 The voltage source voltage in the circuit shown in 
Figure P 8.6-18 is 
vs(t) = 8 + 12u(t) V 


Determine v(t) for t > 0. 


Figure P 8.6-18 


P 8.6-19 Determine the current i,(t) in the circuit shown in 
Figure P 8.6-19. 


Figure P 8.6-19 


P 8.6-20 © The voltage source voltage in the circuit shown 
in Figure P 8.6-20 is 


vs(t) = 25u(t) — 10 V 
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Determine i(t) for t > 0. 


3 Q 
+ 
i 
T | i 
8H 


Figure P 8.6-24 


P 8.6-25 © The input to the circuit shown in Figure P 8.6-25 


Digare P2020 is the voltage source voltage 


P 8.6-21 The voltage source voltage in the circuit shown in vs = 6 + 6u(t) 
Figure P 8.6-21 is The output is the voltage v,(f). Determine v,(f) for t > 0. 
v(t) = 30 — 24u(t) V 
Determine i(t) for t > 0. 0.125 F 10Q 
100 Q Ko + 
v(t) 6Q Volt) 
v(t) 20 H 5H - 
50 Q Figure P 8.6-25 
Figure P 8.6-21 P 8.6-26 @ Determine v(1) for t > 0 for the circuit shown in 


Figure P 8.6-26. 
P 8.6-22 The voltage source voltage in the circuit shown in 


0.5 H 
Figure P 8.6-22 is 
vs(t) = 10 + 40u(t) V 12 ui) ©) 
Determine v(t) for t > 0. es 
5 Q 100 mF 22 v(t) 


150 mF 
ý Figure P 8.6-26 


P 8.6-27 When the input to the circuit shown in Figure 


Figure P 8.6-22 P 8.6-27 is the voltage source voltage 


P 8.6-23 © Determine v(t) for t > 0 for the circuit shown in v(t) = 3 — u(t) V 


Figure P 8.6-23. : 
The output is the voltage 


vo(t)=10+5e°" V_ fort > 0 


Determine the values of R, and R3. 


3.Q 


6Q 


12 ule) ©) v(t) 


Figure P 8.6-23 


P 8.6-24 © The input to the circuit shown in Figure P 8.6-24 
is the current source current 


is(t) = 2 + 4u(t) A 
The output is the voltage v(t). Determine v(t) for t > 0. Figure P 8.6-27 
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P 8.6-28 The time constant of a particular circuit is t = 0.25 s. 
In response to a step input, a capacitor voltage changes 
from —2.5 V to 4.2 V. How long did it take for the capacitor 
voltage to increase from —2.0 V to +2.0 V? 


Section 8.7 The Response of a First-Order Circuit to 
a Nonconstant Source 


P 8.7-1 Find v.(f) for t > 0 for the circuit shown in Figure 
P 8.7-1 when v; = 8e u(t) V. Assume the circuit is in steady 
state att=O. 


Answer: v(t) = 4e™™ + 18e7™ V 


12Q 


Figure P 8.7-1 


P 8.7-2 Find v(t) for t > O for the circuit shown in Figure 
P 8.7-2. Assume steady state atr=0O. 


Answer: v(t) = 20e7 193 — 12e7” V 


Figure P 8.7-2 


P 8.7-3 Find v(t) for t > 0 for the circuit shown in Figure 
P 8.7-3 when i, = [2 cos 2t] u(t) mA. 


10 kQ 


S 


Figure P 8.7-3 


P 8.7-4 Many have witnessed the use of an electrical mega- 
phone for amplification of speech to a crowd. A model of a 
microphone and speaker is shown in Figure P 8.7-4a, and the 
circuit model is shown in Figure P 8.7-4b. Find v(t) for v, = 10 
(sin 100u(f), which could represent a person whistling or 
singing a pure tone. 
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Diaphragm 
Sound 


(pressure = 


Speaker 


Carbon granule 
packet 


(b) 


Figure P 8.7-4 Megaphone circuit. 


P 8.7-5 A lossy integrator is shown in Figure P 8.7-5. 
The lossless capacitor of the ideal integrator circuit has 
been replaced with a model for the lossy capacitor, namely, 
a lossless capacitor in parallel with a 1-k© resistor. If v, = 
15e ™”u(tf) V and v,(0) = 10 V, find v,(t) for t > 0. 


C = 1/4 uF 


Figure P 8.7-5 Integrator circuit. 


P 8.7-6 Determine v(t) for the circuit shown in Figure 
P 8.7-6. 


1/2 F 


Figure P 8.7-6 


P 8.7-7 Determine v(‘) for the circuit shown in Figure 
P 8.7-7a when v, varies as shown in Figure P 8.7-7b. The 
initial capacitor voltage is v.(0) = 0. 


2Q 


10 


(b) 
Figure P 8.7-7 


P 8.7-8 The electron beam, which is used to draw signals on 
an oscilloscope, is moved across the face of a cathode-ray tube 
(CRT) by a force exerted on electrons in the beam. The basic 
system is shown in Figure P 8.7-8a. The force is created from a 
time-varying, ramp-type voltage applied across the vertical or 
the horizontal plates. As an example, consider the simple circuit 
of Figure P 8.7-8b for horizontal deflection in which the 
capacitance between the plates is C. 


Vertical 
section 


CRT control 


Beam 
finder 


Trace 
rotation 


Focus 
Intensity 


Horizontal 
section 


Trigger 
section 


(0) — 


t (ms) 


(b) 


Figure P 8.7-8 Cathode-ray tube beam circuit. 
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Derive an expression for the voltage across the capaci- 
tance. If v(t) = kt and R, = 625 kQ, k = 1000, and C = 2000 pF, 
compute v, as a function of time. Sketch v(t) and v,(t) on the 
same graph for time less than 10 ms. Does the voltage across 
the plates track the input voltage? 


Section 8.10 How Can We Check ... ? 


P 8.10-1 © Figure P 8.10-1 shows the transient response of a 
first-order circuit. This transient response was obtained using the 
computer program, PSpice. A point on this transient response has 
been labeled. The label indicates a time and the capacitor voltage at 
that time. Placing the circuit diagram on the plot suggests that the 
plot corresponds to the circuit. Verify that the plot does indeed 
represent the voltage of the capacitor in this circuit. 


8.0 V 
2 kQ 

7.0V ý 

MO 0.5 uF == t) 
6.0 V} 

ve(0) = 8 volts 
5.0 VF (1.3333m, 4.5398) 
4.0 V l l 
Os 1.0ms 2.0ms 3.0ms 40ms 5.0ms 
Time 


Figure P 8.10-1 


P 8.10-2 © Figure P 8.10-2 shows the transient response of 
a first-order circuit. This transient response was obtained 
using the computer program, PSpice. A point on this transient 
response has been labeled. The label indicates a time and the 
inductor current at that time. Placing the circuit diagram on 
the plot suggests that the plot corresponds to the circuit. 
Verify that the plot does indeed represent the current of the 
inductor in this circuit. 


5.0 mA 

(3.7500m, 4.7294m) 
4.5 mA 

2 kQ 
i(t) 
4.0 mA fi 
10V =) 5H 
3.5 mA 
i (0) = 3 mA 
3.0 mA | | | | 
(0) 2 ms 4 ms 6 ms 8 ms 10 ms 
Time 


Figure P 8.10-2 
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P 8.10-3 Figure P 8.10-3 shows the transient response of a 
first-order circuit. This transient response was obtained using 
the computer program, PSpice. A point on this transient 
response has been labeled. The label indicates a time and 
the inductor current at that time. Placing the circuit diagram 
on the plot suggests that the plot corresponds to the circuit. 
Specify that value of the inductance L required to cause the 
current of the inductor in this circuit to be accurately repre- 
sented by this plot. 


5.0 mA 
(3.7500 m, 4.8360 m) 

4.5 mA L 
2 KQ 

4.0 mA jam 


lov) L 


3.5 mA 
i,(0)=3 mA 
3.0 mA | | | | 
Os 2ms 4 ms 6 ms 8 ms 10 ms 
Time 


Figure P 8.10-3 


PSpice Problems 


SP 8-1 The input to the circuit shown in Figure SP 8-1 is the 
voltage of the voltage source, v;(¢). The output is the voltage 
across the capacitor, v,(f). The input is the pulse signal speci- 
fied graphically by the plot. Use PSpice to plot the output vo (f) 
as a function of t. 


Hint: Represent the voltage source, using the PSpice part 
named VPULSE. 


vilV) 
A 2 kQ 
+ 
v(t) 1 uF == volt) 
=] = =, 
| || 


4 20 24 t(ms) 


Figure SP 8-1 
SP 8-2 The input to the circuit shown in Figure SP 8-2 is the 


voltage of the voltage source, v,(‘). The output is the current in 
the inductor, i,(f). The input is the pulse signal specified 
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P 8.10-4 Figure P 8.10-4 shows the transient response of a 
first-order circuit. This transient response was obtained using 
the computer program, PSpice. A point on this transient 
response has been labeled. The label indicates a time and 
the capacitor voltage at that time. Assume that this circuit 
has reached steady state before time t = 0. Placing the circuit 
diagram on the plot suggests that the plot corresponds to the 
circuit. Specify values of A, B, Ri, R2, and C that cause the 
voltage across the capacitor in this circuit to be accurately 
represented by this plot. 


4.0V 


(1.3304m, 3.1874) 


3.0 V 


2.0V 


1.0V 


OV 


-1.0V 


-2.0 V 


Os 1.0ms 2.0ms 3.0ms 4.0ms 5.0ms 


Time 


Figure P 8.10-4 


graphically by the plot. Use PSpice to plot the output i(t) 
as a function of t. 


Hint: Represent the voltage source, using the PSpice part 
named VPULSE. 


vi(V) 
3 


2Q 
Jow 


Figure SP 8-2 


SP 8-3 The circuit shown in Figure SP 8-3 is at steady state 
before the switch closes at time t = 0. The input to the circuit is 
the voltage of the voltage source, 12 V. The output of this 
circuit is the voltage across the capacitor, v(t). Use PSpice to 
plot the output v(f) as a function of t. Use the plot to obtain an 
analytic representation of v(t) for t > 0. 


Hint: We expect v(t) = A + Be fort > 0, where A, B, and t 
are constants to be determined. 


30 kQ 


Figure SP 8-3 


SP 8-4 The circuit shown in Figure SP 8-4 is at steady state 
before the switch closes at time t = 0. The input to the circuit is 


Design Problems 


DP 8-1 Design the circuit in Figure DP 8-1 so that v(t) makes 
the transition from v(t) = 6 V to v(t) = 10 V in 10 ms after the 
switch is closed. Assume that the circuit is at steady state before 
the switch is closed. Also assume that the transition will be 
complete after 5 time constants. 


Figure DP 8-1 


DP 8-2 Design the circuit in Figure DP 8-2 so that i(f) makes the 
transition from i(t) = 1 mA to i(t) = 4 mA in 10 ms after the 
switch is closed. Assume that the circuit is at steady state before 
the switch is closed. Also assume that the transition will be 
complete after 5 time constants. 


Figure DP 8-2 
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the current of the current source, 4 mA. The output of this 
circuit is the current in the inductor, i(t). Use PSpice to plot the 
output i(f) as a function of t. Use the plot to obtain an analytic 
representation of i(t) for t > 0. 


Hint: We expect i(t) = A + Be fort > 0, where A, B, and t 
are constants to be determined. 


t=0 


Ama) 1 


Figure SP 8-4 


DP 8-3 The switch in Figure DP 8-3 closes at time 0, 2Ar, 4At, 

. .. 2kAt and opens at times Ar, 3Az, 5At, . . . . (2k + 1)At. When 
the switch closes, v(t) makes the transition from v( = 0 V to v(t) = 
5 V. Conversely, when the switch opens, v(t) makes the transition 
from v(t) = 5 V to v(t) = 0 V. Suppose we require that At = 5t 
so that one transition is complete before the next one begins. 
(a) Determine the value of C required so that At = 1 us. (b) How 
large must Ar be when C = 2 uF? 


Answer: (a) C = 4 pF; (b) At = 0.5s 


t= (2k + 1)At 
49 KQ 


5V 


Figure DP 8-3 


DP 8-4 The switch in Figure DP 8-3 closes at time 0, 2Ar, 4At, 
... 2kAt and opens at times Ar, 3Ar, 5At,.... (2k + DAt. 
When the switch closes, v(t) makes the transition from v(t) = 0 V 
to v(t) = 5 V. Conversely, when the switch opens, v(t) makes the 
transition from v(t) = 5 V to v(t) = 0 V. Suppose we require that 
one transition be 95 percent complete before the next one begins. 
(a) Determine the value of C required so that At = 1 us. (b) How 
large must At be when C = 2 uF? 


Hint: Show that At = —t In(1 — k) is required for the transition 
to be 100 k percent complete. 


Answer: (a) C = 6.67 pF; (b) At = 0.3 s 


376 8. The Complete Response of RL and RC Circuits 


DP 8-5 A laser trigger circuit is shown in Figure DP 8-5. To v(), V 
trigger the laser, we require 60 mA < |i] < 180 mA for 0 < t < 20 + 
200 us. Determine a suitable value for R; and Ro. 18 


Laser 0 322 
trigger i 


Figure DP 8-7 


Figure DP 8-5 Laser trigger circuit. 


DP 8-8 Design the circuit in Figure DP 8-8(a) to have the 
response in Figure DP 8-8(b) by specifying the values of L, R4, 


DP 8-6 Fuses are used to open a circuit when excessive current H 
an 2° 


flows (Wright, 1990). One fuse is designed to open when the 
power absorbed by R exceeds 10 W for 0.5 s. Consider the circuit 
shown in Figure DP 8-6. The input is given by v, = A[u(t) — u(t — 
0.75)] V. Assume that i,(0” ) = 0. Determine the largest value of A 
that will not cause the fuse to open. 


+ v(t) - 


(a) 


v(t), V 


Figure DP 8-6 Fuse circuit. 


DP 8-7 Design the circuit in Figure DP 8-7(a) to have the 
response in Figure DP 8-7(b) by specifying the values of C, Rj, 
and R>. 


Figure DP 8-8 
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DP 8-9 Design the circuit in Figure DP 8-9(a) to have the DP 8-10 Design the circuit in Figure DP 8-10(a) to have the 
response in Figure DP 8-9(b) by specifying the values of C, R;, response in Figure DP 8-10(b) by specifying the values of L, R4, 
and R>. and R>. 


(a) 


i(t), mA 
vO, V 120 
9 
70 
° 60 
t, ms 
0 0.173 48 0 119.5 
(b) (b) 


Figure DP 8-9 Figure DP 8-10 
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9.1 Introduction 


In this chapter, we consider second-order circuits. A second-order circuit is a circuit that is represented 
by a second-order differential equation. As a rule of thumb, the order of the differential equation that 
represents a circuit is equal to the number of capacitors in the circuit plus the number of inductors. 
For example, a second-order circuit might contain one capacitor and one inductor, or it might contain 
two capacitors and no inductors. 
For example, a second-order circuit could be represented by the equation 
2 
- x(t) + 20 “x(0 | wo x(t) = f(t) 


where x(f) is the output of the circuit, and f(r) is the input to the circuit. The output of the circuit, also 
called the response of the circuit, can be the current or voltage of any device in the circuit. The output is 
frequently chosen to be the current of an inductor or the voltage of a capacitor. The voltages of 
independent voltage sources and/or currents of independent current sources provide the input to the 
circuit. The coefficients of this differential equation have names: « is called the damping coefficient, and 
@o is called the resonant frequency. 

To find the response of the second-order circuit, we: 


e Represent the circuit by a second-order differential equation. 


e Find the general solution of the homogeneous differential equation. This solution is the natural 
response x(t). The natural response will contain two unknown constants that will be evaluated later. 
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e Find a particular solution of the differential equation. This solution is the forced response x(t). 
e Represent the response of the second-order circuit as x(t) = x (t) + x;(Z). 


e Use the initial conditions, for example, the initial values of the currents in inductors and the voltages 
across capacitors, to evaluate the unknown constants. 


9.2 Differential Equation for Circuits with Two Energy 
Storage Elements 


In Chapter 8, we considered circuits that contained only one energy storage element, and these could be 
described by a first-order differential equation. In this section, we consider the description of circuits with 
two irreducible energy storage elements that are described by a second-order differential equation. Later, we 
will consider circuits with three or more irreducible energy storage elements that are described by a third- 
order (or higher) differential equation. We use the term irreducible to indicate that all parallel or series 
connections or other reducible combinations of like storage elements have been 
reduced to their irreducible form. Thus, for example, any parallel capacitors have | i 
been reduced to an equivalent capacitor Cp. ig Q L 
In the following paragraphs, we use two methods to obtain the second-order 
differential equation for circuits with two energy storage elements. Then, in the next 
section, we obtain the solution to these second-order differential equations. = Ground 
First, let us consider the circuit shown in Figure 9.2-1, which consists ofa FIGURE 9.2-1 A parallel RLC circuit. 
parallel combination of a resistor, an inductor, and a capacitor. Writing the nodal 
equation at the top node, we have 


Oc 


a 


v 
R 


Then we write the equation for the inductor as 


dv 
pg i Zi 
tite i (9.2-1) 


di 
=L— 2-2 
v P7 (9.2-2) 
Substitute Eq. 9.2-2 into Eq. 9.2-1, obtaining 
Ldi ai 
pene diy L— =i .2- 
Rg itO qn (9.2-3) 


which is the second-order differential equation we seek. Solve this equation for i(t). If v(4) is required, 
use Eq. 9.2-2 to obtain it. 

This method of obtaining the second-order differential equation may be called the direct method 
and is summarized in Table 9.2-1. 

In Table 9.2-1, the circuit variables are called xı and x2. In any example, x, and x2 will be specific 
element currents or voltages. When we analyzed the circuit of Figure 9.2-1, we used xı = v and x2 = i. 
In contrast, to analyze the circuit of Figure 9.2-2, we will use x; = i and x2 = v, where i is the inductor 
current and v is the capacitor voltage. 

Now let us consider the RLC series circuit shown in Figure 9.2-2 and use the direct method to 
obtain the second-order differential equation. We chose x; = i and x2 = v. First, we seek an equation for 
dx, /dt = di/dt. Writing KVL around the loop, we have 

Lo + v+ Ri= vs (9.2-4) 
where v is the capacitor voltage. This equation may be written as 


eb RE (9.2-5) 
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Table 9.2-1 The Direct Method for Obtaining the Second-Order Differential Equation 


of a Circuit 
Step 1 Identify the first and second variables, x; and x2. These variables are capacitor voltages and/or inductor 

currents. 

d. 
Step 2 Write one first-order differential equation, obtaining = =f (x1,%2). 
d. 
Step 3 Obtain an additional first-order differential equation in terms of the second variable so that Aee Kx, or 
1 dx 
x ==. 
! Kadt 

Step 4 Substitute the equation of step 3 into the equation of step 2, thus obtaining a second-order differential 


equation in terms of x. 


FIGURE 9.2-2 A series RLC circuit. FIGURE 9.2-3 Circuit with two 
inductors. 


: S dx 
Recall v = x2 and obtain an equation in terms of 22, Because 


dv 
G = 
di 
dx2 
C— = 
or dt x) 


substitute Eq. 9.2-6 into Eq. 9.2-5 to obtain the desired second-order differential equation: 


dv v RCdv_ys 
de? L Ldt L 


Equation 9.2-8 may be rewritten as 
dy Rdv | 1 Oo Vs 
d? Ldt LC” LC 


(9.2-6) 


(9.2-7) 


(9.2-8) 


(9.2-9) 


Another method of obtaining the second-order differential equation describing a circuit is called 
the operator method. First, we obtain differential equations describing node voltages or mesh currents 


and use operators to obtain the differential equation for the circuit. 


As a more complicated example of a circuit with two energy storage elements, consider the circuit 
shown in Figure 9.2-3. This circuit has two inductors and can be described by the mesh currents as 


shown in Figure 9.2-3. The mesh equations are 


di 
Ly + R(i hen 

a. 4 di 
and Ra —i1) +a = 0 


Now, let us use R = 1 QO, Lı = 1 H, and L, = 2 H. Then we have 


diug . 
—+i-hb =v 
dt 5 


(9.2-10) 


(9.2-11) 
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P 
and iii +2 = 0 (9.2-12) 


In terms of i; and iz, we may rearrange these equations as 


P 
Si+ i —b =v (9.2-13) 

P 
and -i +i +2 = 0 (9.2-14) 


It remains to obtain one second-order differential equation. This is done in the second step of the operator 
method. The differential operator s, where s = d/dt, is used to transform differential equations into 
algebraic equations. Upon replacing d/dt by s, Eqs. 9.2-13 and 9.2-14 become 


ST] Ale ly = Ip = Vs, 


and — i +b +2si = 0 
These two equations may be rewritten as 

(s+ li; -i =V; 
and — i +(2s+1)b = 0 


We may solve for iz, obtaining 


: lv, Vs 

hl = — 

2 (stl)(Qst1)—1 282 +35 
Therefore, (25? + 35) in = Vs 


d d 
Now, replacing s? by JZ and s by T we obtain the differential equation 


Dia 
222 43 ey (9.2-15) 


The operator method for obtaining the second-order differential equation is summarized in 
Table 9.2-2. 


Table 9.2-2 Operator Method for Obtaining the Second-Order Differential Equation 


of a Circuit 

Step 1 Identify the variable xı for which the solution is desired. 

Step 2 Write one differential equation in terms of the desired variable x, and a second variable, x2. 

Step 3 Obtain an additional equation in terms of the second variable and the first variable. 

Step 4 Use the operator s = d/dt and 1/s = f dt to obtain two algebraic equations in terms of s and the two 
variables x, and x2. 

Step 5 Using Cramet’s rule, solve for the desired variable so that xı = f (s, sources) = P(s)/Q(s), where P(s) 
and Q(s) are polynomials in s. 

Step 6 Rearrange the equation of step 5 so that Q(s)x; = P(s). 

Step 7 Convert the operators back to derivatives for the equation of step 6 to obtain the second-order differential 


equation. 
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Try it 
yourself EXAMPLE 9.2-1 Representing a Circuit by a 
Pla a Differential Equation 
Find the differential equation for the current i, for the circuit of 22 1H 
Figure 9.2-4. 


Us ©) 1H Ca) 30 
Solution 


Write the two mesh equations, using KVL to obtain 
FIGURE 9.2-4 Circuit for Example 9.2-1. 


. dù dir 
2 — —— =V 
Ay dt dt i 
di, diz 
3h +2 =0 
dt %2 dt 


Using the operator s = d/dt, we have 
(2 + s)i — siz = vs 


and — sių + (3 + 2s)iz = 
Using Cramer’s rule to solve for i, we obtain 
SVs SVs 
2 = = 9.2-16 
2 (2+5)(34+2s)—s? s +7s+6 ( ) 
Rearranging Eq. 9.2-16, we obtain 
(s° + 7s + 6)i = svs (9.2-17) 
Therefore, the differential equation for i> is 
Po di h 
JE 7 apa Ga = i (9.2-18) 
Try it 
yourself ExamPLE 9.2-2 Representing a Circuit by a 
in WileyPLUS 


Differential Equation 


Find the differential equation for the voltage v for the circuit of Figure 9.2-5. 


Solution 
The KCL node equation at the upper node is 
Us 
y= dv 
C—-—0 9.2-19 
R, +i+ F ( ) 


Because we wish to determine the equation in terms of v, we need a second 


equation in terms of the current i. Write the equation for the current through T Groun 
the branch containing the inductor as FIGURE 9.2-5 The RLC circuit for 
di Example 9.2-2. 
i 
Ri+L—=v (9.2-20) 


dt 
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Using the operator s = d/dt, we have the two equations 


v 5 wa 
+ Csv+i= 
R, WE R, 
and —v+Ri+Lsi=0 


Substituting the parameter values and rearranging, we have 


(10° + 10°s)v +i = 10 -4v, 


and -v+ (105+ 1)i=0 
Using Cramer’s rule, solve for v to obtain 


(s + 1000)vs (s + 1000)vs 
v= = 
(s+1)(s+1000)+10° s2+ 1001s -+ 1001 x 10° 


Therefore, we have 
(s? + 1001s + 1001 x 10°)v = (s + 1000)v, 


or the differential equation we seek is 


dy dv dv 
—, + 1001— + 1001 x 10°v = — + 1000vs 
J2 0 m" 001 x 10°v aa 00v 
2H 
EXERCISE 9.2-1 Find the second-order differential equation for the circuit 
shown in Figure E 9.2-1 in terms of i, using the direct method. i wo Vo F 
i 
ďi Vai. ldi — 
Answer: + T= 
d? 2dt 2 dt FIGURE E 9.2-1 
EXERCISE 9.2-2 Find the second-order differential equation for the circuit o 
shown in Figure E 9.2-2 in terms of v using the operator method. 
is 1H 1/2 F 
2 . 
dis 
Answer: a oe 2v = J 
dt? dt dt = Ground 


FIGURE E 9.2-2 


9.3 Solution of the Second-Order Differential Equation— 
The Natural Response 


In the preceding section, we found that a circuit with two irreducible energy storage elements can be 
represented by a second-order differential equation of the form 

dx 
d? dt 
where the constants a, a), dg are known and the forcing function f(t) is specified. 


The complete response x(t) is given by 
X = Xn + Xf (9.3-1) 


+ aox = f(t) 


where x, is the natural response and x¢ is a forced response. The natural response satisfies the unforced 
differential equation when f(t) = 0. The forced response xp satisfies the differential equation with the 
forcing function present. 
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The natural response of a circuit x, will satisfy the equation 


dx, dXp 
a + a) — + aoXn = 0 9.3-2 
272 it 0Xn ( ) 
Because x, and its derivatives must satisfy the equation, we postulate the exponential solution 


Xn = Ae™ (9.3-3) 


where A and s are to be determined. The exponential is the only function that is proportional to all of its 
derivatives and integrals and, therefore, is the natural choice for the solution of a differential equation 
with constant coefficients. Substituting Eq. 9.3-3 in Eq. 9.3-2 and differentiating where required, we 
have 


aAs’e" + ajAse” + anpAe" = 0 (9.3-4) 
Because x, = Ae”, we may rewrite Eq. 9.3-4 as 


a25 Xn + d1SXn + doX, = 0 


or (as? +aıs + ao) Xn =0 
Because we do not accept the trivial solution, x, = 0, it is required that 
(ans? +aıs + ao) =0 (9.3-5) 


This equation, in terms of s, is called a characteristic equation. It is readily obtained by replacing the 
derivative by s and the second derivative by s*. Clearly, we have returned to the familiar operator 
d” 


d t 


The characteristic equation is derived from the governing differential equation for a circuit 
by setting all independent sources to zero value and assuming an exponential solution. 


Oliver Heaviside (1850-1925), shown in Figure 9.3-1, advanced the theory of operators for 
the solution of differential equations. 
The solution of the quadratic equation (9.3-5) has two roots, s; and s2, where 


pe 2 
— a, + y aî — 4ara0 (9.3-6) 


2a 


ee yee 
and Fra (9.3-7) 


2a2 


© Photograph courtesy of 
the Institution of Electrical 
Engineers 

FIGURE 9.3-1 Oliver Xn = Aye" + Ape (9.3-8) 
Heaviside (1850-1925). 


When there are two distinct roots, the natural response is of the form 


where A; and A, are unknown constants that will be evaluated later. We will delay 
considering the special case when sı = s2. 


The roots of the characteristic equation contain all the information necessary for determining 
the character of the natural response. 
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Try it 
yourself EXAMPLE 9.3-1 Natural Response ofa 
in WileyPLUS : : 
Lies Second-Order Circuit 
Find the natural response of the circuit current ip shown in 82 2H 


Figure 9.3-2. Use operators to formulate the differential equation 
and obtain the response in terms of two arbitrary constants. 


vÈ) it 4Q Cr) 1H 
Solution 
Writing the two mesh equations, we have FIGURE 9.3-2 Circuit of Example 9.3-1. 


R di ; 
12 Har = 


: di 
and —4i+42+17 =0 
Using the operator s=d/dt, we obtain 
(12 + 2s)i) — 4in = vs (9.3-9) 
—4i + (445) =0 (9.3-10) 
Solving for iz, we have 
r 4v; 4v; Dave 
ty = = = 
*~ (12 +2s)(44+5)—16 2220s 52+ 105+ 16 
Therefore, (s? + 10s + 16) i, = 2v, 


Note that (s? + 10s + 16) = 0 is the characteristic equation. Thus, the roots of the characteristic equation are 
Sı = —2 and s2 = —8. Therefore, the natural response is 


Xn = Aye! + Are * 


where x = i. The roots sı and sz are the characteristic roots and are often called the natural frequencies. The 
reciprocals of the magnitude of the real characteristic roots are the time constants. The time constants of this circuit 
are 1/2 s and 1/8 s. 


EXERCISE 9.3-1 Find the characteristic equation and the natural frequencies for the circuit 
shown in Figure E 9.3-1. 


6Q 


is (D 1/4 F 


= Ground FIGURE E 9.3-1 


Answer: $ +7s+10=0 
sy; = —2 
s2 = —5 
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9.4 Natural Response of the Unforced 
Parallel RLC Circuit 


In this section, we consider the (unforced) natural response of the parallel RLC circuit shown 
in Figure 9.4-1. We choose to examine the parallel RLC circuit to illustrate the three forms of 
the natural response. An analogous discussion of the series RLC circuit could be presented, 
but it is omitted because the purpose is not to obtain the solution to specific circuits but rather 
il to illustrate the general method. 

A circuit that contains one capacitor and one inductor is represented by a second-order 
differential equation, 


FIGURE 9.4-1 Parallel 
RLC circuit. a 


za) + 24% x(t) + 5 x(t) = f(t) 


where x(t) is the output of the circuit and f(t) is the input to the circuit. The output of the circuit, also 
called the response of the circuit, can be the current or voltage of any device in the circuit. The output is 
frequently chosen to be the current of an inductor or the voltage of a capacitor. The voltages of 
independent voltage sources and/or currents of independent current sources provide the input to the 
circuit. The coefficients of this differential equation have names: « is called the damping coefficient, and 
(o is called the resonant frequency. 

The circuit shown in Figure 9.4-1 does not contain any independent sources, so the input f(t) is 
zero. The differential equation with f(t) = 0 is called a homogeneous differential equation. We will take 
the output to be the voltage v(f) at the top node of the circuit. Consequently, we will represent the circuit 
in Figure 9.4-1 by a homogeneous differential equation of the form 

d E i en 
qa) + avs) +a v(t) =0 


Write the KCL at the top node to obtain 


v i ft dv 
=+- (0 —=0 A-1 
zf vdt + i(0) + Cz (9.4-1) 
Taking the derivative of Eq. 9.4-1, we have 
dy ldv 1 
—+=—+-v=0 4-2 
Cae RG T PEN 
Dividing both sides of Eq. 9.4-2 by C, we have 
dv id 1 
= .4- 
ae t RCar + ic’ = ° ee 


Using the operator s, we obtain the characteristic equation 
> 1 1 


a ee 4-4 
EpC TIC 0 (9.4-4) 


Comparing Eq. 9.4-4 to Eq. 9.4-1, we see 
a=- and m=— (9.4-5) 


The two roots of the characteristic equation are 


ae a er l ae (9.4-6) 
51 ORC Re) LC S "ORG 2RC) LC 
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When sı is not equal to s2, the solution to the second-order differential Eq. 9.4-3 for t > 0 is 
Vn = Aye’! + Are! (9.4-7) 


The roots of the characteristic equation may be rewritten as 


s =—4+ y2- og and s =-a-— ya -— o2 (9.4-8) 


The damped resonant frequency, wa, is defined to be 


a = 4/0 — 0? 


When œọ > «, the roots of the characteristic equation are complex and can be expressed as 


sı =—& + jwa and s = —& — jwa 


The roots of the characteristic equation assume three possible conditions: 


1. Two real and distinct roots when « > a). 


2. Two real equal roots when « = «9. 


3. Two complex roots when 0 < Qo. 


When the two roots are real and distinct, the circuit is said to be overdamped. When the roots 
are both real and equal, the circuit is critically damped. When the two roots are complex 
conjugates, the circuit is said to be underdamped. 


Let us determine the natural response for the overdamped RLC circuit of Figure 9.4-1 when the 
initial conditions are v(0) and i(0) for the capacitor and the inductor, respectively. Notice that because 
the circuit in Figure 9.4-1 has no input, v,(0) and v(0) are both names for the same voltage. Then, at t= 0 
for Eq. 9.4-7, we have 

Vn(0) = A; +42 (9.4-9) 
Because A, and A, are both unknown, we need one more equation at t = 0. Rewriting Eq. 9.4-1 at t = 0, 
we have! 
v(0) dv(0) 
ae ee 0 = 
R +i(0)+C a 0 
Because i(0) and v(0) are known, we have 


dv(0) v(0) i(0) 
= 9.4-10 
dt RC Ç ( ) 
Thus, we now know the initial value of the derivative of v in terms of the initial conditions. Taking the 


derivative of Eq. 9.4-7 and setting t = 0, we obtain 
dva (0) 


di = sjA; + S242 (9.4-1 1) 
Using Eqs. 9.4-10 and 9.4-11, we obtain a second equation in terms of the two constants as 
v(0) _ i(0) 
A A = — — — >= 4-12 
S}A] + 52A2 RCC (9 ) 


Using Eqs. 9.4-9 and 9.4-12, we may obtain A, and A>. 


Note: guo) me au 


t=0 
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Try it 


yourself EXAMPLE 9.4-1 Natural Response of an Overdamped 
in WileyPLUS 


Second-Order Circuit 


Find the natural response of v(t) for t > 0 for the parallel RLC circuit shown in Figure 9.4-1 when R = 2/3 Q, 
L=1H,C=1/2F, v0) = 10 V, and i0) = 2 A. 


Solution 
Using Eq. 9.4-4, the characteristic equation is 
1 1 
2 
R N) 
e are 
or s+3s5+2=0 
Therefore, the roots of the characteristic equation are 
s;=-l and s»=-2 
Then the natural response is 
Va = Aye? + Ape (9.4-13) 
The initial capacitor voltage is v(0) = 10, so we have 
vn(0) = Ay + Ap 
or 10 =A, +42 (9.4-14) 


We use Eq. 9.4-12 to obtain the second equation 
for the unknown constants. Then 


v(0) _ i(0) 
Ay e Aa 
S1A1 + S2A2 RCC 
10 
10 2 
A, — 2A, = 
i B 1/3 1/2 
Therefore, we have 7 
3A, = 34 (9.4-15) 
vnlt) 
Solving Eqs. 9.4-14 and 9.4-15 simultaneously, (V) 3 


we obtain A> = 24 and A, = —14. Therefore, the 
natural response is 


Vn = (—14e' + 24e”) V 
The natural response of the circuit is shown in = 
Figure 9.4-2. FIGURE 9.4-2 Response of the RLC circuit of Example 9.4-1. 


EXERCISE 9.4-1 Find the natural response of the RLC circuit of Figure 9.4-1 when R = 6 Q, 
L = 7 H, and C=1/42 F. The initial conditions are v(0) = 0 and i(0) = 10 A. 


Answer: v,(t) = —84(e™ — e“) V 
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9.5 Natural Response of the Critically Damped Unforced 
Parallel RLC Circuit 
Again we consider the parallel RLC circuit, and here we will determine the special case when the 
characteristic equation has two equal real roots. Two real, equal roots occur when «°? = w%, where 
1 1 
=— d œ =— 
"=R TE Mae 
Let us assume that sı = s2 and proceed to find v,(f). We write the natural response as the sum of two 
exponentials as 
Vn =A A = A (9.5-1) 
where A3 = A; + A>. Because the two roots are equal, we have only one undetermined constant, but we 
still have two initial conditions to satisfy. Clearly, Eq. 9.5-1 is not the total solution for the natural 
response of a critically damped circuit. We need the solution that will contain two arbitrary constants, so 
with some foreknowledge, we try the solution 
Vn = e™' (Ait + Ap) (9.5-2) 
Let us consider a parallel RLC circuit in which L = 1 H, R = 1 Q, C = 1⁄4 F, v(0) = 5 V, and 
i(0) = —6 A. The characteristic equation for the circuit is 
1 1 
2 
—s+—=0 
ROT Te 
or sv +4s+4=0 
The two roots are then sı = s2 = —2. Using Eq. 9.5-2 for the natural response, we have 
Va = e” (Ait + A2) (9.5-3) 
Because v,(0) = 5, we have at t = 0 
5 =A2 
Now, to obtain A4, we proceed to find the derivative of v, and evaluate it at t = 0. The derivative of v, is 
found by differentiating Eq. 9.5-3 to obtain 
dv —2t —2t =2t 
a —2Aite“ + Aye“ — 2Are (9.5-4) 
Evaluating Eq. 9.5-4 at t = 0, we have 
dv(0) 
=A,—2A 
di 1 2 
Again, we may use Eq. 9.4-10 so that 
dv(0) — »(0) i(0) 5 
d RC C 
—5 —6 U, (V) 
A, — 2A; = =4 eT BS 
i Aem A 
Therefore, A} = 14 and the natural response is d 
(0) I 2 


vn = e” (14t +5) V 


t(s) = 


The critically damped natural response of this RLC circuit is shown FIGURE 9.5-1 Critically damped response of the 


in Figure 9.5-1. parallel RLC circuit. 
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EXERCISE 9.5-1 A parallel RLC circuit has R = 10 Q, C= 1 mF, L = 0.4 H, v(0) = 8 V, and 
i(0) = 0. Find the natural response v,(¢) for t < 0. 


Answer: v,(t) = e~>°'(8 — 400r) V 


9.6 Natural Response of an Underdamped Unforced 
Parallel RLC Circuit 


The characteristic equation of the parallel RLC circuit will have two complex conjugate roots when 
w< og. This condition is met when 


LC < (2RC) 
or when 
L< 4R?C 
Recall that 
Vn = Aye!!! + Are! (9.6-1) 
where s12 = —4 E 4/0? — wh 
When o > 
we have 
. 2 2 
S12 = —4 E J4/ Wo — % 


where j=v-1 


See Appendix B for a review of complex numbers. 

The complex roots lead to an oscillatory-type response. We define the square root y/o% — «2 as 
@g, Which we will call the damped resonant frequency. The factor «, called the damping coefficient, 
determines how quickly the oscillations subside. Then the roots are 


S12 = -aH4EjM¢ 
Therefore, the natural response is 
Wn = Aye “esmat + Are e Jou 
or vme” (Ae! + Ape") (9.6-2) 


Let us use the Euler identity” 


jot 


e7 = cos œt + j sin wt (9.6-3) 
Let œw = wa in Eq. 9.6-3 and substitute into Eq. 9.6-2 to obtain 

Va = e€" (A; cos wat + jA: sin wat + A2 cos Mat — jA? sin wat) (9.6-4) 
= e™™|(A; + Az) cos wat + j(A; — Az) sin wat] 


Because the unknown constants A, and A, remain arbitrary, we replace (A; + A>) and j(A; — A2) with 
new arbitrary (yet unknown) constants B, and B2. A; and A> must be complex conjugates so that B, and 
By are real numbers. Therefore, Eq. 9.6-4 becomes 


Vn = €” (B; cos wat + B2 sin wat) (9.6-5) 


where Bı and B2 will be determined by the initial conditions v(O) and i(0). 


? See Appendix B for a discussion of Euler’s identity. 
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The natural underdamped response is oscillatory with a decaying magnitude. The rapidity of 
decay depends on «, and the frequency of oscillation depends on wa. 

Let us find the general form of the solution for B, and B> in terms of the initial conditions when the 
circuit is unforced. Then, at t = 0, we have 


Vn (0) = By 


To find Bs, we evaluate the first derivative of v, and then let t = 0. The derivative is 


dvn : 
= = e" |(@aB2ı — %B)) cos wat — (MgB, + &B2) sin wat] 
and, at t = 0, we obtain 
dv, (0 
wl ae eee (9.6-6) 


Recall that we found earlier that Eq. 9.4-10 provides dv(0)/dt for the parallel RLC circuit as 
dv, (0) v(0) i(0) 


= 9.6-7 
dt RC C ( ) 
Therefore, we use Eqs. 9.6-6 and 9.6-7 to obtain 
0 i(O 
WaB2 = «Bı = AO = 4o) (9.6-8) 


RC C 


EXAMPLE 9.6-1 Natural Response of an Underdamped 


Second-Order Circuit 
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Consider the parallel RLC circuit when R = 25/3 Q, L = 0.1 H, C= 1 mF, v(0) = 10 V, and i(0) = —0.6 A. Find the 


natural response v,(¢) for t > 0. 


Solution 
First, we determine o* and w$ to determine the form of the response. Consequently, we obtain 
1 1 
=——_=60 and œ= — = 10 
E R TE 


Therefore, O > «°, and the natural response is underdamped. We proceed to determine the damped resonant 


frequency wa as 
wa = 4/0 — a? = V10* — 3.6 x 10° = 80 rad/s 


Hence, the characteristic roots are 


sı = —a4+joq = —60 + j80 and s= —a« — jwa = —60 — j80 
Consequently, the natural response is obtained from Eq. 9.6-5 as 
va(t) = Bye ™ cos 80t + Bre ™ sin 80t 


Because v(0) = 10, we have 
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We can use Eq. 9.6-8 to obtain B, as 


a B, v(0)  ¿(0) 

a RC waC 

60 x 10 10 -0.6 
80 80 x 25/3000 80x 1073 | 


Therefore, the natural response is 


B, = 


7.5—15.0+75=0 


va(t) = 10e~% cos 80 t V 


A sketch of this response is shown in Figure 9.6-1. Although the response is oscillatory in form because of the 
cosine function, it is damped by the exponential function, és 


FIGURE 9.6-1 Natural response of the underdamped 
parallel RLC circuit. 


The period of the damped oscillation is the time interval, denoted as T4, expressed as 


2% 


Ta (9.6-9) 


Wa 

The natural response of an underdamped circuit is not a pure oscillatory response, but it does 
exhibit the form of an oscillatory response. Thus, we may approximate T4 by the period between the 
first and third zero-crossings, as shown in Figure 9.6-1. Therefore, the frequency in hertz is 


1 
fa= Tı 
The period of the oscillation of the circuit of Example 9.6-1 is 
2n 
Ty= 20 = 79 ms 


EXERCISE 9.6-1 A parallel RLC circuit has R = 62.5 Q, L = 10 mH, C = 1 pF, 
v(0) = 10 V, and (0) = 80 mA. Find the natural response v,(¢t) for t > 0. 


Answer: v,(t) = e810 cos 6000t — 26.7 sin 60007] V 


9.7 Forced Response of an RLC Circuit 


The forced response of an RLC circuit described by a second-order differential equation must satisfy the 
differential equation and contain no arbitrary constants. As we noted earlier, the response to a forcing 
function will often be of the same form as the forcing function. Again, we consider the differential 
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Table 9.7-1 Forced Responses 


FORCING FUNCTION ASSUMED RESPONSE 
K A 

Kt At+B 

Kt? At? + Bt+C 

K sin wt A sin wt + B cos wt 

Ke“ Ae“ 


equation for the second-order circuit as 


ax dx 
g gy + ox =F) 


(9.7-1) 


The forced response x; must satisfy Eq. 9.7-1. Therefore, substituting xf, we have 


dx dx 
ga tag tae =F) 


(9.7-2) 


We need to determine xp so that xp and its first and second derivatives all satisfy Eq. 9.7-2. 
If the forcing function is a constant, we expect the forced response also to be a constant because 
the derivatives of a constant are zero. If the forcing function is of the form f(t) = Be“, then the 


—at 


derivatives of f(t) are all exponentials of the form Qe 


xe = De“ 


, and we expect 


If the forcing function is a sinusoidal function, we can expect the forced response to be a 


sinusoidal function. If f(t) = A sin wot, we will try 


Xp = M sin wot + N cos wot = Q sin (wot + 0) 


Table 9.7-1 summarizes selected forcing functions and their associated assumed solutions. 


Try it 


in WileyPLUS 


yourself ( ExamĪmPLE 9.7-1 Forced Response to an Exponential Input ) 


Find the forced response for the inductor current is for the parallel RLC 
circuit shown in Figure 9.7-1 when i, = 8e ~ A.LetR=6 QO, L=7H, and 
C = 1/42 F. 


Solution 
The source current is applied at t = 0 as indicated by the unit step function 
u(t). After t = 0, the KCL equation at the upper node is 


l + R + Cz = Is 
We note that 
di 
= = 
dt 
dv i 


So T= 


Os 


i, u(t) O Cc 


= Ground 


FIGURE 9.7-1 Circuit for Examples 
9.7-1 and 9.7-2. 


(9.7-3) 


(9.7-4) 


(9.7-5) 
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Substituting Eqs. 9.7-4 and 9.7-5 into Eq. 9.7-3, we have 


Then we divide by LC and rearrange to obtain the familiar second-order differential equation 
ee lds Ieee 


= 9.7-6 
dP  RCdt LC LC a) 
Substituting the component values and the source is, we obtain 
fi _di 
—, +7—+6i=48e 9.7-7 
goa ( ) 
We wish to obtain the forced response, so we assume that the response will be 
ip = Be” (9.7-8) 


where B is to be determined. Substituting the assumed solution, Eq. 9.7-8, into the differential equation, we have 
4Be~* + 7(—2Be-*) + 6 Be” = 48e” 
or (4— 14 + 6)Be = 48e” 
Therefore, B = —12 and 
ig = —12e* A 


EXxAMPLE 9.7-2 Forced Response to a Constant Input ) 


Find the forced response i, of the circuit of Example 9.7-1 when i, = Jp, where Jp is a constant. 


Solution 
Because the source is a constant applied at t = 0, we expect the forced response to be a constant also. As a first 
method, we will use the differential equation to find the forced response. Second, we will demonstrate the 
alternative method that uses the steady-state behavior of the circuit to find iç. 
The differential equation with the constant source is obtained from Eq. 9.7-6 as 
oo di 
ae” i dt 
Again, we assume that the forced response is i; = D, a constant. Because the first and second derivatives of the 
assumed forced response are zero, we have 


+ 6i = 61 


6D = 6lo 
or D= Io 
Therefore, ig = Ío 


Another approach is to determine the steady-state response ir of the circuit of 
Figure 9.7-1 by drawing the steady-state circuit model. The inductor acts like 
a short circuit, and the capacitor acts like an open circuit, as shown in Figure 
9.7-2. Clearly, because the steady-state model of the inductor is a short circuit, 
all the source current flows through the inductor at steady state, and 


‘ FIGURE 9.7-2 Parallel RLC circuit at 
ig = Ip steady state for a constant input. 


Forced Response of an RLC Circuit 


The two previous examples showed that it is relatively easy to obtain the response of the circuit to 
a forcing function. However, we are sometimes confronted with a special case where the form of the 
forcing function is the same as the form of one of the components of the natural response. 
Again, consider the circuit of Examples 9.7-1 and 9.7-2 (Figure 9.7-1) when the differential 
equation is 
fi di 
— +7—+6i=6i 9.7-9 
a a ee?) 
Suppose is =3e% 
Substituting this input into Eq. 9.7-9, we have 


ai _d 


at 724 61= 18e“ (9.7-10) 
The characteristic equation of the circuit is 
$ +7s+6=0 
or (s+1)(s+6)=0 


Thus, the natural response is 
in = Aye! + Ae“ 
Then at first, we, expect the forced response to be 
ip = Be! (9.7-11) 


However, the forced response and one component of the natural response would then both have the 
form De~“. Will this work? Let’s try substituting Eq. 9.7-11 into the differential equation (9.7-10). We 
then obtain 


36Be~™ — 42Be~" + 6Be~™ = 18¢e~* 
or 0= 1807“ 


which is an impossible solution. Therefore, we need another form of the forced response when one of 
the natural response terms has the same form as the forcing function. 
Let us try the forced response 


ip = Bte (9.7-12) 
Then, substituting Eq. 9.7-12 into Eq. 9.7-10, we have 
B(—6e — 6e-% + 36re™) + 7B(e% — 6re ™) + 6Bte * = 186% (9.7-13) 


Simplifying Eq. 9.7-13, we have 


Therefore, if = ——te 
In general, if the forcing function is of the same form as one of the components of the natural 
response x,;, we will use 
xXpat p Xn 


where the integer p is selected so that the xp is not duplicated in the natural response. Use the lowest 
power p of t that is not duplicated in the natural response. 
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EXERCISE 9.7-1 A circuit is described for t > 0 by the equation 
as of i 201 = 61. 
d? dt oa 

where i, = 6 + 2t A. Find the forced response iç for t > 0. 


Answer: ig = 1.53 + 0.6t A 


9.8 Complete Response of an RLC Circuit 


We have succeeded in finding the natural response and the forced response of a circuit described by a 
second-order differential equation. We wish to proceed to determine the complete response for the 
circuit. 


The complete response is the sum of the natural response and the forced response; thus, 


Sn y 


Let us consider the series RLC circuit of Figure 9.2-2 with a differential equation (9.2-8) as 


Ëv dv 
LC — + RC — =V; 
dt? i dt ee ay 
When L = 1 H, C = 1/6 F, and R = 5 Q, we obtain 
dy dv 
— + 5— + 6v = 6 vs 9.8-1 
J2 + T + 6v v ( ) 


2e™! 


We let vs =~ V, v(0) = 10 V, and dv(0)/dt = —2 Vis. 


We will first determine the form of the natural response and then determine the forced response. 
Adding these responses, we have the complete response with two unspecified constants. We will then 
use the initial conditions to specify these constants to obtain the complete response. 

To obtain the natural response, we write the characteristic equation, using operators as 


$ +5s+6=0 
or (s+2)(s+3)=0 


Therefore, the natural response is 


va = Aye! + Age *# 


The forced response is obtained by examining the forcing function and noting that its exponential 
response has a different time constant than the natural response, so we may write 


ve = Be (9.8-2) 
We can determine B by substituting Eq. 9.8-2 into Eq. 9.8-1. Then we have 
Be™ + 5(—Be™') + 6(Be‘) = 4e' 
or B=2 
The complete response is then 
V = vn + ve = Aje” + Are! 4+ 267 


Complete Response of an RLC Circuit 


To find A, and A>, we use the initial conditions. At t = 0, we have v(0) = 10, so we obtain 


10=A; +42: +2 (9.8-3) 
From the fact that dv/dt = —2 at t = 0, we have 
2Aı — 3A. — 2 = —2 (9.8-4) 


Solving Eqs. 9.8-3 and 9.8-4, we have A; = 24 and Az = —16. Therefore, 
v=24e” — 160" +2” V 


( ExamPLE 9.8-1 Complete Response of a Second-Order Circuit ) 


Find the complete response v(t) for t > O for the circuit of 
Figure 9.8-1. Assume the circuit is at steady state at t = O`. 


Solution 
First, we determine the initial conditions of the circuit. At 
t= 0 , we have the circuit model shown in Figure 9.8-2, 
where we replace the capacitor with an open circuit and the 
inductor with a short circuit. Then the voltage is 

v(0-) =6V 
and the inductor current is 

KOSTA 
After the switch is thrown, we can write the KVL for the 
right-hand mesh of Figure 9.8-1 to obtain 


FIGURE 9.8-1 Circuit of Example 9.8-1. 


4Q 


OFF 
6Q v 


10v(*) 


di FIGURE 9.8-2 Circuit of Example 9.8-1 at t = 0`. 
—v+—+6i=0 9.8-5 
v+ T + 6i ( ) 
The KCL equation at node a will provide a second equation in terms of v and i as 
v—-vọ . ldv 
Z2 0 
4 a 


Equations 9.8-5 and 9.8-6 may be rearranged as 


di 
—+6i}—v=0 


on Le _Vs 
ONE an Aaya A 


We will use operators so that s = d/dt, s* = d°/dt’, and 1/s = f dt. Then we obtain 
(s+ 6)i-v=0 
1 
Sar a Ea 1)v = v,/4 
Solving Eq. 9.8-10 for i and substituting the result into Eq. 9.8-9, we get 
((s+6)(s+ 1) +4)v = (s + 6)vs 
(s* +7s + 10)v = (s + 6)vs 

Hence, the second-order differential equation is 

dy 

dt? 


Or, equivalently, 


dv dv, 
| + 10v = + 6vs 
T E 
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(9.8-6) 


(9.8-7) 


(9.8-8) 


(9.8-9) 


(9.8-10) 


(9.8-11) 
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The characteristic equation is 
s+7s+10=0 
Therefore, the roots of the characteristic equation are 
S$; =—2 and s =-—5 
The natural response v, is 
Vn = Aje 2 + Are # 
The forced response is assumed to be of the form 
ve = Be” (9.8-12) 
Substituting vç into the differential equation, we have 
9Be* — 21Be-* + 10Be* = —18e* + 36e” 
Therefore, B=-9 
and vp = —9e7>! 


The complete response is then 


V=Va tp Ae + Are! — Ge! (9.8-13) 
Because v(0) = 6, we have 
v(0) = 6 =A, +A) —9 
or A, +A2 = 15 (9.8-14) 


We also know that i(0) = 1 A. We can use Eq. 9.8-8 to determine dv(0)/dt and then evaluate the derivative of 
Eq. 9.8-13 at t = 0. Equation 9.8-8 states that 


d 
= = —4i—-v +v; 
At t = 0, we have 
dv(0 
z ) = —4 i(0) — v(0) + v,(0) = —4 — 6 + 6 = —4 
Let us take the derivative of Eq. 9.8-13 to obtain 
d 
A De ee e 
dt 
At t = 0, we obtain 
AU E; 
dt 
Because dv(0)/dt = —4, we have 
2A; + 5A; = 31 (9.8-15) 
Solving Eqs. 9.8-15 and 9.8-14 simultaneously, we obtain 
44 1 
Ay = 3 and Ao = 3 
44 1 
Therefore, pag begr" Vi 


3 3 
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Note that we used the capacitor voltage and the inductor current as the unknowns. This is very 
convenient because you will normally have the initial conditions of these variables. These variables, ve 
and i, are known as the state variables. We will consider this approach more fully in the next section. 


9.9 State Variable Approach to Circuit 
Analysis 


The state variables of a circuit are a set of variables associated with the energy of the energy storage 
elements of the circuit. Thus, they describe the complete response of a circuit to a forcing function and 
the circuit’s initial conditions. Here the word state means “condition,” as in state of the union. We will 
choose as the state variables those variables that describe the energy storage of the circuit. Thus, we will 
use the independent capacitor voltages and the independent inductor currents. 

Consider the circuit shown in Figure 9.9-1. The two 
energy storage elements are Cı and C3, and the two capacitors 
cannot be reduced to one. We expect the circuit to be described 
by a second-order differential equation. However, let us first 
obtain the two first-order differential equations that describe 
the response for v,(¢) and v(t), which are the state variables 
of the circuit. If we know the value of the state variables at one = Ground 
time and the value of the input variables thereafter, we can find 
the value of any state variable for any subsequent time. 

Writing the KCL at nodes 1 and 2, we have 


vpult) 


FIGURE 9.9-1 Circuit with two energy storage 
elements. 


dvi va—=v v-—vy 
l: = + 9-1 
node Ci i R, B (9.9-1) 
i. =F i (9.9-2) 
` 5 dt R3 Ro ` 
Equations 9.9-1 and 9.9-2 can be rewritten as 
dvı ie vi i vı v2 = Va (9 9-3) 
dt CıRı C\R> C\R> CıRı i 
dun vn v Vi pera (9.9-4) 
dt C2R3 CRə CRə C2R3 i 
Assume that C,R; = 1, CR? = 1, CoR3 = 1, and CR = 1/2. Then we have 
d 
- + 2v — v2 = va (9.9-5) 
d 
and — 2vı + a 4: 3p = v (9.9-6) 
Using operators, we have 
(s +2)vi — v2 = Va 
—2v; + (S + 3)v2 = Vpb 
solve for vı, to obtain 
3) Va 
y= (s+ )v tb (9.9-7) 


(s+2)(s+3)-2 
The characteristic equation is obtained from the denominator and has the form 


s +5s+4=0 
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The characteristic roots are s = —4 and s = —1. The second-order differential equation can be obtained 
by rewriting Eq. 9.9-7 as 

(s° + 5s + 4)vi = (s + 3)va + Vp 
Then the differential equation for vı is 


dvi dv dva 
ES pia h 9- 
dt? j dt L= i 3¥a + Mb (aea) 


We now proceed to obtain the natural response 
Vin = Aye’ + Ave 


and the forced response, which depends on the form of the forcing function. For example, if 
va = 10 V and vw = 6 V, vie will be a constant (see Table 9.7-1). We obtain v,¢ by substituting 
into Eq. 9.9-8, obtaining 


Avig = 3Va + Vp 
or 4v = 30 + 6 = 36 
Therefore, Vig = 9 
Then vi = Vin + Vig = Ase + Age + 9 (9.9-9) 


We will usually know the initial conditions of the energy storage elements. For example, if we know 
that vı(0) = 5 V and v.(0) = 10 V, we first use v,(0) = 5 along with Eq. 9.9-9 to obtain 


v1 (0) =A; +Ar+9 


and, therefore, 


A; +A2 = —4 (9.9-10) 
Now we need the value of dv,/dt at t = 0. Referring back to Eq. 9.9-5, we have 
dv 
a +v -2v 
Therefore, at t = 0, we have 
dvı(0 
n = va(0) + v2(0) — 2v1 (0) = 10 + 10 — 2(5) = 10 
The derivative of the complete solution, Eq. 9.9-9, at t = 0 is 
dv,(0) 
=—A,—4A 
dt i i 
Therefore, A; +44: = —10 (9.9-11) 


Solving Eqs. 9.9-10 and 9.9-11, we have 
A; =-—2 and A,=~-2 
Therefore, v(t) = —2e* — 2e" +9 V 


As you encounter circuits with two or more energy storage elements, you should consider 
using the state variable method of describing a set of first-order differential equations. 


The state variable method uses a first-order differential equation for each state variable to 
determine the complete response of a circuit. 


A summary of the state variable method is given in Table 9.9-1. We will use this method in 
Example 9.9-1. 
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Table 9.9-1 State Variable Method of Circuit Analysis 


Identify the state variables as the independent capacitor voltages and inductor currents. 


Determine the initial conditions at t = 0 for the capacitor voltages and the inductor currents. 


Ww Ne 


Obtain a first-order differential equation for each state variable, using KCL or KVL. 
4. Use the operator s to substitute for d/dt. 
5 


Obtain the characteristic equation of the circuit by noting that it can be obtained by setting the determinant of Cramer’ s 
rule equal to zero. 


6. Determine the roots of the characteristic equation, which then determine the form of the natural response. 
7. Obtain the second-order (or higher-order) differential equation for the selected variable x by Cramer’s rule. 


8. Determine the forced response xp by assuming an appropriate form of xp and determining the constant by substituting 
the assumed solution in the second-order differential equation. 


9. Obtain the complete solution x = Xn + xr. 


10. Use the initial conditions on the state variables along with the set of first-order differential equations (step 3) to obtain 
dx(0)/dt. 


11. Using x(0) and dx(0)/dt for each state variable, find the arbitrary constants A;, A2, . . . A, to obtain the complete 
solution x(t). 


( ExAMPLE 9.9-1 Complete Response of a Second-Order Circuit 


Find i(f) for t > O for the circuit shown in Figure 9.9-2 when 
R=30,L=1H,C=1/2F, andi, = 2e * A. Assume steady 
stateiati = 10 


TONM 


Solution 
First, we identify the state variables as i and v. The initial FIGURE 9.9-2 Circuit of Example 9.9-1. 
conditions at t = 0 are obtained by considering the circuit with 
the 10-V source connected for a long time at t = 0. At t = 0, 
the voltage source is disconnected and the current source is 
connected. Then v(0) = 10 V and i(0) = 0 A. 

Consider the circuit after time t = 0. The first differential equation is obtained by using KVL around the RLC 
mesh to obtain 

di f 
L +Ri=v 

The second differential equation is obtained by using KCL at the node at the top of the capacitor to get 


d 
CTii 


We may rewrite these two first-order differential equations as 
di R v 
+ 


and ee ey e 
Substituting the component values, we have 


3 (9.9-12) 
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and a sp Di = Dis (9.9-13) 
dt 
Using the operator s = d/dt, we have 
(s+3)i-v=0 (9.9-14) 
2i+ sv = 2i, (9.9-15) 
Therefore, the characteristic equation obtained from the determinant is 
(s+ 3)s+2=0 
or s+3s+2=0 
Thus, the roots of the characteristic equation are 
s=—2 and »=-1 
Because we wish to solve for i(t) for t > 0, we use Cramer’s rule to solve Eqs. 9.9-14 and 9.9-15 for i, obtaining 
Die 
1 2 435-42 
Therefore, the differential equation is 
E e 2is (9.9-16) 


The natural response is 
in = Aje ™ + Aze” 
We assume the forced response is of the form 
ig = Be” 
Substituting iç into Eq. 9.9-16, we have 
(9Be™™) + 3(—3Be~*) + 2 Be” = 2(2e-*) 
or 9B—9B+2B=4 
Therefore, B = 2 and 
p= dest 
The complete response is 
Pce E cma coms 
Because i(0) = 0, 


0=A,+A2+2 (9.9-17) 
We need to obtain di(0)/dt from Eq 9.9-12, which we repeat here as 
di 
a a0 
Therefore, at t = 0, we have 
di(0 
= = —3i(0) + v(0) = 10 
The derivative of the complete response at t = 0 is 
di(0) 


= A = 2g = € 
ay 1 2 
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Because di(0)/dt = 10, we have 


—A; — 2A, = 16 
and, repeating Eq. 9.9-17, we have 
A; +42 = —2 
Adding these two equations, we determine that A; = 12 and A, = —14. Then we have the complete solution for i as 


i= De =le A + 26° A 


We recognize that the state variable method is particularly powerful for 
finding the response of energy storage elements in a circuit. This is also true 
if we encounter higher-order circuits with three or more energy storage 
elements. For example, consider the circuit shown in Figure 9.9-3. The state 
variables are vı, v2, and i. Two first-order differential equations are obtained 
by writing the KCL equations at node a and node b. Then a third first-order 
differential equation is obtained by writing the KVL around the middle mesh FIGURE 9.9-3 Circuit with three energy 
containing i. The solution for one or more of these variables can then storage elements. 
be obtained by proceeding with the state variable method summarized in 
Table 9.9-1. 


EXERCISE 9.9-1 Fina v2(t) for t > 0 for the circuit of Figure E 9.9-1. Assume there is no initial 
stored energy. 


Í 3210H 


FIGURE E 9.9-1 


Answer: v2(t) = 15e7% } 6e“ e! 4 10V 


9.10 Roots in the Complex Plane 


We have observed that the character of the natural response of a second-order system is determined by 
the roots of the characteristic equation. Let us consider the roots of a parallel RLC circuit. The 
characteristic equation (9.4-3) is 


and the roots are given by Eq. 9.4-8 to be 


2 
S= —4 I a” — Wo 
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404 
jo 
Undamped 
Underdamped we (0) 
Œ< wg 
\ eee J@q 
Overdamped 
a> 0g 
—X X x —————————_ 9 
Z 
Critically 
damped 
=o 
(two identical us 
x -jO 


FIGURE 9.10-1 The complete s-plane showing 


the location of the two roots sı and sz of the 


characteristic 


equation in the left-hand portion of 


the s-plane. The roots are designated by the x 


symbol. 


where « = 1/(2 RC) and w = 1/(LC). When wo > «, the roots are 


complex and 
s= —a4 j/w — 0? = —a + jog 


In general, roots are located in the complex plane, the location being 
defined by coordinates measured along the real or c-axis and the imagi- 
nary or jo-axis. This is referred to as the s-plane or, because s has the units 
of frequency, as the complex frequency plane. When the roots are real, 
negative, and distinct, the response is the sum of two decaying expo- 
nentials and is said to be overdamped. When the roots are complex 
conjugates, the natural response is an exponentially decaying sinusoid 
and is said to be underdamped or oscillatory. 

Now, let us show the location of the roots of the characteristic equation 
for the four conditions: (a) undamped, « = 0; (b) underdamped, a < wo. 
(c) critically damped, « = wo, and (d) overdamped, « > po. These four 
conditions lead to root locations on the s-plane as shown in Figure 9.10-1. 
When « = 0, the two complex roots are +j@p. When & <p, the roots are 
s= —4 + jg. When « = Wo, there are two roots at s = —«. Finally, when 
% > Wo, there are two real roots, s = —a + \/o2 — o$. 

A summary of the root locations, the type of response, and the form 
of the response is presented in Table 9.10-1. 


(9.10-1) 


EXERCISE 9.10-1 A parallel RLC circuit has L = 0.1 H and C = 100 mF. Determine 
the roots of the characteristic equation and plot them on the s-plane when (a) R = 0.4 Q and 


b) R= 1.0 Q. 


Answer: (a) s = —5, —20 (Figure E 9.10-1) 


jo 


9.11 


FIGURE E 9.10-1 


How Can We Check ...? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the 
specifications have been satisfied. In addition, computer output must be reviewed to guard against 
data-entry errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 
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Table 9.10-1 The Natural Response of a Parallel RLC Circuit™ 


TYPE OF RESPONSE ROOT LOCATION FORM OF RESPONSE 
jo i(t), A 
1 
Overdamped fo) No 
-- -- 
ts 
Jo i(t), A 
1 
iti o 
Critically damped - No 
ts 
” jo i(t), A 
1 
Underdamped 9 
ts 
x 
jo i(t), A 
x 1 
Undamped o 
6s 
x 


“The i(t) is the inductor current in the circuit shown in Figure 9.4-1 for the initial conditions i(0) = 1 and (0) = 0. 


EXAMPLE 9.11-1 How Can We Check an Underdamped Response? 


Figure 9.11-1b shows an RLC circuit. The voltage v(t) of the voltage source is the square wave shown in Figure 
9.11-la. Figure 9.11-2 shows a plot of the inductor current i(t), which was obtained by simulating this circuit using 
PSpice. How can we check that the plot of i(t) is correct? 


Solution 
Several features of the plot can be checked. The plot indicates that steady-state values of the inductor current are 
i(co) = 0 and i(co) = 200 mA and that the circuit is underdamped. In addition, some points on the response have 
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20 
100 Q io 
v V 
oE vs(*) nF 10 uH 
| J SS 
2 4 6 8 
LUS 
(a) (b) 


FIGURE 9.11-1 An RLC circuit (b) excited by a square wave (a). 


300 mA 


T T 
(378.151n, 237.442m) 


(731.092n, 192.927m) 


200 mA 


100 mA 


(136.159n, 100.000m) 


OA 


-100 mA 
Os 1.0 ms 2.0 ms 3.0 ms 4.0 ms 5.0 ms 6.0 ms 


Time 


FIGURE 9.11-2 PSpice plot of the inductor current i(t) for the circuit shown in Figure 9.11-1. 


been labeled to give the corresponding values of time and current. These values can be used to check the value of 
the damped resonant frequency wa. 

If the voltage of the voltage source were a constant v(t) = V,, then the steady-state inductor current 
would be 


— Vs 
~ 100 


i(t) 


Thus, we expect the steady-state inductor current to be i(co) = 0 when V, = 0 V and to be i(co) = 200 mA when 
V, = 20 V. The plot in Figure 9.1 1-2 shows that the steady-state values of the inductor current are indeed i(co) = 0 and 
i(co) = 200 mA. 

The plot in Figure 9.11-2 shows an underdamped response. The RLC circuit will be underdamped if 


10° = L < 4R?C = 4 x 100? x 107° 


Because this inequality is satisfied, the circuit is indeed underdamped, as indicated by the plot. 
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The damped resonant frequency wg is given by 


1 e : z l i 8.66 x 10° rad/ 
aa a = SG rad/s 
q me \IRC 0° x10 \2x100x 10~° 


The plot indicates that the plot has a maxima at 378 ns and a minima at 731 ns. Therefore, the period of the damped 
oscillation can be approximated as 


PT3 x 10°? — 378 x 107?) = 706 x MORES 
The damped resonant frequency wg is related to Ty by Eq. 9.6-9. Therefore, 


2 2m 


aos = 8.90 x 10° rad/s 
d x 


Og = 


The value of @g obtained from the plot agrees with the value obtained from the circuit. 
We conclude that the plot is correct. 


( 9.12 DesIGN EXAMPLE Auto Airbag Igniter ) 


Airbags are widely used for driver and passenger protection in automobiles. A pendulum is used to switch a 
charged capacitor to the inflation ignition device, as shown in Figure 9.12-1. The automobile airbag is inflated 
by an explosive device that is ignited by the energy absorbed by the resistive device represented by R. To inflate, 
it is required that the energy dissipated in R be at least 1 J. It is required that the ignition device trigger within 
0.1 s. Select the L and C that meet the specifications. 


Describe the Situation and the Assumptions 

1. The switch is changed from position | to position 2 at t = 0. 
2. The switch was connected to position 1 for a long time. 

3. A parallel RLC circuit occurs for t > 0. 


Airbag ! 
igniter | 
=n J FIGURE 9.12-1 An automobile 
airbag ignition device. 


State the Goal 
Select L and C so that the energy stored in the capacitor is quickly delivered to the resistive device R. 
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Generate a Plan 
1. Select Land C so that an underdamped response is obtained with a period of less than or equal to 0.4 s (T < 0.4 s). 
2. Solve for v(t) and i(t) for the resistor R. 


Act on the Plan 
We assume that the initial capacitor voltage is v(0) = 12 V and i, (0) = 0 because the switch is in position | for a 
long time prior to t = 0. The response of the parallel RLC circuit for an underdamped response is of the form 


v(t) = e” (B; cos wat + B2 sin wat) (9.12-1) 


This natural response is obtained when « < ws or L < 4R°C. We choose an underdamped response for our 
design but recognize that an overdamped or critically damped response may satisfy the circuit’s design 
objectives. Furthermore, we recognize that the parameter values selected below represent only one acceptable 
solution. 

Because we want a rapid response, we will select « = 2 (a time constant of 1/2 s) where « = 1/(2RC). 
Therefore, we have 


Recall that w2 = 1/(LC) and it is required that «<a. Because we want a rapid response, we select the natural 
frequency Wp so that (recall T ~ 0.4 s) 


2n 20 
=F = 54 — 0% rad/s 
Therefore, we obtain 
1 1 


= 0.065 H 


oC 25n2(1/16) 
Thus, we will use C = 1/16 F and L = 65 mH. We then find that wg = 15.58 rad/s and, using Eq. 9.6-5, we have 
v(t) = e” (B, cos wat + B2 sin œat) (9.12-2) 


Then B, = v(O) = 12 and 


B 
@qBz = 4B; 2 (2 — 4)12 = —24 


Therefore, By = —24/15.58 = —1.54. Because By < Bı, we can approximate Eq. 9.12-2 as 
v(t) S 12e~7' cos wat V 


The power is then 


2 
p= = = 36e * cos? wat W 


Verify the Proposed Solution 

The actual voltage and current for the resistor R are shown in Figure 9.12-2 for the first 100 ms. If we sketch 
the product of v and i for the first 100 ms, we obtain a linear approximation declining from 36 W at t = 0 to 0 W at 
t = 95 ms. The energy absorbed by the resistor over the first 100 ms is then 


9. 


(8) 
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12 


i(t) current through 
the resistor (A) 


v(t) voltage across 
the resistor (V) 


A, |e 

SF owm «© «R) 

-12 | | | | 
o 20 40 60 80 


Time (ms) 


100 FIGURE 9.12-2 The response 


of the RLC circuit. 


1 
we z (36) (0.1 s)= 1.8] 


Therefore, the airbag will trigger in less than 0.1 s, and our objective is achieved. 


13 SUMMARY 


Second-order circuits are circuits that are represented by a 
second-order differential equation, for example, 

d d 

qa) + 20 a) + wpx(t) = f(t) 
where x(f) is the output current or voltage of the circuit and 
f(t) is the input to the circuit. The output of the circuit, also 
called the response of the circuit, can be the current or 
voltage of any device in the circuit. The output is frequently 
chosen to be the current of an inductor or the voltage of a 
capacitor. The input to the circuit is provided by the 
voltages of independent voltage sources and/or currents 
of independent current sources. The coefficients of this 
differential equation have names: « is called the damping 
coefficient, and Wg is called the resonant frequency. 
Obtaining the differential equation to represent an arbitrary 
circuit can be challenging. This chapter presents three 
methods for obtaining that differential equation: the direct 
method (Section 9.2), the operator method (Section 9.2), 
and the state variable method (Section 9.10). 
The characteristic equation of a second-order circuit is 


$ + 2as + o= 0 


(8) 


This second-order equation has two solutions, sı and sz. 
These solutions are called the natural frequencies of the 
second-order circuit. 

Second-order circuits are characterized as overdamped, criti- 
cally damped, or underdamped. A second-order circuit is 
overdamped when sı and s are real and unequal, or, 
equivalently, x > wp. A second-order circuit is critically 
damped when sı and s> are real and equal, or, equivalently, 
% = Wo. A second-order circuit is underdamped when sı and 
s2 are real and equal, or, equivalently, ~ < wo. 

Table 9.13-1 describes the natural frequencies of over- 
damped, underdamped, and critically damped parallel and 
series RLC circuits. 

The complete response of a second-order circuit is the sum of 
the natural response and the forced response 


X= +X 


The form of the natural response depends on the natural 
frequencies of the circuit as summarized in Table 9.13-2. The 
form of the forced response depends on the input to the 
circuit as summarized in Table 9.13-3. 
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Table 9.13-1 Natural Frequencies of Parallel RLC and Series RLC Circuits 


PARALLEL RLC SERIES RLC 
Circuit 
| io L + 
R C L R C v(t) 
Differential equation a ld 1 @ Rd 1 
j i(t i(t) =0 t t)=0 
de) T Rea O + 6) ae OTT GA) trO 
Characteristic equation >, 1 l 2, R Lo 
S+Restire s +zs+7o70 
Damping coefficient, rad/s o 1l 2 R 
~ 2RC ~ 2 
Resonant frequency, rad/s ee 1 im 1 
° JEC ° VLC 
Damped resonant frequency, rad/s 1\? 1 R\? 1 
Og = ——— = Od = = = 
€.. LC (= EC 
Natural frequencies: overdamped case 1 1\2 1 R R\? 1 
a= ~ RCN ORC) ~ Le SE oe WOE) LC 
L 
when R <5 a when R > 2 T 
Natural frequencies: critically damped case 1 1 /L R E 
S1 =S when R = S= when R = 2 
2RC 2 VC 2L C 
Natural frequencies: underdamped case 1 Ja 1 \2 l ko Ji R\2 
me ORE INLC Lake mS or Ee OE 
hen R > LE when R < 2 L 
MERSAN G c 
Table 9.13-2 Natural Response of Second-Order Circuits 
CASE NATURAL FREQUENCIES NATURAL RESPONSE, x, 
Overdamped 51,8. = —a+ ye — ok Aje! + Age?! 
Critically damped S1, 52 = —4 (A1 +A)” 
Underdamped 51,8. = —at jy oh — a? = —a + joa (A, cos wat+A> sin Mahe” 
Table 9.13-3 Forced Response of Second-Order Circuits 
INPUT, f(t) FORCED RESPONSE, x 
Constant K A 
Ramp Kt A+Bt 
Sinusoid K cos ot, K sin wt, or K cos (wt+0) A cos œt + B sin wt 


Exponential Ke”! Ae” 


(+) Problem available in WileyPLUS at instructor’s discretion. 
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Section 9.2 Differential Equation for Circuits with 
Two Energy Storage Elements 


P 9.2-1 @ Find the differential equation for the circuit shown 
in Figure P 9.2-1 using the direct method. 


20 1 mH 


; 100 Q 10 uF 


Figure P 9.2-1 


P 9.2-2 Find the differential equation for the circuit shown in 
Figure P 9.2-2 using the operator method. 


Answer: 


E d. 
7p ul) t 11,000 gO ł 


1.1 x 108i (£) = 108i (t) 


10 uF 


Q 


Figure P 9.2-2 


P 9.2-3 Find the differential equation for ių (f) for t > 0 for the 
circuit of Figure P 9.2-3. 


Figure P 9.2-3 


P 9.2-4 (+) The input to the circuit shown in Figure P 9.2-4 is 
the voltage of the voltage source, V,. The output is the inductor 
current i(t). Represent the circuit by a second-order differential 
equation that shows how the output of this circuit is related to 
the input for t> 0. 


Hint: Use the direct method. 


Figure P 9.2-4 


P 9.2-5 © The input to the circuit shown in Figure P 9.2-5 is 
the voltage of the voltage source, v,. The output is the capacitor 
voltage v(t). Represent the circuit by a second-order differential 
equation that shows how the output of this circuit is related to 
the input for t > 0. 


Hint: Use the direct method. 


Figure P 9.2-5 


P 9.2-6 The input to the circuit shown in Figure P 9.2-6 is the 
voltage of the voltage source, v,. The output is the inductor 
current i(t). Represent the circuit by a second-order differential 
equation that shows how the output of this circuit is related to 
the input for t > 0. 


Hint: Use the direct method. 


Figure P 9.2-6 
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P 9.2-7 The input to the circuit shown in Figure P 9.2-7 is the 
voltage of the voltage source, v,. The output is the inductor 
current i>(t). Represent the circuit by a second-order differential 
equation that shows how the output of this circuit is related to 
the input for t > 0. 


Hint: Use the operator method. 


Figure P 9.2-7 


P 9.2-8 The input to the circuit shown in Figure P 9.2-8 is the 
voltage of the voltage source, vs. The output is the capacitor 
voltage v(t). Represent the circuit by a second-order differen- 
tial equation that shows how the output of this circuit is related 
to the input for t > 0. 


Hint: Use the operator method. 
t=0 


Figure P 9.2-8 


P 9.2-9 (+) The input to the circuit shown in Figure P 9.2-9 is 
the voltage of the voltage source, v,. The output is the capacitor 
voltage v(t). Represent the circuit by a second-order differential 
equation that shows how the output of this circuit is related to 
the input for t > 0. 


Hint: Use the direct method. 


t=0 


Figure P 9.2-9 
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P 9.2-10 The input to the circuit shown in Figure P 9.2-10 is 
the voltage of the voltage source, v,. The output is the capacitor 
voltage v(t). Represent the circuit by a second-order differential 
equation that shows how the output of this circuit is related to 
the input for t > 0. 


Hint: Find a Thévenin equivalent circuit. 


Figure P 9.2-10 


P9.2-11 © The input to the circuit shown in Figure P 9.2-11 
is the voltage of the voltage source, v(t). The output is the 
voltage v2(t). Derive the second-order differential equation that 
shows how the output of this circuit is related to the input. 


Hint: Use the direct method. 


vet) vað 


Figure P 9.2-11 


P 9.2-12 The input to the circuit shown in Figure P 9.2-12 is 
the voltage of the voltage source, v(t). The output is the voltage 
v(t). Derive the second-order differential equation that shows 
how the output of this circuit is related to the input. 


Hint: Use the operator method. 


Figure P 9.2-12 


P 9.2-13 (+) The input to the circuit shown in Figure P 9.2-13 
is the voltage of the voltage source, v(t). The output is the 
voltage v(t). Derive the second-order differential equation that 
shows how the output of this circuit is related to the input. 


Hint: Use the direct method. 


Figure P 9.2-13 


P 9.2-14 The input to the circuit shown in Figure P 9.2-14 is 
the voltage of the voltage source, v(t). The output is the voltage 
v(t). Derive the second-order differential equation that shows 
how the output of this circuit is related to the input. 


Hint: Use the direct method. 


Figure P 9.2-14 


P 9.2-15 (+) Find the second-order differential equation for iz 
for the circuit of Figure P 9.2-15 using the operator method. 
Recall that the operator for the integral is 1/s. 


Pir di adv, 

A 05 H4 2i - 

PER a E p Ep 
1Q 20 


a) 


Figure P 9.2-15 
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Section 9.3 Solution of the Second-Order 
Differential Equation—The Natural Response 

P 9.3-1 Find the characteristic equation and its roots for the 
circuit of Figure P 9.2-2. 


P 9.3-2 Find the characteristic equation and its roots for the 
circuit of Figure P 9.3-2. 


Answer: s*+400s+3 x 10*=0 
roots: s = —300, —100 


100 mH 


Figure P 9.3-2 


P 9.3-3 Find the characteristic equation and its roots for the 
circuit shown in Figure P 9.3-3. 


22 


Figure P 9.3-3 


P 9.3-4 German automaker Volkswagen, in its bid to make 
more efficient cars, has come up with an auto whose engine 
saves energy by shutting itself off at stoplights. The stop-start 
system springs from a campaign to develop cars in all its world 
markets that use less fuel and pollute less than vehicles now on 
the road. The stop-start transmission control has a mechanism 
that senses when the car does not need fuel: coasting downhill 
and idling at an intersection. The engine shuts off, but a small 
starter flywheel keeps turning so that power can be quickly 
restored when the driver touches the accelerator. 

A model of the stop-start circuit is shown in Figure 
P 9.3-4. Determine the characteristic equation and the natural 
frequencies for the circuit. 


Answer: s +20s + 400 = 0 
s = —10 + j17.3 


5 mF 


Figure P 9.3-4 Stop-start circuit. 
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Section 9.4 Natural Response of the Unforced 
Parallel RLC Circuit 


P 9.4-1 Determine v(t) for the circuit of Figure P 9.4-1 when L 
= | Hand v, = 0 fort > 0. The initial conditions are v(0) = 6 V 
and dv/dt(0) = —3000 V/s. 


Answer: v(t) = —2e7! 4 ge—400' y 


L 
+ 
vd È) v(t) 25uF 


Figure P 9.4-1 


P 9.4-2 @ An RLC circuit is shown in Figure P 9.4-2, in 
which v(0) = 2 V. The switch has been open for a long time 
before closing at f = 0. Determine and plot v(t). 


Figure P 9.4-2 


P 9.4-3 Determine i,(f) and i,(t) for the circuit of Figure 
P 9.4-3 when i,(0) = i(0) = 11 A. 


2H 


in 
1Q 3H 20 


Figure P 9.4-3 


P 9.4-4 The circuit shown in Figure P 9.4-4 contains a switch 
that is sometimes open and sometimes closed. Determine the 
damping factor «, the resonant frequency po, and the damped 
resonant frequency Wg of the circuit when (a) the switch is open 
and (b) the switch is closed. 


Figure P 9.4-4 


P 9.4-5 The circuit shown in Figure P 9.4-5 is used in air- 
planes to detect smokers who surreptitiously light up before 
they can take a single puff. The sensor activates the switch, and 
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the change in the voltage v(f) activates a light at the flight 
attendant’s station. Determine the natural response v(f). 


Answer: v(t) = —1.16e-?™ + 1.16e3 V 


Light 
bulb 0.4H 
109 


Figure P 9.4-5 Smoke detector. 


Section 9.5 Natural Response of the Critically 
Damped Unforced Parallel RLC Circuit 


P 9.5-1 Find v.(f) for t > 0 for the circuit shown in Figure 
P 9.5-1. 


Answer: v,(t) = (3 + 6000r)e~20™ y 


25 mH 


100 Q 30u(-t) mA 


Figure P 9.5-1 


P 9.5-2 (+) Find v,(f) for t > 0 for the circuit of Figure P 9.5-2. 
Assume steady-state conditions exist at t = O`. 


Answer: v,(t) = —8te* V 


Figure P 9.5-2 


P 9.5-3 Police often use stun guns to incapacitate potentially 
dangerous felons. The handheld device provides a series of 
high-voltage, low-current pulses. The power of the pulses is far 
below lethal levels, but it is enough to cause muscles to contract 
and put the person out of action. The device provides a pulse of 
up to 50,000 V, and a current of 1 mA flows through an arc. 
A model of the circuit for one period is shown in Figure P 9.5-3. 
Find v(t) for 0 < t < 1 ms. The resistor R represents the spark 
gap. Select C so that the response is critically damped. 


10 mH 


10* Vv 


Figure P 9.5-3 
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P 9.5-4 Reconsider Problem P 9.4-1 when L = 640 mH and Answer: i(t) = e~*"(—4 cost + 2 sint) A 
the other parameters and conditions remain the same. 


Answer: v(t) = (6 — 1500r)e~>" y 


P 9.5-5 An automobile ignition uses an electromagnetic trigger. 
The RLC trigger circuit shown in Figure P 9.5-5 has a step input 
of 6 V, and v(0) = 2 V and i(0) = 0. The resistance R must be 
selected from 2 Q < R < 7 Q so that the current i(f) exceeds 0.6 A 
for greater than 0.5 s to activate the trigger. A critically damped 
response i(f) is required to avoid oscillations in the trigger 
current. Select R and determine and plot i(f). 


aa tae 


O D a 
oe J v(t) 


6 u(t) V 


i| 


Figure P 9.5-5 


Section 9.6 Natural Response of an Underdamped 
Unforced Parallel RLC Circuit a 


P 9.6-1 A communication system from a space station uses 1/4 F 8 Q 
short pulses to control a robot operating in space. The transmitter 

circuit is modeled in Figure P 9.6-1. Find the output voltage v,(f) Q 

for t > 0. Assume steady-state conditions at t = O`. 


Answer: v¢(t) = e74"'[3 cos 300t + 4 sin 3007] V (b) 


Figure P 9.6-3 (a) A power supply. (b) Model of the power 
supply circuit. 


P 9.6-4 The natural response of a parallel RLC circuit is 
measured and plotted as shown in Figure P 9.6-4. Using this 
chart, determine an expression for v(f). 


Hint: Notice that v(t) = 260 mV at t = 5 ms and that v(t) = 
—200 mV at t= 7.5 ms. Also, notice that the time between the 
first and third zero-crossings is 5 ms. 


Answer: v(t) = 544e~?/" sin 1257t V 


250 Q 


Figure P 9.6-1 


600 ;- 
P 9.6-2 The switch of the circuit shown in Figure P 9.6-2 is 500 
opened at t = 0. Determine and plot v(t) when C = 1/4 F. 
Assume steady state atr=0O. 400 
Answer: v(t) = —4e~*' sin 2t V 300 
200 
v 100 
(mV) 


Figure P 9.6-2 -200 


P 9.6-3 A 240-W power supply circuit is shown in Figure 
P 9.6-3a. This circuit employs a large inductor and a large -400 
capacitor. The model of the circuit is shown in Figure P 9.6-3b. 
Find i(t) for t > 0 for the circuit of Figure P 9.6-3b. Assume 
steady-state conditions exist at t = 0`. Figure P 9.6-4 The natural response of a parallel RLC circuit. 


(0) 5 10 15 20 25 30 
Time (ms) 
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P 9.6-5 The photovoltaic cells of the proposed space station 
shown in Figure P 9.6-5a provide the voltage v(t) of the circuit 
shown in Figure P 9.6-5b. The space station passes behind the 
shadow of earth (at t = 0) with v(0) = 2 V and i(0) = 1/10 A. 
Determine and sketch v(f) for t > 0. 


Space 
station 
electric motors 


The photovoltaic 
cells connected 
in parallel 


(b) 


Figure P 9.6-5 (a) Photocells on space station. (b) Circuit with 
photocells. 


Section 9.7 Forced Response of an RLC Circuit 


P 9.7-1 Determine the forced response for the inductor current 
ir when (a) i, = 1 A, (b) i = 0.5t A, and (c) i, = 2e 7” A for the 
circuit of Figure P 9.7-1. 


Figure P 9.7-1 
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P 9.7-2 © Determine the forced response for the capacitor 
voltage v, for the circuit of Figure P 9.7-2 when (a) v, = 2 V, 
(b) v, = 0.2t V, and (c) v, = 1e™°™ V. 


7Q QLH 


i 
833.3 uF aR Y 


v, u(t) V 


Figure P 9.7-2 


P 9.7-3 A circuit is described for t > 0 by the equation 
ay dv 
de + 5 a + 6v = Wọ 
Find the forced response vp for t > 0 when (a) vs = 8 V, (b) v, = 
3e7™™ V, and (c) v, = 2e 7 V. 


Answer: (a) vp = 8/6 V (b) ve = a V (c) ve = 2te- V 


Section 9.8 Complete Response of an RLC Circuit 


P 9.8-1 Determine i(t) for t > 0 for the circuit shown in Figure 
P 9.8-1. 


i i 


s= 


Figure P 9.8-1 


P 9.8-2 Determine i(t) for t > 0 for the circuit shown in Figure 
P 9.8-2. 


Hint: Show that 1 


5i(t) fort >0 


Answer: i(t) = 0.2 + 0.246 e3-" — 0.646 e!38" A fort > 0. 


1Q 


2ut)-1VG) wW 


4Q 
0.25F 4H fio 


Figure P 9.8-2 


P 9.8-3 Determine v,(t) for t > 0 for the circuit shown in 
Figure P 9.8-3. 


Answer: vi(t) = 10 + e-24*10' _ 6 e-4*I Vy fort >0 


10V 


Figure P 9.8-3 


P 9.8-4 Find v(t) for t > 0 for the circuit shown in Figure 
P 9.8-4 when v(0) = 1 V and i (0) = 0. 
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1 
Answer: v = 25e% — WW [429e7“ — 21 cost + 33 sin f] V 


1Q 1Q 


-1/4 u(t) +1/2A (+) 


+ 
5 cost V(*) 1/12 F zv 


Figure P 9.8-4 Figure P 9.8-8 


P 9.8-5 Find v(t) for t > 0 for the circuit of Figure P 9.8-5. P 9.8-9 © In Figure P 9.8-9, determine the inductor current 
Answer: v(t) = [—16e~' + 16e% + 8]u(t) i(t) when i, = Su(t) A. Assume that i(0) = 0, v.(0) = 0. 
—(t-2) _ —3(t-2) _ = 
+ [16e 16e 8] u(t — 2) V Answer: i(t)=5+ e 7 [—5 cos 5t — 2 sin 5t] A 


1/3 F 


i 8 H 
luis) -ule- 2A) 42 1H w i) 20 (29 1/8 F 


Figure P 9.8-5 z 
Figure P 9.8-9 


P 9.8-6 An experimental space station power supply system 
is modeled by the circuit shown in Figure P 9.8-6. Find v(f) for 
t > 0. Assume steady-state conditions at t = 0. 


P 9.8-10 Railroads widely use automatic identification of 
railcars. When a train passes a tracking station, a wheel 
detector activates a radio-frequency module. The module’s 
(10 cos f)u(t) V t=0 antenna, as shown in Figure P 9.8-10a, transmits and receives 
a signal that bounces off a transponder on the locomotive. A 


Vehicle-mounted (a) 
transponder tag 


Figure P 9.8-6 


P 9.8-7 Find v(t) for t > 0 in the circuit of Figure P 9.8-7 
when (a) C = 1/18 F, (b) C = 1/10 F, and (c) C = 1/20 F. 


Answers: 

(a) velt) = 8e-* + 24te-* — 8 V 

(b) ve(t) = 10e* — 2e *¥-—8V Wheel detector 
(€) ve(t) = e7% (8 cost + 24 sin t) — 8 V input 


8Q 


Antenna 


© 2u(t) A 


(b) 
Figure P 9.8-7 


P 9.8-8 Find v(t) for t > 0 for the circuit shown in Figure 
P 9.8-8. 
d 


Hint: 2 = -5 ve(t) 4 67O H2ve(t) fort>0 


0.5 Q 


Figure P 9.8-10 (a) Railroad identification system. 
Answer: v¢(t) = 0.123e7565 + 0.877?" + 1 V fort>0. (b) Transponder circuit. 
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trackside processor turns the received signal into useful infor- 
mation consisting of the train’s location, speed, and direction 
of travel. The railroad uses this information to schedule 
locomotives, trains, crews, and equipment more efficiently. 
One proposed transponder circuit is shown in Figure 
P 9.8-10b with a large transponder coil of L = 5 H. Determine 
i(t) and v(t). The received signal is i, = 9 + 3e°7 u(t) A. 


P 9.8-11 Determine v(t) for t > O for the circuit shown in 
Figure P 9.8-11. 


Answer: v¢(t) = 0.75 e7“ — 6.75 e°% + 16 V fort > 0 


i(t) 


— v,(t) + 


(*) 6ult) + 10 V 


2v,(t) 


Figure P 9.8-11 


P 9.8-12 The circuit shown in Figure P 9.8-12 is at steady state 
before the switch opens. The inductor current is given to be 


i(t) = 240 + 193e~°?* cos(9.27t — 102°)mA for t > 0 


Determine the values of R, R3, C, and L. 


Figure P 9.8-12 


P 9.8-13 © The circuit shown in Figure P 9.8-13 is at steady 
state before the switch opens. Determine the inductor current 
i(t) for t > 0. 


249 


12 Q9 


Figure P 9.8-13 
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*P 9.8-14 @ The circuit shown in Figure P 9.8-14 is at 
steady state before the switch closes. Determine the capacitor 
voltage v(t) for t > 0. 


Figure P 9.8-14 


P 9.8-15 +) The circuit shown in Figure P 9.8-15 is at steady 
state before the switch closes. Determine the capacitor voltage, 
v(t), for t > 0. 


Figure P 9.8-15 


P 9.8-16 The circuit shown in Figure P 9.8-16 is at steady 
state before the switch closes. Determine the inductor current 
i(t) for t > 0. 


Figure P 9.8-16 


P 9.8-17 The circuit shown in Figure P 9.8-17 is at steady 
state before the switch opens. Determine the inductor current 
i(t) for t > 0. 


75Q 


Figure P 9.8-17 


P 9.8-18 The circuit shown in Figure P 9.8-18 is at steady 
state before the switch closes. Determine the capacitor voltage 
v(t) for t > 0. 


Figure P 9.8-18 


P 9.8-19 Find the differential equation for v.(f) in the 
circuit of Figure P 9.8-19, using the direct method. Find 
v.(t) for time t > 0 for each of the following sets of component 
values: 


(a) C = 1F, L = 0.25 H, Rj = R = 1.3090 
b) C=1F,L=1H,R,=30,R=10 
(c) C= 0.125 F, L = 0.5 H, R= 1 Q, R =4Q 


i (t) 


— 


vdd = u(t) (È) 


L Rı 


Figure P 9.8-19 


P 9.8-20 Find the differential equation for v,(f) in the 
circuit of Figure P 9.8-20, using the direct method. Find 
vo(t) for time t > 0 for each of the following sets of component 
values: 


(a) C=1F,L=0.25 H, Rj = R = 1.309 Q 
b) C=1F,L=1H, R =1Q, R =3Q 
© C= 0.125 F, L = 0.5 H, R= 40, R =1Q 


Answer: 


1 
(a) Vo(t) = 2 
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Problems 


Figure P 9.8-20 


Section 9.9 State Variable Approach to Circuit 
Analysis 


P 9.9-1 Find v(t) for t > 0, using the state variable 
method of Section 9.9 when C = 1/5 F in the circuit 
of Figure P 9.9-1. Sketch the response for v(t) for 0 < 
t< 10s. 


Answer: v(t) = —25e* +e +24 V 


69 


Figure P 9.9-1 


P 9.9-2 Repeat Problem P 9.9-1 when C = 1/10 F. Sketch the 
response for v(t) for 0 < t < 3 s. 


e™’(—24 cost — 32 sin f) + 24 V 


P 9.9-3 Determine the current i(f) and the voltage v(£) for the 
circuit of Figure P 9.9-3. 


Answer: i(t) = (3.08e~757" — 0.08e7 4 — 6) A 


Answer: v(t) = 


Figure P 9.9-3 


P 9.9-4 Clean-air laws are pushing the auto industry 
toward the development of electric cars. One proposed 
vehicle using an ac motor is shown in Figure P 9.9-4a. 
The motor-controller circuit is shown in Figure P 9.9-4b 
with L = 100 mH and C = 10 mF. Using the state equation 
approach, determine i(f) and v(t) where i(f) is the motor- 
control current. The initial conditions are v(0) = 10 V and 
i(0) = 0. 
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Transistorized 
dc to ac inverter 


Integrated interior 
permanent magnet 
ac motor and 
automatic transaxle 


Sodium-sulfur 
battery 


(a) 


Figure P 9.9-4 (a) Electric vehicle. (b) Motor-controller circuit. 


P 9.9-5 Studies of an artificial insect are being used to under- 
stand the nervous system of animals. A model neuron in the 
nervous system of the artificial insect is shown in Figure P 9.9-5. 
The input signal v, is used to generate a series of pulses, called 
synapses. The switch generates a pulse by opening at t = 0 and 
closing at t = 0.5 s. Assume that the circuit is at steady state and 
that v(O~) = 10 V. Determine the voltage v(t) for 0 < t < 2 s. 


Switch 


6Q 


Figure P 9.9-5 Neuron circuit model. 


Section 9.10 Roots in the Complex Plane 


P 9.10-1 For the circuit of Figure P 9.10-1, determine 
the roots of the characteristic equation and plot the roots on 
the s-plane. 


2 KQ 3 KQ 


2mH 


12 - 6ut V È) 


Figure P 9.10-1 


P 9.10-2 For the circuit of Figure P 9.6-1, determine the roots 
of the characteristic equation and plot the roots on the s-plane. 


System 
controller 
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Electric power 
steering 


P 9.10-3 For the circuit of Figure P 9.10-3, determine the roots 
of the characteristic equation and plot the roots on the s-plane. 


4H 
ok F i 


Figure P 9.10-3 


P 9.10-4 An RLC circuit is shown in Figure P 9.10-4. 


(a) Obtain the two-node voltage equations, using operators. 

(b) Obtain the characteristic equation for the circuit. 

(c) Show the location of the roots of the characteristic equation 
in the s-plane. 

(d) Determine v(t) for t > 0. 


1H 
a b 
12 Q 6Q $ 
36u(t) V 1/18 F v(t) 


Figure P 9.10-4 


Section 9.11 How Can We Check ... ? 


P 9.11-1 Figure P 9.11-la shows an RLC circuit. The voltage 
v,(t) of the voltage source is the square wave shown in Figure 
P9.11-1a. Figure P 9.11-1c shows a plot of the inductor current 
i(t), which was obtained by simulating this circuit, using 
PSpice. Verify that the plot of i(f) is correct. 


Answer: The plot is correct. 


25 


400 mA 


200 mA 


OA 


-200 mA 


Figure P 9.11-1 


P 9.11-2 Figure P 9.11-2b shows an RLC circuit. The 


voltage v.(t) of the voltage source 
in Figure P 9.11-2a. Figure P 


15 


s 


Problems 


100 Q i(t) 


(b) 


(550.562u, 321.886m) 
(1.6405m, 256.950m) 


X 


(3.6854m, 250.035m) 


(1.0787m, 228.510m) 


Os 2.0 ms 4.0 ms 
I(L1) Time 
(c) 


6.0 ms 8.0 ms 
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the inductor current i(f), which was obtained by simulating 


is the square wave shown this circuit, using PSpice. Verify that the plot of i(f) is correct. 


9.11-2c shows a plot of 


Figure P 9.11-2 


Answer: The plot is not correct. 


100 Q 10 
vs ($) 0.2uF 3 mH 
(b) 
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300 mA 


(426.966u, 172.191m) 
(1.7753m, 149.952m) 


200 mA 


100 mA 


OA 


(831.461lu, 146.570m) 


-100 
mi s 2.0 ms 4.0 ms 
Time 


(c) 


6.0 ms 8.0 ms 


Figure P 9.11-2 (Continued ) 


PSpice Problems 


SP 9-1 The input to the circuit shown in Figure SP 9-1 is the 
voltage of the voltage source, v;(t). The output is the voltage 
across the capacitor, v,(t). The input is the pulse signal specified 
graphically by the plot. Use PSpice to plot the output v,(f) as a 
function of t for each of the following cases: 
(a) C=1F,L=0.25 H, R; = R, = 1.309 Q 
(b) C=1F,L=1H,R, =30,R=10 
(c) C= 0.125 F, L = 0.5 H, R = 10, R =40 
Plot the output for these three cases on the same axis. 

vi(V) 

5 


vilt) O Ro C 


Figure SP 9-1 
Hint: Represent the voltage source, using the PSpice part 
named VPULSE. 


SP 9-2 The input to the circuit shown in Figure SP 9-2 is the 
voltage of the voltage source, v;(f). The output is the voltage 


v(t) across resistor R>. The input is the pulse signal specified 
graphically by the plot. Use PSpice to plot the output v,(¢) as a 
function of t for each of the following cases: 

(a) C=1F,L=0.25 H, Ri = R = 1.309 Q 

(b) C=1F,L=1H,R, =30,R,=190 

(c) C = 0.125 F, L = 0.5 H, R =10,R,=40 

Plot the output for these three cases on the same axis. 


Hint: Represent the voltage source, using the PSpice part 
named VPULSE. 


vi(V) 
5 
(0) = 
| | | 
5 10 15 f(s) 
Ry É 
+ 


Figure SP 9-2 


SP 9-3 Determine and plot the capacitor voltage v(t) for 0 < t 
< 300 us for the circuit shown in Figure SP 9-3a. The sources 
are pulses as shown in Figures SP 9-3b,c. 
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SP 9-4 Determine and plot v(t) for the circuit of Figure 
SP 9-4 when v(t) = 5u(t) V. Plot v(t) for O < t < 0.25 s. 


3 kQ 


6 kQ 


v(t) 


Figure SP 9-4 


0.2 A H--—-—- 5V 
ig vg 
(0) (0) l 
o 100 200 o 100 200 
t( us) t (us) 
(b) (c) 


Figure SP 9-3 (a) Circuit, (b) current pulse, and (c) voltage 


pulse. 


Design Problems 
DP 9-1 Design the circuit shown in Figure DP 9-1 so that 


1 
v(t) = 5 tAie™ +A "V fort>0 


Determine the values of the unspecified constants A, and A>. 


Hint: The circuit is overdamped, and the natural frequencies 
are 2 and 4 rad/sec. 


i(t) A Ry 


U¢(t) 


Figure DP 9-1 


DP 9-2 Design the circuit shown in Figure DP 9-1 so that 


1 
Vo(t) = at (A; +Agt)e "V fort >0 


Determine the values of the unspecified constants A; and A>. 


Hint: The circuit is critically damped, and the natural frequen- 
cies are both 2 rad/sec. 


DP 9-3 Design the circuit shown in Figure DP 9-1 so that 
v(t) = 0.8 + e7” (A; cos 4t + Ap sin4t) V fort > 0 


Determine the values of the unspecified constants A; and A>. 


Hint: The circuit is underdamped, the damped resonant fre- 
quency is 4 rad/sec, and the damping coefficient is 2. 


DP 9-4 Show that the circuit shown in Figure DP 9-1 cannot be 
designed so that 


ve(t) = 0.5 + e7” (A; cos 4t + Az sin4t) V fort > 0 


Hint: Show that such a design would require 1/RC + 10RC = 
4 where R = R, = Ro. Next, show that 1/RC + 10RC = 4 
would require the value of RC to be complex. 


DP 9-5 Design the circuit shown in Figure DP 9-5 so that 
1 
Vo(t) = 5 Pal e” +A "V fort>0 


Determine the values of the unspecified constants A, and Ap. 


Figure DP 9-5 


Hint: The circuit is overdamped, and the natural frequencies 
are 2 and 4 rad/sec. 


DP 9-6 Design the circuit shown in Figure DP 9-5 so that 
3 
vo(t) 


=F 
Determine the values of the unspecified constants A, and A>. 


7 (A; +Aot)e V fort >0 


Hint: The circuit is critically damped, and the natural frequen- 
cies are both 2 rad/sec. 
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DP 9-7 Design the circuit shown in Figure DP 9-5 so that 
v(t) = 0.2 + e~"(A; cos 4t + Az sin 4t) V fort > 0 


Determine the values of the unspecified constants A, and A>. 


Hint: The circuit is underdamped, the damped resonant fre- 
quency is 4 rad/sec, and the damping coefficient is 2. 


DP 9-8 Show that the circuit shown in Figure DP 9-5 cannot be 
designed so that 


v(t) = 0.5 +e” (A; cos 4t + Az sin 4t) V fort > 0 


Hint: Show that such a design would require 1/RC + 10 RC = 
4 where R = R, = Ro. Next, show that 1/RC + 10RC = 4 
would require the value of RC to be complex. 


DP 9-9 A fluorescent light uses cathodes (coiled tungsten 
filaments coated with an electron-emitting substance) at each 
end that send current through mercury vapors sealed in the tube. 
Ultraviolet radiation is produced as electrons from the cathodes 
knock mercury electrons out of their natural orbits. Some of the 
displaced electrons settle back into orbit, throwing off the excess 
energy absorbed in the collision. Almost all of this energy is in 
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the form of ultraviolet radiation. The ultraviolet rays, which are 
invisible, strike a phosphor coating on the inside of the tube. The 
rays energize the electrons in the phosphor atoms, and the atoms 
emit white light. The conversion of one kind of light into another 
is known as fluorescence. 

One form of a fluorescent lamp is represented by the RLC 
circuit shown in Figure DP 9-9. Select L so that the current i(t) 
reaches a maximum at approximately t = 0.5 s. Determine the 
maximum value of i(t). Assume that the switch was in position 1 
for a long time before switching to position 2 at t = 0. 


Hint: Use PSpice to plot the response for several values of L. 


10V 


Figure DP 9-9 Flourescent lamp circuit. 
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10.1 Introduction 


Consider the experiment illustrated in Figure 10.1-1. Here, a function generator provides the input to a 
linear circuit and the oscilloscope displays the output, or response, of the linear circuit. The linear circuit 
itself consists of resistors, capacitors, inductors, and perhaps dependent sources and/or op amps. The 
function generator allows us to choose from several types of input function. These input functions are 
called waveforms or waves. A typical function generator will provide square waves, pulse waves, 
triangular waves, and sinusoidal waves. 

The output of the circuit will consist of two parts: a transient part that dies out as time increases 
and a steady-state part that persists. Typically, the transient part dies out quickly, perhaps in a couple of 
milliseconds. We expect that the oscilloscope in Figure 10.1-1 will display the steady-state response of 
the linear circuit to the input provided by the function generator. 

Suppose we select a sinusoidal input. The function generator permits us to adjust the 
amplitude, phase angle, and frequency of the input. We notice that no matter what adjustments we 
make, the (steady-state) response is always a sine wave at the same frequency as the input. The 
amplitude and phase angle of the output differ from the input, but the frequency is always the 
same. 

Suppose we select a square wave input. The steady-state response is not a square wave. Similarly, 
the steady-state responses to pulse waves and triangular waves do not have the same shape as the input. 

Linear circuits with sinusoidal inputs that are at steady state are called ac circuits. The electric 
power system that provides us with convenient electricity is a very large ac circuit. AC circuits are the 
subject of this chapter. In particular, we will see that: 


e It’s useful to associate a complex number with a sinusoid. Doing so allows us to define phasors 
and impedances. 


e Using phasors and impedances, we obtain a new representation of the linear circuit, called the 
“frequency-domain representation.” 


e We can analyze ac circuits in the frequency domain to determine their steady-state response. 
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Vy 


1 
$ © f Q 
aS om. ros 

1 I 1 


Ọ Oscilloscope 


Linear FIGURE 10.1-1 
Circuit Measuring the input and 
output of a linear circuit. 


10.2 Sinusoidal Sources 


In this chapter, we will begin to consider electric circuits in which the source voltage or source current is 
sinusoidal. Such circuits play a prominent role in both communication systems and in power systems. 
There are so many important applications of these circuits that it is difficult to overstate their 
importance. 

Consider a circuit having sinusoidal inputs. The inputs to a circuit are the independent voltage 
source voltages and the independent current source currents, so we are considering a circuit having 
sinusoidal source voltages and source currents. For now, assume that all of the sinusoidal inputs have 
the same frequency. Later we will consider the case where the inputs have different frequencies. 

In Chapters 8 and 9, we’ ve seen that the output or response of such a circuit consists of the sum of 
the natural response and the forced response, for example, 


v(t) = va(t) + ve(t) 


When all of the inputs to the circuit are sinusoids having the same frequency, the forced response v,(f) is 

also a sinusoid having the same frequency as the inputs. As time goes on, the transient part of the 

response dies out. The part of the response that is left is called the steady-state response. Once the 

transient part of the response has died out, we say that the circuit is “at steady state.” In the case of 

sinusoidal inputs having the same frequency, the steady-state response is equal to the forced response, a 
sinusoid at the input frequency. 

We can choose the output of our circuit to be any voltage or current that is of interest to us. We 

conclude that when a circuit satisfies the two conditions that (1) all 

v(t) E , of the inputs are sinusoidal and have the same frequency and 

(2) the circuit is at steady state, then all of the currents and voltages 

are sinusoidal and have the same frequency as the inputs. Tradi- 

tionally, sinusoidal currents have been called alternating currents 

(ac) and circuits that satisfy the above conditions are called ac 


circuits. 
-A To summarize, an ac circuit is a steady-state circuit in which 
FIGURE 10.2-1 A sinusoidal function. all of the inputs are sinusoidal and have the same frequency. All of 
the currents and voltages of an ac circuit are sinusoidal at the input 
frequency. 


Consider the sinusoidal function 


v(t) = Asin(at) V (10.2-1) 
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shown in Figure 10.2-1. The parameter A in Eq. 10.2-1 and also in Figure 10.2-1 
is called the amplitude of the sinusoid. The sinusoid is a periodic function defined 


by the property v(t + T) = v(t) (10.2-2) 


for all time. The constant T is called the “period of oscillation” or just the 
“period.” The reciprocal of T defines the frequency or number of cycles per 


second, denoted by f, where 1 
f=> (10.2-3) 


The units of frequency are hertz (Hz) in honor of the scientist Heinrich Hertz, 
shown in Figure 10.2-2. The angular frequency of the sinusoidal function is 


20 
W = if = F (10.2-4) 
The units of angular frequency are radians per second. 
Next, consider the effect of replacing t by t+ t, where f, is some arbitrary 
constant time. As shown in Figure 10.2-3, v(t+ t a) is a sinusoid that is identical FIGURE 10.2-2 Heinrich R. Hertz 
to v(t) except that v(t+t a) is advanced from v(t) by time tą. We have (1857-1894). 


v(t + ta) = Asin(@(t+ta)) = Asin (wt + œta) = Asin (wt + 0) V 


Courtesy of the Institution of Electrical 
Engineers 


where 0 is in radians and is called the phase angle of the 
sinusoid A sin(wt+ 0). The phase angle in radians is related to v(t+ ta) 
the time t, by 


2 ta t 
(aoe pen (10.2-5) 
T T 
Similarly, replacing t by t — tg produces a sinusoid that -A 


is identical to v(t) except that v(t — fg) is delayed from v(t) by 
time tg. We have 
v(t — ta) = Asin (Œ (t — ta)) = Asin(@t— wta) = Asin (wt + 0) V 


FIGURE 10.2-3 Advancing a sinusoid in time. 


where now the phase angle in radians is related to the time fg by 
27 ta 
0 = —ota = T ta = a (10.2-6) 
Notice that an advance or delay of a full period leaves a sinusoid unchanged, that is v(t + T) = v(t). 
Consequently, an advance by time t, is equivalent to a delay by time T- tą. Similarly, a delay by time fy 
is equivalent to an advance by time T- fq. 


Try it 
pisu ( EXAMPLE 10.2-1 Phase Shift and Delay ) 


in WileyPLUS 


Consider the sinusoids 
vi(t) = 10cos(200¢t + 45°) V and v2(t) = 8 sin(200r+ 15°) V 


Determine the time by which v2(t) is advanced or delayed with respect to vı(®. 


Solution 
The two sinusoids have the same frequency but different amplitudes. The time by which v(t) is advanced or 
delayed with respect to v,(f) is the time between a peak of v2(f) and the nearest peak of v,(¢). The period of the 
sinusoids is given by 

21 


T 
200 F T T00 0.0314159 = 31.4159 ms 


428 10. Sinusoidal Steady-State Analysis 


To compare the phase angles of v(t) and v2(f) we need to express both using the same trigonometric function. 
Choosing cosine, represent v(t) as 


vo(t) = 8 sin(200r + 15°) = 8 cos(200t + 15° — 90°) = 8 cos(200t — 75°) V 


Let 0; and 60> represent the phase angles of v,(f) and v(t). To compare v2(f) to v4(t) consider 


Gea 75° 45° = 120° = — = rad 


The minus sign indicates a delay rather than an advance. Convert this angle to a time using Eq. 10.2-5 


t 02—0ı)T —#(0.0314159 
6,-6)=272 3 eee a Seat a 10.47 ms 
IE 20 21 
Again, the minus sign indicates a delay. We conclude that v(f) is delayed with respect to v(t) by 10.47 ms. Figure 
10.2-4 shows plots of vı (f) and v2(¢). (Voltage v (A) is plotted using a dashed line and voltage v.(A) is plotted using a 
solid line.) Figure 10.2-4 shows that v2(t) is indeed delayed by about 10.5 ms with respect to vj(A). 


10 T T 


Voltage, V 


10 20 30 40 50 60 
Time, ms 


FIGURE 10.2-4 A MATLAB plot of v(t) and v2(f) showing that v2(f) is indeed delayed with respect to v(t) by 10.47 ms. 


Next, consider the problem of obtaining an analytic 
representation A cos(œt + 0) of a sinusoid that is given 
graphically. This problem is frequently encountered by 
engineers and engineering students in the laboratory. Fre- 
quently, an engineer will see a sinusoidal voltage displayed 
on an oscilloscope and need to represent that voltage using 
an equation. The analytic representation of the sinusoid is 
obtained in three steps. The first two are straightforward. The 
third requires some attention. The procedure is illustrated in 
Figure 10.2-5, which shows two sinusoidal voltages. 


v(t), Volt) (V) 


3 : . 3 | l | | | | 
-20 
1. Measure the amplitude, A. The location of the time axis 00.05 01 015 02 025 0.3 035 04 
may not be obvious when the sinusoidal voltage is t(s) 
displayed on an oscilloscope, so it may be more conve- 


: . FIGURE 10.2-5 Two sinusoids having the same amplitude 
nient to measure the peak-to-peak amplitude 2A as : : 

Hea and period but different phase angles. 
shown in Figure 10.2-5. 
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2. Measure the period T in s and calculate the frequency œ = 27/T in rad/s. 

3. Pick a time and measure the voltage at that time. For example, t = tı = 0.15 s at the point 
marked in Figure 10.2-5. Notice that v)(t;) = vo(t;) = 10.6066 V, but v,(t,) and v2(t,) are 
clearly not the same sinusoid. The additional information needed to distinguish these 
two sinusoids is that v,(t) is increasing (positive slope) at time ¢,, whereas v(t) is 
decreasing (negative slope) at time tı. Finally, calculate the phase angle 0 of a sinusoidal 
voltage v(f) as 


v(t zg : : 
— cos 7! 2) — œtı when v(t) is increasing at time fy 


v(t ; : ‘ 
cos! (2) — ory when v(t) is decreasing at time ft; 


Try it f . f 
yourself ExAMPLE 10.2-2 Graphical and Analytic Representation 
Irvine Ere of Sinusoids 


Determine the analytic representations of the sinusoidal voltages v,(‘) and v2(t) shown in Figure 10.2-6. 


Solution 
Both v(t) and v(t) have the same amplitude and period: 


2A — 30) A — Ion 


2 
and T=0.2s => o = = 10nradis 


As noted earlier, vı (t1) = v2(t1) = 10.6066 V at t; = 0.15 s. Because v; (f) is increasing (positive slope) at time t4, 
the phase angle 0, of the sinusoidal voltage v;(f) is calculated as 


t 10.6066 
@) = —cos | () wi = — cos! ( is ) — (10z)(0.15) = —5.498 rad = —315° = 45° 


: : : vit 2 : 
(Notice that the units of cot, are radians, so cos ~! (=) must also be calculated in radians so that we can do the 
subtraction.) Finally, v,(f) is represented as 


vi(t) = 15 cos (10at + 45°) V 


Next, because v2(f) is decreasing (negative slope) at time f,, the phase angle 0 of the sinusoidal voltage v2(f) is 
calculated as 


10.6066 
= cos! (2) wt = cos! ( I5 ) — (107)(0.15) = —3.927 rad = —225° = 135° 


Finally, v2(f) is represented as 
v2(t) = 15 cos (10rt + 135°) V 
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10.3 Phasors and Sinusoids 


A current or voltage in an ac circuit is a sinusoid at the input frequency. Such a current or voltage is 
characterized by its amplitude and phase angle. 


A phasor is a complex number that is used to represent the amplitude and phase angle of a 
sinusoid. The relationship between the sinusoid and the phasor is described by 


Acos(ot+0) > AO (10.3-1) 


There are a couple of things that we should notice. First, the sinusoid is represented using the cosine 
rather than the sine function. Second, the phasor is a complex number represented in polar form. The 
magnitude of the phasor is equal to the amplitude of the sinusoid, and the angle of the phasor is equal to 
the phase angle of the sinusoid. 


Try it . . 
yourself EXAMPLE 10.3-1 Phasors and Sinusoids ) 
in WileyPLUS 


Determine the phasors corresponding to the sinusoids 


ii (t) = 120 cos(400t + 60°) mA and iz(t) = 100 sin(400t — 75°) mA 


Solution 
Using Eq. 10.3-1 we have 


I,(@) = 120 /60° mA 


Next, express i2(f) using the cosine instead of the sine. 
i2(t) = 100 cos(400t — 75° — 90°) = 100 cos(400t — 165°) mA 
(See the trigonometric identities in Appendix C.) Using Eq. 10.3-1, we have 


I2(w) = 100 /—165° mA 


Example 10.3-1 illustrates a convention that we will use to name the sinusoids and phasors 
associated with currents and voltages in ac circuits. We will use lowercase i and v to indicate a 
sinusoidal current or voltage, often with a subscript. Often, as in Example 10.3-1, we will explicitly 
indicate that a sinusoid is function of time, but sometimes we will write i, instead of i(t). We will use 
bold uppercase I and V to indicate the corresponding phasor current or voltage with the same subscript. 
In general, the phasors are functions of the input frequency. In an ac circuit, the input frequency is fixed 
and we often shorten I,(c) to I). 

Figure 10.3-1a shows the phasor as a complex number V, represented by a point in the complex 
plane. In Figure 10.3-1a, a line segment is drawn from the origin of the complex plane to the point 
representing the phasor. The angle of this line segment 0, measured counter-clockwise from the real 
axis, is the angle of the phasor. The length of the line segment A is called the magnitude of the phasor. 
The polar form represents the phasor in terms of its magnitude and angle. To indicate that A is the 
magnitude of the phasor V and that 0 is the angle of V, we write 


A= |V]and 0= /V (10.3-2) 


Phasors and Sinusoids 


Imaginary axis Imaginary axis 
V=A/0 b i V=a+jb 

| 

A | 
| 
| 

0 0 : 0 | ; 
= Real axis i Realaxis FIGURE 10.3-1 Polar 
s (a) and rectangular 
(a) (b) (b) forms of a phasor. 
Figure 10.3-1b shows an alternate representation of Imaginary axis 


the phasor V. As before, V is represented by a point in the 
complex plane. In Figure 10.3-1b, the real numbers a and b 
are identified by the projections of the point onto the real 
and imaginary axis. Consequently, a is called the real part 
of V and b is called the imaginary part of V. We write 


V=A/8=a+jb q——————— 


l 
l 
l 
l 
| 
a 


a = Re{V} and b = Im{V} (10.3-3) 
FIGURE 10.3-2 A phasor having a < 0. 
and represent V as a complex number in rectangular form as 
V=a+ jb 


where j = V—l. 
Figure 10.3-2 shows a phasor V with Re{V} <0. Notice that 0, not @, is the angle of V. 
Since a phasor can be expressed in both rectangular and polar forms, we write 
at+jb=V=A /0 (10.3-4) 


The trigonometry of Figures 10.3-1 and 10.3-2 provides the following equations for converting 
between the rectangular and polar forms of phasors. 


a = A cos(0), b = A sin(0), A= v'a? +b? (10.3-5) 
tan“! (*) a>0 
and 0= A (10.3-6) 


b 
180° — tan~! (>) a<0 


Several special cases are worth noticing. 


1=1/0°, ;=1/90°, —1 = 1/+180° and — j = 1 /—90° = 1 /270° (10.3-7) 


Try it 


yourself ExAMPLE 10.3-2 Rectangular and Polar Forms of Phasors ) 


in WileyPLUS 


Consider the phasors V; = 4.25 /115° and Vz = —4 + j3 


Convert V; to rectangular form and V> to polar form. 


Solution 
Using Eq. 10.3-5 
Vı = Re{V;} + jIm{V;} = 4.25 cos(115°) + j4.25 cos(115°) = —1.796 + j3.852 
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Next, using Eq. 10.3-5 


[V2] = |-4 +3] = y (47 +3? =5 


Noticing that Re{V2}=—4<0 and using Eq. 10.3-6, we see that 


/V2 = 180° — tan“! ( 


Consequently, 


Vor='5 


143° 


5) = 143° 


Next, consider doing arithmetic with phasors. Suppose we have two phasors, V; and V>, each 


represented in both rectangular and polar forms. That is 


Vi =a+jb=E/@ and V, =c+jd=F¢ 


where, for example, a and b, the real and imaginary parts of V4, can be calculated from E and 0, the 
magnitude and angle of V, using Eq. 10.3-5. Phasors are added using the rectangular forms of the 


phasors as follows: 


V,+V2= 


Similarly Vi-V2= 


vi va= (P) (F4) =e 


(a 
(a 


+jb)+ 


+jb)— 


(c 
(c 


+jd)= 


+jd)= 


(0+ ¢) ani yv- 


(a+c) + 


(a—c)+ 


Phasors are multiplied and divided using the polar forms of the phasors as follows: 


j(b+d) 


j(b-— d) 


A/0 A 
<2 =e) 
Bld B 


The conjugate of the phasor V; = a+jb is denoted as V, and is defined as 


Vi" = (a + jb)” =a-—jb 
= (cL) =E/— 
Try it 
yourself ( Example 10.3-3 Arithmetic Using Phasors ) 
in WileyPLUS 


Consider the phasors 


Vı = —1.796 + j3.852 = 4.25 / 115° and V2 = 


Determine Vı + V2, Vı- V2 and a 


Solution 
Using Eq. 10.3-8 


Vi + V2 = (—1.796 + 3.852) + (—4 + j3) = (—1.796 — 4) + j(3.852 + 3) = 


—4 + j3 = 5 /143° 


(10.3-8) 


(10.3-9) 


(10.3-10) 


(10.3-11) 


—5.796 + j6.852 


Phasors and Sinusoids 


Next, using Eq. 10.3-10 


VEV = (4.25 iSe) (s 143°) = (4.25)(5) /(115 + 143)° = 21.25 72582 S E 


Finally, 


Vi R 4.25 115° = (=) AS foe 143)° = 0.85 (EPRA 
5 


V2 5/143? 


Two phasors, V; and V5, are equal to each other if and only if one of the following two conditions 
is satisfied: 
1. Both Re{V,;}=Re{V2} and Im{ V; }=Im{V2}. 
2. Both IV,l=IVol and / Vi = LY2, 
(Conditions 1 and 2 are not independent. If V;=V>2, then both conditions are satisfied. If either 
condition is satisfied, then V; = V, and the other condition is also satisfied.) 

The use of phasors to represent sinusoids is based on Euler’s formula. Euler’s formula is 

ei? = cosp+jsing (10.3-12) 
Consequently, 
Aei? = A cos ġ + jA sin ġ 


Using Eqs. 10.3-4 and 10.3-5, we have 
Acos +jA sino = AL? 
Consequently, Aei? =4/% (10.3-13) 


Ae/® is called the exponential form of a phasor. The conversion between the polar and exponential 
forms is immediate. In both, A is the amplitude of the sinusoid and ¢ is the phase angle of the sinusoid. 
Next, consider 


Ae?) — A cos(wt + 0) +j A sin(ot + 0) (10.3-14) 
Taking the real part of both sides of Eq.10.3-14 gives 
Acos(wt + 0) = Re{A el ee} = RefA e” eo} (10.3-15) 
Consider a sinusoid and corresponding phasor 
v(t) =A cos(wt +0) V and V(w) =A/0 = Ae!” V (10.3-16) 
Substituting Eq. 10.3-16 into Eq. 10.3-15 gives 
v(t) = Re{V(a) e1? '} (10.3-17) 


Next, consider a KVL or KCL equation from an ac circuit, for example, 


o= 5 v(t) (10.3-18) 


i 


Using Eq. 10.3-17, we can write Eq. 10.3-18 as 


0 = X Re{Vi(%) e1” } = Ree 5 vo) (10.3-19) 
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Eq. 10.3-19 is required to be true for all values of time t. Let t=0. Then e/ “=e °=1 and Eq. 10.3-19 


becomes 
0= ref Svo] (10.3-20) 


Next, let t=7/(2 œ). Then e!” =e} = — j and Eq. 10.3-19 becomes 


0 Ref JE vio) = mf Zv) (10.3-21) 
Together, Eqs. 10.3-19 and 10.3-21 indicate that the phasors 0 and X Vio) are equal. That is, 


0= > V;(@) 


In summary, if a set of sinusoidal voltages v,(f) satisfy KVL for an ac circuit, the 
corresponding phasor voltages V;(q@) satisfy the same KVL equation. Similarly, if a set of 
sinusoidal currents i;(t) satisfy KCL for an ac circuit, the corresponding phasor currents I;(@) 
satisfy the same KCL equation. 


Try it 


yourself EXAMPLE 10.3-4 Kirchhoff’s Laws for AC Circuits ) 


in WileyPLUS 


The input to the circuit shown in Figure 10.3-3 is the voltage source voltage, 


+ Vp(t) = 


vs(t) = 25 cos (1004+ 15°) V R=300 Q 


v(t) C=25 uF 


i(t) 


—— 


The output is the voltage across the capacitor, 


ve(t) = 20 cos (1001 — 22°) V 


FIGURE 10.3-3 The circuit in 
Determine the resistor voltage vp(t). Example 10.3-4 


Solution 
Apply KVL to get 


Vr(t) = vs(t) — vc(t) = 25 cos(100t + 15°) — 20 cos(1004 — 22°) 
Writing the KVL equation using phasors, we have 
Vr(@) = V;(@) — Velo) = 25 /15° — 20 /—22° 


= (24.15 + j 6.47) — (18.54 — j 7.49) 
= 5.61 +j 13.96 


Sa AE V 


Converting the phasor VgR(œ) to the corresponding sinusoid, we have 


Va(o) = 15/68.1° V & va(t) = 15 cos(100f + 68.1°) V 
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Alternate Solution 
Alternately, we can solve the KVL equation using trigonometry instead of phasors. We’ll need this trigonometric 
identity from Appendix C: 


cos (x + p) = cos(x) cos(f) F sin(x) sin(f) 


Using the trigonometric identity, we determine 


25 cos(100ż + 15°) = 25[ cos(100¢) cos(15°) — sin(100r) sin(15°)] 
= 24.15 cos(100t) — 6.47 sin(1001) 
and 
20 cos(100¢ — 22°) = 20 [ cos(100¢) cos(22°) + sin(100r) sin(22°)] 
= 18.54 cos(100r) + 7.49 sin(1001r) 


Substituting these results into the KVL equation gives 
V(t) = v(t) — vc(t) = 25 cos(100t + 15°) — 20 cos(100¢ — 22°) 


= [24.15 cos(1001) — 6.47 sin(1001)] — [18.54 cos(1002) + 7.49 sin(1002)] 
= 5.61 cos(1002) — 13.96 sin(1002) 


—16.96 
= y 5.61? + 13.967 cos( 1001 — en- ( )) 


5.61 
= 15 cos(100¢ + 68.1°) V 


Using phasors instead of trigonometry to solve the KVL equation produced the same result but required less effort. 


10.4 Impedances 


We’ ve seen that all of the currents and voltages of an ac circuit are sinusoids at the input frequency. 
Figure 10.4-1a shows an element of an ac circuit. The element voltage and element current are labeled 
as v(t) and i(t). We can write 


v(t) = Vm cos(@t+0) V and i(t) = Im cos(œwt + $) A (10.4-1) 


where Vm and Zn are the amplitudes of the sinusoidal voltage and current, 0 and ¢ are the phase angles of 
the voltage and current, and œ is the input frequency. The corresponding phasors are 


V(@) = Vin ZO V and I(w) = Im L? A 


Figure 10.4-1b shows the circuit element again, now labeled with the phasor voltage and current V (œ) 
and I(q@). Notice that the voltage and current adhere to the passive convention in both Figure 10.4-la 
and Figure 10.4-1b. 


The impedance of an element of an ac circuit is defined to be the ratio of the voltage phasor to 
the current phasor. The impedance is denoted as Z(@) so 


Z(o) a tats 72 0-0) Q (10.4-2) 


Consequently, 
hii V(o) = Z(o) (o) (10.4-3) 
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+ + which is Ohm’s law for ac circuits. The admittance of an element of an ac circuit is 


v(t) Vi) _ the reciprocal of its impedance. The impedance is denoted as Y(@) so 


iof T = o| - 1 Iw) 
Y(o) = = ==> 


FIGURE 10.4-1 An element of an 

ac circuit represented (a) in the time To distinguish the two representations of the circuit element in Figure 10.4-1, 

domain and (b) in the frequency we say the Figure 10.4-1a represents the circuit element in the time domain and 

domain. Figure 10.4-1b represents the circuit element in the frequency domain. 
Consider a capacitor in an ac circuit as shown in Figure 10.4-2a. We know 


that the capacitor voltage is a sinusoid at the input frequency so we can write 
vc(t) =Acos(wt+ 0) V 
The corresponding capacitor current is 
d ; 
ic(t)=C nec’) = —C@A sin(wt + 0) = CwA cos(wt + 0+ 90°) A 
The phasors corresponding to the capacitor voltage and current are 
Vc(w) = AZO V and Ic(o) = CoA L(8 + 90°) = (co 90°) (4 Z0) =joCA/9 A 


The impedance of the capacitor is given by the ratio of the voltage phasor to the current phasor: 


Veo) ALO 1 
+ Zc(@) = vel = = a © (10.4-4) 
c(@) jJoCAaA /6 J@ 
c velt) n a 
= By convention, we label the capacitor by its impedance in the frequency 
oft} | Io) | domain as shown in Figure 10.4-2b. Using Eq. 10.4-3, we write 
1 
(a) (b) Vc() =C Ic() (10.4-5) 


FIGURE 10.4-2 A capacitor in an ac circuit 
represented (a) in the time domain and (b) in the Figure 10.4-3 shows an inductor in an ac circuit. We know that the 
frequency domain: inductor current is a sinusoid at the input frequency, so we can write 


iL(t) = A cos(œt + 0) A 
The corresponding inductor voltage is 


d 
v(t) = Lgi ) = —-LowA sin(wt + 0) = LwA cos(wt + 0 + 90°) V 


The phasors corresponding to the inductor current and voltage are 


IL(@ -A/6o 0 A and Vi (@ =L@A/( (0 + 90°) =joLAlo 0 V 


The ae of the inductor is given by the ratio of the voltage phasor 


i j to the current phasor: 
L v(t) JoL V (%0) fa 
, Vilo) Í @LA i 
i,@ = = Z = LQ 10.4-6 
0 | 1 | a age (10.4-6) 
(a) (b) We label the inductor by its impedance in the frequency domain as shown 


FIGURE 10.4-3 An inductor in an ac circuit in Figure 10.4-3b. Using Eq. 10.4-3, we write 


represented (a) in the time domain and (b) in the Es 
frequency domain. Vi(@) =joLI@) (10.4-7) 


Impedances 437 


A resistor from an ac circuit is shown in Figure 10.4-4a. We know that the + + 
resistor voltage is a sinusoid at the input frequency so we can write R valt) R Z Valo) 
vr(t) = Acos(wt + 0) ROI Roff 
The resistor current is (a) O 
a 
. vr(t) A 
ir(t) =—2~ = g cos(wt + 8) FIGURE 10.4-4 A resistor in an ac 


circuit represented (a) in the time 
domain and (b) in the frequency 
domain. 


RQ (10.4-8) 


The impedance of the resistor is the ratio of the voltage phasor to the current phasor: 


Ve(o) ALO 


The impedance of a resistor is numerically equal to the resistance. Using Eq. 10.4-3, we write 


Zr(@) = 


Vr(@) = RR) (10.4-9) 


Try it 
yourself ExampPLe 10.4-1 Impedances 
in WileyPLUS 


The input to the ac circuit shown in Figure 10.4-5 is the source voltage 


vs(t) = 12 cos(100017 + 15°) V 


Determine (a) the impedances of the capacitor, inductor, and resistance and 
(b) the current i(t). 


-= V(t) + 
Solution FIGURE 10.4-5 The AC circuit in 
(a) The input frequency is œ = 1000 rad/s. Using Eq. 10.4-4 shows that the Eample 10.4-1. 
impedance of the capacitor is 
1 1 2 
Zc(@) =- =- De o 
jæC j1000(40x10%) j 
Using Eq. 10.4-6 shows that the impedance of the inductor is 
ZL(œ@) =jæL = j 1000 (0.065) = j65 Q 
Using Eq. 10.4-8, the impedance of the resistor is 
ZrR(w@) =R=30 0 
(b) Apply KVL to write 
12 cos(1000t + 15°) = vr (t) + vL (t) + vc(t) 
Using phasors, we get 
12 /15° = Va(@) + VL(@) + Velo) (10.4-10) 
Using Eqs. 10.4-5, 10.4-7, and 10.4-9, we get 
12 /15° = 30 I(œw) + j65 I(œ) — j25 I(œ) = (30 + 40) I(œ) (10.4-11) 


Solving for I(@) gives 
12 AIS 1 SS 


= ve = 0A RBIF A 
OO 59 /53.13° 


I(@) 


The corresponding sinusoid is 
i(t) = 0.24 cos(1000t — 38.13°) A 
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FIGURE 10.4-6 The circuit from Figure 
10.4-5, represented in the frequency domain. 
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Figure 10.4-6 shows the “frequency domain representation” of the 
circuit from Figure 10.4-5. In contrast, Figure 10.4-5 shows the “time do- 
main representation” of the circuit. Notice that in the time domain, voltage 
and currents are represented as sinusoids, while in the frequency domain, 
voltages and currents are represented as phasors. In the time domain, resistors, 
capacitors, and inductors are represented by their resistance, capacitance, or 
- Veo) + inductance, while in the frequency domain, resistors, capacitors, and inductors 
are represented by their impedance. 

Figure 10.4-6 summarizes the information used to solve Example 10.4-1. 
First, we apply KVL to Figure 10.4-6 to obtain Eq. 10.4-10. Next, we apply 
“Ohm’s law for ac circuits” in Figure 10.4-6 to obtain Eq. 10.4-11. Solving Eq. 10.4-11, using complex 
arithmetic, produces the phasor corresponding to the current i(t). 


Try it . . . . 
yourself (E XAMPLE 10.4-2 AC Circuits in the Frequency Domain 
in WileyPLUS 
The input to the ac circuit shown in Figure 10.4-7 is the source 10mH iW 
voltage 


Determine the voltage v(t). 


vs(t) = 48 cos(500t + 75°) V 


FIGURE 10.4-7 The ac circuit in Example 


10.4-2. 
Solution 
The input frequency is œ = 500 rad/s. The impedances of the capacitor and inductor are 
mE i ) (, 
joC j500(25x10 j 
and Z (@) = joL = j500(0.1) =j50 Q 
Figure 10.4-8 shows the circuit represented in the frequency domain jsog To) 
using phasors and impedances. Notice that = 
+ Vo) - | Iglo) 

(a) The voltage source voltage is described by the phasor corre- 

sponding to v,(2). © shsv -jug we 
(b) The currents and voltages of the resistor, inductor, and capaci- Ic(w) l 

tor are described by the phasors Ir(w), V(w), I (œ), Vi (œ), and 

Ic(œ). FIGURE 10.4-8 The circuit from Figure 10.4-7, 
(c) The resistor, inductor, and capacitor are described by their represented in the frequency domain. 


impedances. 


Apply Ohm’s law to each of the impedances to get 


Vi(@) = j50I(@), Ic(o) = ue and Ig(@) = = 
Apply KCL to the top left node to get 
ie ogy Oe) nee 
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Apply KVL to the right mesh to get 


48 /75° = VL (Éw) + V(@) = j501(@) + V(@) (10.4-13) 
Combining Eqs. 10.4-12 and 10.4-13 gives 
-,|V(@) Vow) J50  j50 
4 "Z a —— = |—— — 1 
8/1 = 50 Ez + 30 + V(a) 780 + 30 + 1] V(a) 


= [-0.625 + j0.625 + 1]V(w) = (0.375 + 0.625) V(a) 


Solving for V(@) gives 4g /75° 48 /75° F 
Vo- - = = 65.97 L6 
0.375 + j0.625 0,7289 /59° 


The corresponding sinusoid is 
v(t) = 65.9 cos(500t + 16°) V 


v(t) =Ki,(t) V, (w) = KI,() 


i,O | I,(@) | FIGURE 10.4-9 A CCVS from an ac 
circuit represented (a) in the time 
(a) (b) domain and (b) in the frequency domain. 


Consider a dependent source in an ac circuit as shown in Figure 10.4-9a. The controlling current 
i,(t) is a sinusoid at the input frequency. 


ia(t) = A cos(wt + 0) 
The controlled voltage is given by 
vp(t) = Ki,(t) = KA cos(œwt + 0) 
The corresponding phasors are 
I,(@) = A /0 and V (w) = KA /0 = KI,(@) 


Figure 10.4-9b shows the frequency domain representation of the dependent source. 


Try it . : a 
yourself ExAmPLe 10.4-3 AC Circuits Containing a Dependent Source 
in WileyPLUS 


The input to the ac circuit shown in Figure 10.4-10 is the source voltage 


vs(t) = 12 cos(1000t+ 45°) V 


Determine the voltage v(t). 
252 


va(t)=100 i(t) 20 uF 


FIGURE 10.4-10 The ac circuit in Example 10.4-3. 
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Solution 
The input frequency is œ= 1000 rad/s. The impedance of the capacitor is 
1 1 50 


= =% = -j50 9, 
joC j1000(20x10) fj ” 


Figure 10.4-11 shows the circuit represented in the frequency domain using phasors and impedances. Notice that 


(a) The voltage source voltage is described by the phasor corresponding to v,(?). 

(b) The currents and voltages of the CCVS are described by phasors. The phasor corresponding to the controlled 
voltage is expressed as the product of the gain of the CCVS and the phasor corresponding to the controlling 
current. 

(c) The resistors and the capacitor are described by their impedances. 


25 Q 


1,(@) 
V,() = 100 I (@) - 750 Q 


FIGURE 10.4-11 The circuit from Figure 10.4-10, 
represented in the frequency domain. 


The controlling current of the CCVS in Figure 10.4-11 is 


12 /45° 
Llo) =< = 0.48/45 A 


Apply KVL to the right-hand mesh in Figure 10.4-11 to get 
100I: (œw) = 25I2(@) — j5012(%) 
Solving for I,(@) gives 
100(0.48 45°) 


I,(@) = 25 750 = 0.85865 /108.44° A 
Finally, 
V.(@) = —j50 * In(m) = 42.933 / 18.44° V 
The corresponding sinusoid is 
Vo(t) = 42.933 cos(1000t + 18.44°) V 


10.5 Series and Parallel Ilmpedances 


Figure 10.5-1a shows a circuit called “Circuit A” connected to two series impedances. Using KCL in 
Figure 10.5-1 shows that 


I, =I,=I (10.5-1) 
Using Ohm’s law in Figure 10.5-1a shows that 
Vi =Z,1, = ZI and Vo = Z212 = ZI 
Using KVL in Figure 10.5-la shows that 
V=Vi4+V2.=(Z14+Z2)I (10.5-2) 
The impedance of the series combination of Z, and Z% is given by 


vV 
qu Z tZ 


Series and Parallel Impedances 


We call this impedance the equivalent impedance of the series impedances and write 
Zeg = 2, +Z: (10.5-3) 
We say that the impedance Zeg is equivalent to the series combination of Z; and Z, because replacing 
Z, and Z3 in Figure 10.5-la) by Zeq in Figure 10.5-1b will not change the current or voltage of any 
element of Circuit A. Equation 10.5-3 generalizes to the case of n series impedances 
Leg = Zi +tZ+ +Z (10.5-4) 


l 
—> 


Circuit A 


Circuit A Z oq 


(b) 


FIGURE 10.5-1 Series impedances (a) and an equivalent impedance (b). 
The voltages across the impedances Z, and Z, in Figure 10.5-la are given by 


y Zı Z2 
V,=Z,1=Z2 = V and V, = Z, I = ——_ 
; i : i i Zı +Z: 


= y 10.5-5 
Zı+Z2 Zi+Z: ( ) 


These equations show how V, the voltage across the series impedances, is divided between the 
individual impedances. They are called the voltage division equations. 


l l 
> 


Circuit A eq 


(a) (b) 
FIGURE 10.5-2 Parallel impedances (a) and an equivalent impedance (b). 


Figure 10.5-2a shows a circuit called “Circuit A” connected to two parallel impedances. Using 
KVL in Figure 10.5-2a shows that 


Vi=V2=V (10.5-6) 
Using Ohm’s law in Figure 10.5-2a shows that 
ee ae ee 
Zi Zi Zo Zo 
Using KCL in Figure 10.5-la shows that 
1 1 
I=1,+lL=(—+—)]V 10.5-7 
+= (Z+) (10.5-7) 
The impedance of the parallel combination of Z, and Z, is given by 
Vv 1 
I 242; 


Zi Z 
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We call this impedance the equivalent impedance of the parallel impedances and write 


Zeg = (10.5-8) 


Fh 
We say that the impedance Zeq is equivalent to the parallel combination of Z, and Z3 because replacing 
Z, and Z, in Figure 10.5-2a by Zeq in Figure 10.5-2b will not change the current or voltage of any 
element of Circuit A. Equation 10.5-8 generalizes to the case of n series impedances 


1 
Leg =F i (10.5-9) 
Zi + 2 Hood 7; 
Equivalently, we can write equation 10.5-9 in terms of admittances 
1 1 1 1 
Ya = = bess =Y,+Yo+-:-+Y, 10.5-10 
=Z A tz jae O ( ) 
The currents the impedances Z; and Z, in Figure 10.5-2a are given by 
V 1 I Z V Z 
h =-= z- =I ad h =-=- I (10.5-11) 
Zi Ziztz Zitz Z2 Zı+Z: 


These equations show how I, the current in the parallel impedances, is divided between the individual 
impedances. They are called the current division equations. 
The voltage division equations and current division equations are summarized in Table 10.5-1. 


Table 10.5-1 Voltage and Current Division in the Frequency Domain 


CIRCUIT EQUATIONS 


L=kL=I 
Z 
PEN Vi=>—>V 
Voltage division Zi +Z 
Z2 
V= Vv 
SETA 
Vi=V.=V 
Z2 
L = I 
Current division -Z 1+Z2 
Z 
L = I 
2 ZL + Zp 


Try it 
cna ExamĪmPLE 10.5-1 Analysis of AC Circuits Using Impedances 
in WileyPLUS 


Determine the steady-state current i(f) in the RLC circuit shown in Figure 10.5-3a, using phasors and impedances. 


R=9Q 


v,(f)=100cos100¢ V 


FIGURE 10.5-3 The circuit from 
Example 10.5-1 represented (a) in 
the time domain and (b) in the 


frequency domain. 
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Solution 
First, we represent the circuit in using phasors and impedances as shown in Figure 10.5-3b. Noticing that the 
frequency of the sinusoidal input in Figure 10.5-3a is œ = 100 rad/s, the impedances in Figure 10.5-3b are 
determined to be 

1 1 10 


jæC  j(100)(0.001) j 


Zi =R=90, Z, = joQ 


and Z3 = joL = j(100)(0.001) = j1Q 
The input phasor in Figure 10.5-3b is 
V, = 100 70° V 
Next, we use KVL in Figure 10.5-3b to obtain 
Zi1+ Zo1+ ZI = V, 


Substituting for the impedances and the input phasor gives 
(9 —j10 + j1)I = 100 70° 
or 


100 70° 1 E 
ae = 0/0 = 7.86 /45° A 


eo) n 
Therefore, the steady-state current in the time domain is 
i(t) = 7.86 cos (100t + 45°) A 


Try it a 
yourself Example 10.5-2 Voltage Division > INTERACTIVE EXAMPLE 


in WileyPLUS 


Using Impedances 


Consider the circuit shown in Figure 10.5-4a. The input to the circuit is the voltage of the voltage source, 
vs(t) = 7.28 cos (4t + 77°) V 


The output is the voltage across the inductor v(t). Determine the steady-state output voltage vo(t). 


32 32 
+ + 
v0 G) afd 7.28 /77° VC ) Valo) 
F E FIGURE 10.5-4 The circuit considered in 
Example 10.5-2 represented (a) in the time 
(a) (b) domain and (b) in the frequency domain. 


Solution 

The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input 
voltage. The circuit has reached steady state. Consequently, the circuit in Figure 10.5-4a can be represented in the 
frequency domain, using phasors and impedances. Figure 10.5-4b shows the frequency-domain representation 
of the circuit from Figure 10.5-4a. The impedance of the inductor is jæL = j(4)(0.54) = j2.16 Q, as shown in 
Figure 10.5-4b. 
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Apply the voltage divider principle to the circuit in Figure 10.5-4b to represent the output voltage in the 
frequency domain as 


21 2.16 /90° 
uo AAE DE e (-1.28 11°) 
3 + j2.16 3.70 [36° 
(2.16)(-7.28) 
- 90° +77°) — 36 
30 CO ) 


= —4.25 /131° = 425/3 V 


In the time domain, the output voltage is represented as 


Vo(t) = 4.25 cos (4t + 311°) V 


Try it . . i 
yourself ( ExamPLE 10.5-3 AC Circuit Analysis @ INTERACTIVE EXAMPLE 


in WileyPLUS 


Consider the circuit shown in Figure 10.5-5a. The input to the circuit is the voltage of the voltage source, 
vs(t) = 7.68 cos (2t + 47°) V 

The output is the voltage across the resistor, 
Vo(t) = 1.59 cos (2t + 125°) V 


Determine capacitance C of the capacitor. 


1 


af ne Q 
E + 
v(t) 1Q 2 v(t) Vow) 
E FIGURE 10.5-5 The circuit considered in 
Example 10.5-3 represented (a) in the time 
(a) domain and (b) in the frequency domain. 


Solution 
The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input voltage. 
Apparently, the circuit has reached steady state. Consequently, the circuit in Figure 10.5-5a can be represented in 
the frequency domain, using phasors and impedances. Figure 10.5-5b shows the frequency-domain representation 
of the circuit from Figure 10.5-5a. The impedance of the capacitor is 
1 j J J 
joC joc aC AE 


The phasors corresponding to the input and output sinusoids are 


V;(@) = 7.68 /47° V 


and Vo(@) = 1.59 125° V 


The current I(œ) in Figure 10.5-5b is given by 
vla 1597125" 


1 1 /o° 


I(@) = = 1.59 /125° A 


The input voltage is a sinusoid. The output voltage is FIGURE 10.5-6 The circuit considered in Example 10.5-4 


also sinusoid and has the same frequency as the input represented (a) in the time domain and (b) in the 
voltage. Apparently, the circuit has reached steady frequency domain. 
state. Consequently, the circuit in Figure 10.5-6a can 
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The capacitor voltage V.(@) in Figure 10.5-5b is given by 
V.(@) = V,(@) — Volo) = 7.68 /47° — 1.59 /125° 

= (5.23 + j5.62) — (—0.91 + 1.30) 

= (5.23 + 0.91) + j(5.62 — 1.30) 

= 6.14 + j4.32 

= SNN 
The impedance of the capacitor is given by 

Vo) 7513F 
j= = = 4.72 /—90° 
2C Iœ) 1.59 /125° 
Solving for C gives 
-j 1 /—90° 
C= 7 = = 0.106 F 
2(4.72/—90°) 2(4.72/=90°) 
Try it . . . 
yourself ( ExAmMPLE 10.5-4 AC Circuit Analysis 
in WileyPLUS 

Consider the circuit shown in Figure 10.5-6a. The input ah 
to the circuit is the voltage of the voltage source v,(f), C 12c 
and the output is the voltage across the 4-0, resistor, 
Volt). When the input is v,(t) = 8.93 cos(2t + 54°) V, 99 9Q 
the corresponding output is vo(t) = 3.83 cos(2t+ a b 
83°) V. Determine the voltage across the 9-0 + + 
resistor vą(f) and the value of the capacitance C of the  vs(® volt) VAC) © Vlw) 
capacitor. E j 
Solution (a) (b) 


be represented in the frequency domain, using phasors and impedances. Figure 10.5-6b shows the frequency- 
domain representation of the circuit from Figure 10.5-6a. The voltages V (œ), V,(@), and Vo(œ) in Figure 10.5-6b 
are the phasors corresponding to vs(f), va(t), and v,(f) from Figure 10.5-6a. The capacitor and the resistors are 
represented as impedances in Figure 10.5-6b. The impedance of the capacitor is —j1/@C = —j1/2C where 2 rad/s 
is the value of the frequency of v,(f). 

The phasors corresponding to the input and output sinusoids are 


and 


V,(@) = 8.93 /54° V 


V.(@) = 3.83 /83° V 
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First, we calculate the value of V,(@). Apply KVL to the mesh in Figure 10.8-6b that consists of the two resistors 
and the voltage source to get 


Val Vio) = Vio) = (3.83 83°) a (8.93 54°) 
= (0.47 + j3.80) — (5.25 E 
= ARBA 
= 5.88 /216° 


The voltage across the 9-Q resistor v,(f) is the sinusoid corresponding to this phasor 
Va(t) = 5.88 cos (2t + 216°) V 


We can determine the value of the capacitance by applying Kirchhoff’s current law (KCL) at node b in 
Figure 10.8-6a: 


Solving this equation for j2C gives 


4V,(w) + 9V, (0) 
—36V, (0) 


2G = 
Substituting the values of the phasors V,(@) and V,(@) into this equation gives 


4(—4.78 — j3.42) + 9(0.47 + j3.80) 
-36 (5.88 216°) 

_ =14.89 + j20.52 

a -36 (5.88 216°) 


j2C = 


x 25.35 /126° 
(36 —180°) (5.88 216°) 
25.35 
= 2a E (ers oe 
6.88) L ( ) 
= 0.120 /90° 
= 0.120 
0.12 


Therefore, the value of the capacitance is C = ae 0.06 = 60 mF. 
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Try it 
yourself ( ExAMPLE 10.5-5 Equivalent Impedance ) 
in WileyPLUS 


Determine the equivalent impedance of the circuit shown in Figure 10.5-7a at the frequency œ = 1000 rad/s. 


400 Q 400 Q 
D 2 uF 300 mH P l -j500 Q j300 Q E i -j500 Q | 400 + j300 Q 
Zeq Zeq Zeq 

(a) (b) (c) 


FIGURE 10.5-7 The circuit considered in Example 10.5-5 (a) in the time domain, (b) in the frequency domain, and (c) after 
replacing series impedances by an equivalent impedance. 


Solution 

Represent the circuit in the frequency domain as shown in Figure 10.5-7b. After replacing series impedances by an 
equivalent impedance, we have the circuit shown in Figure 10.5-7c. Zeq is now seen to be the equivalent impedance 
of the parallel impedances in Figure 10.5-7c. 


= —j500(400 + j300) 150, 000 — j200,000 250, 000 /—53.1° 


a= = = = 599.0 /-26.5°O 
a —j500 + 400 + j300 400 — j200 4472 / pores 


10.6 Mesh and Node Equations 


We can analyze an ac circuit by writing and solving a set of simultaneous equations. Two methods, the 
node equations and the mesh equations, are quite popular. Before writing either the node equations or 
mesh equations, we represent the ac circuit in the frequency domain using phasors and impedances. 

The node equations are a set of simultaneous equations in which the unknowns are the node 
voltages. We write the node equations by 


1. Expressing the element voltages and currents (for example, the current and voltage of an 
impedance) in terms of the node voltages. 


2. Applying KCL at the nodes of the ac circuit. 


After writing and solving the node equations, we can determine all of the voltages and currents of the ac 


circuit using Ohm’s and Kirchhoff’s laws. Vi -V3 
l= 
Z 
+ - — 
V; Va Vo Vv, Vs Və V; Z Və 
+ Vi -V2 = + Vi -V3 = + Vi -V3 2 


L 1 1 FIGURE 10.6-1 Expressing 


element voltages and currents in 
(a) (b) (c) terms of node voltages. 


Figure 10.6-1 illustrates techniques for expressing the element voltages and currents in terms of 
the node voltages. Figure 10.6-1a shows a generic circuit element having node voltages V, and V> and 
element voltage V,. We see that 
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Va=Vı- V2 (10.6-1) 

(To remember this equation, we notice that V, is the node voltage near the plus sign of the polarity of 
Va, and V3 is the node voltage near the minus sign of the polarity of V,. It is V> rather than V; that is 
negative in Equation 10.6-1.) 
In Figure 10.6-1b, the element is a voltage source and V, is the phasor voltage of the source. 
Noticing that V; is the node voltage near the plus sign of the polarity of V,, we write 
V,;=Vi-V2 (10.6-2) 

In Figure 10.6-1c, the element is an impedance. Notice that the voltage V;— V2 across the impedance 
and the current I in the impedance adhere to the passive convention. Using Ohm’s law, we write 


Vi-V>2 
j=—_~ 10.6- 
= (10.6-3) 
Try it ; : . 
yourself ExampPLe 10.6-1 Node Equations for AC Circuits ) 
in WileyPLUS 


Determine the voltage v,(f) for the circuit shown in Figure 10.6-2. 


8 Q 36 mH 80 mH 


& 20 cos(250t) V 0.25 mF 4v (Ò 


FIGURE 10.6-2 The ac circuit considered in 
= Example 10.6-1. 


Solution 

First, we represent the circuit in the frequency domain as shown in Figure 10.6-3. Next, we express the currents I, 
I, and I; in terms of the node voltages. Figure 10.6-4 illustrates this process by focusing attention on each of the 
currents in turn. In Figure 10.6-4a, we consider the impedance corresponding to the 8-C resistor connected in series 
with the 36-mH inductor. (Notice that the current I, is directed from the node having the node voltage 20 /0° V 
toward the node having the node voltage V,(@).) Comparing Figure 10.6-4a to Figure 10.6-1c, we write 


_ 20/0 — V, (a) 

8 —j9 
In Figure 10.6-4b, we consider the impedance corresponding to the capacitor. The node voltage at the reference 
node is 0 V, so we write 


I, 


In Figure 10.6-4b, we consider the impedance corresponding to the 80-mH inductor. We have 


V.(@)—4V.(@) 3: Va(a) 
j20 Eo 


I; = 


8 Q j9 Q j20Q 


4 V (0) 
FIGURE 10.6-3 The ac circuit from Figure 
10.6-2 represented in the frequency domain 
using phasors and impedances. 
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Applying KCL at the top node of the capacitor gives 
I, + 1.2/45° = I; + I; 
Substituting for I,, Ip, and I, gives 


20/0 a om ase — Val) f 3V,(@) 
= 79 —j16 


Collecting the terms involving V,(@) gives 


20 /0° 1 1 3 
0 12 Jase = ( Jv) 


S59 Sao) e 0 


Solving for V,(@), perhaps using MATLAB (see Figure 10.6-5), gives 


V.(@) = 12.43 /—81.2° V 
The corresponding sinusoid is 
valt) = 12.43 cos(250t — 81.2°) V 


ee 90 ce j20Q 
KAY -j16Q o nnmn o 
20 Zœ V — v0) i i vœ) —>  4V,(@) 
l 
: L ; FIGURE 10.6-4 Expressing the 
K currents I, I, and I, in terms of the 
(a) (b) (c) node voltages. 


>> Vs = 20; 

>> Is = 1.2*exp(3*45*pi/180) ; 

>> Va = (Vs/ (8+95) + Is) / (1/ (8495) + 1/-165 + -3/2035) 
Va = 


1.8929 -12.2816i 


>> abs (Va) 


12.4267 


>> angle (Va) *180/pi 


-81.2381 


fs >> 


FIGURE 10.6-5 Using MATLAB to 
calculate V, in Example 10.6-1. 
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The mesh equations are a set of simultaneous equations in which the unknowns are the mesh 
currents. We write the mesh equations by 


1. Expressing the element voltages and currents (for example, the current and voltage of an 
impedance) in terms of the mesh currents. 


2. Applying KVL to the meshes of the ac circuit. 


After writing and solving the mesh equations, we can determine all of the voltages and currents of the ac 
circuit using Ohm’s and Kirchhoff’s laws. 


VAX MOQ AFA 
ld | ) h-i | h-i ļi=Ę4-1; 


(a) (b) (c) 
FIGURE 10.6-6 Expressing element voltages and currents in terms of mesh currents. 


Figure 10.6-6 illustrates techniques for expressing the element voltages and currents in terms of 
the mesh voltages. Figure 10.6-6a shows a generic circuit element that is in two meshes having mesh 
currents I, and Ip. I, is the element current of the generic element. We see that 


I,=I,-I, (10.6-4) 


(To remember this equation we notice that I, has the same direction in the generic element as does I, 
while I, has the opposite direction in the generic element. It is Ip rather than I, that’s negative in 
Equation 10.6-4.) 

In Figure 10.6-6b, the element is a current source that is in two meshes, and I, is the phasor 
current of the source. Noticing that I, has the same direction in the current source as I, and I, the 


opposite direction, we write 
I,=I, -I, (10.6-5) 


In Figure 10.6-6c, the element is an impedance. The current I,— I, in the impedance and the voltage V 
across the impedance adhere to the passive convention. Using Ohm’s law we write 


V=Z(I; —L) (10.6-6) 


Try it 
yourself ExAMPLE 10.6-2 Mesh Equation for AC Circuits 
in WileyPLUS 


Determine the mesh currents for the circuit shown in Figure 10.6-7. 


(+) 45cos(500t) v 25 uF 12.5 uF Vo 


FIGURE 10.6-7 The AC circuit considered in Example 10.6-2. 
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Solution 
First, we will represent the circuit in the frequency domain using phasors and impedances. The impedances of the 
capacitors and inductors are 

1 1 


= —j80.0,-j = 
esi) "=~ 500(12.5 x 10°) 


j160 Q, j500(80 x 10°) = j40 Q 


and Fo00(S0 x 10>) = 725.0) 


The frequency domain representation of the circuit is shown in Figure 10.6-8. Also, the mesh currents I,, Ip, and I, 
are identified in Figure 10.6-8. Next, express the currents in the impedances as shown in Figure 10.6-9. 
The voltages across the impedances are labeled as Va, Vi, Vc, Va, Ve, and Vo in Figure 10.6-9. Each of these 
voltages is expressed in terms of the mesh currents by multiplying an impedance by the currents in that impedance. 
For example, 

Vi = j401,,Vaq = 25 (L = I,) and Ve = —j80 (I, = I;) 


Having expressed the impedance currents and voltages in terms of the mesh current, we next apply KVL to each of 
the meshes to obtain the following equations: 


1001; + j401, —j25(Ip —1,) — 100(1, —1,) =0 
200 (I> — 11) — 780 (I> — 14) — 45 /0° = 0 


and j25 (Ip — I4) + (—j160) I3 — (—j80) (Iz — I) = 0 


These simultaneous equations can be organized into a single matrix equation: 


300+j65 -200 —j25] [h 0 
—200 200—j80 j80 I| = | 45 
z5 j80  =j215| |I; 0 


Solving, for example, using MATLAB, gives 


L; 0.374 /115° 
In| = | 0.575 /25° 
I; 0.171 /28° 


In the time domain, the mesh currents are 


i,(t) = 374 cos(500¢ + 15°) mA, i2(t) = 575 cos(S00f + 25°) mA 


and 
i3(t) = 171 cos(500r+ 28°) mA 


Vo FIGURE 10.6-8 The AC circuit from Figure 10.6-7 
— represented in the frequency domain using phasors and 
impedances. 
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FIGURE 10.6-9 Expressing the current in each impedance 
in term of the mesh currents. 


ExAMPLE 10.6-3 Node Equations for an AC Circuit with a Supernode ) 


The input to the circuit shown in Figure 10.6-10 is the voltage source voltage 
vs(t) = 10 cos (10) V 

The output is the current i(t) in resistor R,;. Determine i(t). 
10 i(t) 


R,=10Q9 L=500 mH 


FIGURE 10.6-10 The circuit considered in 
= Example 10.6-3. 


Solution 
First, we will represent the circuit in the frequency domain using phasors and impedances. The impedances of the 
capacitor and inductor are 


Z = —j10 Q and Z, = j10(0.5)=j5 Q 


i 1 
e = © 10(0.010) 
The frequency domain representation of the circuit is shown in Figure 10.6-11. We can analyze this circuit by 
writing and solving node equations. To simply this process, we can first replace series and parallel impedances by 
equivalent impedances as shown in Figure 10.6-12. Impedances Z; and Z, in Figure 10.6-12 are given by 


10(—j10) 


Zı = 10||(—; 10) Toe A) 


=5—j50 and Z. =5 4750 


101 


FIGURE 10.6-11 The frequency domain 
representation of the circuit from Figure 10.6-10. 
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FIGURE 10.6-12 The simplified frequency domain circuit identifying the supernode 
corresponding to the dependent voltage source. 


Next, consider the dependent source in Figure 10.6-12. We can use Ohm’s law to express the controlling current 
I as 


V- Vi 
[| = ————_ 10.6-7 
z (10.6-7) 
Using KVL, we can express the dependent source voltage as 
10I=V.—-V;, 
Apply KCL to the supernode identified in Figure 10.6-12 to get 
Vi Wo Vi =V;+101 
I= H = H Z2 +Z3)Vı + Z2(10— Z3)1=0 10.6-8 
n D5 Zp Z, (Zo + Z3)Vi +Z2( 3) ( ) 


Organizing Eqs. 10.6-7 and 10.6-8 into matrix form, we get 


nA Tn | | F | 


Solving these equations, perhaps using MATLAB, gives 


Vs 
0 


Vı = 4.4721 [63.4 V and I = 0.89443 / —26.6° A 


Back in the time domain, the output current is 


i(t) = 0.89443 cos(10t — 26.6°) A 


Try it 
pale ( ExAmMPLE 10.6-4 AC Circuits Containing Op Amps ) 


in WileyPLUS 


The input to the ac circuit shown in Figure 10.6-13 is the 
voltage source voltage 


vs(t) = 125 cos(500t + 15°) mV 


Determine the output voltage v,(¢). 


Solution 
The impedances of the capacitor and inductor are FIGURE 10.6-13 The circuit considered in 
Example 10.6-4. 


1 
{8000 Q and Zi = j5000(80 x 107°) = j400 Q 


7'5000(25 x 10°) 


Zc= 


Figure 10.6-14 show the circuit represented in the frequency domain using phasors and impedances. 


454 
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FIGURE 10.6-14 The frequency domain representation of the circuit from 
Figure 10.6-13. 


Applying KCL at the noninverting node of the op amp, we get 


Vs =V; Va j400 
— Z> 0 p= a 1 ae 
mua (CO ( j: =) 


Solving for V, gives 


Ve ( et) I = (0.6 -53.1°) (0.125 /15°) = 0.075 /-38.1° V 


300 + j 400 


Next, apply KCL at the inverting node of the op amp to get 


V, Va- Vo Va-Vo _ 
4000 10,000 ` —j8000 — 


Multiplying by 80,000 gives 


0 =20V, + 8(V, — Vo) +j10(V_ — Vo) 


Solving for V, gives 


Eoo, 29.73,/19.65° 
” BEO 9.81 /51.34 


(0.075 —38.1°) = 0.174 —69.79° 


In the time domain, the output voltage is 


volt) = 174 cos(5001 — 69.79°) mV 


10.7 Thévenin and Norton Equivalent Circuits 


In this section, we will determine the Thévenin and Norton equivalent circuits of an ac circuit. 
Figure 10.7-1 illustrates the use of Thévenin and Norton equivalent circuits. In Figure 10.7-1a, an 
ac circuit is partitioned into two parts—circuit A and circuit B—that are connected at a single pair of 
terminals. (This is the only connection between circuits A and B. In particular, if the overall circuit 
contains a dependent source, then either both parts of that dependent source must be in circuit A or both 
parts must be in circuit B.) In Figure 10.7-1b, circuit A is replaced by its Thévenin equivalent circuit, 
which consists of a voltage source in series with an impedance. In Figure 10.7-1c, circuit A is replaced 
by its Norton equivalent circuit, which consists of a current source in parallel with an impedance. 
Replacing circuit A by its Thévenin or Norton equivalent circuit does not change the voltage or current 
of any element in circuit B. This means that if you looked at a list of the values of the currents and 
voltages of all the circuit elements in circuit B, you could not tell whether circuit B was connected to 
circuit A or connected to its Thévenin equivalent or connected to its Norton equivalent circuit. 
Finding the Thévenin or Norton equivalent circuit of circuit A involves three parameters: the 
open-circuit voltage Voc, the short-circuit current I,., and the Thévenin impedance Z,. Figure 10.7-2 
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illustrates the meaning of these three parameters. In Figure 10.7-2a, an open circuit is connected across 
the terminals of circuit A. The voltage across that open circuit is the open-circuit voltage Voc. In 
Figure 10.7-2b, a short circuit is connected across the terminals of circuit A. The current in that short 
circuit is the short-circuit current, I... 

Figure 10.7-2c indicates that the Thévenin impedance, Z, is the equivalent impedance of circuit 
A’. Circuit A” is formed from circuit A by replacing all the independent voltage sources by short 
circuits and replacing all the independent current sources by open circuits. (Dependent current and 
voltage sources are not replaced with open circuits or short circuits.) Frequently, the Thévenin 
impedance Z, can be determined by repeatedly replacing series or parallel impedances by equivalent 
impedances. 


The open-circuit voltage Voc, the short-circuit current I,., and the Thévenin impedance Z, are 
related by the equation 


(10.7-1) 


Circuit A Circuit B Circuit B 


FIGURE 10.7-1 (a) A circuit portioned into two parts: Circuit A and Circuit B. (b) Replacing Circuit A by its Thévenin 
equivalent circuit. (c) Replacing Circuit A by its Norton equivalent circuit. 


a a a 
O+ O 
: | . E 
Z, FIGURE 10.7-2 The Thévenin equivalent 
E b circuit involves three parameters: (a) the 
open-circuit voltage Voc, (b) the short-circuit 
(a) (b) (c) current L,e, and (c) the Thévenin impedance Z,. 


ExAmMPLE 10.7-1 Thévenin Equivalent Circuit ) 


Find the Thévenin equivalent circuit of the ac circuit in Figure shown in Figure 10.7-3. 


200 Q 50 uF 


[—o 


36cos(160t) V (*) 


o FIGURE 10.7-3 The circuit considered in Example 10.7-1. 


Solution 
We begin by representing the circuit from Figure 10.7-3 in the frequency domain, using phasors and impedance. 
The result, shown in Figure 10.7-4, corresponds to circuit A in Figures 10.7-1 and 10.7-2. 

Next, we determine the open-circuit voltage using the circuit shown in Figure 10.7-5a. In Figure 10.7-5a, an 
open circuit is connected across the terminals of the circuit from Figure 10.7-3. The voltage across that open circuit 
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is the open-circuit voltage Voc. Noticing that there is no current in the -j 125-Q, impedance due to the open circuit, 


we calculate Voc. Using voltage division, we calculate 
J360 k . 
Vice 50 200 = 3114707/291 
200 + 7360 


The Thévenin impedance is determined using the circuit shown in Figure 10.7-5b. This circuit is obtained 
from the circuit in Figure 10.7-4 by setting the input to zero. In the present case, there is only one input, the voltage 
of the independent voltage source. A zero voltage source is equivalent to a short circuit. Consequently, the voltage 
source in Figure 10.7-4 is replaced by a short circuit in Figure 10.7-5b. Replacing series or parallel impedances by 
equivalent impedances, we obtain 
200(j360) 
200 + {360 

Figure 10.7.6 shows the Thévenin equivalent circuit, which consists of a voltage source in series with an 
impedance. The voltage source voltage is the open-circuit voltage Voc. The value of the impedance is Z+ 


Z,——j125 + = 152.83 — j40.094 Q = 158 /-14.7° Q 


200 Q -j125 Q 


|—o 


36 20° V(*) FIGURE 10.7-4 The circuit from 
Figure 10.7-3, represented in the 
O frequency domain. 


200 Q -j/125 Q 200 Q -j125 Q 
j360 Q T] 
; FIGURE 10.7-5 Determining the 
s Z; (a) the open-circuit voltage and (b) the 
Thévenin impedance of the circuit in 
(b) Figure 10.7-4. 


152.83 - j40.094 Q 


31.47 729.1° V 
FIGURE 10.7-6 The Thévenin equivalent 


of the circuit in Figure 10.7-3. 


( ExAmMPLE 10.7-2 Norton Equivalent Circuit 


Find the Norton equivalent circuit of the ac circuit in Figure 10.7-7. 


FIGURE 10.7-7 The circuit considered in Example 10.7-2. 
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Solution 
The circuit in Figure 10.7-7 is already represented in the frequency domain. This circuit corresponds to circuit A in 
Figures 10.7-1 and 10.7-2. 

Next, we determine the open-circuit voltage using the circuit shown in Figure 10.7-8. 

In Figure 10.7-8, an open circuit is connected across the terminals of circuit. The voltage across that open 
circuit is the open-circuit voltage Voc. (Notice that there is no current in the 50-Q impedance due to the open 
circuit.) Apply KVL to the left mesh to get 

301, — 51, + (—j25) Ia = 10 /30° 
Solving for I,, we get 
10 730° 
I, = ——— = 0.2828 /75° A 
253 725 
Apply KVL to the right mesh to get 
Vo = -j251a = (25 /-90°) 0.2828 /75° = 7.071 L-15° V 


5I 
30 Q 2 


Cr) -j25 Q ley |e 


FIGURE 10.7-8 The circuit used to determine FIGURE 10.7-9 The circuit used to determine the short circuit 
the open circuit voltage of the circuit in Figure current of the circuit in Figure 10.7-7. 
10.7-7. 


50 Q 


1030 v È) 


Next, we determine the short-circuit current using the circuit shown in Figure 10.7-9. In Figure 10.7-9, a 
short circuit is connected across the terminals of circuit. The current in that open circuit is the short-circuit current 
I,.. In Figure 10.7-9, the controlling current of the dependent source is related to the mesh currents by 

I,=1, -ls 
Apply KVL to the left mesh to get 
301, — 5(11 — Isc) — f25(11 — Isc) = 10 730° 


Apply KVL to the left mesh to get 


50T 5 — (—725) (I) — Isc) = 0 


Organize these equations in matrix form to get 
AS = PP) Sais T eye 
J25 W= S e 0 


Solving using MATLAB gives E | _ | 9.2370 /61.4° 
Isc 0.1060 /—2° 


The Thévenin impedance is calculated using Eq. 10.7-1 to be 


Ve 7071 /=15° z 
jj, =e = yee Q 
Is 9.1060 /—2° 


Finally, Figure 10.7.10 shows the Norton equivalent circuit, 
which consists of a current source in parallel with an impedance. The 
current source current is the short-circuit voltage I,.. The impedance FIGURE 10.7-10 The Norton equivalent 
is the Thévenin impedance Z, circuit of the circuit in Figure 10.7-7. 


1067-2° mA 66.71 /-13° Q i 
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Circuit B Circuit B 


FIGURE 10.7-11 Source 
(a) (b) Transformations. 


The circuits connected to Circuit B in Figure 10.7-11a and b are equivalent to each other. The 
circuit in Figure 10.7-11b is the Norton equivalent of the circuit in Figure 10.7-11a, and the circuit in 
Figure 10.7-11a is the Thévenin equivalent of the circuit in Figure 10.7-11b. Consequently, we can 
replace a series combination of a voltage source and impedance by a parallel combination of a current 
source and an impedance, or vice versa, without changing the value of any current or voltage in circuit 
B. This equivalence is commonly referred to as a source transformation. The following example 


illustrates the utility of source transformations. 


Try it . 
yourself EXAMPLE 10.7-3 Source Transformations 
in WileyPLUS 


Use source transformations and equivalent impedance to find the Thévenin equivalent circuit of the ac circuit 
shown in Figure 10.7-3. 


Solution 

Figure 10.7-12 illustrates the process. Figure 10.7-12a identifies a series combination of a voltage source and 
impedance. A source transformation replaces this series combination with a parallel combination of a current 
source and impedance in Figure 10.7-12b. The impedances of the resistor and inductor are connected in parallel in 
Figure 10.7-12b. We calculate the equivalent impedance 


200(j360) _ 72000 /90° 
200 + j360 411.8 /60.9° 


200|| j360 = = 174.8 /29.1° 


to obtain the circuit in Figure 10.7-12c. Figure 10.7-12d identifies a parallel combination of a current source. A 
source transformation replaces this parallel combination with a series combination of a voltage source and 
impedance in Figure 10.7-12e. We calculate the equivalent impedance 


174.8 /29.1° — j125 = 152.83 + 84.907 — j125 = 152.83 — 740.094 


to obtain the Thévenin equivalent circuit in Figure 10.7-12c. 


200 Q -j125 Q -j125 Q 
36 0° V [360 Q 0.18202 A (A) 2002 [360 Q 
O 
(a) (b) 


FIGURE 10.7-12 Source Transformations in Example 10.7-3. 


Superposition 


-/125 Q W258 
0.18 ° A 174.8 29.1° Q 0.18 Æ: A 174.8 729.1° Q 
(c) (d) 
174.8 /29.1° Q -j125 2 152.83 - j40.094 Q 
31.5 29.1° V 31.5 729.1° V 
(e) (f) 


FIGURE 10.7-12 (Continued) 


10.8 Superposition 


Suppose we encounter a circuit that is at steady state and all of its inputs are sinusoidal but not all of the 
input sinusoid have the same frequency. Such a circuit is not an ac circuit and the currents and voltages 
will not be sinusoidal. We can analyze this circuit using the principle of superposition. 

The principle of superposition says that the output of a linear circuit due to several inputs working 
together is equal to the sum of the outputs working separately. The inputs to the circuit are the voltages 
of the independent voltage sources and the currents of the independent current sources. 

When we set all but one input to zero, the other inputs become 0-V voltage sources and 0-A 
current sources. Because 0-V voltage sources are equivalent to short circuits and 0-A current sources are 
equivalent to open circuits, we replace the sources corresponding to the other inputs by open or short 
circuits. We are left with a steady-state circuit having a single sinusoidal input. Such a circuit is an ac 
circuit and we analyze it using phasors and impedances. 

Thus, we use superposition to replace a circuit involving several sinusoidal inputs at different 
frequencies by several circuits each having a single sinusoidal input. We analyze each of the several ac 
circuits using phasors and impedances to obtain its sinusoidal output. The sum of those several 
sinusoidal outputs will be identical to the output of the original circuit. The following example 


illustrates this procedure. 
( EXAMPLE 10.8-1 Superposition 


Determine the voltage v,(f) across the 8-Q resistor in the circuit shown in Figure 10.8-1. 


2 mF 150 mH 


20 cos(50r) V (È) (4) 20 cos(104) V 


459 


= FIGURE 10.8-1 The circuit considered in Example 10.8-1 
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Solution 

The voltage v,(¢) is caused by two sinusoidal sources, one having a frequency of 50 rad/s and the other having a 
frequency of 10 rad/s. Let v(t) be the part of v,(f) caused by the 50 rad/s source acting alone, and let v,2(t) be 
the part of v,(t) caused by the 10 rad/s source acting alone. Figure 10.8-2a shows the circuit used to calculate v,;(f). 
The 10 rad/s source has been replaced by a 0-V voltage source represented as a short circuit. Similarly, 
Figure 10.8-2b shows the circuit used to calculate v,9(f). In Figure 10.8-2b it is the 50 rad/s source that has 
been replaced by a 0-V voltage source represented as a short circuit. 

Both of the circuits in Figure 10.8-2 are ac circuits since they are at steady state and have a single sinusoidal 
input. Figures 10.8-3a and b show the frequency domain representations of these ac circuits. Notice, for example, 
that the value of impedance of the 150 mH inductor is j 7.5 © in Figure 10.8-3a because the input frequency is 
50 rad/s but it is j 1.5-O in Figure 10.8-3a because the input frequency is 10 rad/s. 


2 mF 150 mH 2 mF 150 mH 
+ + 
20 cos (501) V @ 8Q Vo 8Q Vo2(t) E 20 cos(101) V FIGURE 10.8-2 Using 
T = superposition to separate 
the circuit form Figure 
2 P 10.8-1 into two ac 
(a) (b) circuits. 


Using equivalent impedance and voltage division in Figure 10.8-3a, we calculate 


807.5) 
Voi = Sy (20 °) = 15.46 /104.9° V 


aa 8( 
=o) Wig 847.5 


Similarly, using equivalent impedance and voltage division in Figure 10.8-3b, we calculate 


8(=/50) 
Vo = (20 Lo) = 20.24 /—10.94° V 
jist E 


The corresponding sinusoids are 
Vo1(t) = 15.46 cos(50¢t + 104.9°) V and va2(t) = 20.24 cos(10¢t — 10.94°) V 


The response to both sources working together is equal to the sum of the responses to the two sources working 
separately 


Vo(t) = voi (f) + Voo(t) = 15.46 cos(50t + 104.9°) + 20.24 cos(10t — 10.94°) V 


The output voltage v(t) is plotted in Figure 10.8-4. As expected, it is not sinusoidal. 


-j102 j75Q -j50Q EW 


A A 


nzev È) 82 Voi) 82 S Vao) C) may 


FIGURE 10.8-3 The ac circuits 
from Figure 10.8-2, represented in 
(a) (6) the frequency domain. 
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40 T T T T T T 


207 F 


Vo(t), V 
=] 


0.2 0.4 0.6 0.8 1 We 1.4 
t, sec 


FIGURE 10.8-4 The output voltage vo(t) from the circuit shown in Figure 10.8-1. 


10.9 Phasor Diagrams 


Phasors representing the voltage or current of a circuit are time quantities transformed or converted 
into the frequency domain. Phasors are complex numbers and can be portrayed in a complex plane. 
The relationship of phasors on a complex plane is called a phasor diagram. 


A phasor diagram is a graphical representation of phasors and their relationship on the 
complex plane. 


FIGURE 10.9-1 

A series RLC circuit 
represented in (a) the time 
domain and (b) the 

(a) (b) frequency domain. 
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Let us consider the series RLC circuit represented in the time domain in Figure 10.9-1a and in the 
frequency domain in Figure 10.9-1b. The phasor current in Figure 10.9-1b is 


I=] m [0° 
The phasor voltages across the impedances in Figure 10.9-1b are given by 


= R(In Lo’) =RI, /0°,Vi. =joL(In Lo’) = OLI „ [90° 
and E E. (1n) = 1» /_90° 


E 


These phasors are drawn in the complex plane in Figure 10.9-2a. 
Using KVL, we obtain 


Vs=VrtVit+Vc=Vrt(Vi+ Vc) (10.9-1) 


The phasor Vg + Vc is given by 


1 1 
Vi+Vc =joL(In Lo”) —j— (In) =IOL-] C 


oC 


From Figure 10.9-1a, we see that |V,| >|Vc| so 


VitVe=j (oL- =) (In L0°) = (or = =a) (In 90°) (10.9-2) 


aC 


This phasor is shown in the complex plane in Figure 10.9-2b. 
Substituting Eq. 10.0-2 into Eq. 10.2-1 gives 


1 
Vs=Vrt(ViLt Vc) =RIn +i (or- <a) tm (10.9-3) 
This phasor is shown in the complex plane in Figure 10.9-2c. 
Imaginary axis Imaginary axis Imaginary axis 
VL VL V 
VL+ Vo VL+ Vo Vs 


Real axis Real axis Real axis 


VR 


Voc 
(a) (b) (c) 
FIGURE 10.9-2 Phasor diagrams for the RLC circuit in Figure 10.9-1b. 
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ExAMPLE 10.9-1  Phasor Diagrams ) 


Consider the circuit shown in Figure 10.9-1a when R=80 Q, L=8 H, C=5 mF and 
i(t) = 0.25 cos(10t) A 

Solution 

Noticing that œ= 10 rad/s, we calculate 


1 1 
jJoL=j80Q and —j 


oC * 10(0.005) — 


The phasor voltages across the impedances in Figure 10.9-1b are 


vie 80 (0.25 0") = 20/0° V, Vi = j80(0.25 Lo’) = j20 = 20 /90°V 


j200 


and Ve- -j20(0.25 0°) = -j5 = 5 /—90° V 


These phasors are drawn in the complex plane in Figure 10.9-2a. 

The phasor Vi + Vc is given by Vi + Vc = (j20 — j5) = 15 /90° V 

This phasor is shown in the complex plane in Figure 10.9-2b. 

Using SE gives Vs = Vr + (Vr + Vc) = 20 +j15 = 25 /36.9° V 


This phasor is shown in the complex plane in Figure 10.9-2c. 


10.10 Op Amps in AC Circuits 


The discussion in the prior sections considered the behavior of operational amplifiers and their 
associated circuits in the time domain. In this section, we consider the behavior of operational amplifiers 
and associated RLC circuits in the frequency domain, using phasors. 

Figure 10.10-1 shows two frequently used operational amplifier circuits, the inverting amplifier 
and the noninverting amplifier. These circuits are represented using impedances and phasors. This 
representation is appropriate when the input is sinusoidal and the circuit is at steady state. V, is the 
phasor corresponding to a sinusoidal input voltage, and V, is the phasor representing the resulting 
sinusoidal output voltage. Both circuits involve two impedances, Z, and Z3. 


FIGURE 10.10-1 (a) An inverting 
amplifier and (b) a noninverting 
(a) (b) amplifier. 
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Now let us determine the ratio of output-to-input voltage V,/V; for the inverting amplifier shown 
in Figure 10.10-la. This circuit can be analyzed by writing the node equation at node a as 
V,- V: i Vo—-Vi 


I, =0 10.10-1 
Zi Z2 ! ( ) 
When the operational amplifier is ideal, V, and I, are both 0. Then, 
V Vo 
—+,=0 10.10-2 
Zi A Z2 ( ) 
Vo Z2 
Finally, Vo Z, (10. 10-3) 


Next, we will determine the ratio of output-to-input voltage V,/V, for the noninverting 
amplifier shown in Figure 10.10-1b. This circuit can be analyzed by writing the node equation at 


node a as 
(Vs +V) Vo-—(V; + V1) 
I, =0 10.10-4 
A Z +h, ( 0.10: ) 
When the operational amplifier is ideal, V, and I, are both 0. Then, 
Vs _ Vo — Vs = 
Zi Z2 
Və Z++Z 
Finally, = (10.10-5) 


Vs Zı 
Typically, impedances Z; and Z, are obtained using only resistors and capacitors. 
Of course, in theory, we could use inductors, but their cost and size relative to 
capacitors result in little use of inductors with operational amplifiers. 
An example of the inverting amplifier is shown in Figure 10.10-2, The 
impedance Z,,, where n is equal to | or 2, is a parallel R,,C,, impedance so that 


1 
R, ——. 
nN. R, 
joe E, (10.10-6) 
R 4+ 1 1 + j@Cn,Rn 
FIGURE 10.10-2 Operational amplifier JoCa 
with two RC circuits connected. Using Eqs. 10.10-3 and 10.10-6, one may obtain the ratio V,/Vs. 


( ExAmMPLE 10.10-1 AC Amplifier 


Find the ratio V,/V, for the circuit of Figure 10.10-2 when R; = 1 KQ, R = 10kO, C; = 0, and C2 = 0.1 uF 
for œ = 1000 rad/s. 


Solution 


The circuit of Figure 10.10-2 is an example of the inverting amplifier shown in Figure 10.10-1a. Using Eqs. 10.10-3 
and 10.10-6, we obtain Ro 
Vo Zi 1 + j@C2R,  R(1+j@CıRı) 
Vi Zp Ri Rı(1 +j@C2R2) 
1 + jocC,R, 


Substituting the given values of R1, Ro, C1, C2, and œ gives 


Vo 10*(1 + j10°(0)10°) 10 
= = = {0) 1 Š 
M :10°(1 + j107(0.1x 10°) 10) 1+7 ee 
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EXERCISE 10.10-1 Find the ratio V./V; for the circuit shown in Figure 10.10-2 when 
R,; = R = 1kQ, C2 = 0, Cı = 1 uF, and œw = 1000 rad/s. 


Answer: Vo/V; = —1—j 


10.11 The Complete Response 


Next, we consider circuits with sinusoidal inputs that are subject to abrupt changes, as when a switch 
opens or closes. To find the complete response of such circuits, we: 


steady state, so all its voltages and currents are sinusoidal with a frequency of 5 rad/s. 
At time t = 0, the switch closes, disturbing the circuit. Immediately after t = 0, the 
currents and voltages are not sinusoidal. Eventually, the disturbance dies out and 
the circuit is again at steady state (most likely a different steady state). Once again, the 
currents and voltages are all sinusoidal with a frequency of 5 rad/s. 


of this circuit. The steady-state response before the switch closes is used to determine 
the initial condition. The steady-state response after the switch closes is used as 


Represent the circuit by a differential equation. 


Find the general solution of the homogeneous differential equation. This solution is the natural 
response v(t). The natural response will contain unknown constants that will be evaluated later. 


Find a particular solution of the differential equation. This solution is the forced response vp (t). 
Represent the response of the circuit as v(t) = v,(t) + v,(t). 

Use the initial conditions, for example, the initial values of the currents in inductors and the voltages 
across capacitors to evaluate the unknown constants. 


Consider the circuit shown in Figure 10.11-1. Before time t = 0, this circuit is at <0 


2Q 2Q 


12 cos 5tV 50 mF 


Two different steady-state responses are used to find the complete response 
FIGURE 10.11-1 The circuit 


considered in Example 10.1 1-1. 


the particular solution of the differential equation representing the circuit. 


( ExamPLE 10.11-1 Complete Response ) 


Determine v(t), the voltage across the capacitor in Figure 10.11-1, both before and after the switch closes. 


Solution 
Step 1: For ¢ < 0, the switch is open and the circuit is at steady state. 

The open switch acts like an open circuit, so the two 2-Q resistors are connected in series. Replacing the 
series resistors with an equivalent resistor produces the circuit shown in Figure 10.11-2a. Next, we use impedances 
and phasors to represent the circuit in the frequency domain as shown in Figure 10.11-2b. 

Using voltage division in the frequency domain gives 


—j4 ) 3 48 /—90° a 

y = {| —— || 12/0 } = ——— = 8.485 /—45° V 
(Gj el ( io) 5.66 /—45° 

In the time domain, 


v(t) = 8.485 cos (5t — 45°) V 
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Immediately before the switch closes, the capacitor voltage is 
v(0-) = lim v(t) = 8.485 cos (0 — 45°) = 6 V 
p= 


The capacitor voltage is continuous, so the capacitor voltage immediately after the switch closes is the same as 
immediately before the switch closes. That is, 
v(0+) = v(0—) = 6 V 
Step 2: For ¢ > 0, the switch is closed. Eventually, the circuit will reach a new steady state. 
The closed switch acts like a short circuit. A short circuit in parallel with a resistor is equivalent to a short 
circuit, so we have the circuit shown in Figure 10.11-3a. The steady-state response of the circuit can be obtained by 
representing the circuit in the frequency domain as shown in Figure 10.11-3b. 


4Q x 4Q T 
12 cos 5t V 50 mF v(t) 12/0°V -j4 Q Vim) FIGURE 10.11-2 The circuit from 
- - Figure 10.11-1 before the switch closes, 
represented (a) in the time domain and 
(a) (b) (b) in the frequency domain. 
22 A 22 n 
12 cos 5t V 50 mF v(t) 12/0°V -j4 Q Vio) FIGURE 10.11-3 The circuit from 
- - Figure 10.11-1 after the switch closes, 
represented (a) in the time domain and (b) 
(a) (b) in the frequency domain. 


Using voltage division in the frequency domain gives 


vio = (4) (24) Se ~26.6° V 
2—j4 4.47 / —63.4° 
In the time domain, 

v(t) = 10.74 cos (5t — 26.6°) V 
Step 3: Immediately after t = 0, the switch is closed but the 
circuit is not at steady state. We must find the complete 
response of a first-order circuit. 

In Figure 10.11-2a, the capacitor is connected to a series 
voltage source and resistor, that is, a Thévenin equivalent 
circuit. We can identify R, and voc as shown in Figure 10.11-4. FIGURE 10.11-4 Identifying R, and voc in Figure 

Consequently, the time constant of the circuit is 10.11-2a. 


R.=22 
voc = l2 cos 5f V C=0.05F 


t=R,C=2x0.05=0.1 1/s 


The natural response of the circuit is 
va(t) = Ke" 


The steady-state response for t > 0 can be used as the forced response, so 
ve (t) = 10.74 cos (5t — 26.6°) V 


The complete response is 
v(t) = va(t) + vr (t) = Ke! + 10.74 cos (5t — 26.6°) 
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The constant, K, is evaluated using the initial capacitor voltage, v(0+): 
6=v(0+) = Ke °+ 10.74 cos (0 — 26.6°) = K +916 
Thus, K = —3.6 and 


v(t) = —3.6e7!™ + 10.74 cos (5t — 26.6°) V 


Step 4: Summarize the results. 
The capacitor voltage is 


(t) = 8.485 cos (5t — 45°) V fort < 0 
YU) = 1 _3.6e71 + 10.74 cos (5t — 26.6°) V fort > 0 


Figure 10.11-5 shows the capacitor voltage as a function of time: 


Complete Response of a Switched Circuit with Sinusoidal Input 


10 


Capacitor voltage, volts 


-10 


G =2 0 2 4 6 8 FIGURE 10.11-5 The complete response, plotted using 
Time, seconds MATLAB. 


( ExAMPLE 10.11-2 Responses of Various Types of Circuits 


The input to each of the circuits shown in Figure 10.11-6 is the voltage source voltage. The output of each circuit is 
the current i(t). Determine the output of each of the circuits. 


FIGURE 10.11-6 Six circuits considered in Example 
(a) (b) 10.11-2. 
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i (t) 


== 


so it 4Q 20 W 


(e) P FIGURE 10.11-6 (Continued) 


Solution 
In this example, we consider similar circuits in contrasting situations. In some cases, the circuit changes abruptly at 
time t = 0. Consequently, the circuit is not at steady state and we seek a complete response—consisting of both a 
steady-state part and a transient part. In other cases, there is no abrupt change and so no transient part of the 
response. We seek only the steady-state response. In one case, the input provides the inductor voltage directly, and 
we can determine the response using the constitutive equation of the inductor. 
Case 1: The circuit in Figure 10.11-6a will be at steady state until time t = 0. Because the input is constant before time 
t = 0, all of the element voltages and currents will be constant. At time t = 0, the input changes abruptly, disturbing the 
steady state. Eventually the disturbance dies out and the circuit is again at steady state. All of the element voltages and 
currents will again be constant, but they will have different constant values because the input has changed. 

The three stages can be illustrated as shown 


in Figure 10.11-7. Figure 10.11-7a represents the 6a so 5 so A 
circuit for t < 0. The source voltage is constant 
and the circuit is at steady state, so the inductor © av © 12V OH © 12 V 
acts like a short circuit. The inductor current is 
: 4 2 
i(t) =n (a) (b) (c) 


FIGURE 10.11-7 The circuit from Figure 10.11-6a, (a) at steady state 
for t < 0, (b) after t = 0 but before the circuit reaches steady state, and 
(c) at steady state for t > 0. 


In particular, immediately before t = 0, i(0—) = 
0.667 A. The current in an inductor is continuous, so 


i(0+) = i(0—) = 0.667 A 


Figure 10.11-7b represents the circuit immediately after t = 0. The input is constant but the circuit is not at 
steady state, so the inductor does not act like a short circuit. The part of the circuit that is connected to the inductor 
has the form of a Thévenin equivalent circuit, so we recognize that 


R=6Q) aml We = V 


Consequently, 


The time constant of the circuit is 
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Finally, i(t) = ise + (i(O+) — igg)et/* = 2 + (0.667 — 2)e* = 2— 1.330 A 
As t increases, the exponential part of i(f) gets smaller. When t = 5t = 1.667 s, 
i(t) = 2 — 1.33e 30) — 2 — 0.009 ~ 2A 
The exponential part of i(t) has become negligible, so we recognize that the circuit is again at steady state and that 
the new steady-state current is i(t) = 2 A. 
Figure 10.11-7c represents the circuit after the disturbance has died out and the circuit has reached steady 


state, that is, when t > 5t. The source voltage is constant and the circuit is at steady state, so the inductor acts like a 
short circuit. As expected, the inductor current is 2 A. 


E ; : : I(o) 
Case 2: The circuit in Figure 10.11-6b does not contain a switch and the input Vrs 
does not change abruptly, so we expect the circuit to be at steady state. The input is 
sinusoidal at a frequency of 5 rad/s, so all of the element currents and voltages will © 12/0° i 
: ; [0 V jl02 
be sinusoidal at a frequency of 5 rad/s. We can find the steady-state response by 
representing the circuit in the frequency domain, using impedances and phasors as 
shown in Figure 10.11-8. FIGURE 10.11-8 The circuit in 
Ohm’s law gives Figure 10.11-6b is represented 


in the frequency domain. 
DE VA 


a —= = 1.03 /—59° A 
6+j10 11.66 /59° 


I(@) 


The corresponding current in the time domain is 
i(t) = 1.03 cos (5t — 59°) A 


Case 3: The voltage source, resistor, and inductor in the circuit in Figure 10.11-6c are connected in parallel. The 
element voltage of the resistor and inductor are each equal to the voltage source voltage. The current in the resistor 
is given by Ohm’s law to be 


12 —5t 
a= - = 2e" A 


The current in the inductor is 


ine) = i v(t) dt+ iL (0) = sf 12e~"dt + i, (0) 


12 : E ; 
= 5 — 1) +i (0) = -1.2e + 1.2 + i, (0) 


Finally, using KCL gives 


i(t) = ig(t) + i, (2) = 2e-* — 1.2e°% + 1.2 +i, (0) = 0.8e-% + 1.2 + (0) 


Before time t = 0, the voltage of source voltage is zero. If the circuit is at steady state, i,(0) = 0. Then 
ie = 0 ke 2 1A 


Case 4: The circuit in Figure 10.11-6d will be at steady state until the switch opens at time t = 0. Because the 
source voltage is constant, all of the element voltages and currents will be constant. At time t = 0, the switch opens, 
disturbing the steady state. Eventually the disturbance dies out and the circuit is again at steady state. All of the 
element voltages and currents will be constant, but they will have different constant values because the circuit has 
changed. 
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4Q 29 1 6Qq iÙ 6Q i0 
G)12 v Qu2v 24 C) vy 


(a) (b) (c) 
FIGURE 10.11-9 The circuit from Figure 10.11-6d, (a) steady state for t < 0, (b) after t = 0 but before the circuit reaches steady 
state, and (c) at steady state for t > 0. 


The three stages can be illustrated as shown in Figure 10.11-9. Figure 10.11-9a represents the circuit for 
t < 0. The closed switch is represented as a short circuit. The source voltage is constant and the circuit is at steady 
state, so the inductor acts like a short circuit. The inductor current is 


i(t) =0A 
In particular, immediately before t = 0, i(0—) = 0A. The current in an inductor is continuous, so 


i(0+) = i(0—) = 0A 


Figure 10.11-9b represents the circuit immediately after t = 0. The input is constant but the circuit is not at 
steady state, so the inductor does not act like a short circuit. The part of the circuit that is connected to the inductor 
has the form of a Thévenin equivalent circuit, so we recognize that 


R=60 and ve= 2V 


Consequently, 
12 
ic = — =2A 
6 
The time constant of the circuit is 
IAR A 
T = — = — = — 
R 6 3 


Finally, 
ilt) = ise + (i(0+) — is)e™" = 2 + (O—2)e* = 2 — 2e™™ A 
As t increases, the exponential part of i(f) gets smaller. When t = 5t = 1.667 s, 
i(t) = 2 — 2e3"- 97) — 2 — 0.013 ~ 2 A 


The exponential part of i(t) has become negligible, so we recognize that the circuit is again at steady state and that 
the steady state current is i(t) = 2 A. 

Figure 10.11-9c represents the circuit after the disturbance has died out and the circuit has reached steady 
state, that is, when t > 5t. The source voltage is constant and the circuit is at steady state, so the inductor acts like a 
short circuit. As expected, the inductor current is 2 A. 
Case 5: The circuit in Figure 10.11-6e does not contain a switch and the input does not change abruptly, so we 
expect the circuit to be at steady state. Because the source voltage is constant, all of the element voltages and 
currents will be constant. Because the source voltage is constant and the circuit is at steady state, the inductor acts 
like a short circuit. (We’ve encountered this circuit twice before in this example, after the disturbance died out in 
cases 2 and 4.) The current is given by 
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Case 6: We expect that the circuit in Figure 10.11-6f will be at steady state before the switch opens. As before, 
opening the switch will change the circuit and disturb the steady state. Eventually, the disturbance will die out and 
the circuit will again be at steady state. We will see that the steady-state current is constant before the switch opens 
and sinusoidal after the switch opens. 

Figure 10.11-10a shows the circuit before the switch opens. Applying KVL gives 


2i(t) + 25 it =() 


Consequently, the inductor current is i(t) = 0 before the switch opens. The current in an inductor is continuous, so 


i(0+) = i(0-) =0A 


Figure 10.11-10b represents the circuit after the switch opens. We can determine the inductor current by 
adding the natural response to the forced response and then using the initial condition to evaluate the constant in the 
natural response. 

First, we find the natural response. The part of the circuit that is connected to the inductor has the form of the 
Thévenin equivalent circuit, so we recognize that 


R; == 6 Q 
4Q 29 iQ om He 
(2) 12 cos 5r v an (Œ) 12cos5rV 2H 
(a) (b) 
6Q = Ko) 
€) 12/0 V jio FIGURE 10.11-11 The circuit from Figure 10.11-11f, 
(a) before the switch opens, (b) after the switch opens, and 
(c) the steady-state circuit for t > 0 represented in 
(c) the frequency domain. 
The time constant of the circuit is 
i, 2 ijl 
T = — = — = — 
R 6 3 


The natural response is 


We can use the steady-state response as the forced response. As in case 2, we obtain the steady-state response 
by representing the circuit in the frequency as shown in Figure 10.11-10c. As before, we find 
I(@) = 1.03 /—59° A. The forced response is 
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ig (t) = 1.03 cos (5t — 59°) A 
i(t) = in(t) + i(t) = Ke™™ + 1.03 cos (5t — 59°) A. 


i(0) = Ke-° + 1.03 cos (—59°) = K + 0.53 


i(t) = —0.53e7* + 1.03 cos (5t — 59°) A 


10.12 Using MATLAB to Analyze AC Circuits 


Analysis of steady-state linear circuits with sinusoidal inputs using phasors and impedances requires 
complex arithmetic. MATLAB can be used to reduce the effort required to do this complex 
arithmetic. Consider the circuit shown in Figure 10.12-la. The input to this circuit, v(t), is a 
sinusoidal voltage. At steady state, the output v(t) will also be a sinusoidal voltage as shown in 
Figure 10.12-la. This circuit can be represented in the frequency domain, using phasors and 


v(t) = A cos (wt + 0) v,(t) = B cos (wt + ¢) 


FIGURE 10.12-1 

A steady-state circuit excited 
by a sinusoidal input voltage. 
This circuit is represented 

both (a) in the time domain and 
(b) (b) in the frequency domain. 


V, = Ae}? 


impedances as shown in Figure 10.12-1b. Analysis of this circuit proceeds as follows. Let Z, denote 
the impedance of the series combination of R, and jæL. That is, 


Z, = Ri +joLl (10.12-1) 
Next, let Y, denote the admittance of the parallel combination of R> and 1/ja@C. That is, 
ee 
Y2 =—+joC (10.12-2) 
Ry 


Let Z, denote the corresponding impedance, that is, 


Z = (10.12-3) 


1 
Y2 
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% Describe the input voltage source. 
a Se ashe a es see a te Se me ce i ee ie 
woe 2} 

A = 12; 


theta = (pi~1l80)*60; 
Vs = A*exp(j*theta) 


a sp aa a a E B aa a ee eee eee eee ee Cee eee ee 
“Describe the resistors, inductor and capacitor. 
4 EEEE E E E EN E E E E EE E E E EEE E E, 
Ril = 6; 


L 

R 

E 

4 

% Calculate the equivalent impedances of the 
% series resistor and inductor and of the 
% parallel resistor and capacitor 

A 


zi = Rl + j*w*L % Eqn 10.12-1 

Y2 = 17Ř2 + jew; % Eqn 10.12-2 

22 = 1 / ¥2 % Eqn 10.12-3 

a SE a ee a ee ee ee a 
% Calculate the phasor corresponding ta the 
% output voltage. 

a ee E EE EE EEEE OENE EEE EE 


Vo = Vs * Z2/(Z1 + Z2) % Eqn 10.14-4 
E = abs(Voj; 
phi = angle(Vo}; 


a ee ee G N E Ga A R A E E 
% Plot the input and output voltages. 
EA E E E E EE EE E E E EE E E E E EE E E E 
for k = 1 : 101 
vsik) = A * cos(w * tík] + theta); 
vafki) = E * cos(w * tík] + phij: 
end 


FIGURE 10.12-3 MATLAB plots showing 
7 the input and output voltages of the circuit 
shown in Figure 10.12-1. 
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Finally, Vo is calculated from V, using voltage division. That is, 


ame See s 


(10.12-4) 


Figure 10.12-2 shows a MATLAB input file that uses Eqs. 10.12-1 through 10.12-3 to find the 
steady-state response of the circuit shown in Figure 10.12-1. Equation 10.12-4 is used to calculate Vo. 
Next, B = |V,| and ¢ = /No are calculated and used to determine the magnitude and phase angle of 
the sinusoidal output voltage. Notice that MATLAB, not the user, does the complex arithmetic needed 
to solve these equations. Finally, MATLAB produces the plot shown in Figure 10.12-3, which displays 
the sinusoidal input and output voltages in the time domain. 


10.13 Using PSpice to Analyze AC Circuits 


To use PSpice to analyze an ac circuit, we do the following: 


1. Draw the circuit in the OrCAD Capture workspace. 
2. Specify a AC Sweep\Noise simulation. 

3. Run the simulation. 

4. Open an output file to view the simulation results. 

Table 10.13-1 shows some PSpice parts used to analyze ac circuits. When simulating ac 
circuits, we will represent independent voltage and current sources using the PSpice parts VAC and 
IAC, respectively. These PSpice parts each have properties named ACMAG and ACPHASE. We 
will edit the value of these properties to specify the amplitude and phase angle of a sinusoid. 


(Consequently, ACMAG and ACPHASE also represent the magnitude and phase angle of the phasor 
corresponding to the sinusoid.) 


Table 10.13-1 PSpice Parts for AC Circuits and the Libraries in Which They Are Found 


SYMBOL DESCRIPTION PSPICE NAME LIBRARY 
V? 
1Vac AC voltage source VAC SOURCE 
OVde 
1? 
lAac AC current source IAC SOURCE 
OAdc 
Z=} Print element voltage VPRINT2 SPECIAL 
Ah Print node voltage VPRINTI SPECIAL 
IPRINT 
-ZL Print element current IPRINT SPECIAL 
(= 
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We will add the PSpice parts VPRINT1, VPRINT2, and IPRINT from Table 10.13-1 to specify 
those current and voltage values that PSpice is to print into the output file. Each of these PSpice parts has 
properties named AC, REAL, IMAG, MAG, and PHASE. We will edit the value of each of these 
properties to be y. Then, when we simulate the circuit, PSpice will print the value of the corresponding 
phasor in both rectangular form and polar form. 


( ExAMPLE 10.13-1 Using PSpice to Analyze AC Circuits ) 


Consider the ac circuit shown in Figure 10.13-1, in which 
vs(t) = 12 cos (100 + 15°) V and i(t) = 1.5 cos (100ż + 135°) A 


Use PSpice to determine the voltages vı and v3 and the current i>. 


FIGURE 10.13-1 An AC circuit. 


Solution 
We begin by drawing the circuit in the OrCAD workspace as shown in Figure 10.13-2 (see Appendix A). Notice 
that we have used the PSpice parts VAC and IAC from Table 10.13-1 to represent the sources. Also, we have edited 


IPRINT 


ACMAG = 12Vac 
ACPHASE = 15 


ACMAG = 1.5Aac 4mF 
ACPHASE = 135 


FIGURE 10.13-2 The circuit of Figure 10.13-1 
=o) as drawn in the OrCAD workspace. 


the ACMAG and ACPHASE properties of these sources, setting ACMAG =12 and ACPHASE = 15 for the 
voltage source and ACMAG = 1.5 and ACPHASE = 135 for the current source. 

Figure 10.13-2 also shows that we have added PSpice parts VPRINT1, IPRINT, and VPRINT2 to measure 
vı, ip, and v3. These printers are connected to the circuit in the same way that ammeters and voltmeters would 
be connected to measure vı, iz, and v3. Notice the minus sign on the VPRINT2 printer. It indicates the 
terminal near the minus sign of the polarity of the measured voltage. Similarly, the current measured by 
the IPRINT printer is the current directed toward the terminal marked by the minus sign. The minus sign 
on the VPRINT1 printer can be ignored. This printer measures the node voltage at the node to which it is 
connected. 

We will perform a AC Sweep\Noise simulation. (Select Pspice\New Simulation Profile from the OrCAD 
Capture menu bar; then select AC Sweep\Noise from the Analysis Type drop-down list. Set both the Start 
Frequency and End Frequency to 100/(27) = 15.92. Select a Linear Sweep and set the Total Points to 1.) Select 
PSpice\Run Simulation Profile from the OrCAD Capture menu bar to run the simulation. 
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After we run the simulation, OrCAD Capture will open a Schematics window. Select View\Output File from 
the menu bar on the Schematics window. Scroll down through the output file to find the printer voltage and 
currents: 


FREQ VM(N615) VP(N615) VR(N615) VI(N615) 
15.92E+00 1.579E+01 —8.112E+00 1.564E+01 —2.229E+00 
FREQ IM(V_PRINT2) IP(V_PRINT2) IR(V_PRINT2) II (V_PRINT2) 
15.92E+00 6.694E—01 1.272E+02 —4.045E—01 5.334E—01 
FREQ VM(N256,N761) VP(N256,N761) VR(N256,N761) VI(N256,N761) 
15.92E+00 4.533E+01 2.942E+01 3.949E+01 2.227E+01 


This output requires some interpretation. The labels VM, VP, VR, and VI indicate the magnitude, angle, real part, 
and imaginary part of a voltage, and the labels IM, IP, IR, and II indicate the magnitude, angle, real part, and 
imaginary part of a current. The labels N614, N256, and N761 are node numbers generated by PSpice. VM(N615) 
refers to the voltage at a single node, that is, the node voltage vı. IM(V_PRINT2) refers to a current, that is, i2. VM 
(N256,N761) refers to a voltage between two nodes, that is, v3. Consequently, the simulation results indicate that 


vi (t) = 15.79 cos (100t — 8.1°) = 15.64 cos (100f) + 2.229 sin (1007) V, 


in(t) = 0.6694 cos (100t + 127.2°) = —0.4045 cos (100r) — 0.5334 sin (100ż) V, 
and 


v3(t) = 45.33 cos (100t + 29.40) = 39.49 cos (100f) — 22.27 sin (1002) V 


10.14 How Can We Check... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following examples illustrate techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


EXAMPLE 10.14-1 How Can We Check Arithmetic 


with Complex Numbers? 


It is known that 


A computer program states that A = 2. How can we check this result? (Notice that values are given to only two 
significant figures.) 
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Solution 
The equation for the angle is 


Then, we have 


4 
= = 3.014 
tan (—53°) 
Solving for A in terms of R, we obtain 
10 
A= a = 1.997 
(R + 16) 


Therefore, A = 2 is correct to two significant figures. 


ExAmMPLE 10.14-2 How Can We Check AC Circuit Analysis? 


Consider the circuit shown in Figure 10.14-1. Suppose we know that the capacitor voltages are 
1.96 cos (100¢— 101.3°)V and 4.39cos (100t — 37.88°) V 


but we do not know which voltage is v,(f) and which is v2(t). How can we check the capacitor voltages? 


5 10 kQ b 10 kQ R 


10cos(100¢) V 


FIGURE 10.14-1 An example circuit. 


Solution 
Let us guess that 


vı (t) = 1.96 cos (100¢ — 101.3°) 
and 
v2(t) = 4.39 cos (100t — 37.88°) 


and then check to see whether this choice satisfies the node equations representing the circuit. These node 
equations are 


10— V; s Vi-V2 
= joC,V; + — 
Ri JæCı Yı + B 
and 
P Vi- V2 
CV = = 
J@C2 V2 Rə 


where V, and V> are the phasors corresponding to v,(¢) and v2(t). That is, 
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Wi = 1.96e71913° and V>= 4.39e7)31:88° 
Substituting the phasors V; and V3 into the left-hand side of the first node equation gives 


1@ = 11. Ogos 


TO LOR a 92001 + 1.92 x 104 
x 


Substituting the phasors V, and V3 into the right-hand side of the first node equation gives 


1.96e71913 — 4,39eB7-88 
10 x 10° 
=—19.3 x 10°* + 73.89 x 10° 


j- 100 10m" 1.962710! 


Because the right-hand side is not equal to the left-hand side, V; and V> do not satisfy the node equation. That 
means that the selected order of v;(t) and v2(f) is not correct. Instead, use the reverse order so that 


v1 (t) = 4.39 cos (100r — 37.88°) 


and 
v2(t) = 1.96 cos (100¢ — 101.3°) 


Now the phasors V; and V> will be 
Vi = 4.3918 and V = 1.96e0 


Substituting the new values of the phasors V; and V> into the left-hand side of the first node equation gives 


10 — 4.39e7)37-88 
10 x 10° 


= 6.353 x 1074 + j2.696 x 10-4 


Substituting the new values of the phasors V, and V> into the right-hand side of the first node equation gives 


aren | 4.396788 — 1 96e 1013 
j- 100 - 10-6 - 4,39¢78788 4 7°76 = 
10x 10 


= +6.545 x 1074 + 72.69 x 1074 


Because the right-hand side is very close to equal to the left-hand side, V, and V> satisfy the first node equation. 
That means that v,(¢) and v2(f) are probably correct. To be certain, we will also check the second node equation. 
Substituting the phasors V; and V> into the left-hand side of the second node equation gives 


je 100-2 x 10°. 1.96e""!> — +3.84 x 10-4 — 77.681 x 10= 
Substituting the phasors V, and V3 into the right-hand side of the second node equation gives 


4. 30¢ 7788 _ 1 96¢ 1013 


Toate = 3:85 x 10° = 77.735. ee 
x 


Because the right-hand side is equal to the left-hand side, V; and V> satisfy the second node equation. Now we are 
certain that 

v1 (t) = 4.39 cos (100¢ — 37.88°) V 
and 

V2(t) = 1.96 cos (1007 — 101.3°) V 
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10.15 Design Exampce An Op Amp Circuit 


Figure 10.15-1a shows two sinusoidal voltages, one labeled as input and the other labeled as output. We want to 
design a circuit that will transform the input sinusoid into the output sinusoid. Figure 10.15-1b shows a candidate 
circuit. We must first determine whether this circuit can do the job. Then, if it can, we will design the circuit, that is, 
specify the required values of Rı, Ro, and C. 


v(t) 
— 
t 
b 
Input (b) 

Output v,(t) = sin(21 0001) V 

vo(t) = 2 sin(2m1000r + 120°) V 
(a) 


FIGURE 10.15-1 (a) Input and output voltages. (b) Proposed circuit. 


Define the Situation and the Assumptions 
The input and output sinusoids have different amplitudes and phase angles but the same frequency: 


f = 1000 Hz 
or, equivalently, 
œ = 271000 rad/s 


We now know that this must be the case. When the input to a linear circuit is a sinusoid, the steady-state output will 
also be a sinusoid having the same frequency. 
In this case, the input sinusoid is 


v(t) = sin (271000r) = cos (271000t — 90°) V 
and the corresponding phasor is 
Vi = le™™ = 1 /—90° V 
The output sinusoid is 
v2(t) = 2 sin (271000r + 120°) = 2 cos (2710001 + 30°) V 
and the corresponding phasor is 
V = 2 y 
The ratio of these phasors is 


V 


L -aE 
V eT 
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The magnitude of this ratio, called the gain G, of the circuit used to transform the input sinusoid into the output 
sinusoid is 


G = 2 


wit 
The angle of this ratio is called the phase shift 0 of the required circuit: 


V2 
j= —= = In 
i= 


Therefore, we need a circuit that has a gain of 2 and a phase shift of 120°. 


State the Goal 
Determine whether it is possible to design the circuit shown in Figure 10.15-1 to have a gain of 2 and a phase shift 
of 120°. If it is possible, specify the appropriate values of Rj, R2, and C. 


Generate a Plan 

Analyze the circuit shown in Figure 10.15-1b to determine the ratio of the output phasor to the input phasor, V2/Vj. 
Determine whether this circuit can have a gain of 2 and a phase shift of 120°. If so, determine the required values of 
Ri, Ro, and C. 


Act on the Plan 

The circuit in Figure 10.15-1b is a special case of the circuit shown in Figure 10.10-1. The impedance Z; in Figure 
10.10-1 corresponds to the resistor Rı in Figure 10.15-1b, and impedance Z corresponds to the parallel 
combination of resistor R» and capacitor C. That is, 


Zı = Ri 


and 
R,+1/joC 1+ j@CR, 


2 


Then, using Eq. 10.10-3, 
V> D Z2 = Ro/(1 + j@CR2) R/R; 


Vi Z Ri 1 + joCR, 
The phase shift of the circuit in Figure 10.15-1b is given by 


V2 R/R; E 
d= = = 180° -t CR 10.15-1 
[Vi / 1FjoCR ee eee 


What values of phase shift are possible? Notice that œ, C, and R> are all positive, which means that 


0° < tan! wCR> < 90° 
Therefore, the circuit shown in Figure 10.15-15 can be used to obtain phase shifts between 90° and 180°. Hence, we 


can use this circuit to produce a phase shift of 120°. 
The gain of the circuit in Figure 10.15-1b is given by 


G 


aa R/R; 
-| 1+joCR, 
R/R; B R/R; (10.15-2) 


v +R ~ 4/1 + tan? (180° — 0) 


Summary 481 


Next, first solve Eq. 10.15-1 for R and then Eq. 10.15-1 for R; to get 


2 


and 


ma tan (180° — 0) 
wC 


R/G 


R = 
' 1+ tan? (180° — 0) 


These equations can be used to design the circuit. First, pick a convenient, readily available, and inexpensive value 


of the capacitor, say, 


C = 0.02 uF 
Next, calculate values of R, and R, from the values of œ, C, G, and 0. For œw = 6283 rad/s, C = 0.02 uF, G = 2, 


and 0 = 120°, we calculate 


Rı = 3446Q and Rp = 13.78 kQ 


and the design is complete. 


Verify the Proposed Solution 


When C = 0.02 uF, R; = 3446 Q, and Rp = 13.78 KQ, the network function of the circuit is 


V> 2 R/R; 


4 


Vi 1+jaCR, 


In this case, œ = 271000, and V; = 1 /—90°, so 


V2 4 


1 + jæ(0.2756 x 107°) 


= 2 LO 


Vi —- 1 + j(2m x 10°) (0.2756 x 107°) 


as required by the specifications. 


10.16 SUMMARY 


fe) 


With the pervasive use of ac electric power in the home and 
industry, it is important for engineers to analyze circuits with 
sinusoidal independent sources. 

The steady-state response of a linear circuit to a sinusoidal 
input is itself a sinusoid having the same frequency as the 
input signal. 

Circuits that contain inductors and capacitors are represented 
by differential equations. When the input to the circuit is 
sinusoidal, the phasors and impedances can be used to repre- 
sent the circuit in the frequency domain. In the frequency 
domain, the circuit is represented by algebraic equations. The 
original circuit, represented by a differential equation, is called 
the time-domain representation of the circuit. 

The steady-state response of a linear circuit with a sinusoidal 
input is obtained as follows: 


1. Transform the circuit into the frequency domain, using 
phasors and impedances. 

2. Represent the frequency-domain circuit by algebraic 
equations, for example, mesh or node equations. 

3. Solve the algebraic equations to obtain the response of 
the circuit. 


4. Transform the response into the time domain, using 
phasors. 


© Table 10.16-1 summarizes the relationships used to trans- 


form a circuit from the time domain to the frequency domain 
or vice versa. 


© When a circuit contains several sinusoidal sources, we 


distinguish two cases. 


1. When all of the sinusoidal sources have the same 
frequency, the response will be a sinusoid with that 
frequency, and the problem can be solved in the same 
way that it would be if there was only one source. 

2. When the sinusoidal sources have different frequencies, 
superposition is used to break the time-domain circuit up 
into several circuits, each with sinusoidal inputs all at the 
same frequency. Each of the separate circuits is analyzed 
separately and the responses are summed in the time domain. 


MATLAB greatly reduces the computational burden associ- 
ated with solving mesh or node equations having complex 
coefficients. 
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Table 10.16-1 Time-Domain and Frequency-Domain Relationships 


ELEMENT TIME DOMAIN FREQUENCY DOMAIN 
Current Source i(t) = A cos (œt + 0) Ko) = Aei? 
Voltage source v(t) = B cos (@t + ¢) Vœ) = Bei? 
ite) | Ko) | 
+ + 
Resistor Rv) v(t)=Ri(t) R 2 Vo) Vlo) = R Io) 


+ t 
Capacitor i(t) dt 


Inductor Liv) v =L Éi 
2 dt 
ite)| 
+ 
CCVS ied) | v(t) = Ki,(t) 
i, =0 
eo = i(t) 
Ideal op amp (0) — ve 
Eat v(t) 


L=0 
+o I) 
o + 
b= Vo) 
2 


(+) Problem available in WileyPLUS at instructor’s discretion. 


Section 10.2 Sinusoidal Sources 


P 10.2-1 Given the sinusoids v,(t)=8 cos(250r+ 15°) V and 
v(t) = 6 cos(250r — 45°) V, determine the time by which v,(7) is 
advanced or delayed with respect to v,(f). 

P 10.2-2 Given the sinusoids v,(t)=8cos(100t— 54°) V and 
v2(t) =8 cos(100t — 102°) V, determine the time by which v2(f) is 
advanced or delayed with respect to vı (f). 


P 10.2-3 A sinusoidal current is given as 

i(t) = 125 cos(5000 zt — 135°) mA 
Determine the period T and the time ¢, at which the first positive 
peak occurs. 


Answer: T = 0.4 ms and ft; = 0.15 ms. 


P 10.2-4 Express the voltage shown in Figure P 10.2-7 in the 
general form 


v(t) = Acos(œt + 0) V 
where A > 0 and — 180° < 0 < 180°. 


v(t), mV 


45 


-45 


Figure P 10.2-4 


P 10.2-5 Figure P 10.2-5 shows a sinusoidal voltage v(t), 
plotted as a function of time ¢. Represent v(t) by a function of 
the form A cos (œt + 0). 


Answer: v(t) = 18 cos (393t — 27°) 
20V 


v(t) OV 


-20 V 
o 


Figure P 10.2-5 


P 10.2-6 Figure P 10.2-6 shows a sinusoidal voltage v(t), 
plotted as a function of time, t. Represent v(t) by a function of 
the form A cos(œt + 0). 


OM TI Pal. ie. =|aL ale 


v(t) 


oy AÈ diril 


Os 20 ms 40 ms 60 ms 


Figure P 10.2-6 


Section 10.3 Phasors and Sinusoids 


P 10.3-1 Express the current 
i(t) = 2 cos(6t + 120°) + 2 sin(6t — 60°) mA 
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in the general form 
i(t) = A cos(œt + 0) mA 
where A > 0 and — 180° < 0 < 180°. 
P 10.3-2 Express the voltage 
v(t) = 5V2 cos(8£) + 2 sin(8t + 45°) V 


in the general form 
v(t) = A cos(æwt + 0) V 


where A > 0 and — 180° < 0 < 180°. 
P 10.3-3 Determine the polar form of the quantity 


(25 36.9°) (80 /-53.1°) 
(4 + j8) + (6—J8) 
—16.2° 


P 10.3-4 Determine the polar and rectangular form of the 


expression 
i 3v2 a) 


81.87° | 4 —/3 
5 + ( Jot 7—jl 


Answer: 200 


Answer: 88.162 /30.127° = 76.2520 + j44.2506 


P 10.3-5 Determine the polar and rectangular form of the 


expression 
(60 120°) (-16 +j12 +20 /15°) 


5 /—75° 
P 10.3-6 The circuit shown in Figure 10.3-6 is at steady state. 
The current source currents are 


i,(t) = 10 cos(25t) mA andi3(t) = 10 cos(25t + 135°) mA 


Determine the voltage v(t). 


+ 


2502 S v(t) 


HO ch © iz (®) 


Figure P 10.3-6 


P 10.3-7 The circuit shown in Figure 10.3-7 is at steady state. 
The inputs to this circuit are the current source current 


i,(t) = 0.12 cos(100t + 45°) A 


and the voltage source voltage 
v2(t) = 24 cos(100t — 60°) V 


Determine the current i>(f). 


96 Q 


Figure P 10.3-7 


P 10.3-8 @ Given that 


i(t) = 30 cos (4t + 45°) mA 
and 
i(t) = —40 cos (4t) mA 
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Determine v(t) for the circuit shown in Figure P 10.3-8. 


ip (t) 


Figure P 10.3-8 


P 10.3-9 (+) For the circuit shown in Figure P 10.3-9, find 
(a) the impedances Z, and Z, in polar form, (b) the total 
combined impedance in polar form, and (c) the steady-state 
current i(f). 


Answers: (a) Z; = 5 /53.1°; Z2 = 8V2 /—45° 
(b) Zi + Z = 11.7 /—20° 
(c) i(t) = (8.55) cos (1250t + 20°) A 


100 cos (12507) V 


Figure P 10.3-9 
P 10.3-10 +) The circuit shown in Figure P 10.3-10 is at 
steady state. The voltages v(t) and v2(f) are given by 
vs(t) = 7.68 cos (2t + 47°) V 
and 
v2(t) = 1.59 cos (2t + 125°) V 
Find the steady-state voltage v,(f) 
Answer: v(t) = 7.51 cos (2t + 35°) V 


+ v(t) - 
volt) 


Figure P 10.3-10 
P 10.3-11 © The circuit shown in Figure P 10.3-11 is at 
steady state. The currents 7,(¢) and i2(f) are given by 
ii (t) = 744 cos (2t — 118°) mA 
and 
i(t) = 540.5 cos (2t + 100°) mA 
Find the steady-state current i(t). 
Answer: i(t) = 460 cos (2t + 196°) mA 


Figure P 10.3-11 


P 10.3-12 © Determine i(t) of the RLC circuit shown in 
Figure P 10.3-12 when v; = 2 cos (4t + 30°) V. 


Answer: i(t) = 0.185 cos (4t — 26.3°) A 


i(t) 3H 


— 


6Q 


Us 1/12 F 


Figure P 10.3-12 


Section 10.4 Impedances 


P 10.4-1 Figure P 10.4-1a shows a circuit represented in the 
time domain. Figure P 10.4.1b shows the same circuit repre- 
sented in the frequency domain, using phasors and impedances. 
Zr, Zc, Z1, and Zs are the impedances corresponding to the 
resistor, capacitor, and two inductors in Figure P 10.4-1a. V, is 
the phasor corresponding to the voltage of the voltage source. 
Determine Zp, Zc, Zui, Z2, and Vs. 


Hint: 5 sin 5t = 5 cos (5t — 90°) 


Answer: Zp = 8 Q, Zc = a = 2.4 
5 (1 
s(a) 
(2.4 
= ai = —j2.4 Q, Zu = j5(2) = j10 Q, 
JXJ 


Zi = j5(4) = j20 Q, and V, = 5/—90° V 


5 sin 5t V 


Vo 


(b) 


Figure P 10.4-1 A circuit represented (a) in the time domain and 
(b) in the frequency domain. 


P 10.4-2 Figure P 10.4-2a shows a circuit represented in the 
time domain. Figure P 10.4-2b shows the same circuit 
represented in the frequency domain, using phasors and 
impedances. Zp, Zc, Zųı, and Zy,> are the impedances 
corresponding to the resistor, capacitor, and two inductors 
in Figure P 10.4-2a. I, is the phasor corresponding to the 


current of the current source. Determine Zr, Zc, Zui, Ziz, 
and I,. 


: 1 4 j4 
Answer: Zr = 80, Zo = J 


IN j j~ 

3 — 

al) 

Zo = 73(4) = 712.0, andl, = 4/15° A 


Q 4 cos (3t + 15°) A 


(b) 


Figure P 10.4-2 A circuit represented (a) in the time domain and 
(b) in the frequency domain. 


P 10.4-3 Represent the circuit shown in Figure P 10.4-3 in the 


frequency domain using impedances and phasors. 
+ Va = 
a 


i (t) = 400 cos(25 t- 24°) mA 
i (t) = 750 cos(25 t + 60°) mA 


Figure P 10.4-3 


P 10.4-4 Represent the circuit shown in Figure P 10.4-4 in the 
frequency domain using impedances and phasors. 


i (t) = 1.44 cos(50 t-24°) mA 


Figure P 10.4-4 
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P 10.4-5 Determine the current i(t) for the circuit shown in 
Figure P 10.4-5. 


7.4 cos(200t -24°) V 


Figure P 10.4-5 
P 10.4-6 The input to the circuit shown in Figure P 10.4-6 is 


the current 


i(t) = 120 cos(4000t) mA 


Determine the voltage v(t) across the 40-0, resistor. 


15 mH 


O 


20 uF 


Figure P 10.4-6 


P 10.4-7 The input to the circuit shown in Figure P 10.4-7 is 
the current 


i(t) = 82 cos(10000t) uA 


Determine the voltage v(f) across the 50-KQ resistor. 


Figure P 10.4-7 


P 10.4-8 © Each of the following pairs of element voltage 
and element current adheres to the passive convention. Indicate 
whether the element is capacitive, inductive, or resistive and 
find the element value. 


(a) v(t) = 15 cos (400t + 30°); i = 3 sin (400r + 30°) 
(b) v(t) = 8 sin (9007 + 50°); i = 2 sin (900¢t + 140°) 
(c) v(t) = 20 cos (250r + 60°); i = 5 sin (250t + 150°) 
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Answers: (a) L = 12.5mH 
(b) C = 277.77 uF 
© R=4Q 


P 10.4-9 @ The voltage and current for the circuit shown in 
Figure P 10.4-9 are given by 


v(t) = 20 cos (20t + 15°) V and i(t) = 1.49 cos (20t + 63°) A 


Determine the values of the resistance R and capacitance C 


+ v(t) - 


Figure P 10.4-9 


P 10.4-10 Figure P 10.4-10 shows an ac circuit represented in 
both the time domain and the frequency domain. Determine the 
values of A, B, a, and b. 


Z,=a+jbQ 


Figure P 10.4-10 


P 10.4-11 © Represent the circuit shown in Figure P 10.4-11 
in the frequency domain, using impedances and phasors. 


Figure P 10.4-11 


P 10.4-12 Represent the circuit shown in Figure P 10.4-12 in 
the frequency domain, using impedances and phasors. 


12 cos (5t - 30°) V 


0.25 F 


TE 


15 cos (5¢ + 60°) V 
Figure P 10.4-12 
P 10.4-13 © Find R and L of the circuit of Figure P 10.4-13 


when v(t) = 10 cos(œwt + 40°) V; i(t) = 2 cos(wt + 15°) mA and 
@ = 2 x 10° rad/s. 


Answer: R = 4.532 KQ, L = 1.057 mH 


Figure P 10.4-13 


Section 10.5 Series and Parallel Impedances 


P 10.5-1 Determine the steady-state voltage v(f) in the circuit 
shown in Figure P 10.5-1. 


Answer: v(t) =32 cos(250 t — 57.9°) V 


40 cos(250 t-15°) V 


Figure P 10.5-1 


P 10.5-2 Determine the voltage v(f) in the circuit shown in 
Figure P 10.5-2. 


Answer: v(t)= 14.57 cos(800 t+ 111.7°) V 


18 cos(800 t) V 140 mH 


125 mH 


5 uF 


Figure P 10.5-2 


P 10.5-3 Determine the voltage v(t) in the circuit shown in 
Figure P 10.5-3. 


Answer: v(t)= 14.1 cos(2500 t — 35.2°) V 


120Q 


(È) 22 cos (2500t+15°) V4 uF 


Figure P 10.5-3 


P 10.5-4 The input to the circuit shown in Figure P 10.5-4 is 
the current i(t) =48 cos(25 f) mA. Determine the current i(t). 


Answer: i (f) = 144 cos(25 t+ 180°) mA 


Figure P 10.5-4 


P 10.5-5 The input to the circuit shown in Figure P 10.5-5 is 
the current i ,(t)=48 cos(25 t) mA. Determine the current i>(f). 


Figure P 10.5-5 


P 10.5-6 The input to the circuit shown in Figure P 10.5-6 is 
the current i,(t) =48 cos(25 f) mA. Determine the current i3(f). 


Answer: i3(t) = 16.85 cos(25 t+ 69.4°) mA 


Figure P 10.5-6 


P 10.5-7 Figure P 10.5-7 shows a circuit represented in the 
frequency domain. Determine the voltage phasor V4. 


Answer: V, =14.59 /—13.15° V 


125 Q 


20 30° v È) 


Figure P 10.5-7 


Problems 487 


P 10.5-8 Figure P 10.5-8 shows a circuit represented in the 
frequency domain. Determine the current phasor Ib. 


Answer: 1,=18.48 /—93.7° mA 


45 Q 


20 30° mA (+) 


Figure P 10.5-8 


P 10.5-9 Figure P 10.5-9 shows an ac circuit represented in 
both the time domain and the frequency domain. Suppose 


Z, = 15.3 /—24.1° Q and Z: = 14.4/53.1° Q 


Determine the voltage v(t) and the values of R;, Ro, L, and C. 


154V z 


Figure P 10.5-9 


P 10.5-10 @ Find Z and Y for the circuit of Figure P 10.5-10 
operating at 10 kHz. 


P 1 uF 


ZY o 


160 uH Z369 


Figure P 10.5-10 


P 10.5-11 @ For the circuit of Figure P 10.5-11, find the 
value of C required so that Z = 590.7 Q when f = 1 MHz. 


Answer: C = 0.27 nF 


300 Q 


47 uH 


Figure P 10.5-11 
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P 10.5-12 Determine the impedance Z for the circuit shown in 
Figure P 10.5-12. 


25H 2 mF 
P 2 mF 100 Q i 
Z 

1.5 H 


Figure P 10.5-12 


P 10.5-13 The big toy from the hit movie Big is a child’s 
musical fantasy come true—a sidewalk-sized piano. Like a 
hopscotch grid, this once-hot Christmas toy invites anyone who 
passes to jump on, move about, and make music. The developer 
of the toy piano used a tone synthesizer and stereo speakers as 
shown in Figure P 10.5-13 (Gardner, 1988). Determine the 


current i(f) for a tone at 796 Hz when C = 10 uF. 
Speaker 


v= 12 cos at V eS 


3 mH 


Figure P 10.5-13 Tone synthesizer. 


P 10.5-14 +) Determine B and L for the circuit of Figure 
P 10.5-14 when i(t) = B cos (3t — 51.87°) A. 


Answer: B = 1.6andL=2H i(t) 


— 


Cf) 2 cos(3r - 15°) A 


Figure P 10.5-14 


P 10.5-15 Spinal cord injuries result in paralysis of the lower 
body and can cause loss of bladder control. Numerous electrical 
devices have been proposed to replace the normal nerve path- 
way stimulus for bladder control. Figure P 10.5-15 shows the 
model of a bladder control system in which v, = 20 cos œt V 
and œ = 100 rad/s. Find the steady-state voltage across the 
10-Q load resistor. 


Answer: v(t) = 10V2 cos (100t + 45°) V 
1 mF 


Regular nerve 
pathway load 


vC) 


1004F 10 Q 


Figure P 10.5-15 


P 10.5-16 (+) There are 500 to 1000 deaths each year in the 
United States from electric shock. If a person makes a good 


contact with his hands, the circuit can be represented by Figure 
P 10.5-16, in which v,= 160cosœtV and œ = 2rf. 
Find the steady-state current i flowing through the body when 
(a) f = 60 Hz and (b) f = 400 Hz. 


Answer: (a) i(t) = 0.53 cos (120zt + 5.9°) 
(b) i(t) = 0.625 cos (800zt + 59.9°) A 


Person's body 


i 
300 Q 
Source 
Us 2 uF 
100 mH 


Figure P 10.5-16 -J 


P 10.5-17 Determine the steady-state voltage v(f) and 
current i(t) for each of the circuits shown in Figure P 10.5-17. 
— v(t) + 


24V 10a SI 
) 


(a 
— v(t) + 


24 cos (4t + 15°)V (È) 


10 mF =~ |! 


Figure P 10.5-17 (b) 


P 10.5-18 © Determine the steady-state current i(t) for the 
circuit shown in Figure P 10.5-18. 
5H 5 mF 


Peire biosig 709 rer” 
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P 10.5-19 (+) Determine the steady-state voltage v(t) for the 
circuit shown in Figure P 10.5-19. ais 
24m (f) 402 v(i) 
(a) 
8H 
CH) 10 cos(5r + 45°) mA + 


24 cos(10r + 15°) mA (D 4mF |O B02 of 


Figure P 10.5-22 


P 10.5-23 Determine the steady-state current i(f) for the 


Figure P 10.5-19 circuit in Figure P 10.5-23. 


P 10.5-20 Determine the steady-state voltage v(f) for the 
circuit shown in Figure P 10.5-20. 


2.5H 
16 cos(20t + 75°) V 


209 10 mF 


© 10 cos(4t +60°)V 5H 
Figure P 10.5-23 


Figure P 10.5-20 P 10.5-24 (+) When the switch in the circuit shown in Figure 
P 10.5-24 is open and the circuit is at steady state, the capacitor 
P 10.5-21 The input to the circuit shown in Figure P 10.5-21 voltage is 


is the current source current v(t) = 14.14 cos (100t — 45°) V 


ist) = 25 cos (10t + 15°) mA When the switch is closed and the circuit is at steady state, the 


The output is the current i,(f). Determine the steady-state capacitor voltage is 
response ate v(t) = 17.89 cos (100 — 26.6°) V 


i z(t) 
= Determine the values of the resistances R; and R3. 


5H 


Figure P 10.5-24 
Figure P 10.5-21 


P 10.5-22 @ Determine the steady-state voltage v(t) and P 10.5-25 Determine the steady-state current i(t) for the 
current i(t) for each of the circuits shown in Figure P 10.5-22. circuit shown in Figure P 10.5-25. 
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20 cos (5¢ + 30°) mA 


Figure P 10.5-25 


P 10.5-26 Determine the steady-state voltage v(t) and 


current i(t) for each of the circuits shown in Figure 
P 10.5-26. 


402 3H 
20 cos (10t + 15°) V 


Figure P 10.5-26 


P 10.5-27 © Determine the steady-state voltage v(t) for each 
of the circuits shown in Figure P 10.5-27. 


(a) 


(È) 24 cos (20r + 45°) V 
4 mF 


(b) 


Figure P 10.5-27 


P 10.5-28 (+) The input to the circuit shown in Figure P 10.5- 
28 is the voltage of the voltage source 


vs(t) = 5 cos (2t + 45°) V 


The output is the inductor voltage v(t). Determine the steady- 
state output voltage. 


0.1 F 


Figure P 10.5-28 


P 10.5-29 Determine the steady-state voltage v(t) for the 
circuit of Figure P 10.5-29. 


Hint: Analyze the circuit in the frequency domain, using 
impedances and phasors. Use voltage division twice. Add the 
results. 


Answer: v(t) = 3.58 cos (5t + 47.2°) V 


5 sin 5tV 


£> v(t) 


Figure P 10.5-29 


P 10.5-30 © Determine the voltage v(t) for the circuit of 


Figure P 10.5-30. 


Hint: Analyze the circuit in the frequency domain, using 
impedances and phasors. Replace parallel impedances with 
an equivalent impedance twice. Apply KVL. 


Answer: v(t) = 14.4 cos (3t — 22°) V 


v(t) (+) 4 cos (3t + 15°) A 


Figure P 10.5-30 


P 10.5-31 The input to the circuit in Figure P 10.5-31 is the 
voltage source voltage v,(t). The output is the voltage v(t). 
When the input is v(t) = 8cos(40r) V, the output is 
Vo(t) = 2.5 cos (40t + 14°) V. Determine the values of the 
resistances R, and R>. 


V(t) 


Figure P 10.5-31 


Section 10.6 Mesh and Node Equations 
P 10.6-1 The input to the circuit shown in Figure P 10.6-1 is 
the voltage 
vs(t) = 48 cos(2500 t + 45°) V 
Write and solve node equations to determine the steady-state 


output voltage v,(f). 


25 i(t) 


20 mH 30 Q 


Figure P 10.6-1 


P 10.6-2 Figure P 10.6-2 shows an ac circuit represented in 
the frequency domain. Determine the values of the phasor node 
voltages V,, and V.. 


Answer: Vp = 7.69 /—19.8° and Ve = 10.18 /7.7° 


Problems 491 
40 +j20 Q 
mz 
j30 Q 15-j10 Q 
= a 4 
12/ 15° V V, 


Figure P 10.6-2 


P 10.6-3 Figure P 10.6-3 shows an ac circuit represented in 
the frequency domain. Determine the value of the phasor node 


voltage V. 
Answer: V = 71.0346 /—39.627° V 


20 +j20 Q 


j40 Q 


P 10.6-4 Figure P 10.6-4 shows an ac circuit represented in 
the frequency domain. Determine the values of the phasor mesh 
currents. 


20 /30° V 


Figure P 10.6-3 


40+j15Q 


32 +j16 Q 


Figure P 10.6-4 


P 10.6-5 @ A commercial airliner has sensing devices to 
indicate to the cockpit crew that each door and baggage hatch is 
closed. A device called a search coil magnetometer, also known 
as a proximity sensor, provides a signal indicative of the 
proximity of metal or other conducting material to an inductive 
sense coil. The inductance of the sense coil changes as the 
metal gets closer to the sense coil. The sense coil inductance is 
compared to a reference coil inductance with a circuit called a 
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balanced inductance bridge (see Figure P 10.6-5). In the 
inductance bridge, a signal indicative of proximity is observed 
between terminals a and b by subtracting the voltage at b, vp, 
from the voltage at a, v, (Lenz, 1990). 

The bridge circuit is excited by a sinusoidal voltage 
source vs = sin (800zr) V. The two resistors, R = 100 Q, are 
of equal resistance. When the door is open (no metal is present), 
the sense coil inductance Lg is equal to the reference coil 
inductance Lp = 40 mH. In this case, what is the magnitude of 
the signal Va — V»? 

When the airliner door is completely closed, 
Ls = 60 mH. With the door closed, what is the phasor repre- 
sentation of the signal Va — V»? 


Figure P 10.6-5 Airline door sensing unit. 


P 10.6-6 Using a tiny diamond-studded burr operating at 
190,000 rpm, cardiologists can remove life-threatening 
plaque deposits in coronary arteries. The procedure is fast, 
uncomplicated, and relatively painless (McCarty, 1991). The 
Rotablator, an angioplasty system, consists of an advancer/ 
catheter, a guide wire, a console, and a power source. The 
advancer/catheter contains a tiny turbine that drives the 
flexible shaft that rotates the catheter burr. The model of 
the operational and control circuit is shown in Figure 
P 10.6-6. Determine v(t), the voltage that drives the tip, 
when v; = V2. cos (40t — 135°) V. 


Answer: v(t) = V2 cos (40t — 135°) V 


1/20 H 1/80 F 


+ 
22 &> 1/g0 F v(t) 
2i T 


v © 


Figure P 10.6-6 Control circuit for Rotablator. 


P 10.6-7 For the circuit of Figure P 10.6-7, it is known that 


v2(t) = 0.7571 cos (2t + 66.7°) V 
v3 (t) = 0.6064 cos (2t — 69.8°) V 


Determine i(t). 


3i 1/4 F 


Figure P 10.6-7 


P 10.6-8 The input to the circuit shown in Figure P 10.6-8 is 
the voltage 


vs = 25 cos(40t + 45°) V 


Determine the mesh currents 7, and i, and the voltage vo. 


Figure P 10.6-8 


P 10.6-9 The input to the circuit shown in Figure P 10.6-9 is 
the voltage 


vs(t) = 42 cos(800t + 60°) mV 


Determine the output voltage v(t). 


Answer: V,(t) = 823.5 cos(800 t — 55.6°) mV 


500 Q 


2kQ 10 kQ 10 kQ 


Figure P 10.6-9 


P 10.6-10 The idea of using an induction coil in a lamp isn’t 
new, but applying it in a commercially available product is. 
An induction coil in a bulb induces a high-frequency energy 
flow in mercury vapor to produce light. The lamp uses about 
the same amount of energy as a fluorescent bulb but lasts six 
times longer, with 60 times the life of a conventional 
incandescent bulb. The circuit model of the bulb and its 
associated circuit are shown in Figure P 10.6-10. Determine 
the voltage v(t) across the 2-Q resistor when C = 40 uF, 
L = 40 nH, v, = 10 cos (wot + 30°), and wy = 10° rad/s. 


Answer: v(t) = 6.45 cos (10° + 44°) V 


Figure P 10.6-10 Induction bulb circuit. 


P 10.6-11 @ The development of coastal hotels in various 
parts of the world is a rapidly growing enterprise. The need for 
environmentally acceptable shark protection is manifest where 
these developments take place alongside shark-infested waters 
(Smith, 1991). One concept is to use an electrified line sub- 
merged in the water to deter the sharks, as shown in Figure 
P 10.6-11a. The circuit model of the electric fence is shown in 
Figure P 10.6-11b, in which the shark is represented by an 
equivalent resistance of 100 ©. Determine the current flowing 
through the shark’s body, i(t), when v, = 375 cos 400r V. 


Electric 
fence 


(a) 


| 100uF = 25 uF | 


l Shark 


Source l Electric fence 


(b) 
Figure P 10.6-11 Electric fence for repelling sharks. 


P 10.6-12 © Determine the node voltages at nodes a and b of 
each of the circuits shown in Figure P 10.6-12. 


25Q 
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(*) 24 cos (201 + 45°) V 


Figure P 10.6-12 


P 10.6-13 © Determine the steady-state voltage v(t) for the 
circuit shown in Figure P 10.6-13. 


15 cos (8t + 45°) V 


50 cos (8t - 30°) mA 


Figure P 10.6-13 


P 10.6-14 The input to the circuit shown in Figure P 10.6-14 
is the voltage source voltage v(t). The output is the resistor 
voltage v,(f). Determine the output voltage when the circuit is 
at steady state and the input is 


v(t) = 25 cos (100t — 15°) V 


i(t) 2 mF 


Figure P 10.6-14 


P 10.6-15 @ When the circuit shown in Figure P 10.6-15 is 
at steady state, the mesh current is 


i(t) = 0.8394 cos (10r + 138.5°) A 


Determine the values of L and R. 
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30 cos (10t - 15°) V 


P 10.6-18 Determine the steady-state current i(f) for the 
circuit shown in Figure P 10.6-18. 


OE cos (10r + 15°) V 


Figure P 10.6-18 


P 10.6-19 Determine the steady state voltage vo(f) for the 
circuit shown in Figure P 10.6-19. 


8H 10 mF 10Q 


8 cos (10t + 210°) V 


Figure P 10.6-15 
(*) 20 cos (59 v 
P 10.6-16 The circuit shown in Figure P 10.6-16 has two 
inputs: 
Figure P 10.6-19 
vı (t) = 50 cos (20t — 75°) V 


v(t) = 35 cos (20t + 110°) V P 10.6-20 Determine the steady-state current i(f) for each of 
When the circuit is at steady state, the node voltage is the circuits shown in Figure P 10.6-20. 
v(t) = 21.25 cos (20t — 168.8°) V 


Determine the values of R and L. 


OE 


5 mF 50 Q 6H 


36 mA(}) 202 jm 8Q 
2H 40Q 
(a) 
(*) 4 ilt) 


Figure P 10.6-16 


P 10.6-17 Determine the steady-state current i(f) for the 
circuit shown in Figure P 10.6-17. 


C1) 36 cos (251) mA 


2 mF 
15Q 
© 
Figure P 10.6-20 
P 10.6-21 The input to the circuit shown in Figure P 10.6-21 


is the current 
Figure P 10.6-17 i,(t) = 50 cos(200t) mA 


Determine the steady-state mesh current ip. 


100 mH 


A 60Q (i) 80 uF 


Figure P 10.6-21 


P 10.6-22 The input to the circuit shown in Figure P 10.6-22 
is the current 


is(t) = 80 cos(250t) mA 
The steady-state mesh current in the right mesh is 
is(t) = 66.56 cos(250t + 33.7°) mA 
Determine the value of the resistance R. 


600 mH 


20 uF 


Figure P 10.6-22 
P 10.6-23 The circuit shown in Figure P 10.6-23 is at steady 
state. The voltage source voltages are given by 

vi (t) = 12 cos (2t — 90°) V and v2(t) = 5 cos (2t + 90°) V 
The currents are given by 

i(t) = 744 cos (2t — 118°) mA, i2(t) = 540.5 cos (2t + 100°) mA 


Determine the values of R,, Ro, L, and C 


A) 


va(t) 


Figure P 10.6-23 


Section 10.7 Thévenin and Norton Equivalent 
Circuits 


P 10.7-1 Determine the Thévenin equivalent circuit of the 
circuit shown in Figure P 10.7-1 when (a) œ = 1000 rad/s, 
(b) œ = 2000 rad/s and (c) œ = 4000 rad/s. 


2.5 kQ 


1.25 H 


12 cos(wt) V 


Figure P 10.7-1 
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P 10.7-2 Determine the Thévenin equivalent circuit for 
the circuit shown in Figure P 10.7-2 when v =5 
cos (4000r — 30°). 

—21.9° V 


Answer: V, = 5.7 


-81.9 Q 


Z, = 23 


Figure P 10.7-2 


P 10.7-3 Find the Thévenin equivalent circuit for the circuit 
shown in Figure P 10.7-3, using the mesh current method. 


Answer: V; = 3.71 /—16° V 
Z, = 247 /—16° Q 


600 Q 


9 cos 500: (È) 


Figure P 10.7-3 


P 10.7-4 A pocket-sized minidisc CD player system has an 
amplifier circuit shown in Figure P 10.7-4 with a signal vs = 
10 cos (œt + 53.1°) at œ = 10,000 rad/s. Determine the 
Thévenin equivalent at the output terminals a—b. 


3i/2 


Us 


Figure P 10.7-4 


P 10.7-5 @ An AM radio receiver uses the parallel RLC 
circuit shown in Figure P 10.7-5. Determine the frequency fo at 
which the admittance Y is a pure conductance. The AM radio 
will receive the signal broadcast at the frequency fo. What is the 
“number” of this station on the AM radio dial? 


Answer: fy = 800 kHz, which corresponds to 80 on the AM 
radio dial. 
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O 
Section 10.8 Superposition 
20 kQ 1 nF 39.6 uH P 10.8-1 Determine the steady-state current i(f) in the circuit 
shown in Figure P 10.8-1 when the voltage source voltages are 
O 
Y 


vsı (t) = 12 cos (2500 t) Vand vs2(t) = 12 cos (4000 t) V 


Figure P 10.7-5 


P 10.7-6 Consider the circuit of Figure P 10.7-6, of which we 
wish to determine the current I. Use a series of source trans- 
formations to reduce the part of the circuit connected to the 2-0, v(t) @ 
resistor to a Norton equivalent circuit, and then find the current 
in the 2-0 resistor by current division. 


j4Q Figure P 10.8-1 
P 10.8-2 Determine the steady-state voltage v,(f) in the circuit 
3/30° A D -j3 Q 2Q shown in Figure P 10.8-2 when the current source current is 
Į (a) 400 rad/s and (b) 200 rad/s. 


100 cos (wt) mA 
Figure P 10.7-6 


P 10.7-7 For the circuit of Figure P 10.7-7, determine the 
current I using a series of source transformations. The source 
has œ = 25 x 10° rad/s. 


Answer: i(t) = 4 cos (25, 000r — 44°) mA 


20/45° v È) Figure P 10.8-2 
P 10.8-3 Determine the steady-state current i(f) in the circuit 
shown in Figure P 10.8-3 when the voltage source voltage is 
Figure P 10.7-7 

vs(t) = 8 + 8 cos(400r — 135°) V 
P 10.7-8 Determine the value of V, and Z, such that the circuit 
shown in Figure P 10.7-8b is the Thévenin equivalent circuit of Answer: i(t) =0.533 + 0.32 cos(400 t — 188°) A 


the circuit shown in Figure P 10.7-8a. 150 


Answer: V, = 3.58 /47° and Z, = 4.9 + j1.2 Q 


s(t) ©) 50 mH 


Figure P 10.8-3 


P 10.8-4 Determine the steady-state current i(f) in the 
circuit shown in Figure P 10.8-4 when the voltage source 
voltages are 


vsi(t) = 10 cos(800r + 30°) V 


and 
v(t) = 15 sin(200r — 30°) V 
(b) Answer: i(t)=44.7 cos(800t — 33.4°) + 134.2 cos(200t + 33.4°) 
mA 


Figure P 10.7-8 


100 Q 


250 mH 


Figure P 10.8-4 


P 10.8-5 The input to the circuit shown in Figure P 10.8-5 is the 
current source current 


i(t) = 36 cos (25t) + 48 cos (50t + 45°) mA 


Determine the steady-state current i(f). 
4i(t) 


Figure P 10.8-5 
P 10.8-6 The inputs to the circuit shown in Figure 
P 10.8-6 are 
vsı (£) = 30 cos (20t + 70°) V 
and 
vs2(t) = 18 cos (10t — 15°) V 


The response of this circuit is the current i(t). Determine the 
steady-state response of the circuit. 


209 4H 


Figure P 10.8-6 


P 10.8-7 The input to the circuit shown in Figure 
P 10.8-7 is the voltage source voltage 


vs(t) = 5 + 30 cos (1008) V 


Determine the steady-state current i(t). 
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Figure P 10.8-7 


P 10.8-8 Determine the voltage v(t) for the circuit of Figure 
P 10.8-8. 


Hint: Use superposition. 


Answer: v(t) = 3.58 cos (5t + 47.2°) + 14.4 cos (3t — 22°) V 


8Q 


5 sin 5t V 
(})4 cos (3t + 15°) A 


Figure P 10.8-8 

P 10.8-9 Using the principle of superposition, determine i(t) 
of the circuit shown in Figure P 10.8-9 when v; = 10 cos 10¢ V. 
Answer: i = —2 + 0.71 cos (10t — 45°) A 

1.5H 


5 Q 


Figure P 10.8-9 


Section 10.9 Phasor Diagrams 

P 10.9-1 © Using a phasor diagram, determine V when V = 
Vı — V2 + V3 and V; = 3 + j3, V2 = 4 + j2, and V3 = —3 
— j2. (Units are volts.) 


Answer: V = 5 /143.1° V 


P 10.9-2 Consider the series RLC circuit of Figure P 10.9-2 when 
R = 100, L = 1 mH, C = 100 uF, and œ = 10° rad/s. Find I 
and plot the phasor diagram. p 


joL 


10/0° V 


Figure P 10.9-2 
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Section 10.10 Op Amps in AC Circuits 


P 10.10-1 The input to the circuit shown in Figure P 10.10-1 
is the voltage 


vs(t) = 2.4 cos(500r) V 
Determine the output voltage v,(f). 


Answer: v,(t)= 6.788 cos(500t + 135°) V Figure P 10.10-4 = 


0.1 uF P 10.10-5 The input to the circuit shown in Figure P 10.10-5 


is the voltage 
v(t) = 1.2 cos(20001r) V 


Determine the output voltage v,(¢). 


5kQ 10 nF 


Figure P 10.10-1 


3 ne ae Figure P 10.10-5 T 
P 10.10-2 The input to the circuit shown in Figure P 10.10-2 


is the voltage P 10.10-6 © Determine the ratio V,/V, for the circuit 
vs(t) = 1.2 cos(4001 + 20°) V shown in Figure P 10.10-6. 
Determine the output voltage v(t). Z 


Figure P 10.10-6 


P 10.10-7 Determine the ratio V, /V, for both of the circuits 
shown in Figure P 10.10-7. 


P 10.10-3 The input to the circuit shown in Figure P 10.10-3 A Z4 
is the voltage 


Figure P 10.10-2 


v(t) = 3.2 cos(200¢) V 


Determine the output voltage v(t). 


Figure P 10.10-3 


P 10.10-4 The input to the circuit shown in Figure P 10.10-4 
is the voltage 


vs(t) = 1.2 cos(2000+) V 
Determine the output voltage v,(f). Figure P 10.10-7 (b) 


P 10.10-8 © Determine the ratio V,/V, for the circuit 
shown in Figure P 10.10-8. 


Figure P 10.10-8 


P 10.10-9 When the input to the circuit shown in Figure 
P 10.10-9 is the voltage source voltage 


vs(t) = 2 cos (10007) V 
the output is the voltage 
Vo(t) = 5 cos (1000t — 71.6°) V 


Determine the values of the resistances R; and Ro. 


Figure P 10.10-9 


P 10.10-10 © When the input to the circuit shown in Figure 
P 10.10-10 is the voltage source voltage 


vs(t) = 4 cos (100r) V 
the output is the voltage 
Vo(t) = 8 cos (100f + 135°) V 


Determine the values of C and R 


v {0 (*) 


vD 


Figure P 10.10-10 


P 10.10-11 The input to the circuit shown in Figure P 10.10-11 
is the voltage source voltage v.(t). The output is the voltage 
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v,(t). The input v,(t) = 2.5 cos (10004) V causes the output to 
be vo(t) = 8 cos (1000 + 104°) V. Determine the values of 
the resistances R; and Rb. 


Answers: R; = 1515 Q and R; = 20 KQ. 


C =0.2 uF 


Figure P 10.10-11 


Section 10.11 The Complete Response 


P 10.11-1 The input to the circuit shown in Figure P 10.11-1 
is the voltage v, = 12 cos(4000 t) V. The output is the capacitor 
voltage vo. Determine vo. 


25 Q 


Figure P 10.11-1 


P 10.11-2 The input to the circuit shown in Figure P 10.11-2 
is the voltage v, = 12 cos(4000 £) V. The output is the capacitor 
voltage vo. Determine vo. 


150i, 
100 Q 


25 Q 


Figure P 10.11-2 


Section 10.12 Using MATLAB to Analyze Electric 
Circuits 


P 10.12-1 Determine the mesh currents for the circuit shown 
in Figure P 10.12-1 when 


v(t) = 12 cos(2500t + 60°) V 
and 
i(t) = 2 cos(2500t — 15°) mA 
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0.2 uF 2.4kQ || 


l; 2+j 
j4Q 


— 
| | 
ier af 


Figure P 10.12-4 


P 10.12-5 The input to the circuit shown in Figure P 10.12-5 
is the voltage source voltage 


P 10.12-2 Determine the node voltages for the circuit shown valt) = 12cos (20,0002 + 60°) V 
in Figure P 10.12-2 when and the output is the steady-state voltage v(t). Use MATLAB 


vs(t) = 12 cos(400r + 45°) V to plot the input and output sinusoids. 
S = . 


Figure P 10.12-1 


10 kQ 


10,000 i, 


Figure P 10.12-2 Figure P 10.12-5 


P 10.12-3 Determine the mesh currents for the circuit shown P 10.12-6 The input to the circuit shown in Figure P 10.12-6 
in Figure P 10.12-3. is the voltage source voltage 


vs(t) = 3 cos(4000r + 30°) V 


and the output is the steady-state voltage v,(1). Use MATLAB 
to plot the input and output sinusoids. 


20 kQ 


Figure P 10.12-3 


P 10.12-4 Determine the node voltages for the circuit shown 
in Figure P 10.12-4. Figure P 10.12-6 


Section 10.14 How Can We Check... ? 


P 10.14-1 Computer analysis of the circuit in Figure P 10.14-1 
indicates that the values of the node voltages are Vj = 
20 /—90° and V, = 44.7 /—63.4°. Are the values correct? 


Hint: Calculate the current in each circuit element, using the 
values of V, and V>. Check to see whether KCL is satisfied at 
each node of the circuit. 


Vi JEO Vo 


Figure P 10.14-2 


P 10.14-2 Computer analysis of the circuit in Figure P 10.14-2 
indicates that the mesh currents are i)(t) = 0.39 cos (5t+ 
39°) A and i(t) = 0.28 cos (5t + 180°) A. Is this analysis 
correct? 


Hint: Represent the circuit in the frequency domain, using 
impedances and phasors. Calculate the voltage across each 
circuit element, using the values of I; and Ip. Check to see 
whether KVL is satisfied for each mesh of the circuit. 


Figure P 10.14-2 


P 10.14-3 Computer analysis of the circuit in Figure P 10.14-3 
indicates that the values of the node voltages are v(t) = 
19.2 cos (3t + 68°) V and v(t) = 2.4 cos (3t + 105°) V. Is 
this analysis correct? 


Hint: Represent the circuit in the frequency domain, using 
impedances and phasors. Calculate the current in each circuit 
element, using the values of V, and V2. Check to see whether 
KCL is satisfied at each node of the circuit. 
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vy 


(H) 4 cos (3 + 15°) A 


Figure P 10.14-3 


P 10.14-4 A computer program reports that the currents of the 
circuit of Figure P 10.144 are I= 0.2/53.1° A, I = 
632 /—18.4° mA, and In = 190 /71.6° mA. Verify this result. 


7500 Q 


Figure P 10.14-4 


P 10.14-5 The circuit shown in Figure P 10.14-5 was built 
using a 2-percent resistor having a nominal resistance of 500 0, 
and a 10-percent capacitor with a nominal capacitance of 5 uF. 
The steady-state capacitor voltage was measured to be 


v(t) = 18.3 cos (200r — 24°) V 
The voltage source represents a signal generator. Suppose that the 
signal generator was adjusted so carefully that errors in the 
amplitude, frequency, and angle of the voltage source voltage 
are all negligible. Is the measured response explained by the 
component tolerances? That is, could the measured v(t) have 
been produced by this circuit with a resistance R that is within 
2 percent of 500 2, and a capacitance C that is within 5 percent of 
5 uF? 


20 cos (2007) V C= v(t) 


Figure P 10.14-5 
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PSpice Problems 


SP 10-1 The circuit shown in Figure SP 10-1 has two inputs, 
v(t) and i,(f), and one output, v(t). The inputs are given by 

vs(t) = 10 sin (6t + 45°) V 
and 

i(t) = 2 sin (6t + 60°) A 

Use PSpice to demonstrate superposition. Simulate three 
versions of the circuit simultaneously. (Draw the circuit in 
the PSpice workspace. Cut and paste to make two copies. Edit 
the part names in the copies to avoid duplicate names. For 
example, the resistor will be R1 in the original circuit. Change 
R1 to R2 and R3 in the two copies.) Use the given v(t) and i,(1) 
in the first version. Set i(t) = 0 in the second version and 
vs(t) = 0 in the third version. Plot the capacitor voltage v(t) for 
all three versions of the circuit. Show that the capacitor voltage 
in the first version of the circuit is equal to the sum of the 
capacitor voltages in the second and third versions. 


Hint: Use PSpice parts VSIN and ISIN for the voltage and 
current source. PSpice uses hertz rather than rad/s as the unit 
for frequency. 


Remark: Notice that v(t) is sinusoidal and has the same 


frequency as v,(f) and i,(?). 


1H 32 


v(t) È) 


Figure SP 10.1 


SP 10-2 The circuit shown in Figure SP 10-1 has two 
inputs, v(t) and i,(t), and one output, v(t). The inputs are 
given by 

vs(t) = 10 sin (6t + 45°) V 


and 


i,(t) = 2 sin (18t + 60°) A 


Use PSpice to demonstrate superposition. Simulate three 
versions of the circuit simultaneously. (Draw the circuit in 
the PSpice workspace. Cut and paste to make two copies. Edit 
the part names in the copies to avoid duplicate names. For 
example, the resistor will be R1 in the original circuit. Change 
R1 to R2 and R3 in the two copies.) Use the given v(t) and i,(1) 
in the first version. Set i,(t) = 0 in the second version and 
vs(t) = O in the third version. Plot the capacitor voltage v(t) for 
all three versions of the circuit. Show that the capacitor voltage 
in the first version of the circuit is equal to the sum of the 
capacitor voltages in the second and third versions. 


Hint: Use PSpice parts VSIN and ISIN for the voltage and 
current source. PSpice uses hertz rather than rad/s as the unit 
for frequency. 

Remark: Notice that v(f) is not sinusoidal. 


SP 10-3 The circuit shown in Figure SP 10-1 has two inputs, 
y(t) and i(t), and one output, v(t). The inputs are given by 


vs(f) = 10 sin (6t + 45°) V 


and 
ilt) =0.8A 


Use PSpice to demonstrate superposition. Simulate three 
versions of the circuit simultaneously. (Draw the circuit in 
the PSpice workspace. Cut and paste to make two copies. Edit 
the part names in the copies to avoid duplicate names. For 
example, the resistor will be R1 in the original circuit. Change 
R1 to R2 and R3 in the two copies.) Use the given v,(f) and i(t) 
in the first version. Set i(t) = 0 in the second version and 
vs(t) = 0 in the third version. Plot the capacitor voltage v(t) for 
all three versions of the circuit. Show that the capacitor voltage 
in the first version of the circuit is equal to the sum of the 
capacitor voltages in the second and third versions. 


Hint: Use PSpice parts VSIN and IDC for the voltage and 
current source. PSpice uses hertz rather than rad/s as the unit 
for frequency. 


Remark: Notice that v(t) looks sinusoidal, but it’s not sinusoi- 
dal because of the dc offset. 


SP 10-4 The circuit shown in Figure SP 10-1 has two inputs, 
v(t) and i,(f), and one output, v(t). When inputs are given by 


vs(t) = Vm sin 6t V 


and 


the output will be 
vo(t) = Asin (6t+ 0) +BV 


Linearity requires that A be proportional to Vm and that B be 
proportional to Zm. Consequently, we can write A = kı Vm and 
B = kalm, where kı and kə are constants yet to be determined. 


(a) Use PSpice to determine the value of kı by simulating the 
circuit, using Vm = 1 V and Im = 0. 

(b) Use PSpice to determine the value of kz by simulating the 
circuit, using Vm = 0 V and J, = 1. 

(c) Knowing k; and ky, specify the values of Vm and Zm that are 
required to cause 


Vo(t) = 5sin (6t+ 0) +5V 


Simulate the circuit, using PSpice to verify the specified values 
of Vm and Zm. 


Design Problems 


DP 10-1 Design the circuit shown in Figure DP 10-1 to produce 
the specified output voltage v(t) = 8cos(1000r+ 104°) V when 
provided with the input voltage v,(t)=2.5cos(1000/) V. 


Figure DP 10-1 


DP 10-2 Design the circuit shown in Figure DP 10-2 to produce 
the specified output voltage vo(t) = 2.5cos(1000t — 76°) V when 
provided with the input voltage v;(t)= 12cos(10007) V. 


Figure DP 10-2 = 


DP 10-3 Design the circuit shown in Figure DP 10-3 to produce 
the specified output voltage v,(t)=2.5cos(40r + 14°) V when 
provided with the input voltage v,(4) = 8cos(40 t) V. 


Figure DP 10-3 


DP 10-4 Show that it is not possible to design the circuit shown 
in Figure DP 10-4 to produce the specified output voltage 
V(t) = 2.5cos(40t — 14°) when provided with the input voltage 
v(t) = 8cos(40t) V. 


Figure DP 10-4 
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DP 10-5 A circuit with an unspecified R, L, and C is shown in 
Figure DP 10-5. The input source is i, = 10 cos 1000ż A, and the 
goal is to select the R, L, and C so that the node voltage is 
v = 80 cos 10001 V. 


is) 102 c 


Figure DP 10-5 


DP 10-6 The input to the circuit shown in Figure DP 10-6 is the 
voltage source voltage 


vs(t) = 10 cos (1000) V 
The output is the steady-state capacitor voltage 


Vo(t) = A cos (1000t + 0) V 


(a) Specify values for R and C such that 0 = —30°. Determine 
the resulting value of A. 

(b) Specify values for R and C such that A = 5 V. Determine the 
resulting values of 0. 

(c) Is it possible to specify values for R and C such that A = 4 
and 0 = —60°? (If not, justify your answer. If so, specify R 
and C.) 

(d) Is it possible to specify values of R and C such that A = 
7.07 V and 0 = —45°? (If not, justify your answer. If so, 
specify R and C.) 


Figure DP 10-6 
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11.1 Introduction 


In this chapter, we continue our study of ac circuits. In particular, we will see the following: 


e The power supplied or received by any element of an ac circuit can be conveniently calculated after 
representing the circuit in the frequency domain. 
Power in ac circuits is an important topic. Engineers have developed an extensive 
vocabulary to describe power in an ac circuit. We’ll encounter average power, real and reactive 
power, complex power, the power factor, rms values, and more. 


e AC circuits that contain coupled inductors and/or ideal transformers can be conveniently analyzed in 
the frequency domain. 
Both coupled inductors and ideal transformers consist of magnetically coupled coils. 
(Coils may be tightly coupled or loosely coupled. The coils of an ideal transformer are 
perfectly coupled.) After representing coupled inductors and transformers in the frequency 
domain, we will be able to analyze ac circuits containing these devices. 


11.2 Electric Power 


Human civilization’s progress has been enhanced by society’s ability to control and distribute energy. 
Electricity serves as a carrier of energy to the user. Energy present in a fossil fuel or a nuclear fuel is 
converted to electric power to transport and readily distribute it to customers. By means of transmission 
lines, electric power is transmitted and distributed to essentially all the residences, industries, and 
commercial buildings in the United States and Canada. 

Electric power may be transported readily with low attendant losses, and improved methods for 
safe handling of electric power have been developed over the past 90 years. Furthermore, methods of 
converting fossil fuels to electric power are well developed, economical, and safe. 

Means of converting solar and nuclear energy to electric power are currently in various stages of 
development or of proven safety. Geothermal energy, tidal energy, and wind energy may also be 
converted to electric power. The kinetic energy of falling water may readily be used to generate 


hydroelectric power. 
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FIGURE 11.2-1 AC power high-voltage transmission FIGURE 11.2-2 A large hydroelectric FIGURE 11.2-3 A large 
lines. power plant. wind-power turbine and 
generator. 


The necessity of transmitting electrical power over long distances fostered the development of 
ac high-voltage power lines from power plant to end user. A modern transmission line is shown in 
Figure 11.2-1. 

Electric energy generation uses original sources such as hydropower, coal, and nuclear energy. 
An example of a large hydroelectric power project is shown in Figure 11.2-2. A typical hydroelectric 
power plant can generate 1000 MW. On the other hand, many regions are turning to small generators 
such as the wind-power device shown in Figure 11.2-3. A typical wind-power machine may be capable 
of generating 75 kW. 

A unique element of the American power system is its interconnectedness. Although the power 
system of the United States consists of many independent companies, it is interconnected by large 
transmission facilities. An electric utility is often able to save money by buying electricity from another 
utility and by transmitting the energy over the transmission lines of a third utility. 

The power levels for selected electrical devices or phenomena are shown in Figure 11.2-4. 


11.3 Instantaneous Power and Average Power 


Weare interested in determining the power generated and absorbed in a circuit orin an element of a circuit. 
Electrical engineers talk about several types of power, for example, instantaneous power, average power, 
and complex power. We will start with an examination of the instantaneous power, which is the product of 
the time-domain voltage and current associated with one or more circuit elements. The instantaneous 
power is likely to be a complicated function of time. This prompts us to look for a simpler measure of the 
power generated and absorbed in a circuit element, such as the average power. 

Consider the circuit element shown in Figure 11.3-1. Notice that the element voltage 
v(t) and the element current i(f) adhere to the passive convention. The instantaneous power delivered 
to this circuit element is the product of the voltage v(t) and the current i(f), so that 


p(t) = v(t) i(t) (11.3-1) 
The unit of power is watts (W). We can always calculate the instantaneous power because no 


restrictions have been placed on either v(t) or i(t). The instantaneous power can be a quite complicated 
function of t when v(t) or i(t) is itself a complicated function of t. 
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v(t) 


FIGURE 11.3-1 
A circuit 
element. 
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FIGURE 11.2-4 Power levels for selected electrical devices or phenomena. 


Suppose that the voltage v(t) is a periodic function having period T. That is, 
v(t) = v(t + T) 
because the voltage repeats every T seconds. Then, for a linear circuit, the current will also be a periodic 
function having the same period, so 
i(t) = i(t +T) 


Therefore, the instantaneous power is 


P(t) = v(t)i(t) 


v(t + T)i(t + T) 


The average value of a periodic function is the integral of the time function over a complete period, 
divided by the period. We use a capital P to denote average power and a lowercase p to denote 
instantaneous power. Therefore, the average power P is given by 


il to+T 
P= z p(t)dt 


to 


II 


(11.3-2) 


where tọ is an arbitrary starting point in time. 
Next, suppose that the voltage v(t) is sinusoidal, that is, 


v(t) 


Vin(cos œt + Ov) 
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Then, for a linear circuit at steady state, the current will also be sinusoidal and will have the same 
frequency, so 


i(t) = Im(cos wt + 61) 
The period and frequency of v(t) and i(f) are related by 


2n 
o=— 
T 


The instantaneous power delivered to the element is 
p(t) = Vinlm cos (œt + Oy) cos (wt + 0r) 


Using the trigonometric identity (see Appendix C) for the product of two cosine functions, 


p(t) = 


We see that the instantaneous power has two terms. The first term within the brackets is independent of 
time, and the second term varies sinusoidally over time at twice the radian frequency of v(?). 
The average power delivered to the element is 


[cos (Oy — 01) + cos (2œt + Oy + 61)] 


Lf? Vintn 
P= = 5 [cos (Oy — 01) + cos (2mt + Oy + 01)] dt 
0 


where we have chosen tọ =0. Then we have 


T T 
Vinlin 1 V mlm 
P= 7 5 cos (Oy — 0;)dt 4 T f 5 cos (2œt + Oy + 0;)dt 


= Vial cos (0y = 01) fa 4 Vinlin 
0 


T 
IT a7 f cos (2t + Oy + O;)dt 


The second integral is zero because the average value of the cosine function over a complete period is 
zero. Then we have 


a 
P- = eas Cy Gn (11.3-3) 


( ExAMPLE 11.3-1 Average Power ) 


Find the average power delivered to a resistor R when the current through the resistor is i(t), as shown in Figure 
11.3-2. 


ah o if 2T t(s)—> FIGURE 11.3-2 Current through a resistor in Example 11.3-1. 


Solution 
The current waveform repeats every T seconds and attains a maximum value of J. Using the period from t= 0 to 
t=T, we have 


OS ik 


ll 
elo" 
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Then the instantaneous power is 
lor 
“2 
p=i on ae OS <a 


It is sufficient to find the average power over 0 < t < T because the power is periodic with period T. Then the 
average power 1s 


Integrating, we have 


Try it 
yourself ExAMPLE 11.3-2 Average Power 
in WileyPLUS 


The circuit shown in Figure 11.3-3 is at steady state. The mesh current is 


i(t) = 721 cos (100¢ — 41°) mA 


The element voltages are 


vs(t) = 20 cos (100t — 15°) V 
vr(t) = 18 cos (100t — 41°) V 
v(t) = 8.66 cos (1007 + 49°) V 


Find the average power delivered to each device in this circuit. 


Ş up(t) = 
252 ag 
v(t) = 20 cos (1001-159) V(F) 120 mH 9. ex) 
ao FIGURE 11.3-3 An RL circuit with 
i(t) a sinusoidal voltage source. 


Solution 
Notice that v,(¢) and i(t) don’t adhere to the passive convention. Thus, v,(f) i(t) is the power delivered by the voltage 
source. Therefore, the average power calculated using Eq. 11.3-3 is the average power delivered by the voltage 
source. The average power delivered by the voltage source is 

(20)(0.721) 


= 5 cos (—15° — (—41°)) = 6.5 W 


The average power delivered to the voltage source is —6.5 W. 
Because v,(t) and i(t) do adhere to the passive convention, the average power calculated using Eq. 11.3-3 is 
the average power delivered to the resistor. The power delivered to the resistor is 


_ (18)(0.721) 
a 9 


cos (—41° — (—41°)) = 6.5 W 
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The power delivered to the inductor is 


p, = SSO TN cos (49° — (-41°)) = OW 


Why is the average power delivered to the inductor equal to zero? The angle of the element voltage is 90° larger 
than the angle of the element current. Because cos(90°) = 0, the average power delivered to the inductor is zero. 
The angle of the inductor voltage will always be 90° larger than the angle of the inductor current. Therefore, the 
average power delivered to any inductor is zero. 


EXERCISE 11.3-1 Determine the instantaneous power delivered to an element and sketch 
p(t) when the element is (a) a resistance R and (b) an inductor L. The voltage across the element is 
v(t) = Vn cos (wt + 8) V. 


Answers: 
y2 
(a) Pr= FR [1 + cos (2œt + 20)] W 


y2 
(b) PL = JST cos (2œwt + 20 — 90°) W 


11.4 Effective Value of a Periodic Waveform 


The voltage available from a wall plug in a residence is said to be 110 V. Of course, this is not the 
average value of the sinusoidal voltage because we know that the average would be zero. It is also not 
the instantaneous value or the maximum value, Vm, of the voltage v = Vm cos ot. 

The effective value of a voltage is a measure of its effectiveness in delivering power to a load 
resistor. The concept of an effective value comes from a desire to have a sinusoidal voltage (or current) 
deliver to a load resistor the same average power as an equivalent dc voltage (or current). The goal is to find 
a dc Verp (or Lepp) that will deliver the same average power to the resistor as would be delivered by a 
periodically varying source, as shown in Figure 11.4-1. 

The average power delivered to the resistor R by a periodic current is 


1 T 
p=zf i?R dt (114-1) 
T Jo 
We select the period T of the periodic current as the integration interval. 
The power delivered by a direct current is 


P=P,R (11.4-2) 


where Iepr is the de current that will deliver the same power as the periodically varying current. That is, 
Irr is defined as the steady (constant) current that is as effective in delivering power as the periodically 
varying current. 


FIGURE 11.4-1 The goal is to find a de voltage Vere 
for a specified v,(¢) that will deliver the same average 
power to R as would be delivered by the ac source. 
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We equate Eqs. 11.4-1 and 11.4-2, obtaining 


R T 
É r=7 f i? dt 
eff T 0 


Solving for Jee, we have 
T 
Tete = zJ A dh (11.4-3) 
0 


We see that Ipp is the square root of the mean of the squared value. Thus, the effective current Jerr is 
commonly called the root-mean-square current Ims- 

The effective value of a current is the steady current (dc) that transfers the same average power as 
the given varying current. 

Of course, the effective value of the voltage in a circuit is similarly found from the equation 


2 2 1 j 2 
Vee = Vins = T v‘ dt 
0 


T 
Thus Vn | vah 
0 


Now let us find the J,,,, of a sinusoidally varying current i = Im cos œt. Using Eq. 11.4-3 and a 
trigonometric formula from Appendix C, we have 


Tims = E cost dt = fm f LO toos2oi)dr= (11.4-4) 
= Tjo ®” T Jo 2 V2 


because the integral of cos 2œt is zero over the period T. Remember that Eq. 11.4-4 is true only for 
sinusoidal currents. 

In practice, we must be careful to determine whether a sinusoidal voltage is expressed in terms of 
its effective value or its maximum value Jm. In the case of power transmission and use in the home, the 
voltage is said to be 110 V or 220 V, and it is understood that these values refer to the rms or effective 
values of the sinusoidal voltage. 

In electronics or communications circuits, the voltage could be described as 10 V, and the person 
is typically indicating the maximum or peak amplitude Vm. Henceforth, we will use Vm as the peak 
value and V,ms as the rms value. Sometimes it is necessary to distinguish V,.,,; from Vm by the context in 
which the voltage is given. 


EXAMPLE 11.4-1 Effective Value ) 


Find the effective value of the current for the sawtooth waveform shown in Figure 11.4-2. 


Im 


T 0 T 2T FIGURE 11.4-2 A sawtooth current waveform. 
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Solution 
First, we will express the current waveform over the period 0 < t < T. The current is then 


Im 


i= =t 0<i<T 
l T = 


The effective value is found from 


1 ve AR pe 
pas ifea ELG ta) 
ip Bly 2 
Therefore, solving for Jee, we have 
Im 
Tete = E 


It’s worth noticing that the rms value of a sawtooth waveform with amplitude /,, is different than the rms value of a 
sinusoidal waveform having amplitude Zm. 


Try it 
yourself ExAMPLE 11.4-2 Average Powerin AC and DC Circuits 
in WileyPLUS 


The sources in the ac and dc circuits shown in Figure 11.4-3 supply equal values of average power. Determine the 
values of average power and of the amplitude of the sinusoidal voltage. 


250M Acos(125t+ 45°) V 
20 Q 20 Q FIGURE 11.4-3 The circuit considered in Example 11.4-2. 
Solution 
The average power supplied by the dc source is equal to the power dissipated by the resistor in the dc circuit, that is 
P = 31.25 W 
ave — 20 PA x 


The ac source will supply the same average power ac the dc source when the rms value of the sinusoidal source 
voltage is equal to the dc source voltage. That is, 


A 
== 25 A= 25V2 = 35.355 V 


V2 


EXERCISE 11.4-1 Find the effective value of the following currents: (a) cos 3t + cos 3t; 
(b) sin 3t + cos(3t + 60°); (c) 2 cos 3t + 3 cos 5t 


Answer: (a) 4/2 (b) 0.366 (c) 2.55 
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115 Complex Power 


Suppose that a linear circuit with a sinusoidal input is at steady state. All the element voltages and currents 
will be sinusoidal, with the same frequency as the input. Such a circuit can be analyzed in the frequency 
domain, using phasors and impedances. Indeed, we can calculate the power generated or absorbed in a 
circuit or in any element of a circuit, in the frequency domain, using phasors and impedances. 

Figure 11.5-1 represents the voltage and current of an element in both the time domain 
and the frequency domain. Notice that the element current and voltage adhere to the passive convention. 
In a previous section, the instantaneous power and the average power were calculated from the time- 
domain representations of the element current and voltage v(t) or i(t). In contrast, we now turn our 
attention to the frequency-domain representations of the element current and voltage 


I(@) = Im 0i and V(a) = Vin Oy (11.5-1) 


The complex power delivered to the element is defined to be 


i m Oy m — 
i © Lao LM) Vale a ve 


where I* denotes the complex conjugate of I (see Appendix B). The magnitude of S 


S= 


Vind 
|S| = (11.5-3) 
2 
is called the apparent-power. 
Converting the complex power S from polar to rectangular form gives 
Vm? m ‘ V mf mMm 
S= cos (Oy — 0) +j z sin (Oy — 01) (11.5-4) 


The real part of S is equal to the average power that we calculated previously in the time domain! (See 
Eq. 11.3-3.) Recall that the average power was denoted as P. We can represent the complex power as 


= Pb KO) (11.5-5) 
Vinlin 
where P= cos (Oy — 01) (11.5-6) 
is the average power and 
V mlm . 
Q= sin (Oy — 61) (11.5-7) 


is the reactive power. The complex power, average power, and reactive power are all the product of a 
voltage and a current. Nonetheless, it is conventional to use different units for these three types of 
power. We have already seen that the units of the average power are watts. The units of complex power 


| (0) = Iq cos (ot + 0) | Wo) = Imet! 


+ 


v(t) = Vm COS (wt + Oy) V(w) = Vmet? Y 


(a) (b) 
FIGURE 11.5-1 A linear circuit is excited by a sinusoidal input. The circuit has reached steady state. The element 
voltage and current can be represented in (a) the time domain or (b) the frequency domain. 


Complex Power 


Table 11.5-1 Frequency-Domain Power Relationships 


RELATIONSHIP USING RELATIONSHIP 
QUANTITY PEAK VALUES USING rms VALUES UNITS 
Element voltage, v(t) v(t) = Vin cos (wt + Oy) v(t) = V ms V2 cos (wt + Oy) Vv 
Element current, i(t) i(t) = Imcos(wt + 6) i(t) = ImsV2 cos (cot + 01) A 
Vinlin = = 
Complex power, S S= 7 00s (Ov — 01) S = Vimslims cos (Ov — 61) VA 


+]Vimslims sin (Oy — Oy) 


Vunl, 
+j 5 T sin (Oy — 61) 


Vind S| = V imsis VA 
Apparent power, |S| |S| = E [S| mms/rm 
— Vinlm P = Vimslimscos(Oy — 0 WwW 
Average power, P r= 7 cos(0y — 01) rmsZrmscos(0y 1) 
Vmin |, = Vamnslimssin(Oy — 0. VAR 
Reactive power, Q Q= 5 sin(Oy — bi) Q rms/rmsSin(Oy — 01) 


are volt-amps (VA), and the units of reactive power are volt-amps reactive (VAR). The formulas used to 
calculate power in the frequency domain are summarized in Table 11.5-1. 
Let’s return to Figure 11.5-1b. The impedance of the element can be expressed as 


V(o) Vin /ov Vin 


Converting the impedance Z from polar to rectangular form gives 


Vin Vin . 
Z(@) = 7, £08 (Oy — 01) +j5— sin (Ov — 01) (11.5-9) 


m 
We can represent the impedance as 
Z(w) = R+jX 


V V 
where R = a cos (Oy — 0r) is the resistance and X = 7 sin (Oy — 0r) is the reactance. 
m m 


The similarity between Eqs. 11.5-4 and 11.5-9 suggests that the complex power can be expressed 
in terms of the impedance 


Vinlin Vint . 
S= cos (Oy — 01) +j “S sin (Oy — 01) 
LX Va Wa, x 
= (=) Ta cos (Oy — 01) +i(2) T sin (Oy — 01) (11.5-10) 


In particular, the average power delivered to the element is given by 


P= OKO (11.5-11) 


When the element is a resistor, then Re(Z) = R 


I 
n= (Je 


When the element is a capacitor or an inductor, then Re(Z) = 0; thus, the average power delivered to a 
capacitor or an inductor is zero. 

Figure 11.5-2 summarizes Eqs. 11.5-4 and 11.5-9, using (a) the impedance triangle and (b) the 
power triangle. 
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Im (Z) Im (S) 
Is] 
Izi 1 m ‘ 
R Re (Z) P Re (S) 


(a) 


(b) 


FIGURE 11.5-2 (a) The impedance triangle where Z = R + jX. (b) The complex power triangle where S = P + jQ. 


Try it 
yourself 
in WileyPLUS 


( ExAMPLE 11.5-1 Complex Power ) 


The circuit shown in Figure 11.5-3 consists of a source driving a load. The 
current source current is 


i(t) = 1.25 cos (5t — 15°) A 


(a) Whatis the value of the complex power delivered by the source to the 
load when R = 20 Q and L = 3 H? 

(b) What are the values of the resistance R and inductance L when the 
source delivers 11.72 + j11.72 VA to the load? 


Solution 
Represent the circuit in the frequency domain as shown in Figure 11.5-4, 
where I = 1.25 /—15°A. The equivalent impedance of the parallel resistor 
and inductor is 
j@LR 
~ R+joL 


(a) When R = 20 Q and L = 3 H, the equivalent impedance is 


7300 r 
Z= = 12/53°0 
20 +15 [53 


The voltage across this impedance is 


4 
iG) vo it 


source load 


FIGURE 11.5-3 A circuit consisting 
of a source driving a load. 


JoL 


source load 


FIGURE 11.5-4 The circuit from 
Figure 11.5-3, represented in the 


frequency domain. 


V = IZ = (1.25 /—15°)(12 /53°) = 15 /38° V 


The complex power delivered by the source is 


vr Tae 


S= 


a581 2576) 


2 2 2 


= O75 Ls" WA 


(b) The voltage across the equivalent impedance can be calculated from the complex power and the current, using 


VI“ 2S 
=- = Vec 


S 
D É 


When S = 11.72 + j11.72 = 16.57 /45° VA 
2(16.57 /45°) 


28 _ 2(16.57 /45°) 


= a = 26.52 /30° V 


t (25/15) 1.25 /15° 
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The equivalent impedance is 


26.52 /30° 
z =v = LPB ya /45 Q 


I 1.25 /-15° 


It’s convenient to take the reciprocal: 
1 1 1 


J — 
R OL 91.91 /45° 


= 0.033338 — j 0.033338 
Consequently, 


1 
Rae 
0.033338 


Try it 
yourself EXAMPLE 11.5-2 Parallel Loads 
in WileyPLUS 


The circuit shown in Figure 11.5-5 consists of a source driving a load that consists of the parallel connection of two 
loads. The voltage source voltage is 


Z300 and 5L= =30 [eo 


0.033338 


v(t) = 24 cos (5t + 30°) V 


Load A receives v(t) S&S a g 


Sa = 9.2164 j6.912 VA 


O 
The impedance of load B is FIGURE 11.5-5 A circuit consisting 
Zp = 42.426 / 45° VA of a source driving a parallel load. 


(a) Determine the value of the complex power delivered by the source to the parallel load. 
(b) Determine the value of the equivalent impedance of the parallel load. 


Solution 
Represent the circuit in the frequency domain as shown in Figure 11.5-6, i 
where V = 24 /30° V. The current in load A can be calculated from the E 


complex power received by load A, using 


vÉ ISN 
S= n = (=) a p efe 


When Sa = 9.216 + j6.912 = 11.52 /36.9° VA i i. 
FIGURE 11.5-6 The circuit from 
i e 36.9° 
il = 


) i ont 2 Figure 11.5-5, represented in the 
= (0.96 /7°) =0.96/-T A frequency domain. 


24 /30° 
The current in load B can be calculated as 
24 /30° 
L= bd = 0.566 /—15° A 


ZB 42.426 /45° 


The source current is 
T=], + Ip = 1.522 /-9.9° A 
(a) The complex power delivered by the source is 


VI* (24'/30°)(1.522 /-9.9°) 
S= oom ( M 7 ) = 18.265 /39.9° = 14.02 + j11.71 VA 
(b) The equivalent impedance of the parallel load is 


V 24/30 


= = 15.768 /39.9° Q 
I 1,522 -0 
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Complex power is conserved. The sum of the complex power received by all the elements of a 
circuit is zero. This fact can be expressed by the equation 


Vil; 
y ~t=0 (11.5-12) 
2 

all 
elements 
where V; and I, are the phasors corresponding to the element voltage and current of the kth element of the 
circuit. The phasors V% and I, must adhere to the passive convention so that V;I;."/2 is the complex power 
received by the kth branch. The summation in Eq. 11.5-12 adds up the complex powers in all elements of the 
circuit. When an element of the circuit is a source that is supplying power to the circuit, V,I,“/2 will be 
negative, indicating that positive complex power is being supplied rather than received. Sometimes 
conservation of complex power is expressed as 


Vil, Vili, 
sources other 
elements 
where phasors V, and I; adhere to the passive convention for the “other elements” but do not adhere to the 
passive convention for the sources. When V ¿and I, do notadhere to the passive convention, then V I“ /2 is 
the complex power supplied by the kth branch. We read Eq. 11.5-13 to say that the total complex power 
supplied by the sources is equal to the total complex power received by the other elements of the circuit. 
Equation 11.5-12 implies that both 


XO Re (%5) = 


all 
Elements 


Vill, 
and 5 Im (=5) == 0 


Elements 
X P,=0 and X Q, = 0 
Therefore, 
all all 
elements elements 


In other words, average power and reactive power are both conserved. 


EXAMPLE 11.5-3 Conservation of Complex Power 


Verify that complex power is conserved in the circuit of Figure 11.5-7 when v, = 100 cos 1000r V. 


R= OO E =20 mH 


vít) C= 1004F 


FIGURE 11.5-7 Circuit for Examples 11.5-3 and 11.5-4. 


Solution 
The phasor corresponding to the source voltage is 


V, (œ) = 100/0 V 
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Writing and solving a mesh equation, we find that the phasor corresponding to the mesh current is 
V; 100 
I(w) = Oe 


-= = 7.07 /—45° A 
R+jolL—j— 10 + j(1000)(0.02) — j 


I 
(1000) 10~* 


Ohm’s law provides the phasors corresponding to the element voltages: 
Vr(@) = RI(@) = 10(7.07 /—45°) = 70.7 /—45° V 
Vi(@) = joL I(m) = j(1000)(0.02)(7.07 745°) 
= (20 /90°)(7.07 /—45°) = 141.4 /45° V 


i : 1 F 
Velo) = -jz Ko) = STANCE (7.07 /—45°) 


= (10 790°)(7.07 745") = 70.77 =1a5e 
Consider the voltage source. The phasors V, and I do not adhere to the passive convention. The complex power 


_ VI" 100(7.07 /—45°)* _ 100(7.07 45°) 
7H 2 2 


= POO, E /45° = 353.5 /45° VA 


Sy 


is the complex power supplied by the voltage source. 
The phasors I and Vp do adhere to the passive convention. The complex power 


Vel’ _ (70.7 £-45°)(7.07 /—45°)* 
2 2 


= (10.7 Z45°)(7.07 £45°) _ ODTOD /_45e 4 45° = 250 /0VA 
2 2 


is the complex power absorbed by the resistor. Similarly, 


S= — a (141.4 745 a 45°) = — /45° 445° = 500 /90° VA 


is the complex power delivered to the inductor, and 


Sr = 


a Mal g (70.7 £1352) 7.07 Las J orate (13524 ase 


250 /—90° VA 


is the complex power delivered to the capacitor. 
To verify that complex power has been conserved, we calculate the complex power received by the “other 
elements” and compare it to the complex power supplied by the source: 


Sr + St +Sc = 250 /0° + 500 /90° + 250 /—90° 
= (250 + j0) + (0 + j500) + (0 — j250) 


250 + j250 = 353.5 745° = Sy 


As expected, the complex power supplied by the source is equal to the complex power received by the other 
elements of the circuit. 
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ExAMPLE 11.5-4 Conservation of Average Power 


Verify that average power is conserved in the circuit of Figure 11.5-7 when v, = 100 cos 1000r V. 


Solution 
The phasor corresponding to the source voltage is 


V,(«) = 100 0 V 
Writing and solving a mesh equation, we find that the phasor corresponding to the mesh current is 


100 
LO = 7.07 /-45° A 


I(w) = 


F I I 
R+jol—j—; 10 +j(1000)(0.02) — j 


(1000)10~4 


The average power absorbed by the resistor, the capacitor, and the inductor can be calculated using 


p= (3) rea 


Because Re(Z) = 0 for the capacitor and for the inductor, the average power absorbed by each of these devices is 


zero. Re(Z) = R for the resistor, so 
IE TOT- 
r= ()a=' 7 ) 10 = 250W 


The average power supplied by the source is 


VI" 100(7.07 
Py = Re(Sy) = Re( > ) = Re (ge /ss°) = Re(353.5 /45°) = 250 W 


2 


To verify that average power has been conserved, we calculate the average power received by the “other elements” 
and compare it to the average power supplied by the source: 


Jaan lA ar lae = AN a ASE DNS y 


As expected, the average power supplied by the sources is equal to the average power received by the other 
elements of the circuit. 


12 cos 2t C) 
EXERCISE 11.5-1 Determine the average power delivered to each element of 
FIGURE E 11.5-1 the circuit shown in Figure E 11.5-1. Verify that average power is conserved. 


oo Answer: 4.39 + 0 = 4.39 W 


1/10F 


12 cos 2t 4H EXERCISE 11.5-2 Determine the complex power delivered to each element 
of the circuit shown in Figure E 11.5-2. Verify that complex power is conserved. 


FIGURE E 11.5-2 Answer: 6.606 + j5.248 — j3.303 = 6.606 + j1.982 VA 
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11.6 Power Factor 


In this section, as in the previous section, we consider a linear circuit with a sinusoidal input that is at 
steady state. All the element voltages and currents will be sinusoidal and will have the same frequency 
as the input. Such a circuit can be analyzed in the frequency domain, using phasors. In particular, we can 
calculate the power generated or absorbed in a circuit or in any element of a circuit, in the frequency 
domain, using phasors and impedances. 

Recall that in Section 11.5 we showed that the average power absorbed by the element shown in 
Figure 11.5-1 is 


Weal 
P= i cos (Oy — 61) 
and that the apparent power is 
Vol, 
SI E 


2 


The ratio of the average power to the apparent power is called the power factor (pf). The power factor 
is calculated as 


pf = cos (Oy — 61) 


The angle (Oy — 0r) is often referred to as the power factor angle. The average power absorbed by the 
element shown in Figure 11.5-1 can be expressed as 
Vintin 


P= pf (11.6-1) 


The cosine is an even function, that is, cos (0) = cos (—0). So 
pf = cos (Oy — 01) = cos (0; — Oy) 
This causes a small difficulty. We can’t calculate Oy — 0; from pf without some additional information. 
For example, suppose pf = 0.8. We calculate 


36.87° = cos !(0.8) 


but that’s not enough to determine Oy — 6; uniquely. Because the cosine is even, both cos (36.87°) = 
0.8 and cos (—36.87°) = 0.8, so either 0y — 0; = 36.87° or Oy — Or = —36.87°. This difficulty is 
resolved by labeling the power factor as leading or lagging. When Oy — 0; > 0, the power factor is said 
to be lagging, and when Oy — 0; < 0, the power factor is said to be leading. If the power factor is 
specified to be 0.8 leading, then 0y — 0; = —36.87°. On the other hand, if the power factor is specified 
to be 0.8 lagging, then 0y — 0; = 36.87°. 

The significance of the power factor is illustrated by the 
circuit shown in Figure 11.6-1. This circuit models the transmis- 
sion of electric power from a power utility company to a 
customer. The customer’s load is connected to the power com- 
pany’s power plant by a transmission line. Typically, the cus- 
tomer requires power at a specified voltage. The power company 
must supply both the power used by the customer and the power 


absorbed by the transmission line. The power absorbed by the Ry Li 
transmission line is lost; it doesn’t do anybody any good, and we 2 2 
want to minimize it. Power plant Transmission line 


Customer’s load 


The circuit in Figure 11.6-2 models the transmission of FIGURE 11.6-1 Power plant supplying a customer’s 
electric power from a power utility company to a customer in the electrical load. A transmission line connects the power 


frequency domain, using impedances and phasors. Our objective plant to the customer’s terminals. 
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is to find a way to reduce the power absorbed R 

by the transmission line. In this situation, it is a jo — 
likely that we cannot change the transmission 
line, so we can’t change R; or j@L,. Similarly, 
because the customer requires a specified V.(@) = A/0° @ 
average power at a specified voltage, we 
can’t change V,, or P. In the following analy- 
sis, we leave R,, L1, Vm, and P as variables for a jo 2 
the sake of generality. We won’t need to repeat 
the analysis later if we encounter a similar 
situation with a different customer and a dif- 
ferent transmission line. We will see that it is 
possible to adjust the power factor by adding a 
compensating impedance to the customer’s load. We will leave the power factor pf as a variable in our 
analysis because we plan to vary the power factor to reduce the power absorbed by the load. 

The impedance of the line is 


Power plant Transmission line Customer's load 


FIGURE 11.6-2 Frequency-domain representation of the 
power plant supplying a customer’s electrical load. 


R hL R . Li ; 
LINE (@) 7 +JO 7 + 7 + Jo 7 1+ Jol; 
The average power absorbed by the line is 
É i 
PUNE = z Re(Zune) = z RI 


Because the customer requires power at a specified voltage, we will treat the voltage across the load, Vm, 
and the average power delivered to the load, P, as known quantities. Recall from Eq. 11.6-1 that 


Vinlin 
P = 
z PF 
Solving for J, gives 
h= 2P 
m Vin pf 
2 
so Pine =2(7"—) R 
LINE = 1 
Vm pf 


Increasing pf will reduce the power absorbed in the transmission line. The power factor is the cosine of 
an angle, so its maximum value is 1. Notice that pf = 1 occurs when 0y = 6), that is, when the load 
appears to be resistive. 

In Figure 11.6-3, a compensating impedance has been attached across the terminals of the 
customer’s load. We plan to use this impedance to adjust the power factor of the customer’s load. Because 
it is to the advantage of both the power 
company and the user to keep the 
power factor of a load as close to R; i 
unity as feasible, we say that we are Fa ir R 
correcting the power factor of the 
load. We will denote the corrected 


power factor as pfc and the corre- Jon 
sponding phase angle as 0c. That is, a 
R jed 
pfe = cos bc ar 2 
Power plant Transmission line Customer’s load 


We can represent the imped- 
ance of the load as FIGURE 11.6-3 Power plant supplying a customer’s electrical load. 


: A compensating impedance has been added to the customer’s load to 
Z=R+jx correct the power factor. 


Power Factor 


Similarly, we can represent the impedance of the compensating impedance as 
Zo = Rc +jXc 


Because Z is connected to draw a current I, the power delivered to Z will remain P. The benefit of the 
parallel impedance is that the parallel combination appears as the load to the source, and I; is the current 
that flows through the transmission line. We want Zc to absorb no average power. Therefore, we choose 
a reactive element so that 


Zc = jXc 
The impedance of the parallel combination, Zp, is 


ZZc 


Z = 
P LF Ze 


The parallel impedance may be written as 


Zp = Rp + jXp = Zp /Op 
and the power factor of the new combination is 


X 
pfe = cos Op = cos (e =) (11.6-2) 
P 


where pfc is the corrected power factor, and the corrected phase Oc = 0p. Some algebra is needed to 
calculate Rp and Xp: 


_ (R+JX) iXc 
R+ jX +jXc 
RX + j[R Xc + (Xc + X)X Xc] 
R? +(X +Xc}? 


RX? ae + (Xc + X)X Xc 
R +(X +Xc)? R +(X +Xc)? 


Therefore, the ratio of Xp to Rp is 


Xp _ R? + (Xc + X)X 


(11.6-3) 
Rp RXc 
Equation 11.6-2 may be written as 
X 
2 = tan (cos™! pfe) (11.6-4) 
Rp 
Combining Eqs. 11.6-3 and 11.6-4 and solving for Xc, we have 
R +X? 
Xc = (11.6-5) 


~ Rtan (cos—! pfe) — X 


We note that Xc may be positive or negative, depending on the required pfc and the original R and X of 
the load. The factor tan{cos~!(pfc)] will be positive if pfc is specified as lagging and negative if it is 
specified as leading. 

Typically, we will find that the customer’s load is inductive, and we will need a capacitive 
impedance Zc. Recall that for a capacitor, we have 


Zc = — = jXc (11.6-6) 
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Note that we determine that Xc is typically negative. Combining Eqs. 11.6-5 and 11.6-6 gives 
-1 R +X? 
œC R tan (cos~! pfe) — X 


Solving for œC gives 


X — R tan (cos™! pfc) R X z 
oC = T =al tan (cos! pfe) 
a [X 
Let 0 = tan —). Then 
R 
oC = Paix (tan 0 — tan 0c) (11.6-7) 
where 0 = cos! (pf) and 0c = cos™! (pfe). 
Try it 
yourself ExamĪmPLE 11.6-1 Parallel Loads ) 
in WileyPLUS 


A customer’s plant has two parallel loads connected to the power utility’s distribution lines. The first load consists 
of 50 kW of heating and is resistive. The second load is a set of motors that operate at 0.86 lagging power factor. 
The motors’ load is 100 kVA. Power is supplied to the plant at 10,000 volts rms. Determine the total current flowing 
from the utility’s lines into the plant and the plant’s overall power factor. 


Solution 
Figure 11.6-4a summarizes what is known about this power system. 
First, consider the heating load. Because this load is resistive, the reactive power is zero. Therefore, 


S; =P; =50kW 
Next, consider the motors. The power factor is lagging, so 02 > 0°: 
@) = cos”! (pfa) = cos! (0.86) = 30.7° 
The complex power absorbed by the motors is 


S2 = |S2| /02 = 100 /30.7° kVA 


The average power and reactive power absorbed by the motors is obtained by converting the complex power to 
rectangular form: 


S2 = |S2| cos 02 + j|S2| sin 02 = 100 cos 30.7° + j100 sin 30.7° = 86 + j51 kVA 


js}=100 kVA] gy P = 136 kW 
pf = 0.86 Bee pf= 0.94 
lagging COS Oe lagging 


R L R L 
2 2 2 2 
Power plant Transmission line Customer’s load Power plant Transmission line Customer's load 
(a) (b) 


FIGURE 11.6-4 Power system for Example 11.6-1. 
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Therefore, Pa = 86kW and Q,=51kVAR 


The total complex power S delivered to the total load is the sum of the complex power delivered to each load: 
S = Sı +S) = 50 + (86 + j51) = 136 +j51 KVA 


The average power and reactive power of the customer’s load is 


P=136kW and Q= 51KVAR 
To calculate the power factor of the customer’s load, first convert S to polar form: 
S = 145.2 /20.6° kVA 
Then pf = cos (20.6°) = 0.94 lagging 


The total current flowing from the utility’s lines into the plant can be calculated from the apparent 
power absorbed by the customer’s load and the voltage across the terminals of the customer’s load. Recall that 


Vales 


S| = = Vims! ims 
si- 
Solving for the current gives 
S 145,200 
Tims = | | z2 4 = 14.52 A rms 
Vims 10 


Figure 11.6-4b summarizes the results of this example. 


( EXAMPLE 11.6-2 Power Factor Correction ) 


A load as shown in Figure 11.6-5 has an impedance of Z = 100 + j100 Q. Find the parallel capacitance required to 
correct the power factor to (a) 0.95 lagging and (b) 1.0. Assume that the source is operating at œ = 377 rad/s. 


Transmission 
line current 


ee v Customer's Parallel lend 
panys: terminals impedance 
generator 


FIGURE 11.6-5 Use of an added parallel impedance Z; to correct the customer’s power factor. 


Solution 
The phase angle of the impedance is 0 = 45°, so the original load has a lagging power factor with 


cos 0 = cos 45° = 0.707 
First, we wish to correct the pf so that pfc = 0.95 lagging. Then, we use Eq. 11.6-5 as follows: 
T 100? + 100? 
~ 100 tan (cos! 0.95) — 100 


The capacitor required is determined from 


= —297.9 0, 


Xc 
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Therefore, because w = 377 rad/s, 
1 —1 


E= = = 8.9 LE 
@Xc 377-2979) # 
If we wish to correct the load to pfc = 1, we have 
2 x 10° 
Xc 200 


~ 100 tan (cos! 1) — 100 


The capacitor required to correct the power factor to 1.0 is determined from 


—1 -1 
E = = 
@Xc 377(—200) 
Because the uncorrected power factor is lagging, we can alternatively use Eq. 11.6-7 to determine C. For 
example, it follows that pfc = 1. Then Oc = 0°. Therefore, 


= 13.3 uF 


100 
-7 A (tan 0 — tan 0c) = (5 x 107°) (tan (45°) — tan (0°)) = 5 x 10 
x 
SIO 
d SA WT Lis, 
= C 377 13.3 pF 


As expected, this is the same value of capacitance as was calculated using Eq. 11.6-5. 


Try it 
yourself EXAMPLE 11.6-3 Complex Power ) > INTERACTIVE EXAMPLE 


in WileyPLUS 


The input to the circuit shown in Figure 11.6-6a is the voltage of the voltage source, 
Vs(t) = 7.28 cos (4t + 77°) V 

The output is the voltage across the inductor, 

Vo(t) = 4.254 cos (4t + 311°) V 


Determine the following: 

(a) The average power supplied by the voltage source. 

(b) The average power received by the resistor. 

(c) The average power received by the inductor. 

(d) The power factor of the impedance of the series connection of the resistor and inductor. 


30 + Vp(o) - 
+ 3.Q + 
ve) G) vl) WG) 72.16 2 4 V,@) 
—_— FIGURE 11.6-6 The circuit considered in 
Ko) Example 11.6-3 represented (a) in the time domain 
(a) (b) and (b) in the frequency domain. 


Solution 
The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input voltage. 
Apparently, the circuit has reached steady state. Consequently, the circuit in Figure 11.6-6a can be represented in the 
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frequency domain, using phasors and impedances. Figure | 1.6-6b shows the frequency-domain representation of the circuit 
from Figure 11.6-6a. The impedance of the inductor is joL = j(4)(0.54) = j2.16 Q, as shown in Figure 11.6-6b. 
The phasors corresponding to the input and output sinusoids are 


Vlw) = 728 (ALE N 
and 


V,(@) = 4.254 /311° V 
The current I(@) in Figure 11.6-6b is calculated from V,(@) and the impedance of the inductor, using Ohm’s law: 
Vo 4.254 (311° 4254 
Poy (o) _ 
J2 2.16 /90° ~ DIE 


311° — 90° = 1.969 /221°A 


Once we know I(@), we are ready to answer the questions asked in this example. 
(a) The average power supplied by the source is calculated from I(@) and V (œ). The average power of the source 
is given by 
IVs) Io)| e 


(7.28)(1.969 
MAGEE (/Vs(@) — Aw j = NO) cos 7 — 221°) (11.6-8) 
eT eae = —5.8W 


Notice that I(œ) and V,(@) adhere to the passive convention. Consequently, Eq. 11.6-8 gives the power 
received by the voltage source rather than the power supplied by the voltage source. The power supplied is the 
negative of the power received. Therefore, the power supplied by the voltage source is 


P; = 5.8 W 
(b) The resistor voltage Vg(œ) in Figure 11.6-6b is given by 
Vr(@) = R I(œw) = 3(1.969 /221°) = 5.907 /221° V 


The average power received a the resistor is calculated from I(@) and Vp(@): 


Vr(o)JII( (5.907)(1.969 
o)| ws Nicos (Arlo) - Ao j = CADE) cos(221" =o) MED 
— 18 ae =5.8W 


Notice that I(@) and Vp(@) adhere to the passive convention. Consequently, Pp is the power received by the 
resistor, as required. 

Alternately, the power received by a resistor can be calculated from the current I(@) and the resistance R. 
To see how, first notice that the voltage and current of a resistor are related by 


Vrlo) =RI(o) =>  |Vr()|/Vr(@) = R(|I(@)|A(@)) = Wate) 


Substituting these expressions for om and /Vpr(@) into Eq. 11.6-9 gives 


RIK) /? 
os (Aw) - Ao) = MOE 


= Oe Sapper 


(c) The average power received tha the inductor is calculated from I(@) and V,(@): 


|\V.(@ fue s (Vol - [Aw _ (4.254)(1.969) A ? 
= 4.188 cos (90°) =N 


The phase angle of the inductor voltage is always 90° greater than the phase angle of the inductor current. 
Consequently, the value of average power received by any inductor is zero. 


PR = 


R|I(%)| 


Ao) 


II 


|RI(@ I Io) 
1p = e A 


PL = 
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(d) The power factor of the impedance of the series connection of the resistor and inductor can be calculated from 
I(q@) and the voltage across the impedance. That voltage is Va(@) + V,(@), which is calculated by applying 
Kirchhoff’s voltage law to the circuit in Figure 11.6-6b: 


Vr(@) + Vo(@) + V;(@) = 0 
No) Velo) = -V.(@) = —708 
(1 /180°) (7.28 /77°) 
= 728/25 


Now the power factor is calculated as 
pf = cos (/(Va(m) + V.(@)) — /I(@)) = cos (257° — 221°) = 0.809 


The power factor is said to be lagging because 257° — 221° = 36° > 0. 

Average power is conserved. In this example, that means that the average power supplied by the voltage 
source must be equal to the sum of the average powers received by the resistor and the inductor. This fact 
provides a check on the accuracy of our calculations. 

If the value of V,(@) had not been given, then I(~) would be calculated by writing and solving a mesh 
equation. Referring to Figure 11.6-6b, the mesh equation is 


31(@) + j2.16 (œ) + 7.28 £77° = 0 


Solving for I(@) gives 
Wo) = 2228 Li _ (1 £180°)(7.28 £772) 
=" 3.697 /36° 
(1)(7.28 
~ 3.697 


) /180° + 77° — 36° = 1.969 /221° A 


as before. 


EXERCISE 11.6-1 A circuit has a large motor connected to the ac power lines [œ = (27)60 = 
377 rad/s]. The model of the motor is a resistor of 100 Q in series with an inductor of 5 H. Find the 
power factor of the motor. 


Answer: pf = 0.053 lagging 


EXERCISE 11.6-2 A circuit has a load impedance Z = 50+j80 Q, as shown in Figure 11.6-5. 
Determine the power factor of the uncorrected circuit. Determine the impedance Zc required to 
obtain a corrected power factor of 1.0. 


Answer: pf = 0.53 lagging, Zc = —j111.250, 


EXERCISE 11.6-3 Determine the power factor for the total plant of Example 11.6-1 when the 
resistive heating load is decreased to 30 kW. The motor load and the supply voltage remain as 
described in Example 11.6-1. 


Answer: pf = 0.915 


EXERCISE 11.6-4 A 4-kw, 110-V;ms load, as shown in Figure 11.6-5, has a power factor of 
0.82 lagging. Find the value of the parallel capacitor that will correct the power factor to 0.95 lagging 
when œ = 377 rad/s. 


Answer: C = 0.324 mF 
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11.7 The Power Superposition Principle 


In this section, let us consider the case when the circuit contains two or more sources. For example, 
consider the circuit shown in Figure 11.7-la with two sinusoidal voltage sources. The principle of 
superposition states that the response to both sources acting together is equal to the sum of the responses 
to each voltage source acting alone. The application of the principle of superposition is illustrated in 
Figure 11.7-1b, where i; is the response to source 1 acting alone, and the response / is the response to 
source 2 acting alone. The total response is 


i=it+h (11.7-1) 
The instantaneous power is 
p=?R=R(i +i)? = R(iÎ + iĝ + 2ii2) 


where R is the resistance of the circuit. Then the average power is 


1 f7 RF oa 
p=z/ par== | (i, +15 + iin) dt 


Rf, Rf a 2R fT. 2R [T 
=5f nati Bare | hin d= P+ P+ | lin dt 


where P} is the average power due to v; and P3 is the average power due to vz. We will see that when vı 
and v are sinusoids having different frequencies, then 
ze ab dt=0 (11.7-3) 
T Jo 
When Eq. 11.7-3 is satisfied, then Eq. 11.7-2 reduces to 
P= Pi +P (11.7-4) 


This equation states that the average power delivered to the resistor by both sources acting together is 
equal to the sum of the average power delivered to the resistor by each voltage source acting alone. This 
is the principle of power superposition. Notice that the principle of power superposition is valid only 
when Eq. 11.7-3 is satisfied. 

Now let us determine under what conditions Eq. 11.7-3 is satisfied. Let the radian frequency for 
the first source be ma, and let the radian frequency for the second source be nw. The currents can be 
represented by the general form 


(11:7-2) 


i = I cos (mat + ¢) 
and in = h cos (not + 0) 


It can be shown that 
T 
_ fo mÆn 
| cos(mat + @)cos(nat + 0)dt = ae m an 


Consequently, 


2R fT.. 0 mea 
h hidi = ei cos(?— 0) m=n (11.7-5) 


in(t) 


i 1 (t) 
R FIGURE 11.7-1 (a) A circuit 
v(t) ©) (*) vo(t) v(t) © (*) v(t) with two sources. (b) Using 
superposition to calculate the 
resistor current as i(t) = i (f) + 
(b 


(a) ) i(t). 
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Therefore, in summary, the superposition of average power states that the average power 
delivered to a circuit by several sinusoidal sources, acting together, is equal to the sum of the average 
power delivered to the circuit by each source acting alone, if, and only if, no two of the sources have the 
same frequency. Similar arguments show that superposition can be used to calculate the reactive power 
or the complex power delivered to a circuit by several sinusoidal sources, provided again that no two 


sources have the same frequency. 


If two or more sources are operating at the same frequency, the principle of power superposition is 
not valid, but the principle of superposition remains valid. In this case, we use the principle of 
superposition to find each phasor current and then add the currents to obtain the total phasor current 


I=I],+h+-:: 
for N sources. Then we have the average power 
pala 
2 


where |I| = Jin. 


-+ Iy 


(11.7-6) 


EXAMPLE 11.7-1 Power Superposition 


The circuit in Figure 11.7-2 contains two sinusoidal sources. To illustrate power superposition, consider two cases: 


(1) va(t) = 12cos3tV and 
(2) va(t) = 12 cos 4t V 


vp(t) = 4 cos 4t V 


and vp(t) = 4 cos 4t V 


Find the average power absorbed by the 6-Q resistor. 


Solution 


The application of the principle of superposition is illustrated in Figure 11.7-2b, where i, is the response to the 
voltage source A acting alone, and the response /, is the response to the voltage source B acting alone. The total 


i(t) 


=y 
6Q 2 
valt) = 12 cos œt V E) Up(t) = 4 cos wot V 
(a) 
i(t) in(t) 
oO 2H 6Q 2H 
(b) 
1,(o) Io(@) 
6Q J20, 6Q j2@2 


FIGURE 11.7-2 (a) A circuit with two 
sinusoidal sources. (b) Using superposition to 
find the response to each source separately. 
(c) Representing the circuits from (b) in the 
frequency domain. 
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response is i = 7, + i». In Figure 11.7-2c, the circuits from Figure 11.7-2b are represented in the frequency domain, 
using impedances and phasors. 

Now consider the two cases. 

Case 1: Analysis of the circuits in Figure 11.7-2c gives 

I\(@m) = 1.4147—45° A and L(w)=04/127 A 
These phasors correspond to different frequencies and cannot be added. The corresponding time-domain currents are 
i(t) = 1.414 cos (3t — 45°)A and i(t) = 0.4 cos (4t — 143°) A 
Using superposition, we find that the total current in the resistor is 
i(t) = 1.414 cos (3t — 45°) + 0.4 cos (4t + 127°) A 

The average power could be calculated as 


IE 


Because the two sinusoidal sources have different frequencies, the average power can be calculated more easily 
using power superposition: 


R oe R i o 0\\2 
P=—]| i°-dt==]| (1.414 cos (3t — 45°) + 0.4 cos (4t + 127°) ) dt 
0 0 


1.414, 0.4 
P = Pi + P2 = 5 6+ 7 6 = 6.48 W 
Notice that both superposition and power superposition were used in this case. First, superposition was used to 
calculate I,(@) and I,(m). Next, P; was calculated using I; (œ), and Pz was calculated using I(œw). Finally, power 
superposition was used to calculate P from P, and P2. 


Case 2: Analysis of the circuits in Figure 11.7-2c gives 
I\(@m) = 1.27-53° A and L(w)=04/127 A 


Both of these phasors correspond to the same frequency, œ = 4 rad/s. Therefore, these phasors can be added to 
obtain the phasor corresponding to i(f). 


KO) = 1, (@) + Lo) = (1.2 /—53°) + (0.4 /127°) = 0.8 /-53° A 
The sinusoidal current corresponding to this phasor is 
i(t) = 0.8 cos (4t — 53°) A 
The average power absorbed by the resistor is 


P= oe 6 = 1.92 W 
Alternately, the time-domain currents corresponding to I,(@) and (œ) are 
i(t) = 1.2 cos (4t — 53°)A and in(t)=0.4 cos (4t + 127°) A 
Using superposition, we find that the total current in the resistor is 
i(t) = 1.2 cos (4t — 53°) + 0.4 cos (4t + 127°) = 0.8 cos (4t — 53°) A 
So P = 1.92 W, as before. 
Power superposition cannot be used in this case because the two sinusoidal sources have the same frequency. 


EXERCISE 11.7-1 Determine the average power absorbed by the resistor in Figure 11.7-2a for 
these two cases: 


(a) va(t) = 12 cos 3t V and vp(t) = 4 cos 3t V; 
(b) va(t) = 12 cos 4t V and vg(t) = 4 cos 3t V 


Answers: (a) 2.66 W (b) 4.99 W 
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11.8 The Maximum Power Transfer Theorem 


In Chapter 5, we proved that for a resistive network, maximum power is transferred from a source to a load 

when the load resistance is set equal to the Thévenin resistance of the Thévenin equivalent source. Now let 

us consider a circuit represented by a Thévenin equivalent circuit for a sinusoidal steady-state circuit, as 

shown in Figure 11.8-1, when the load is Z. 
We then have 


Zt = R + JX: 


and Zy = Ri + jX1 


FIGURE 11.8-1 The Thévenin 


The average power delivered to the load is equivalent circuit with a load 


2 impedance. 


The phasor current I is given by 


I= Vv V: 
Zet ZL (R +jX:) + (Ri +jXL) 


where we may select the values of R, and X}. The average power delivered to the load is 


pahia [Vi R/2 
=> — 2 
2 (RHR + (% +X) 
and we wish to maximize P. The term (X; + Xy can be eliminated by setting X, = —X;. We have 
[VR 
2(Re + RL)? 


The value of R, that maximizes P is determined by taking the derivative dP/dR, and setting it 
equal to zero. Then we find that dP/dR, = 0 when Ry, = R. 
Consequently, we have 


ZL=R — JX 


Thus, the maximum power transfer from a circuit with a Thévenin equivalent circuit with an 
impedance Z, is obtained when Z, is set equal to Z , the complex conjugate of Z+. 


Try it 
yourself ( EXAMPLE 11.8-1 Maximum Power Transfer ) 
in WileyPLUS 


Find the load impedance that transfers maximum power to the load and determine 
the maximum power delivered to the load for the circuit shown in Figure 11.8-2. 


Solution 
We select the load impedance Z; to be the complex conjugate of Z, so that 


FIGURE 11.8-2 Circuit for 
Example 11.8-1. Impedances 


T= Zz 25 +j6Q in ohms. 
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Then the maximum power transferred can be obtained by noting that 


10 /0° 
= ——— =1/0°A 
5+5 
Therefore, the average power transferred to the load is 
Pec), 
P = &R, =-—5=2.5W 
g 


EXERCISE 11.8-1 For the circuit of Figure 11.8-1, find Z, to obtain the maximum power 
transferred when the Thévenin equivalent circuit has V; = 100 œv and Z, = 10+ j14 Q. Also, 
determine the maximum power transferred to the load. 


Answer: Zi, = 10 — j14 Q and P = 125 W 


EXERCISE 11.8-2 A television receiver uses a cable to connect Antenna Cable TV set 


the antenna to the TV, as shown in Figure E 11.8-2, with v, = 4 cos wt 
mV. The TV station is received at 52 MHz. Determine the average 
power delivered to each TV set if (a) the load impedance is Z = 300 Q; 
(b) two identical TV sets are connected in parallel with Z = 300 Q for 
each set; (c) two identical sets are connected in parallel and Z is to be 
selected so that maximum power is delivered at each set. 


Answers: (a) 9.6 nW (b) 4.9 nW (c) 5 nW 


V 


FIGURE E 11.8-2 


11.9 Coupled Inductors 


The concept of self-inductance was introduced in Chapter 7. We commonly use the term inductance for 
self-inductance, and we are familiar with circuits that have inductors. In this section, we consider 
coupled inductors, which are useful in circuits with sinusoidal steady-state (ac) voltages and currents 
and are also widely used in electronic circuits. 


Coupled inductors, or coupled coils, are magnetic devices that consist of two or more 
multiturn coils wound on a common core. 


Figure 11.9-1a shows two coils of wire wrapped around a magnetic core. These coils are said to 
be magnetically coupled. A voltage applied to one coil, as shown in Figure 11.9-1a, causes a voltage 
across the second coil. Here’s why. The input voltage v(t) causes a current 7,(f) in coil 1. The current 
and voltage are related by 


yp = L (11.9-1) 


where L; is the self-inductance of coil 1. The current i; (f) causes a flux in the magnetic core. This flux is 
related to the current by 


= cNi (11.9-2) 


Impedance of 
one TV set 
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FIGURE 11.9-1 Two magnetically coupled coils mounted on a magnetic material. The flux ¢ is contained 
within the magnetic core. 


where c; is a constant that depends on the magnetic properties and geometry of the core, and N; is the 
number of turns in coil 1. The number of turns in a coil indicates the number of times the wire is 
wrapped around the core. The flux ¢ is contained within the magnetic core. The core has a cross- 
sectional area A. The voltage across the coil | is related to the flux by 


do d : > di 
= Ni — = Ni — (aN) = ca Ni — 11.9-3 
vi 1 dt Tr (e 1i1) CyNy dt ( ) 
Comparing Eqs. 11.9-1 and 11.9-3 shows that 
Liane (11.9-4) 


A voltage vz at the terminals of the second coil is induced by h, which flows through the 


AJ second coil. This voltage is related to the flux by 
Ao do di diy 
volt) v= Ns NN g M r (11.9-5) 


where cy is a constant that depends on the magnetic properties and geometry of the core, N2 is 
the number of turns in the second coil, and M = cy,N,N> is a positive number called the 
mutual inductance. The unit of mutual inductance is the henry, H. 

The polarity of the voltage v2, compared to the polarity of vı, depends on the way in which 


around the core. A dot convention is used to indicate the way the coils have been wrapped on the 
coil. Notice that one end of each coil is marked with a dot. When the reference direction of the 
current of one coil enters the dotted end of that coil, the reference polarity of the induced voltage 


AO in(t) 
0 — M — © the coils are wrapped on the core. There are two distinct cases, and they are shown in Figures 
11.9-1a,b. The difference between these two figures is the direction in which coil 2 is wrapped 
v(t) Lı Lə v(t) 
(b) 


FIGURE 11.9-2 Circuit 
symbol for coupled 
inductors. In (a), both coil 
currents enter the dotted 
ends of the coils. In (b), 
one coil current enters the 


is positive at the dotted end of the other coil. For example, in Figures 11.9-1a, b, the reference 
direction of the current i, enters the dotted end of the left coil. Consequently, in Figures 11.9-1a, 
b, the + sign of the reference polarity of vz is located at the dotted end of the right coil. 

The circuit symbol that is used to represent coupled inductors is shown in Figure 11.9-2 
with the dots shown and the mutual inductance identified as M. Two cases are shown in 
Figure 11.9-2. In Figure 11.9-2a, both coil currents enter the dotted ends of the coils. In Figure 


dotted end of the coil, but 1 1-9-2b, one current, i, enters the dotted end of a coil, but the other current, i2, enters the 
the other coil current undotted end on the coil. In both cases, the reference directions of the voltage and current of 
enters the undotted end. each coil adhere to the passive convention. 
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Suppose both coil currents enter the dotted ends of the coils, as in Figure 11.9-1a, or both coil 
currents enter the undotted ends of the coils. The voltage across the first coil, v,, is related to the coil 
currents by 


ye) — eu (11.9-6) 


Similarly, the voltage across the second coil is related to the coil currents by 


diy di 
y= Dp e (11.9-7) 


In contrast, suppose one coil current enters the dotted end of a coil while the other coil current 
enters the undotted end of a coil, as in Figure 11.9-2b. The voltage across the first coil, vı, is related to 
the coil currents by 


ieee by (11.9-8) 


v = Lp — — M — (11.9-9) 


Thus, the mutual inductance can be seen to induce a voltage in a coil due to the current in the other coil. 

Coupled inductors can be modeled using inductors (without coupling) and dependent sources. 
Figure 11.9-3 shows an equivalent circuit for coupled inductors. 

The use of coupled inductors is usually limited to non-dc applications because coils behave as 
short circuits for a steady current. 

Suppose that coupled inductors are part of a linear circuit with a sinusoidal input and that the 
circuit is at steady state. Such a circuit can be analyzed in the frequency domain, using phasors. The 
coupled inductors shown in Figure 11.9-2a are represented by the phasor equations 


Vi = jøLilı +joM h (11.9-10) 
and 


V = jøkl:l + jæM I, (11.9-11) 


In contrast, the coupled inductors shown in Figure 11.9-2b are represented by the phasor equations 


V, = jøLilı —joM h (11.9-12) 
and 
V2 = jal, — jæM Iı (11.9-13) 
i(t) in(t) i(t) Lı 
M 
+ ° e 4 
+> 
v(t) L, Lo v(t) v 
(a) (b) 


FIGURE 11.9-3 (a) Coupled inductors and (b) an equivalent circuit. 
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The inductances L; and Lz and mutual inductance M each depend on the magnetic properties and 
geometry of the core and the number of turns in the coils. Referring to Eqs. 11.9-4 and 11.9-5, we can 
write 


cMNiN2\? M? 
k a 
where the constant k = cy/,/C1C2 is called the coupling coefficient. Because the coupling coefficient 


depends on cj, cz, and cy, it depends on the magnetic properties and geometry of the core. Solving Eq. 
11.9-14 for the coupling coefficient gives 


Ly Ly = (aM?) (e2N3) = c1e2(N1N2)? = ( (11.9-14) 


= (11.9-15) 
Lily 
The instantaneous power absorbed by coupled inductors is 
p(t) = vi(t)ir(t) + v(t) (t) 
d. d. d. d. l 
= (1, qi) £ MSat) i(t) + (1 geO + TO i(t) (11.9-16) 


d d d 
Lii (t)—i (t) +M — (i (t)i (t Liz (t) — i2 (t 
1i(t) Si) ME (Ohl) + Lilt) Eil) 
where —M is used if one current enters the undotted end of a coil while the other current enters the 
dotted end; otherwise, +M is used. The energy stored in the coupled inductors is calculated by 
integrating the power absorbed by the coupled inductors. The energy stored in coupled inductors is 


i 1 1 
w(t) =| p(t)dt = shi + 5lri} + Mii (11.9-17) 


where, again, —M is used if one current enters the undotted end of a coil while the other current enters 
the dotted end; otherwise, +M is used. We can use this equation to find how large a value M can attain in 
terms of L; and L2. Because coupled inductors are a passive element, the energy stored must be greater 
than or equal to zero. The limiting quantity for M is obtained when w = 0 in Eq. 11.9-17. Then we have 


1 1 
zlii +5li} -Mi bn =0 (11.9-18) 


as the limiting condition for the case in which one current enters the dotted terminal and the other 
current leaves the dotted terminal. Now add and subtract the term i,i2 = V LiL in the equation to 
generate a term that is a perfect square as follows: 


2 
[Éi . IL. sa 
( zi — Ba) + ii (vLiLz —M) = 0 


The perfect square term can be positive or zero. Therefore, to have w > 0, we require that 


Jilly > (11.9-19) 


Thus, the maximum value of M is /L,Ly. 

Therefore, the coupling coefficient of passive coupled inductors can be no larger than 1. In 
addition, the coupling coefficient cannot be negative because L4, L2, and M are all nonnegative. When 
k = 0, no coupling exists. Therefore, the coupling coefficient must satisfy 

O0<k<1 (11.9-20) 


Most power system transformers have a k that approaches 1, whereas k is low for radio circuits. 
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i(t) in(t) 
— M — 
+ 8h ae > fe + joM 
Circuit 1 Circuit 2 + 
(source) vi) Lı Le valt) (load) 
Primary Secondary 
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FIGURE 11.9-4 (a) Coupled inductors used as a transformer to couple two circuits magnetically and (b) a transformer used to couple 
a voltage source magnetically to an impedance. 


Figure 11.9-4a shows coupled inductors used as a transformer to connect a source to a load. The 
coil connected to the source is called the primary coil, and the coil connected to the load is called the 
secondary coil. Circuit 2 is connected to circuit | through the magnetic coupling of the transformer, but 
there is no electrical connection between these two circuits. For example, there is no path for current to 
flow from circuit | to circuit 2. In addition, no circuit element is connected between a node of circuit 1 
and a node of circuit 2. 

Figure 11.9-4b shows a specific example of the situation shown in Figure 11.9-4a. The source is a 
single sinusoidal voltage source, and the load is a single impedance. The circuit has been represented in 
the frequency domain, using phasors and impedances. The circuit in Figure 11.9-4b can be analyzed by 
writing mesh equations. The two mesh equations are 


jæLiılı — jæM I, = Vi 
—joM I, + (jøl + Z2)b = 0 


Solving for I, in terms of V;, we have 
ja M 
(Gio)? (LiL, — M?) + (jo LiZs)) 


When the coupling coefficient of the coupled inductors is unity, then M = y LiL and Eq. 11.9-21 
reduces to 


L = Vv; (11.9-21) 


iwy LiL VL 
ye |e ly ee V2 vy (11.9-22) 
@ Li Zo Jol, Zy Z2 VL 


The voltage across the impedance is given by 


L 
V = Db = FA (11.9-23) 
1 


The ratio of the inductances is related to the magnetic properties and geometry of the core and the 
number of turns in the coils. Referring to Eq. 11.9-4, we can write 
Lz T CoN 


Ly 7 aN? 


When both coils are wound symmetrically on the same core, then cı = cp. In this case, 
~~ 2_y 11.9-24 
L Ny l ) 
where n is called the turns ratio of the transformer. Combining Eqs. 11.9-23 and 11.9-24 gives 
V2 = nV, (11.9-25) 


where V; is the voltage across the primary coil, V3 is the voltage across the secondary coil, and n is the 
turns ratio. 
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Try it 
yourself | EXAMPLE 11.9-1 Coupled Inductors @® INTERACTIVE EXAMPLE 
in WileyPLUS 


Find the voltage v2(f) in the circuit as shown in Figure 11.9-5a. 


i (t) i(t) 


8Q 


5 cos (4t + 45°) V 


Primary Secondary Primary Secondary 
(a) (b) 


FIGURE 11.9-5 A circuit in which coupled inductors are used as a transformer. The circuit is represented (a) in the time domain and 
(b) in the frequency domain, using phasors and impedances. 


Solution 

First, represent the circuit in the frequency domain, using phasors and impedances, as shown in Figure 
11.9-5b. Notice that the coil currents I; and I, both enter the dotted end of the coils. Express the coil voltages as 
functions of the coil currents, using the equations that describe the coupled inductors, Eqs. 
11.9-10 and 11.9-11. 


V, =/s161,+/8L 
V2 =j8 4+ j12h 


Next, write two mesh equations 
5/45°=81,4+ Vi 
and 
V= -12 
Substituting the equations for the coil voltages into the mesh equations gives 
5 /45° = 8 lı + (j16 I +58 I2) = (8+ j16)L +78 L 

and 

JSL +j12 bL = -12 i 
Solving for I, gives 

L = 0.138 /—141° A 

Next, V> is given by 


V = —12 L = 1.656 739° V 


Returning to the time domain, 


v2(t) = 1.656 cos (4t + 39°) V 
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Try it 
yourse | EXAMPLE 11.9-2 Coupled Inductors @ INTERACTIVE EXAMPLE 
in WileyPLUS 


The input to the circuit shown in Figure 11.9-6a is the voltage of the voltage source, 


vs(t) = 5.94 cos (3t + 140°) V 


The output is the voltage across the right-hand coil, v(t). Determine the output voltage v(t). 


5Q jl2Q 
e 


+ 


o(@) 


(b) 


FIGURE 11.9-6 The circuit considered in Example 11.9-2 represented (a) in the time domain and (b) in the frequency domain. 


Solution 
The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input 
voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.9-6a can be represented in 
the frequency domain, using phasors and impedances. Figure 11.9-6b shows the frequency-domain representation 
of the circuit from Figure 11.9-6a. 

The phasor corresponding to the input sinusoids is 


V;(w) = 5.94 /140° V 


The circuit in Figure 11.9-6b consists of a single mesh. Notice that the mesh current I(œw) enters the undotted ends of 
both coils. Apply KVL to the mesh to get 


5 IŒ) + (j12 I) + j6 I(@)) + (6 (œ) + j15 I(o)) — 5.94 /140° = 0 
5 1(w) + (j12 + j6 + j6 + j15)I(w) — 5.94 /140° = 0 


Solving for I(@) gives 


5.94 / 140° _ 5.947140" _ 5.94 /140° 


= = = = (N.S ZS A 
5+j(12+6+6+ 15) IH 39.3 /83° 


I(o) 


Notice that the voltage V,(q) across the right-hand coil and the mesh current I(q) adhere to the passive convention. 
The voltage across the right-hand coil is given by 


V.(o) = j15 (œ) +6 I(@) = j21 I(œ) = j21(0.151 /57°) 
= (21 £90°)(0.151 £57°) 
= 3.17/47 V 


In the time domain, the output voltage is given by 


Vo(t) = 3.17 cos (3t + 147°) V 
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Try it 
yourself | EXAMPLE 11.9-3 Coupled Inductors @ INTERACTIVE EXAMPLE 
in WileyPLUS 


The input to the circuit shown in Figure 11.9-7a is the voltage of the voltage source, 


v(t) = 5.94 cos (3t + 140°) V 


The output is the voltage across the right-hand coil, v(t). Determine the output voltage v,(?). 


5Q jl2Q 
e 


FIGURE 11.9-7 The circuit considered in Example 11.9-3, represented (a) in the time domain and (b) in the frequency domain. 


Solution 
The circuit shown in Figure 11.9-7b is very similar to the circuit shown in Figure 11.9-6a. There is only one difference: 
the dot of the left-hand coil is located at the right of the coil in Figure 11.9-6a and at the left of the coil in Figure 11.9-7a. 
As in Example 11.9-2, our first step is to represent the circuit in the frequency domain, using phasors and impedances. 
Figure 11.9-7b shows the frequency-domain representation of the circuit from Figure 11.9-7a. 

The phasor corresponding to the input sinusoids is 


V;(w) = 5.94 /140° V 


The circuit in Figure 11.9-7 consists of a single mesh. Notice that the mesh current I(@) enters the dotted end of the 
left-hand coil and the undotted end of the right-hand coil. Apply KVL to the mesh to get 


5 (w) + (j12 Iw) — j6 I(@)) + (—j6 Im) + j15 I(w)) — 5.94 /140° = 0 
5 Iœ) + (j12 — j6 — j6 + j15) Ilw) — 5.94 /140° = 0 


Solving for I(@) gives 


.94/140° .94/ 140° 5.94/140° 
o ee _ 594/140" _ 594/140 a A 
S+j2—-6—-6+15) E a T 15.8/71.6 


I(o) 


Notice that the voltage V,(@) across the right-hand coil and the mesh current I(q@) adhere to the passive convention. 
The voltage across the right-hand coil is given by 


V,(@) = j15 1(w) — j6 I(@) = j9 I(@) = j9(0.376/68.4°) 
(9 /90°) (0.376 /68.4°) 
3.38/158.4° V 


In the time domain, the output voltage is given by 


Vo(t) = 3.38 cos (3t + 158.4°) V 
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fic 
sae EXERCISE 11.9-1 Determine the voltage və for the circuit of 


in WileyPLUS Figure E 11.9-1. 


Hint: Write a single mesh equation. The currents in the two coils are 
equal to each other and equal to the mesh current. 


Answer: v, = 14 cos 4t V 
FIGURE E 11.9-1 


EXERCISE 11.9-2 Determine the voltage v, for the circuit of 
Figure E 11.9-2. 


Hint: This exercise is the same as Exercise 11.9-1, except for the 
position of the dot on the vertical coil. 


Answer: va = 18 cos 4t V 


FIGURE E 11.9-2 


EXERCISE 11.9-3 Determine the current i, for the circuit of Figure 
E 11.9-3. 


Hint: The voltage across the vertical coil is zero because of the short circuit. 
The voltage across the horizontal coil induces a current in the vertical coil. 
Consequently, the current in the vertical coil is not zero. 


Answer: i, = 1.909 cos (4t — 90°) A FIGURE E 11.9-3 


EXERCISE 11.9-4 Determine the current i, for the circuit of Figure 
E 11.9-4. 


Hint: This exercise is the same as Exercise 11.9-3, except for the 
position of the dot on the vertical coil. 


Answer: i, = 0.818 cos (4t — 90°) A FIGURE E 11.9-4 


11.10 The Ideal Transformer 


One major use of transformers is in ac power distribution. Transformers possess the ability to step up or 
step down ac voltages or currents. Transformers are used by power utilities to raise (step up) the voltage 
from 10 kV at a generating plant to 200 kV or higher for transmission over long distances. Then, at a 
receiving plant, transformers are used to reduce (step down) the voltage to 220 or 110 V for use by the 
customer (Coltman, 1988). 

In addition to power systems, transformers are commonly used in electronic and communica- 
tion circuits. They provide the ability to raise or reduce voltages and to isolate one circuit from 
another. 

One of the coils, typically drawn on the left of the diagram of a transformer, is designated as the 
primary coil, and the other is called the secondary coil or winding. The primary coil is connected to the 
energy source, and the secondary coil is connected to the load. 
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I, 
=N]; : No— N; : No— 
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v(t) v(t) V2 
o Ideal O Ideal o 
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FIGURE 11.10-1 Circuit symbol for an ideal transformer. The ideal transformer has the same representation in (a) the 
time domain and (b) the frequency domain. 


An ideal transformer is a model of a transformer with a coupling coefficient equal to unity. 


The symbol for the ideal transformer is shown in Figure 11.10-1, where N; and N; are the number of 
turns in the primary and secondary coils. The time-domain representation of the transformer is shown in 
Figure 11.10-1a. In the time domain, the two defining equations for an ideal transformer are 


nlf) =e rile (11.10-1) 
and ee SO (11.10-2) 


where N2/N, = nis called the turns ratio of the transformer. The use of transformers is usually limited 
to non-de applications because the primary and secondary windings behave as short circuits for a steady 
current. 

The frequency-domain representation of the transformer is shown in Figure 11.10-1b. The 
operation of the ideal transformer is the same in the time domain as in the frequency domain. In the 
frequency domain, the two defining equations for an ideal transformer are 


Vey 11.10-3 
oT Nao ( ) 
N2 
and lp 11.10-4 
i Ne ( ) 


The vertical bars in Figure 11.10-1 indicate the iron core, and we write ideal with the transformer to 
ensure recognition of the ideal case. An ideal transformer can be modeled using dependent sources, as 
shown in Figure 11.10-2. 


L NN = 
+ + + . + 
vi) volt) við) Ne volt) 
1 2 1 NW, in(t) Ny v(t) 2 
Ideal o 
(a) (b) 


FIGURE 11.10-2 (a) Ideal transformer and (b) an equivalent circuit. 
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Ny: No 
Circuit 1 Circuit 2 
(source) (load) 
Ideal Primary Secondary 
Primary Secondary FIGURE 11.10-4 An ideal transformer used to couple an 
FIGURE 11.10-3 An ideal transformer used to couple two circuits impedance magnetically to a sinusoidal voltage source. This circuit 
magnetically. is represented in the frequency domain, using impedances and 


phasors. 


Notice that the voltage and current of both coils of the transformer in Figure 11.10-1 adhere to 
the passive convention. The instantaneous power absorbed by the ideal transformer is 


p(t) = vi (Di lt) + v2(t)i2(t) = vi(t)(—ni2(t)) + (nvi(t))ia(t) = 0 (11.10-5) 


The ideal transformer is said to be lossless because instantaneous power absorbed by it is zero. 
A similar argument shows that the ideal transformer absorbs zero complex power, zero 
average power, and zero reactive power. 


Figure 11.10-3 shows an ideal transformer that is used to connect a source to a load. The coil 
connected to the source is called the primary coil, and the coil connected to the load is called the 
secondary coil. Circuit 2 is connected to circuit 1 through the magnetic coupling of the transformer, but 
there is no electrical connection between these two circuits. Because the ideal transformer is lossless, all 
of the power delivered to the ideal transformer by circuit 1 is in turn delivered to circuit 2 by the ideal 
transformer. 

Let us consider the circuit of Figure 11.10-4, which has a load impedance Z magnetically 
coupled to a voltage source, using an ideal transformer. 

The input impedance of the circuit connected to the voltage source is 


a 
Z, is called the impedance, seen at the primary of the transformer, or the impedance, seen by the 


voltage source. 
Using Eqs. 11.10-3 and 11.10-4, we can express Z; as 


ne Vo _ Be 
-2h Nj) b 


Z, 


Z= 


The current and voltage of the load impedance, V> and Ip, do not adhere to the passive 
convention, so 


Therefore, for Z4, we have 


The source experiences the impedance Z,, which is equal to Z, scaled by the factor (N ,/N ay We 
sometimes say that Z; is the impedance Zp reflected to the primary of the transformer. 
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Ko) 


Circuit 1 


FIGURE 11.10-5 The circuit shown in (b) is equivalent to the circuit shown in (a). 


Suppose we are going to connect a load impedance to a source. If we connect the load 
impedance directly to the source, then the source sees the load impedance Z». In contrast, if we 
connect the load impedance to the source, using an ideal transformer, the source sees the impedance 
Z,. In this context, we say that the transformer has changed the impedance seen by the source from 
Zə to Z). 

We can formalize this result as the circuit equivalence illustrated in Figure 11.10-5. 
Figure 11.10-5a shows circuit 1 connected to the left-hand coil of an ideal transformer. An 
impedance, Z(q), is connected in parallel with the right-hand coil of the ideal transformer. In 
Figure 11.10-5b, the ideal transformer and impedance have been replaced by a single equivalent 
impedance, Z.q(w). The equivalent impedance is related to the original impedance by 


The two circuits in Figure 11.10-5 are equivalent. All the currents and voltages of circuit 1, including 
I(œw) and V(q@), are the same in Figure 11.10-5b as they are in Figure 11.10-5a. We can determine 
the values of I(œw) and V(q) in Figure 11.10-5a by calculating values of I(œw) and V(@) in Figure 
11.10-5b. 


( EXAMPLE 11.10-1 Maximum Power Transfer ) 


Often, we can use an ideal transformer to represent a transformer that connects the output of a stereo amplifier V, to 
a stereo speaker, as shown in Figure 11.10-6. Find the value of the turns ratio n that is required to cause maximum 
power to be transferred to the load when R, = 8 Q and R, = 48 Q. 


Solution 


R, 
FIGURE 11.10-6 Output of an amplifier connected 
Ideal to a stereo speaker with resistance Rz. 


The impedance seen at the primary due to Ry is 
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To achieve maximum power transfer, we require that 


Ly =R 
Because R, = 48 Q, we require that Z; = 48 Q, so 
8 1 
Bion —— 
"48 6 
and, therefore, 
No\? 1 
Ni) 6 
or Ni = VON) 


Try it . . 
yourself ( ExamĪmPLE 11.10-2 Transformer Circuit |C MENUEN 


in WileyPLUS 


The input to the circuit shown in Figure 11.10-7 is the voltage of the voltage source v,(t). The output is the voltage 
across the 9-H inductor, v(t). Determine the output voltage v,(¢). 


Solution 

The input voltage is a sinusoid. The output voltage is also a sinusoid and has the same frequency as the input 
voltage. Apparently, the circuit is at steady state. Consequently, the circuit in Figure 11.10-7 can be represented in 
the frequency domain, using phasors and impedances. Figure 11.10-8 shows the frequency-domain representation 
of the circuit from Figure 11.10-7. 

In Figure 11.10-8, the impedance of the inductor is connected in series with the impedance of the 30-0 
resistor. This series impedance is connected in parallel with the right-hand coil of the transformer. Replace the 
transformer and the series impedance with the equivalent impedance, as shown in Figure 11.10-9. The equivalent 
impedance is given by 


3 2 
Leg = (5) (30 + j36) = 67.5 + j81 Q 


FIGURE 11.10-8 The circuit from Figure 11.10-7, represented 
in the frequency domain, using impedances and phasors. 


FIGURE 11.10-9 The circuit from Figure 11.10-8, after 
replacing the transformer and the impedance of the series 
resistor and inductor with the equivalent impedance. 
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I(@) = 0.682 /-21° A 


FIGURE 11.10-10 The circuit from Figure 11.10-9 
after determining the current I(@). 


In Figure 11.10-9, the impedance of the 8-( resistor is connected in series with the equivalent impedance 
Z-q(@). The current I(@) is the current in this series impedance, and V (œ) is the voltage across the series 
impedance. Applying Ohm’s law gives 


; 5.5/26° 5.5/26° 
va ORS a = 0.682 AREN (11.10-6) 
8+ Zalo) 8+67.5+j81 110.73 /47° 


Because the circuits in Figures 11.10-8 and 11.10-9 are equivalent, the current I(œ) in Figure 11.10-10 is also 
given by Eq. 11.10-6. Figure 11.10-10 shows the circuit from Figure 11.10-8 redrawn with the current I(@) labeled. 
Also, the current in the right-hand coil of the transformer has been labeled as I,(@). Because I(@) and (œ) 
are the currents in the coils of the ideal transformer, they are related by the equations describing the transformer: 


2 


Notice that I,(@) and V,(@), the current and voltage of the j36-Q impedance in Figure 11.10-10, do not adhere to 
the passive convention. Consequently, 


V.(@) = —j36 L(w) = (736)(1.023 /—21°) = (36 /90°) (1.023 /—21°) = 36.82 /69° V 
In the time domain, the output voltage is given by 
Vo(t) = 36.82 cos (4t + 69°) V 


L(o) = -Go = —1.023 /—21° A 


Try it ł . : 
yourself ( ExAMPLE 11.10-3 Complex Power in a Transformer Circuit 
in WileyPLUS 


Determine the value of the power (a) supplied by the voltage source, (b) received by the impedance Zz and 
(c) received by the transformer in the circuit shown in Figure 11.10-11. (The source voltage in Figure 11.10-11 has 
units of V rather than Vrms.) 


l2 
1:5 SS 
e 
+ Z- 
Ya D 125 + j50 Q 
FIGURE 11.10-11 The circuit considered in Example 11.10-3. 
Solution 


(a) Referring to Figure 11.10-5, we can replace the transformer and impedance Z, by an equivalent impedance as 
shown in Figure 11.10-12. The equivalent impedance in Figure 11.10-12 is given by 


Z,=4+/8Q 


(*) 120/ 15° v 


1 2 
Zeg = (5) (125+ j50) =5+j20 
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12020° 
Using KVL and Ohm’s laws I= CESE 5 (5472) = 8.92 /—48° A 


The complex power delivered by the voltage source is given by 


(120 /15°)(8.92 /—48°)* 
2 


= 358 +7398 VA 


FIGURE 11.10-12 The circuit from Figure 11.10-3 after replacing the transformer 
and impedance Z, by an equivalent circuit. 


(b) The current in the impedance Z3 in Figure 11.10-11, using Eq. 11.10-4: 


1 
L= H= 5 (8.92 /—48°) = 1.784 /132° A 


Notice that I, and V, , the current and voltage of Z2, do not adhere to the passive convention. Consequently, the 
complex power received by the impedance Z, is given by 
lle 1.784? 
Z2.= 
2 2 
(c) The voltage V> in Figure 11.10-11 is given 


(125 +750) = —198.9 — j79.56 VA 


V2 = -ZI = —(125 + j50)(1.784 132°) = 240.2 /—26.2° V 


(Once again, the minus sign is needed because I, and V> do not adhere to the passive convention.) Using 


Eq. 11.10-3, we calculate 
1 240.2 
Vi = 5 Wo = 5 /—26.2° = 48.0 /—26.2° V 


Finally, the complex power delivered to the transformer is: 


Vili* | Voln* _ (48.0 /—26.2°)(8.92 /—48°)* | (240.2 /—26.2°) (1.784 /132°)* 
San 2 

= (214 /21.8°) + (214 /-158.2°) 

=0VA 


EXERCISE 11.10-1 Determine the impedance Z,» for the circuit of Figure E 11.10-1. All the 
transformers are ideal. 


a 1:2 321 1:2 
e 
Figure E 11.10-1 


Answer: Zaw = 4.063Z 
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11.11 How Can We Check ...? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


EXAMPLE 11.11-1 How Can We Check Power 
in AC Circuits? 


The circuit shown in Figure 11.11-1a has been analyzed using a computer, and the results are tabulated in Figure 
11.11-1b. The labels Xp and Xs refer to the primary and secondary coils of the transformer. The passive convention 
is used for all elements, including the voltage sources, which means that 


0)(1.76 
a cos (133° — 0) = —18.00 


is the average power absorbed by the voltage source. The average power supplied by the voltage source is 
+18.00 W. 
How can we check that the computer analysis of this circuit is indeed correct? 


Solution 
Several things can be easily checked. 


(1) The element current and voltage of each inductor should be 90° out of phase with each other so that the 
average power delivered to each inductor is zero. The element current and voltage of both L; and L, satisfy 
this condition. 

(2) An ideal transformer absorbs zero average power. The sum of the average power absorbed by the 
transformer primary and the secondary is 


(5.2) (1.76) 


(7.8)(1.17) 
2, 


(cos (9° — (—47°))) 4 cos (133° — 9°) = 2.56 + (—2.55) ~ 0W 


so this condition is satisfied. 


Ry = MOG) ey Seria © Element Voltage Current 
© 5 2:3 Vin 1 0 3020| 30207 | 1.762 133° 
mil L 2 10 17.6 Z-47°| 1.76 2 -47° 
Vial) = 30 cos 2t V i ea & 17.6 Z 43° | 1.76 2-47° 
xe 2 0 2 5.229° | 1.76247° 
Xs 4 5 3 WSLS || iy 2 13s 
Ideal R2 4 5 12 7829 | 0.6529 
© 12 45 4 7.829° | 0.982-81° 


Steady-state response: w = 2 rad/s 
(a) (b) 
FIGURE 11.11-1 (a) A circuit and (b) the results from computer analysis for the circuit. 
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(3) All of the power delivered to the primary of the transformer is in turn delivered to the load. In this example, 
the load consists of the inductor L, and the resistor R2. Because the average power delivered to the inductor 
is zero, all the power delivered to the transformer primary should be delivered by the secondary to the 
resistor R2. The power delivered to the transformer primary is 


EDUT cog (9° — (—477)) =2.56W 


The power delivered to R is 


ua cos (0) = 2.53 W 


There seems to be some roundoff error in the voltages and currents provided by the computer. Nonetheless, it 
seems reasonable to conclude that all the power delivered to the transformer primary is delivered by the 
secondary to the resistor Ro. 


(4) The average power supplied by the voltage source should be equal to the average power absorbed by the 
resistors. We have already calculated that the average power delivered by the voltage source is 18 W. The 
average power absorbed by the resistors is 


ato ae (7.80.5) $ 


so this condition is satisfied. 


os (0) = 15.49 + (2.53) = 18.02 W 


Because these four conditions are satisfied, we are confident that the computer analysis of the circuit is correct. 


11.12 Design ExamPpPLE Maximum Power Transfer 


The matching network in Figure 11.12-1 is used to interface the source with the load, which means that the 
matching network is used to connect the source to the load in a desirable way. In this case, the purpose of the 
matching network is to transfer as much power as possible to the load. This problem occurs frequently enough that 
it has been given a name, the maximum power transfer problem. 

An important example of the application of maximum power transfer is the connection of a cellular phone or 
wireless radio transmitter to the cell’s antenna. For example, the input impedance of a practical cellular telephone 
antenna is Z = (10 + /6.28) Q. 


Describe the Situation and the Assumptions 
The input voltage is a sinusoidal function of time. The circuit is at steady state. The matching network is to be 
designed to deliver as much power as possible to the load. 


RISO L =a 


v(t) = A cos (wt) 
A=10V 
w= 2x x 10? 


Matching 
network 


Source Load 


FIGURE 11.12-1 Design the matching network to transfer maximum power to the load where the load is 
the model of an antenna of a wireless communication system. 
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Matching i 


network jh. Ideal 
: Load 
oe Matching 
network 
FIGURE 11.12-2 Zin is the impedance seen FIGURE 11.12-3 Using an ideal transformer 
looking into the matching network. as the matching network. 


State the Goal 
To achieve maximum power transfer, the matching network should match the load and source impedances. The 
source impedance is 


Z; = R, + joLs = 1 + j(2- n - 105) (1076) = 1 + 70.628 Q 


For maximum power transfer, the impedance Zin, shown in Figure 11.12-2, must be the complex conjugate of Z. 
That is, 


Zin = Z, = 1 —j 0.628 0 


Generate a Plan 

Let us use a transformer for the matching network as shown in Figure | 1.12-3. The impedance Zin will be a function 
of n, the turns ratio of the transformer. We will set Zi» equal to the complex conjugate of Z, and solve the resulting 
equation to determine the turns ratio, n. 


Act on the Plan 


1 ' 1 f 
1 2 (R+joL) = = (10 + j6.28) 
We require that 
1 
e510 + j6.28) = 1 — j0.628 
n 


This requires both 


lS (11.12-1) 
and l 
72 0-28 = —0.628 (11.12-2) 
Selecting n= 3.16 


(for example, N2 = 158 and N, = 50) satisfies Eq. 11.12-1 but not Eq. 11.12-2. Indeed, no positive value of n will 
satisfy Eq. 11.12-2. 

We need to modify the matching network to make the imaginary part of Zin negative. This can be 
accomplished by adding a capacitor, as shown in Figure 11.12-4. Then, 


1 1 1 l 
i= R+joL j = 10 + j6.2 j 
al ae: ize) = (19 mes are 
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ij 
oC j6.28Q 


l:n 
e e a 
i Vlo) 10O 
Zin Ideal o 


Load 


Matching 
network 


FIGURE 11.12-4 The matching network is modified by adding a capacitor. 


We require that 


This requires both 


1 
= 1 (11.12-3) 
and 
1 1 
6.28 z = — 0.628 (11.12-4) 
n? 2n-10°-C 
First, solving Eq. 11.12-3 gives 
n= 3.16 
Next, solving Eq. 11.12-4 gives 
C= 0.1267 pF 


and the design is complete. 


Verify the Proposed Solution 
When n = 3.16 and C = 0.1267 uF, the input impedance of the matching network is 


Zn — > (r HjJæL } xc) 
ea! 5 (104a 10°) (10) +- l = ) 
3.16 j(2m x 10°) (0.1267 0) 
= 1 —j0.629 


as required. 


11.13 SUMMARY 


© With the adoption of ac power as the generally used conven- © The instantaneous power can be a quite complicated function 


tional power for industry and the home, engineers became 
involved in analyzing ac power relationships. 

The instantaneous power delivered to this circuit element is 
the product of the element voltage and current. Let v(t) and 
i(t) be the element voltage and current, chosen to adhere to 
the passive convention. Then p(t) = v(t) i(t) is the instanta- 
neous power delivered to this circuit element. Instantaneous 
power is calculated in the time domain. 


of t. When the element voltage and current are periodic 
functions having the same period, T, it is convenient to 
to+T 


calculate the average power P = i(t)v(t) dt. 

to 

The effective value of a current is the constant (dc) current 
that delivers the same average power to a 1-Q resistor as the 


given varying current. The effective value of a voltage is the 


550 11. AC Steady-State Power 


Table 11.13-1 Coupled Inductors 


DEVICE SYMBOL (INCLUDING 


REFERENCE DIRECTIONS OF DEVICE EQUATIONS DEVICE EQUATIONS 
ELEMENT VOLTAGES AND IN THE TIME IN THE 
CURRENTS) DOMAIN FREQUENCY DOMAIN 
i(t) i(t) =L di, dig Vy =joLl,l; + j@Ml> 
— M — v= lat + PA 
+ "lL a J + 
di di V =joLolo+ joMl 
vid Dacis vo(t) v= Le +M ie te 
i(t) in(t) 
— M — diy diz V, =joL,l,-joMl 
A z 9 v= J i 1 7JØ@L1l -J 2 
t t ; 
o a = foe Be gg tt V2 = joLglz - jøMlı 
E = Be dt dt 


constant (dc) voltage that delivers the same average power as 
the given varying voltage. 

Consider a linear circuit with a sinusoidal input that has 
reached steady state. All the element voltages and currents 
will be sinusoidal, with the same frequency as the input. Such 
a circuit can be analyzed in the frequency domain, using 
phasors and impedances. Indeed, we can calculate the power 
generated or absorbed in a circuit or in any element of a 
circuit, in the frequency domain, using phasors. Table 11.5.1 
summarizes the equations used to calculate average power, 
complex power, or reactive power in the frequency domain. 


© Because itis important to keep the current Zas small as possible 


in the transmission lines, engineers strive to achieve a power 
factor close to 1. The power factor is equal to cos 0, where 0 is 
the phase angle difference between the sinusoidal steady-state 
load voltage and current. A purely reactive impedance in 
parallel with the load is used to correct the power factor. 
Finally, we considered the coupled coils and transformers. 
Coupled inductors and transformers exhibit mutual inductance, 
which relates the voltage in one coil to the change in current in 
another coil. The equations that describe coupled coils and 
transformers are collected in Tables 11.13-1 and 11.13-2. 


Table 11.13-2 Ideal Transformers 


DEVICE SYMBOL 


(INCLUDING REFERENCE 


DIRECTIONS OF ELEMENT 


DEVICE EQUATIONS 


VOLTANGES AND IN THE 


CURRENTS) 


ii) 


SN, : No-—— 


+ . 


Ideal 


i, (t) 


2 N Na 


FREQUENCY DOMAIN 


vo(t) 


PROBLEMS 


© Problem available in WileyPLUS at instructor’s discretion. 
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Section 11.3 Instantaneous Power and Average 
Power 


P 11.3-1 @ An RLC circuit is shown in Figure P 11.3-1. 
Find the instantaneous power delivered to the inductor when 
i, = 1 cos œt A and œ = 6283 rad/s. 


s(t) 10mH >=10 uF 


Figure P 11.3-1 


P 11.3-2 Find the average power absorbed by the 0.6-kO, 
resistor and the average power supplied by the current source 
for the circuit of Figure P 11.3-2. 


1.8 KQ 


4V5 cos 104¢ mA 


0.6 kQ 1/24 uF 


Figure P 11.3-2 


P 11.3-3 Use nodal analysis to find the average power 
absorbed by the 20-Q resistor in the circuit of Figure 
P 11.3-3. 


Answer: P = 200 W 


10 9 


Figure P 11.3-3 


P 11.3-4 Nuclear power stations have become very complex 
to operate, as illustrated by the control room of the Kozloduy 
Nuclear Power Plant shown in Figure P 11.3-4a. One control 
circuit has the model shown in Figure P 11.3-4b. Find the 
average power delivered to each element. 


Answer:  Pyource current = — 12.8 W 
Pgo = 6.4 W 
PL=0W 


Pyoltage source = 6.4 W 


1/5 H 


16 cos 20rv È) 


(}) 2V2 cos (201 + 45°) A 


(b) 


Figure P 11.3-4 (a) The control room of the Kozloduy Nuclear 
Power Plant. Image from Wikipedia. Copyright © 2009 Yovko 
Lambrev. Creative Commons Attribution. Some rights reserved. 
(b) A reactor control circuit. 


P 11.3-5 Find the average power delivered to each element for 
the circuit of Figure P 11.3-5. 


5004F 15Q 


109 


È 3/2v, V 


20 cos 100+ A (f) 


Figure P 11.3-5 


P 11.3-6 A student experimenter in the laboratory encounters 
all types of electrical equipment. Some pieces of test equipment 
are battery operated or operate at low voltage so that any hazard 
is minimal. Other types of equipment are isolated from elec- 
trical ground so that there is no problem if a grounded object 
makes contact with the circuit. Some types of test equipment, 
however, are supplied by voltages that can be hazardous or 
have dangerous voltage outputs. The standard power supply 
used in the United States for power and lighting in laboratories 
is the 120, grounded, 60-Hz sinusoidal supply. This supply 
provides power for much of the laboratory equipment, so an 
understanding of its operation is essential in its safe use 
(Bernstein, 1991). 
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Consider the case in which the experimenter has one 
hand on a piece of electrical equipment and the other hand on a 
ground connection, as shown in the circuit diagram of Figure 
P 11.3-6a. 

The hand-to-hand resistance is 200 Q. Shocks with an 
energy of 30 J are hazardous to humans. Consider the model 
shown in Figure P 11.3-6b, which represents the human with R. 
Determine the energy delivered to the human in | s. 


Fault 


Electrical 
ground 


(a) 


j200 R 
load Human 


120 Vins @ 


(b) 


Figure P 11.3-6 Student experimenter touching an electrical 
device. 


P 11.3-7 @ An RLC circuit is shown in Figure P 11.3-7 with 
a voltage source v, = 7 cos 10r V. 


(a) Determine the instantaneous power delivered to the circuit 
by the voltage source. 
(b) Find the instantaneous power delivered to the inductor. 


Answers: 


(a) p = 7.54 + 15.2 cos (20t — 60.3°) W 
(b) p = 28.3 cos (20t — 30.6°) W 


0.3 H 


50 mF 


ve) È) 


Figure P 11.3-7 


P 11.3-8 


(a) Find the average power delivered by the source to the 
circuit shown in Figure P 11.3-8. 
(b) Find the power absorbed by resistor Rj. 


Answers: (a)30W_ (b) 20 W 


R,=19 


10 1H 


10 cos rv È) 


Figure P 11.3-8 


Section 11.4 Effective Value of a Periodic Waveform 


P 11.4-1 Find the rms value of the current i for (a) i = 2 — 4 
cos 2t A, (b) i=3sinat+ J/2cosmtA, and (c)i = 2 cos 
2t + 4/2 cos (2t + 45°) + 12 sin 2t A. 


Answers: (a) 2V3 (b) 2.35 A (© 5V2 A 
P 11.4-2 Determine the rms value for each of the waveforms 


shown in Figure P 11.4-2. 
Answers: (a)4.10 V(b) 4.81 V (c) 4.10 


v (V) 
JULI 
2 
_—_— l 
2 5 7. 1046) 
(a) 

v (V) 
AUL 
2 

E oe 
2 5 7 10 «(s) 
(b) 

v (V) 
LILIL 
2 

poy I I 
3 5 8 10 ds) 
(c) 


Figure P 11.4-2 


P 11.4-3 Determine the rms value for each of the waveforms 
shown in Figure P 11.4-3. 


Answers: (a) 4.16 V (b) 4.16 V (c) 4.16 


v (V) 


Figure P 11.4-3 


P 11.4-4 Find the rms value for each of the waveforms of 
Figure P 11.4-4. 


Answers: Vims = 1.225 V 
Ims = 5 MA. 


v(t) V 


Sinusoid + 
Constant 


-T/2 (0) T/2 T t 


(a) 


i(t) mA 


Sinusoidal 


15 ¢(us) 


(b) 


Figure P 11.4-4 


Problems 553 


P 11.4-5 Find the rms value of the voltage v(t) shown in 
Figure P 11.4-5. 


Answer: Vims = 4.24 V 
v(t) (V) 


-0.3 -0.2 -0.1 o 


Figure P 11.4-5 


P 11.4-6 Find the effective value of the current waveform 
shown in Figure P 11.4-6. 


Answer: lp = 8.66 


10 


Figure P 11.4-6 


P 11.4-7 Calculate the effective value of the voltage across the 
resistance R of the circuit shown in Figure P 11.4-7 when 
œ = 100 rad/s. 


Hint: Use superposition. 


Answer: Vp = 4.82 V 


Figure P 11.4-7 


Section 11.5 Complex Power 


P 11.5-1 (+) The complex power delivered by the voltage 
source in Figure P 11.5-1 is S = 3.6 + j7.2 V A. Determine the 
values of the resistance R and inductance L. 
Answer: R=4QandL=2H 
U R 
O 


(È) 12 cos 4r v L 


Figure P 11.5-1 
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P 11.5-2 The complex power delivered by the voltage source 
in Figure P 11.5-2 is S = 18 + j9 VA. Determine the values of 
the resistance R and inductance L. 


Answers: R=4Q andL=2H 


i(t) 


—_ 
O 

(È) 12 cos 4v L 
O 


Figure P 11.5-2 


P 11.5-3 © Determine the complex power delivered by the 
voltage source in the circuit shown in Figure P 11.5-3. 


Answer: S = 7.2 + j3.6 VA 


i(t) 4Q 


O 
f 
O 
Figure P 11.5-3 


P 11.5-4 Many engineers are working to develop photovoltaic 
power plants that provide ac power. An example of a photo- 
voltaic system is shown in Figure P 11.5-4a. A model of one 
portion of the energy conversion circuit is shown in Figure 
P 11.5-4b. Find the average, reactive, and complex power 
delivered by the dependent source. 


Answer: S = + j8/9 VA 


neeb 
(a) 
5 mH 19 
5 cos 400r A CÌ) 22 1/800 F O -(1/a)v1 
(b) 


Figure P 11.5-4 (a) An installation of solar panels in rural 
Mongolia. (b) Model of part of the energy conversion circuit. 


P 115-5 @ For the circuit shown in Figure P 11.5-5, 
determine I and the complex power S delivered by the source 
when V = 50/120°V rms. 


Answer: S = 100 + j75 VA 
12 Q 


j20Q 


209 


Figure P 11.5-5 


P 11.5-6 @ For the circuit of Figure P 11.5-6, determine the 
complex power of the R, L, and C elements and show that the 
complex power delivered by the sources is equal to the complex 
power absorbed by the R, L, and C elements. 


50 mF 


Figure P 11.5-6 


P 11.5-7 @ A circuit is shown in Figure P 11.5-7 with an 
unknown impedance Z. However, it is known that v(t) = 100 cos 
(100: + 20°) V and i(t) = 25 cos (100t—10°) A. (a) Find Z. (b) Find 
the power absorbed by the impedance. (c) Determine the type of 
element and its magnitude that should be placed across the 
impedance Z (connected to terminals a—b) so that the voltage 
v(t) and the current entering the parallel elements are in phase. 


Answers: (a) 4 730° Q (b) 1082.5 W (c) 1.25 mF 


Figure P 11.5-7 


P 11.5-8 Find the complex power delivered by the voltage 
source and the power factor seen by the voltage source for the 
circuit of Figure P 11.5-8. 


er, 1Q 


O (3/4) vı 


+ 


10 cos 2r v È) 


1/3 F 


Figure P 11.5-8 


P 11.5-9 (+) The circuit in Figure P 11.5-9 consists of a 
source connected to a load. 


(a) Suppose R = 9 Q and L = 5 H. Determine the average, 
complex, and reactive powers delivered by the source to 
the load. 

(b) Suppose R = 15 Q and L = 3 H. Determine the average, 
complex, and reactive powers delivered by the source to 
the load. 

(c) Suppose the source delivers 8.47 + j14.12 VA to the load. 
Determine the values of the resistance, R, and the induc- 
tance, L. 

(d) Suppose the source delivers 14.12 + j8.47 VA to the load. 
Determine the values of the resistance, R, and the induc- 
tance, L. 


Load 


Source 


Figure P 11.5-9 


P 11.5-10 The circuit in Figure P 11.5-10 consists of a source 
connected to a load. Suppose the amplitude of the source 
voltage is doubled so that v;(f) = 48 cos (3t + 75°) V. How 
will each of the following change? 


(a) The impedance of the load 
(b) The complex power delivered to the load 
(c) The load current 


Load 


Source 


Figure P 11.5-10 


P 11.5-11 The circuit in Figure P 11.5-11 consists of a source 
connected to a load. Suppose the phase angle of the source 
voltage is doubled so that v; (f) = 24 cos (3t + 150°) V. How 
will the following change? 


(a) The impedance of the load 
(b) The complex power delivered to the load 
(c) The load current 


Load 


Source 


Figure P 11.5-11 
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P 11.5-12 The circuit in Figure P 11.5-12 consists of a source 
connected to a load. The complex power delivered by the 
source to the load is S = 6.61 + j1.98 VA. Determine the values 
of R and C. 

R C 


12 cos 2t V 4H 


Source Load 


Figure P 11.5-12 


P 11.5-13 (+) Design the circuit shown in Figure P 11.5-13, 
that is, specify values for R and L so that the complex power 
delivered to the RL circuit is 8 + j6 VA. 


Answer: R = 5.76 Q and L = 2.16 H 
R 


12 cos 2t L 


Figure P 11.5-13 


P 11.5-14 The source voltage in the circuit shown in Figure 
P 11.5-14 is V, = 24 /30° V. Consequently, 


L = 3.13 /25.4° A, h = 1.99/52.9° A and V4 = 8.88 
/—10.6° V 


Determine (a) the average power absorbed by Z4, (b) the 
average power absorbed by Z,, and (c) the complex power 
delivered by the voltage source. (All phasors are given using 
peak, not rms, values.) 


Z, =5 + j/5Q 


2,=3+j82 Z, 


Figure P 11.5-14 


Section 11.6 Power Factor 


P 11.6-1 © An industrial firm has two electrical loads 
connected in parallel across the power source. Power is sup- 
plied to the firm at 4000 V rms. One load is 30 kW of heating 
use, and the other load is a set of motors that together operate as 
a load at 0.6 lagging power factor and at 150 kVA. Determine 
the total current and the plant power factor. 


Answer: I = 42.5 A rms and pf = 1/ V2 


P 11.6-2 Two electrical loads are connected in parallel to a 
400-V rms, 60-Hz supply. The first load is 12 kVA at 0.7 
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lagging power factor; the second load is 10 kVA at 0.8 lagging 
power factor. Find the average power, the apparent power, and 
the power factor of the two combined loads. 


Answer: Total power factor = 0.75 lagging 


P 11.6-3 @ The source of Figure P 11.6-3 delivers 50 VA 
with a power factor of 0.8 lagging. Find the unknown imped- 
ance Z. 


Answer: Z = 6.39 /26.6° Q 


20/0° v È) 


Figure P 11.6-3 


P 11.6-4 (+) Manned space stations require several continu- 
ously available ac power sources. Also, it is desired to keep the 
power factor close to 1. Consider the model of one communi- 
cation circuit, shown in Figure P 11.6-4. If an average power 
of 500 W is dissipated in the 20-Q resistor, find (a) Vms; 
(b) J, rms, (C) the power factor seen by the source, and (d) |V,|. 


v=lvl/o°v 


Figure P 11.6-4 


P 11.6-5 (+) Two impedances are supplied by V = 100 

160°Vims, as shown in Figure P 11.6-5, where I= 
2 / 190° Arms. The first load draws P = 23.2 W, and Q; 
= 50 VAR. Calculate I,, I, the power factor of each imped- 
ance, and the total power factor of the circuit. 


Figure P 11.6-5 


P 11.6-6 A residential electric supply three-wire circuit from a 
transformer is shown in Figure P 11.6-6a. The circuit model is 
shown in Figure P 11.6-6b. From its nameplate, the refrigerator 
motor is known to have a rated current of 8.5 A rms. It is 
reasonable to assume an inductive impedance angle of 45° for a 
small motor at rated load. Lamp and range loads are 100 W and 
12 kW, respectively. 


(a) Calculate the currents in line 1, line 2, and the neutral wire. 

(b) Calculate: (i) Prefrig, Orefrig, (ii) Piamp> Qiamp> and (iii) Protals 
Qtotals Stota, and overall power factor. 

(c) The neutral connection resistance increases, because of 
corrosion and looseness, to 20 Q. (This must be included as 
part of the neutral wire.) Use mesh analysis and calculate 
the voltage across the lamp. 


Line 1 


120 V, 


rms 


Neutral Kitchen 


7.2 KV range 


(a) 


E) 120 10° Vims 


Range 


© 120 /0° Vins 


(b) 


Figure P 11.6-6 Residential circuit with selected loads. 


P 11.6-7 © A motor connected to a 220-V supply line from 
the power company has a current of 7.6 A. Both the current 
and the voltage are rms values. The average power delivered 
to the motor is 1317 W. 


(a) Find the apparent power, the reactive power, and the power 
factor when œ = 377 rad/s. 

(b) Find the capacitance of a parallel capacitor that will result 
in a unity power factor of the combination. 

(c) Find the current in the utility lines after the capacitor is 
installed. 


Answers: (a) pf = 0.788 (b) C = 56.5 uF (c) I = 6.0 A rms 


P 11.6-8 © Two loads are connected in parallel across a 
1000-V rms, 60-Hz source. One load absorbs 500 kW at 0.6 
power factor lagging, and the second load absorbs 400 kW and 
600 kVAR. Determine the value of the capacitor that should be 
added in parallel with the two loads to improve the overall 
power factor to 0.9 lagging. 


Answer: C = 2.2 uF 


P 11.6-9 © A voltage source with a complex internal imped- 
ance is connected to a load, as shown in Figure P 11.6-9. The load 


absorbs 1 kW of average power at 100 V rms with a power factor 
of 0.80 lagging. The source frequency is 200 rad/s. 


(a) Determine the source voltage V4. 

(b) Find the type and value of the element to be placed in 
parallel with the load so that maximum power is transferred 
to the load. 


6.40 


24 mH 


Figure P 11.6-9 


P 11.6-10 The circuit shown in Figure P 11.6-10a can be 
represented in the frequency domain as shown in Figure 
P 11.6-10b. In the frequency domain, the value of the mesh 
current is I = 1.076 /—8.3 A. 


(a) Determine the complex power supplied by the voltage 
source. 

(b) Given that the complex power received by Z, is 6.945 + 
j 13.89 VA, determine the values of R, and Lı. 

(c) Given that the real power received by Z; is 4.63 W at a power 
factor of 0.56 lagging, determine the values of R3 and L3. 


Figure P 11.6-10 


P 11.6-11 The circuit in Figure P 11.6-11 consists of a source 
connected to a load. The source delivers 14.12 W to the load at 
a power factor of 0.857 lagging. What are the values of the 
resistance R and the inductance L? 


(È) 24 cos (3¢ +75°) V 


Load 


O 
Source 


Figure P 11.6-11 
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P 11.6-12 The circuit in Figure P 11.6-12 consists of a source 
connected to a load. Determine the impedance of the load and 
the complex power delivered by the source to the load under 
each of the following conditions: 


(a) The source delivers 14.12 + j8.47 VA to load A and 8.47 + 
j14.12 VA to load B. 

(b) The source delivers 8.47 + j14.12 VA to load A, and the 
impedance of load B is 15 + j9 Q. 

(c) The source delivers 14.12 W to load A at a power 
factor of 0.857 lagging, and the impedance of load B is 
9 +715 Q. 

(d) The impedance of load A is 15 + j9 Q, and the impedance of 
load B is 9 + j15 Q. 


Source 


Figure P 11.6-12 


P 11.6-13 Figure P 11.6-13 shows two possible representa- 
tions of an electrical load. One of these representations is used 
when the power factor of the load is lagging, and the other is 
used when the power factor is leading. Consider two cases: 


(a) At the frequency œw = 4 rad/s, the load has the power factor 
pf = 0.8 lagging. 

(b) At the frequency w = 4 rad/s, the load has the power factor 
pf = 0.8 leading. 


In each case, choose one of the two representations of the load. 
Let R = 6 Q and determine the value of the capacitance C or the 


inductance L. 
R i R 
L T G 


Figure P 11.6-13 


P 11.6-14 Figure P 11.6-14 shows two possible representa- 
tions of an electrical load. One of these representations is used 
when the power factor of the load is lagging, and the other is 
used when the power factor is leading. Consider two cases: 


(a) At the frequency œw = 4 rad/s, the load has the power factor 
pf = 0.8 lagging. 
(b) At the frequency œw = 4 rad/s, the load has the power factor 


pf = 0.8 leading. 
In each case, choose one of the two representations of the load. 


Let R = 6 Q and determine the value of the capacitance C or the 
inductance L. 
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Figure P 11.6-14 


P 11.6-15 Figure P 11.6-15 shows two electrical loads. 
Express the power factor of each load in terms of œ, R, and L. 


R 
È 
L 
(a) (b) 


Figure P 11.6-15 


P 11.6-16 Figure P 11.6-16 shows two electrical loads. 
Express the power factor of each load in terms of œ, R, and C. 


R 
R c 
a 
(a) (b) 


Figure P 11.6-16 


P 11.6-17 The source voltage in the circuit shown in Figure 
P 11.6-17 is V, = 24 730° V. Consequently, 


L = 3.13 /25.4° A, Ib = 1.99 /52.9° A and V4 = 8.88 /—10.6° V 


Determine (a) the power factor of Z4, (b) the power factor of 
Z3, and (c) the power factor of Z4. Include the indication of 
leading or lagging. 


Figure P 11.6-17 


P 11.6-18 The current source of the circuit shown in Figure 
P 11.6-18 supplies 131.16 — 736.048 VA and the voltage 
source supplies 64.2275 — 87.8481VA. Determine the values 
of the impedances Z, and Z3. 


100.430° V 


Figure P 11.6-18 


Section 11.7 The Power Superposition Principle 


P 11.7-1 Find the average power absorbed by the 2-0 resistor 
in the circuit of Figure P 11.7-1. 


Answer: P= 413 W 
14A 


110 cos 20t V 


0.2 H 


Figure P 11.7-1 


P 11.7-2 Find the average power absorbed by the 8-Q resistor 
in the circuit of Figure P 11.7-2. 


Answer: P = 22 W 


40 cos 8000r V 
1/3 mF 


5 cos 2000r A CÌ) 80 


Figure P 11.7-2 


P 11.7-3 For the circuit shown in Figure P 11.7-3, determine 
the average power absorbed by each resistor, Rı and R2. The 
voltage source is v, = 10 + 10 cos (5t + 40°) V, and the current 
source is i, = 4 cos (5t — 30°) A. 


Figure P 11.7-3 


P 11.7-4 For the circuit shown in Figure P 11.7-4, determine 
the effective value of the resistor voltage vg and the capacitor 
voltage vc. 


7 
4 cos 101V È) 298v 
6 sin 51V (4) 20 mF = ve 


Figure P 11.7-4 


Section 11.8 The Maximum Power Transfer 
Theorem 


P 11.8-1 Determine values of R and L for the circuit shown in 
Figure P 11.8-1 that cause maximum power transfer to the load. 


Answer: R = 800 Q and L = 1.6 H 


4000 Q 


5 cos (1000ż + 60°) V 


Source Load 


Figure P 11.8-1 
P 11.8-2 Is it possible to choose R and L for the circuit shown 


in Figure P 11.8-2 so that the average power delivered to the 
load is 12 mW? 


Answer: Yes 


2.5 cos 100r mAC}) 


Source 


Load 
Figure P 11.8-2 


P 11.8-3 The capacitor has been added to the load in the 
circuit shown in Figure P 11.8-3 to maximize the power 
absorbed by the 4000-Q resistor. What value of capacitance 
should be used to accomplish that objective? 


Answer: 0.1 uF 


800 Q 


0.32 H 


© 5 cos (50001 + 45°) V 


Load 


Source 


Figure P 11.8-3 


P 11.8-4 What is the value of the average power delivered to 
the 2000-0 resistor in the circuit shown in Figure P 11.8-4? 
Can the average power delivered to the 2000-0, resistor be 
increased by adjusting the value of the capacitance? 
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Answers: 8 mW. No. 
4009 0.8H 
5 cos 1000r V 2000 Q luF 
Source Load 


Figure P 11.8-4 


P 11.8-5 What is the value of the resistance R in Figure P 11.8-5 
that maximizes the average power delivered to the load? 


R 0.8 H 


2000 Q 


5 cos 1000r V 1uF 


Source Load 
Figure P 11.8-5 
Section 11.9 Coupled Inductors 


P 11.9-1 © Two magnetically coupled coils are connected 
as shown in Figure P 11.9-1. Show that an equivalent induc- 
tance at terminals a-b is La = Lı + Lo — 2M. 


Figure P 11.9-1 


P 11.9-2 Two magnetically coupled coils are shown con- 
nected in Figure P 11.9-2. Find the equivalent inductance La». 


Figure P 11.9-2 

P 11.9-3 @ The source voltage of the circuit shown in 
Figure P 11.9-3 is v, = 141.4 cos 100t V. Determine i(t) 
and i(t). 


20 M=0.6H 2 


200 Q 


Figure P 11.9-3 
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P 11.9-4 A circuit with a mutual inductance is shown in / \ 
Figure P 11.9-4. Find the voltage V2 when œ = 5000. 


109 M=10mH 


vı = 10/0 vV È) 100 mH V 


Figure P 11.9-4 Figure P 11.9-8 


P 11.9-5 © Determine v(f) for the circuit of Figure P 11.9-5 P 11.9-9 The currents i,(f) and i2(t) in Figure P 11.9-9 are 


when v, = 10 cos 30ż V. mesh currents. Represent the circuit in the frequency domain 
Answer: v(t) = 23 cos (30t + 9°)V and write the mesh equations. 
1/150 F 289 0:25 mF 6H 


40 Q 


Figure P 11.9-5 15 cos (251 + 30°) V 809 


Figure P 11.9-9 


P 11.9-6 Find the total energy stored in the circuit shown in 
Figure P 11.9-6 at t = 0 if the secondary winding is (a) open- P 11.9-10 Determine the mesh currents for the circuit shown 


circuited, (b) short-circuited, (c) connected to the terminals ofa in Figure P 11.9-10. 
7-Q resistor. 


Answers: (a)15J (b)OJ (c)5J 


i »: 


129 M=0.6H 6H 


e 
10 cos 5t A 1.2H 


Figure P 11.9-6 
Figure P 11.9-10 


P 11.9-7 @ Find the input impedance Z of the circuit of p 11.9-11 @ Determine the coil voltages vı, v2, v3, and v4 for 


Figure P 11.9-7 when œ = 1000 rad/s. the circuit shown in Figure P 11.9-11. 
Answer: Z = 8.4/14° Q - v + 2 cos (5t + 45°) A 
8mH 1/6 mF 
SS wae 
5 mH 


32 


Figure P 11.9-7 


P11.9-8 @ A circuit with three mutual inductances is shown 
in Figure P 11.9-8. When v, = 10 cos 2t V, M, = 2H, and M = 1.25 cos (5r—45°) A 2.75 cos (51) A 


M3 = 1 H, determine the capacitor voltage v(t). Figure P 11.9-11 


P 11.9-12 Figure P 11.9-12 shows three similar circuits. In 
each, the input to the circuit is the voltage of the voltage source, 
v(t). The output is the voltage across the right-hand coil, v,(¢). 
Determine the steady-state output voltage v,(t) for each of the 
three circuits. 


v,(t)=5.94 cos (3t + 140°) V 


(a) 


v,(t)=5.94 cos (3t + 140°) V 
(b) 


v(t)=5.94 cos (3t + 140°) V 


(c) 


Figure P 11.9-12 


P 11.9-13 @ Figure P 11.9-13 shows three similar circuits. 
In each, the input to the circuit is the voltage of the voltage source, 


vs(t) = 5.7 cos (4t + 158°) V 


The output in each circuit is the voltage across the right-hand 
coil v,(f). Determine the steady-state output voltage v(t) for 
each of the three circuits. 


(a) 


Problems 561 


volt) 


v(t) 


(c) 


Figure P 11.9-13 


P 11.9-14 The circuit shown in Figure P 11.9-14 is repre- 
sented in the time domain. Determine coil voltages vı 
and vp. 

Answers: vı = 104.0 cos (6t + 46.17°) V and v2 = 100.6 

cos (6t + 63.43°) V 


1.5cos (6t + 90°) A 


2.5cos (6t) A 
Figure P 11.9-14 


P 11.9-15 The circuit shown in Figure P 11.9-15 is repre- 
sented in the frequency domain. (For example, —j30 Q is the 
impedance due to the mutual inductance of the coupled coils.) 
Suppose V (œ) = 70 /0° V. Then Ij (œ) = B /9 A ad I,(@) = 
0.875 /—90° A. Determine the values of B and 6. 


Answers: B = 1.75 A and 0 = —90° 


I) -j25Q 1,(@) 
e e 
f30Q 4. ; 
Vim) j5022 gy $7402 -j100 Q 


Figure P 11.9-15 
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P 11.9-16 Determine the values of the inductances L, and L, 


in the circuit shown in Figure P 11.9-16, given that 


i(t) = 0.319 cos (4t — 82.23°) A 
and 
v(t) = 0.9285 cos (4t — 62.20°) V. 


5cos 4t V B LS 4— >L 4h92 vi) 


Figure P 11.9-16 


P 11.9-17 Determine the complex power supplied by the 
source in the circuit shown in Figure P 11.9-17. 


4H 
5H Z N 6H 


180 cos (204) V B 50 Q 


209 


Figure P 11.9-17 


P 11.9-18 The input to the circuit shown in Figure 
P 11.9-18 is 


v(t) = 12 cos (5t) V 


The impedance of the load is 20+ j 15 Q. Determine the 
complex power (a) supplied by the source, (b) received by 
the 20-Q resistor, (c) received by the coupled inductors, and 
(d) received by the load. 


Figure P 11.9-18 


P 11.9-19 Figure P 11.9-19a shows a source connected to a 
160-© load. In Figure P 11.9-19b, an ideal transformer and 
capacitor have been inserted between the source and the load. 


(a) Determine the value of the average power delivered to the 
160-© load in Figure P 11.9-18a. 

(b) Determine the values of n and C in Figure P11.9-18b that 
maximize the average power in the load. 

(c) Using the values of n and C from part (b), determine the 
value of the average power delivered to the 160-0, load in 
Figure P 11.9-18b. 


160 Q 
Load 


Source 


(b) 


Figure P 11.9-19 


Section 11.10 The Ideal Transformer 


P 11.10-1 Find V,;, V2, I, and I, for the circuit of Figure 
P 11.10-1 when n = 5. 


Figure P 11.10-1 


P 11.10-2 A circuit with a transformer is shown in Figure 
P 11.10-2. 


(a) Determine the turns ratio, n. 
(b) Determine the value of Ra». 
(c) Determine the current i supplied by the voltage source. 


Answers: (a)n=5 (b) Ray = 400 Q 


i a 5 mA rms 
— 


O lin =a 

+ 
Rap = 
O Ideal 
b 


P 11.10-3 © Find the voltage V. in the circuit shown in Figure 
P 11.10-3. Assumeanideal transformer. The turnsratioisn = 1/3. 


Answer: V, = 21.0 /—105.3° 


Figure P 11.10-2 


309 j20Q 


80 450° V 


Figure P 11.10-3 


P 11.10-4 An ideal transformer is connected in the circuit 
shown in Figure P 11.10-4, where v, = 50 cos 10007 V and n = 
N/N; = 5. Calculate V; and V3. 


22 


v2 200 Q 


Figure P 11.10-4 


P 11.10-5 Figure P11.10-5 shows a load connected to a 
source through an ideal transformer. The input to the circuit is 


v(t) = 12 cos (5t) V 
Determine 


(a) The values of the turns ration n and load inductance L 
required for maximum power transfer to the load. 

(b) The complex power delivered to the transformer by the 
source. 

(c) The complex power delivered to the load by the 
transformer. 


Source 


Figure P 11.10-5 


P 11.10-6 Find the Thévenin equivalent at terminals a-b for 
the circuit of Figure P 11.10-6 when v = 16 cos 3t V. 


Ideal a 


69 


"© 


1:2 b 


Figure P 11.10-6 


P 11.10-7 © Find the input impedance Z for the circuit of 


Figure P 11.10-7. 


Answer: Z=6Q, 
20 


P 6Q 
Zo 
Ideal 


Figure P 11.10-7 
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P 11.10-8 (+) In less-developed regions in mountainous areas, 
small hydroelectric generators are used to serve several resi- 
dences (Mackay, 1990). Assume each house uses an electric 
range and an electric refrigerator, as shown in Figure P 11.10-8. 
The generator is represented as V, operating at 60 Hz and 
V2 = 230 /o°v. Calculate the power consumed by each 
home connected to the hydroelectric generator when n = 5. 


Source and line 


Figure P 11.10-8 


P 11.10-9 © Three similar circuits are shown in Figure 
P 11.10-9. In each of these circuits, v.(f) = 5 cos (4t + 45°) V. 
Determine vz (f) for each of the three circuits. 


Answers: (a) v(t) =0V 
(b) v2(t) = 1.656 cos(4t + 39°) V 
(© v(t) = 2.88 cos(4t + 45°) V 


gq Al 


4H 3H 


Figure P 11.10-9 


P 11.10-10 Find V, and I, for the circuit of Figure 
P 11.10-10 when n = 5. 
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Figure P 11.10-10 


P 11.10-11 © Determine vz and i> for the circuit shown in 
Figure P 11.10-11 when n = 2. Note that i, does not enter the 
dotted terminal. 


Answers: vz = 6.08 cos(10t + 47.7°) V 


iy = 3.34 cos(10t + 42°) V 


20 


5 cos 10ż V 20 mH 


Ideal 


Figure P 11.10-11 


P 11.10-12 The circuit shown in Figure P 11.10-12 is 
represented in the frequency domain. Given the line current 
Thine = 0.5761 /—75.88° A, determine Pgource, the average 
power supplied by the source; Prine, the average power 
delivered to the line; and Py oaa, the average power delivered 
to the load. 


Hint: Use conservation of (average) power to check your 
answers. 


Answer: Pgource = 42.15 W, Prine = 0.6638 W, and Pload = 
41.49 W 


Tsource 


L5 
120Z 0° V I 


Source transformer 1 


line 


Figure P 11.10-12 


transformer 2 


P 11.10-13 The circuit shown in Figure P 11.10-13 is 
represented in the frequency domain. Determine R and X, 
the real and imaginary parts of the equivalent impedance Zeq. 


Answer: R = 180 Qand X = 1100, 


-j250 Q 5Q 


` 


Zag = R+iX 


6:1 


Figure P 11.10-13 
P 11.10-14 Figure P 11.10-14 shows a load connected to a 


source through an ideal transformer. Determine the complex 
power delivered to the transformer by the source. 


Answer: S = 698.3 + j1745.7 VA 


4:15 
O 
20 Q 
| 1.25 H 
O 


load 


(È) 12cos (40 t+ 15°) V 


source 


Figure P 11.10-14 


Section 11.11 How Can We Check ...? 


P 11.11-1 Computer analysis of the circuit shown in Figure 
P 11.11-1 indicates that when 


vs(t) = 12 cos (4t + 30°) V 


load 


the mesh currents are given by 
i(t) = 2.327 cos (4t — 25.22°) A 


and 
i(t) = 1.229 cos (4t — 11.19°) A 


Check the results of this analysis by checking that the average 
power supplied by the voltage source is equal to the sum of 
the average powers received by the other circuit elements. 


42 


2Q 


Figure P 11.11-1 
P 11.11-2 Computer analysis of the circuit shown in Figure 
P 11.11-2 indicates that when 
vs(t) = 12 cos (4t + 30°) V 
the mesh currents are given by 


i,(t) = 1.647 cos (4t — 17.92°) A 


and 
in(t) = 1.094 cos (4t — 13.15°) A 


Check the results of this analysis by checking that the complex 
power supplied by the voltage source is equal to the sum of the 
complex powers received by the other circuit elements. 


42 


O 
v È) (0) 2H 4H 
Oo 


Figure P 11.11-2 


2Q 
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P 11.11-3 Computer analysis of the circuit shown in Figure 
P 11.11-3 indicates that when 


vs(t) = 12 cos (4t + 30°) V 
the mesh currents are given by 
i(t) = 1.001 cos (4t — 47.01°) A 
in(t) = 0.4243 cos (4t — 15.00°) A 


and 


Check the results of this analysis by checking that the equations 
describing currents and voltages of coupled coils are satisfied. 


15Q 


Figure P 11.11-3 


P 11.11-4 Computer analysis of the circuit shown in Figure 
P 11.11-4 indicates that when 


vs(t) = 12 cos (4t + 30°) V 
the mesh currents are given by 
i(t) = 25.6 cos (4t + 30°) mA 

in(t) = 64 cos (4t + 30°) mA 


and 


Check the results of this analysis by checking that the equations 
describing currents and voltages of ideal transformers are 
satisfied. 


Figure P 11.11-4 
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PSpice Problems 


SP 11-1 The input to the circuit shown in Figure SP 11-1 is 
the voltage of the voltage source 


vs(t) = 7.5 sin (5t + 15°) V 


The output is the voltage across the 4-Q resistor v,(f). Use 
PSpice to plot the input and output voltages. 


Hint: Represent the voltage source, using the PSpice part 
called VSIN. 


8Q 


v(t) 


Figure SP 11-1 


SP 11-2 The input to the circuit shown in Figure SP 11-1 is 
the voltage of the voltage source 


v.(t) = 7.5 sin (St + 15°) = 7.5 cos (5t — 75°) V 


The output is the voltage across the 4-2, resistor v,(f). Use 
PSpice to determine the average power delivered to the 
coupled inductors. 


Hint: Represent the voltage source, using the PSpice part 
called VAC. Use printers (PSpice parts called IPRINT and 
VPRINT) to measure the ac current and voltage of each coil. 


SP 11-3 The input to the circuit shown in Figure SP 11-3 is 
the voltage of the voltage source, 


vs(t) = 48 cos (4t + 114°) V 


The output is the voltage across the 9-Q resistor v,(t). Use 
PSpice to determine the average power delivered to the 
transformer. 


Hint: Represent the voltage source, using the PSpice part 
called VAC. 


Figure SP 11-3 


SP 11-4 Determine the value of the input impedance Z, of 
the circuit shown in Figure SP 11-4 at the frequency œ = 4 
rad/s. 


Hint: Connect a current source across the terminals of the 
circuit. Measure the voltage across the current source. The 
value of impedance will be equal to the ratio of the voltage to the 


current. 
8Q 
e 
Z, a 


Figure SP 11-4 


2Q 
5:2 


Design Problems 


DP 11-1 A 100-kW induction motor, shown in Figure DP 11-1, 
is receiving 100 kW at 0.8 power factor lagging. Determine the 
additional apparent power in kVA that is made available by 
improving the power factor to (a) 0.95 lagging and (b) 1.0. 
(c) Find the required reactive power in kVAR provided by a set 
of parallel capacitors for parts (a) and (b). (d) Determine the ratio 
of kVA released to the KVAR of capacitors required for parts 
(a) and (b) alone. Set up a table, recording the results of this 
problem for the two values of power factor attained. 


Distribution 
line 1 


Capacitor 


Induction motor 


Figure DP 11-1 Induction motor with parallel capacitor. 


DP 11-2 Two loads are connected in parallel and supplied from 
a 7.2-kV rms 60-Hz source. The first load is 50-kVA at 0.9 
lagging power factor, and the second load is 45 kW at 0.91 
lagging power factor. Determine the kVAR rating and capaci- 
tance required to correct the overall power factor to 0.97 lagging. 


Answer: C = 1.01 uF 
DP 11-3 


(a) Determine the load impedance Za that will absorb maxi- 
mum power if it is connected to terminals a-b of the circuit 
shown in Figure DP 11-3. 

(b) Determine the maximum power absorbed by this load. 

(c) Determine a model of the load and indicate the element values. 


100 mH 


5Q a 


0.5 Vab 


Figure DP 11-3 


DP 11-4 Select the turns ratio n necessary to provide maximum 
power to the resistor R of the circuit shown in Figure DP 11-4. 
Assume an ideal transformer. Select n when R = 4 and 8 Q. 

3 Q ae Lay 


"O I 
B2 


Ideal 


Figure DP 11-4 
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DP 11-5 An amplifier in a short-wave radio operates at 100 
kHz. The load Z, is connected to a source through an ideal 
transformer, as shown in Figure DP 11-5. The load is a series 
connection of a 10-Q resistance and a 10-uH inductance. The Z, 
consists of a 1-Q resistance and a 1-H inductance. 


(a) Select an integer n to maximize the energy delivered to the 
load. Calculate I, and the energy to the load. 

(b) Add a capacitance C in series with Z, to improve the energy 
delivered to the load. 


I 
H l:n 2 
Í 
Ideal 


Figure DP 11-5 


DP 11-6 A newelectroniclamp (e-lamp) has been developed that 
uses a radio-frequency sinusoidal oscillator and a coil to transmit 
energy to a surrounding cloud of mercury gas as shown in Figure 
DP 11-6a. The mercury gas emits ultraviolet light that is trans- 
mitted to the phosphor coating, which, in turn, emits visible light. 
A circuit model of the e-lamp is shown in Figure DP 11-6b. The 
capacitance C and the resistance R are dependent on the lamp’s 
spacing design and the type of phosphor. Select R and C so that 
maximum power is delivered to R, which relates to the phosphor 
coating (Adler, 1992). The circuit operates at @o = 10’ rad/s. 


Phosphorus 
coating 
100 Q 1 uH 
Coil 
Vo sin wot V O C R 
(b) 


Figure DP 11-6 Electronic lamp. 
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12.1 Introduction 


In this chapter, we will begin to analyze three-phase circuits. These circuits consist of three parts: 
a three-phase source, a three-phase load, and a transmission line. The three-phase source consists 
of either three Y-connected sinusoidal voltage sources or three A-connected sinusoidal voltage 
sources. Similarly, the circuit elements that comprise the load are connected to form either a Y or 
a A. The transmission line is used to connect the source to the load and consists of either three or four 
wires. These circuits are described using names that identify the way in which the source and the load 
are connected. For example, the circuit shown in Figure 12.3-1 has a Y-connected three-phase source 
and a Y-connected load. The circuit in Figure 12.3-1 is called a Y-to-Y circuit. The circuit in Figure 
12.5-1 has a Y-connected three-phase source and a A-connected load. The circuit in Figure 12.5-1 is 
called a Y-to-A circuit. 

Notice that the Y-to-Y circuit in Figure 12.3-1 has been represented in the frequency domain, 
using impedances and phasors. This is appropriate because the three voltage sources that comprise a 
three-phase source are sinusoidal sources having the same frequency. Analysis of three-phase 
circuits using phasors and impedances will determine the steady-state response of the three-phase 
circuit. 

Before beginning our analysis of three-phase circuits, it is helpful to recall why it is advantageous 
to use phasors to find the steady-state response of linear circuits to sinusoidal inputs. Circuits that 
contain capacitors or inductors are represented by differential equations in the time domain. We can 
solve these differential equations, but it is a lot of work. Impedances and phasors represent the circuit in 
the frequency domain. Linear circuits are represented by algebraic equations in the frequency domain. 
These algebraic equations involve complex numbers, but they are still easier to solve than the 
differential equations. Solving these algebraic equations provides the phasor corresponding to the 
output voltage or current. We know that the steady-state output voltage or current will be sinusoidal and 
will have the same frequency as the input sinusoid. The magnitude and phase angle of the phasor 
corresponding to the output voltage or current provide the magnitude and phase angle of the output 
sinusoid. 

We will be particularly interested in the power the three-phase source delivers to the three- 
phase load. Table 12.1-1 summarizes the formulas that can be used to calculate the power delivered 
to an element when the element voltage and current adhere to the passive convention. Table 12.1-1 
also provides the equations for the sinusoidal element current and voltage. In the table, Zm and Vm 


Table 12.1-1 Frequency Domain Power Relationships 


Three-Phase Voltages 


RELATIONSHIP USING 


RELATIONSHIP USING 


QUANTITY PEAK VALUES RMS VALUES UNITS 
Element voltage, v(t) v(t) = Vm cos (wt + Oy) v(t) = Vms V2 cos (wt + Oy) V 
Element current, i(t) i(t) = Im cos (wt + 01) i(t) = Ims V2 cos (wot + 01) A 
mlm 
Complex power, S S= Yafa cos (Oy — 01) S = Vimslims cos (Oy — 01) VA 
+ jVimslims sin (Oy — 01) 
+ m/m n (Oy — 61) 
2 
Vinlm 
Apparent power, |S| |S| = 5 [S| = VimsZtms VA 
Vinlin 
Average power, P P= 5 cos (Oy — 01) P = Vimsl rms COS (Oy — 01) WwW 
g Vimla . . 
Reactive power, Q Q= 7 sin (Oy — 01) Q = Vimslims sin (Oy — 01) VAR 


are the magnitudes of the sinusoidal current and voltage, whereas Jj; and Vims are the 
corresponding effective values of the current and voltage. Notice that the formulas for 
power in terms of Ims and Vms are simpler than the corresponding formulas in terms of Im and 
Vm. In contrast, the equations giving the sinusoidal voltage and current are simpler when Zm and Vm 
are used. When engineers are interested primarily in power, they are likely to use Z;ms and Vrms. 
On the other hand, when engineers are interested primarily in the sinusoidal currents and voltages, 
they are likely to use Zm and Vm. In this chapter, we are interested mainly in power and will use 
effective values. 


12.2 Three-Phase Voltages 


The generation and transmission of electrical power are more efficient in polyphase systems 
employing combinations of two, three, or more sinusoidal voltages. In addition, polyphase circuits 
and machines possess some unique advantages. For example, the power transmitted in a three-phase 
circuit is constant or independent of time rather than pulsating, as it is in a single-phase circuit. In 
addition, three-phase motors start and run much better than do single-phase motors. The most 
common form of polyphase system employs three balanced voltages, equal in magnitude and 
differing in phase by 360° /3 = 120°. 

An elementary ac generator consists of a rotating magnet and a stationary winding. The turns 
of the winding are spread along the periphery of the machine. The voltage generated in each turn of 
the winding is slightly out of phase with the voltage generated in its neighbor because it is cut 
by maximum magnetic flux density an instant earlier or later. The voltage produced in the first 
winding is Vaz’. 

If the first winding were continued around the machine, the voltage generated in the last turn 
would be 180° out of phase with that in the first, and they would cancel, producing no useful effect. 
For this reason, one winding is commonly spread over no more than one-third of the periphery; the 
other two-thirds of the periphery can hold two more windings used to generate two other similar 
voltages. A simplified version of three windings around the periphery of a cylindrical drum is shown 
in Figure 12.2-la. The three sinusoids (sinusoids are obtained with a proper winding distribution 
and magnet shape) generated by the three similar windings are shown in Figure 12.2-1b. Defining Vaa 
as the potential of terminal a with respect to terminal a’, we describe the voltages as 
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(a) 


FIGURE 12.2-1 (a) The three windings on a cylindrical drum used to obtain three-phase 
voltages (end view). (b) Balanced three-phase voltages. 


ac generator 


(b) 


FIGURE 12.2-2 Generator with six 
terminals. 


Vaal = Vm COS Cot 
Vo = Vm cos (œt — 120°) 
Veer = Vm cos (œt — 240°) 


(12.2-1) 


where Vm is the peak value. 


FIGURE 12.2-3 Phasor 
representation 

of the positive phase 
sequence of the balanced 
three-phase voltages. 


Vp 


120° 


FIGURE 12.2-4 The 
negative phase sequence 
acb in the Y connection. 


A three-phase circuit generates, distributes, and uses energy in the form of three 
voltages equal in magnitude and symmetric in phase. 


The three similar portions of a three-phase system are called phases. Because the 
voltage in phase aa’ reaches its maximum first, followed by that in phase bb’ and then by that 
in phase cc’, we say the phase rotation is abc. This is an arbitrary convention; for any given 
generator, the phase rotation may be reversed by reversing the direction of rotation. The six- 
terminal ac generator is shown in Figure 12.2-2. 

Using phasor notation, we may write Eq. 12.2-1 as 


Via = Vm 0° 
Vip’ = Vin —120° 


Ver = Vin /—240° = Vm / 120° 


The three voltages are said to be balanced voltages because they have identical amplitude 
Vin and frequency œw and are out of phase with each other by exactly 120°. The phasor 
diagram of the balanced three-phase voltages is shown in Figure 12.2-3. Examining 
Figure 12.2-3, we find 


(12.2-2) 


Vaal + Vip’ + Veo = 0 (12.2-3) 


For notational ease, we henceforth use Vay = Va, Vey = Vo, and Vew = Ve as the three 
voltages. 


The positive phase sequence is abc, as shown in Figure 12.2-3. The sequence acb is 
called the negative phase sequence, as shown in Figure 12.2-4. 


Three-Phase Voltages 


(a) (b) 


FIGURE 12.2-5 (a) Y-connected sources. The voltages Va, Vp, and V. are 
called phase voltages, and the voltages Vab, Voc, and Vea are called line-to-line 


voltages, (b) A-connected sources. The currents Ia, Ip, and I, are called line FIGURE 12.2-6 The line-to-line voltage Vap 


currents, and the currents I,,, Ipc, and I, are called phase currents. of the Y-connected source. 


Often, the phase voltage in the Y connection is written as 


Va = Vm L0° 


where Vm is the magnitude of the phase voltage. 

Referring to the generator of Figure 12.2-2, there are six terminals and three voltages, Va, Vp, 
and v.. We use phasor notation and assume that each phase winding provides a source voltage in 
series with a negligible impedance. Under these assumptions, there are two ways of interconnecting 
the three sources, as shown in Figure 12.2-5. The common terminal of the Y connection is called the 
neutral terminal and is labeled n. The neutral terminal may or may not be available for connection. 
Balanced loads result in no current in a neutral wire, and thus it is often not needed. 

The connection shown in Figure 12.2-5a is called the Y connection, and the A connection is shown in 
Figure 12.2-5b. The Y connection selects terminals a’, b', and c' and connects them together as neutral. Then 
the line-to-line voltage Va» of the Y-connected sources is 


Vab = Va — Vo (12.2-4) 
as is evident by examining Figure 12.2-5a. Because Va = Vm /o° and Vp = Vm /— 120°, we have 
Vab = Vm — Vin(—0.5 — j0.866) 

Vin(1.5 + j0.866) (12.2-5) 
= V3 Vm [30° 
This relationship is also demonstrated by the phasor diagram of Figure 12.2-6. Similarly, 


Vic = V3 Vm L—90° (12.2-6) 
and Vea = V3 Vin /—210° (12.2-7) 


Therefore, in a Y connection, the line-to-line voltage is \/3 times the phase voltage and is displaced 30° 
in phase. The line current is equal to the phase current. 


EXERCISE 12.2-1 The Y-connected three-phase voltage source has Ve = 120 /—240° V rms. 
Find the line-to-line voltage Vj. 


Answer: 207.8 /—90° V rms 
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12.3 The Y-to-Y Circuit 


Consider the Y-to-Y circuit shown in Figure 12.3-1. This three-phase circuit consists of three parts: a three- 
phase source, a three-phase load, and a transmission line. The three-phase source consists of three Y- 
connected sinusoidal voltage sources. The impedances that comprise the load are connected to form a Y. The 
transmission line used to connect the source to the load consists of four wires, including a wire connecting the 
neutral node of the source to the neutral node of the load. Figure 12.3-2 shows another Y-to-Y circuit. In Figure 
12.3-2, the three-phase source is connected to the load using three wires, without a wire connecting the neutral 
node of the source to the neutral node of the load. To distinguish between these circuits, the circuit in Figure 
12.3-1 is called a four-wire Y-to-Y circuit, whereas the circuit in Figure 12.3-2 is called a three-wire Y-to-Y 
circuit. 

Analysis of the four-wire Y-to-Y circuit in Figure 12.3-1 is relatively easy. Each impedance of the 
three-phase load is connected directly across a voltage source of the three-phase source. Therefore, the 
voltage across the impedance is known, and the line currents are easily calculated as 


Va Vo Ve 
Lasz; Bsz, and Toe 12.3-1 
A Za bB Zp an C Zc ( ) 
The current in the wire connecting the neutral node of the source to the neutral node of the load is 
Va Vb , Ve 


Inn = Ta + Ip t Ic (12.3-2) 


Za Zg Zc 
The average power delivered by the three-phase source to the three-phase load is calculated by 
adding up the average power delivered to each impedance of the load. 


P = Pa + Pg + Pe (12.3-3) 


where, for example, P4 is the average power absorbed by Za. Pa is easily calculated once I, is known. 
For convenience, let the phase voltages of the Y-connected source be 


Va = Vp/0° Vrms, V,=V,/—120° Vrms, and V, = V,/120° Vrms 


Notice that we are using effective values because the units of V, are V rms. 

When Za = Zg = Zo = Z=Z /0, the load is said to be a balanced load. In general, analysis of 
balanced three-phase circuits is easier than analysis of unbalanced three-phase circuits. The line 
currents in the balanced four-wire Y-to-Y circuit are given by 


Va Vp Z0° _ Va Vp /=120° Ve Vp 120° 


and kc =- = 


h= = a eres 
acz z/o B= 7 z/o Z z/o 


kc 
FIGURE 12.3-1 A four-wire Y-to-Y circuit. FIGURE 12.3-2 A three-wire Y-to-Y circuit. 
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Then 
V 
ine “e 76. ipe 2 /-0—120, and Toc =P /-0+ 120° (12.3-4) 


The line currents have equal magnitudes and differ in phase by 120°. I,p and I.c can be calculated from 
Iaa by subtracting and adding 120° to the phase angle of Iaa. 
The current in the wire connecting the neutral node of the source to the neutral node of the load is 


Vp 


zlo 


In = 0 (12.3-5) 


Inn = la + Iag + Le "4A + 1 /—120° + 1 /120°) 


There is no current in the wire connecting the neutral node of the source to the neutral node of the load. 

Because effective, or rms, values of the sinusoidal voltages and currents have been used instead of 
peak values, the appropriate formulas for power are those given in the “rms values” column of Table 
12.1-1. The average power delivered to the load is 


Vp 
Z 


V V 
Papit tP cos (—0) + Vp» cos ( 0) + Vp cos ( 0) 


y2 
eB 7 cos (0) (12.3-6) 


where, for example, Pa is the average power absorbed by Za. Equal power is absorbed by each 
impedance of the three-phase load Za, Zp, and Zc. It is not necessary to calculate Pa, Pg, and Pc 
separately. The average power delivered to the load can be determined by calculating Pa and 
multiplying by 3. 

Next, consider the three-wire Y-to-Y circuit shown in Figure 12.3-2. The phase voltages of 
the Y-connected source are Va = Vp /o° V rms, Vp = Vp /—120° V rms, and Ve = Vp / 120° V rms. 
The first step in the analysis of this circuit is to calculate Vyn, the voltage at the neutral node of the 
three-phase load with respect to the voltage at the neutral node of the three-phase source. (This step wasn’t 
needed when the four-wire Y-to-Y circuit was analyzed because the fourth wire forced Vyn = 0.) It is 
convenient to select node n, the neutral node of the three-phase source, to be the reference node. Then V,, 
Vi, Ve, and Vyn are the node voltages of the circuit. Write a node equation at node N to get 


Va— Vun Vo —Vnn . Ve — Vm 
Nn) Vb = Wn N 


0 — 
Z Z Z 
/ . ; (12.3-7) 
= (Vp 0°) = Von , (Vp =120") — Vira , (Vp 120°) =e 
7 Za Zp Zc 


Solving for Vyn gives 


y, — Vp Lel0")ZaZc + (Vp A120°)ZaZn + (Vp L0°)ZnLe (12.3-8) 
Nn ZaZc + ZaZp + ZpZc l 


Once Vyn has been determined, the line currents can be calculated using 


Ya = Vi Vo = Vin Ve — Vyn 
Z A p ee os E ea (12.3-9) 


I 
ee Zi Ta Ze 
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Analysis of the three-wire Y-to-Y circuit is much simpler when the circuit is balanced, that is, 
when Za = Zg = Zc = Z = Z/0. When the circuit is balanced, Eq. 12.3-8 becomes 


(Vp /—120°)ZZ + (Vp /120°) ZZ. + (Vp 0°) ZZ 
ZL+ UL +22 
= [(Vp Z£120°) + (Vp £120°) + (Vp /0°)]/3 


Vyn = 


Vma = 0 (12.3-10) 


When a three-wire Y-to-Y circuit is balanced, it is not necessary to write and solve a node equation to find 
Vyn because Vyn is known to be zero. Recall that Vyn = O in the four-wire Y-to-Y circuit. The balanced 
three-wire Y-to-Y circuit acts like the balanced four-wire Y-to-Y circuit. In particular, the line currents are 
given by Eq. 12.3-4, and the average power delivered to the load is given by Eq. 12.3-6. 

Ideally, the transmission line connecting the load to the source can be modeled using short 
circuits. That’s what was done in both Figure 12.3-1 and Figure 12.3-2. Sometimes it is appropriate to 
model the lines connecting the load to the source as impedances. For example, this is done when 
comparing the power that is delivered to the load to the power that is absorbed by the transmission line. 
Figure 12.3-3 shows a three-wire Y-to-Y circuit in which the transmission line is modeled by the line 
impedances Zaa, Zog, and Zec. The line impedances do not significantly complicate the analysis of the 
circuit because each line impedance is connected in series with a load impedance. After replacing series 
impedances by equivalent impedances, the analysis proceeds as before. If the circuit is not balanced, a 
node equation is written and solved to determine Vyn. Once Vyn has been determined, the line currents 
can be calculated. Both the power delivered to the load and the power absorbed by the line can be 
calculated from the line currents and the load and line impedances. 

Analysis of balanced Y-to-Y circuits is simpler than analysis of unbalanced Y-to-Y circuits in 
several ways: 


1. Vyn = O. It is not necessary to write and solve a node equation to determine Vyn- 


2. The line currents have equal magnitudes and differ in phase by 120°. Ipg and Icc can be calculated 
from Iaa by subtracting and adding 120° to the phase angle of Iaa. 


3. Equal power is absorbed by each impedance of the three-phase load Za, Zg, and Zc. It is not 
necessary to calculate P4, Pg, and Pc separately. The average power delivered to the load can be 
determined by calculating Pa and multiplying by 3. 


The key to analysis of the balanced Y-to-Y circuit is calculation of the line current Iaa. The per-phase 
equivalent circuit provides the information needed to the line current Ipa. This equivalent circuit consists of 
the voltage source and impedances in one phase of the three phases of the three-phase circuit. Figure 12.3-4 
shows the per-phase equivalent circuit corresponding to the three-phase circuit shown in Figure 12.3-3. 


FIGURE 12.3-4 Per-phase equivalent circuit for the 
FIGURE 12.3-3 A three-wire Y-to-Y circuit with line impedances. three-wire Y-to-Y circuit with line impedances. 
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Table 12.3-1 The Balanced Y-to-Y Circuit 


Phase voltages Va = Vp /o° 
Vp = Vp = 120° 
Vo = Vp /=240° 
Line-to-line voltages Var = V3 Vp £30° 


Vic = V3 Vp /—90° 
Vea = V3 Vp £=210° 


Vi = V3 Vp 

Currents IL = I, (line current = phase current) 
= F=f —0 with Zp = Z /0 
Is = I, 120° 
Ic = I4 /=240° 


Note: p = phase, L = line. 


The neutral nodes n and N are connected by a short circuit in the per-phase equivalent circuit to indicate that 
Vyn = Oin a balanced Y-to-Y circuit. The per-phase equivalent circuit can be used to analyze either three- 
wire or four-wire balanced Y-to-Y circuits, but it can be used only for balanced circuits. 

The behavior of a balanced Y-to-Y circuit is summarized in Table 12.3-1. 


duce 
dl ( ExAmPLE 12.3-1 Four-Wire Unbalanced Y-Y Circuit 


in WileyPLUS 


Determine the complex power delivered to the three-phase load of a four-wire Y-to-Y circuit such as the one shown in 
Figure 12.3-1. The phase voltages of the Y-connected source are V, = 110 [or V mms, V, = 110 7—120° V rms, and 
V. = 110 / 120° V rms. The load impedances are Z, = 50 + j80 Q, Zg = j50Q, and Zc = 100+/25 Q. 


Solution 
The line currents of an unbalanced four-wire Y-to-Y circuit are calculated using Eq. 12.3-1. In this example, 
V, 110/70° Və 110 7—120° We m07 LO 
la =z =a a B57 = , and lo = a T 
Za 50+ 80 Zp j50 Zc 100+ 725 


so 

Iaa = 1.16 7—58° Arms, lpg = 2.27150° Arms, and I.c = 1.07 /106° A rms 
The complex power delivered to Z, is 

Sa = Laa" Va = (1.16 /—58°} (110 /0°) = (1.16 /58°)(110 /0°) = 68 + j109 VA 
Similarly, we calculate the complex power delivered to Zg and Zc as 


Sp = (2.2/150°)* (110 /—120°) = j242 VA 


and 


Sc = (107 /106°)* (110 /120°) = 114 + j28 VA 
The total complex power delivered to the three-phase load is 


Sa + Sp + Sc = 182 +7379 VA 
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EXAMPLE 12.3-2 Four-Wire Balanced Y-Y Circuit 


Determine the complex power delivered to the three-phase load of a four-wire Y-to-Y circuit such as the one shown 
in Figure 12.3-1. The phase voltages of the Y-connected source are V,=110/0° Vrms, 
Və = 110 7—120° V rms, and V, = 110 / 120° V rms. The load impedances are Za = Zg = Zc = 50 + j80 Q. 


Solution 

This example is similar to the previous example. The important difference is that this three-phase circuit is 
balanced. We need to calculate only one line current, I,4, and the complex power Sa, delivered to only one of the 
load impedances, Z4. The power delivered to the three-phase load is 3S4. We begin by calculating I,, as 


ey. 110/0° 
Zax 50+ j80 
The complex power delivered to Za is 


Sa = E, Va = (1.16 /—58°)* (110 /0°) = (1.16 /58°)(110 /0°) = 68 + j109 VA 


Tha = 1.16 /—58° A rms 


The total power delivered to the three-phase load is 
3S4 = 204 + j326 VA 


(The currents Ipg and I.c can also be calculated using Eq. 12.3-1. Verify that I,g = 1.167—177° Arms and 
Ic = 1.16/62° Arms. Notice that I,p and Ic can be calculated from I,a by subtracting and adding 120° to the 
phase angle of Iaa. Also, check that the complex power delivered to Zg and to Zc is equal to the complex power 
delivered to Z,. That is, Sg = 68 + j109 VA and Sc = 68 + j109 VA.) 


( EXAMPLE 12.3-3 Three-Wire Unbalanced Y-Y Circuit ) 


Determine the complex power delivered to the three-phase load of a three-wire Y-to-Y circuit such as the one 
shown in Figure 12.3-2. The phase voltages of the Y-connected source are V, = 110/0° V rms, 
V, = 110 /—120° Vrms, and V.= 110/120° Vrms. The load impedances are Za = 50 + j80 Q, 
Zg = J50 Q, and Zc = 100 + j25 0. 


Solution 

This example seems similar to Example 12.3-1 but considers a three-wire Y-to-Y circuit instead of the four-wire 
circuit considered in Example 12.3-1. Because the circuit is unbalanced, Vyn is not known. We begin by writing 
and solving a node equation to determine Vy. The solution of that node equation is given in Eq. 12.3-8 to be 


(110 /—120°) (50 + j80)(100 + j25) + (110 /120°)(50 + j80) (j50) + (110 /0°) (750) (100 + 25) 


Vrin = (50 + j80)(100 + j25) + (50 + j80) (750) + (j50)(100 + j25) 


= 56/—151° Vrms 
Now that Vyn is known, the line currents are calculated as 


V.-—Vnn 110/0 — 56/—151° 


= = = 1.71 /-48° A 
A Za 50 + 780 a 

y -V n Ya= V n o 
MEN = 2.45 /3° Arms and e= =N 


Zp Zc 
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The complex power delivered to Za is 
Sey, = 1, (La Za) = (1.71 /—48°)¥ (1.71 7—48°) (50 + j80) = 146 eae 
Similarly, we calculate the complex power delivered to Zg and Zc as 
Sp = Tig (IbpZs) =j94 VA and Sc =[i.(LcZc) = 1414+ )35 VA 
The total complex power delivered to the three-phase load is 
Sa + Sp + Sc = 287 + j364 VA 


Try it 
came EXAMPLE 12.3-4 Three-Wire Balanced Y-Y Circuit 
in WileyPLUS 


Determine complex power delivered to the three-phase load of a three-wire Y-to-Y circuit such as the one shown in 
Figure 12.3-2. The phase voltages of the Y-connected source are V, = 110 i V rms, V, = 110 /—120° V rms, 
and V. = 110 /120° V rms. The load impedances are Za = Zg = Zc = 50 + j80 Q. 


Solution 
This example is similar to Example 12.3-3. The important difference is that this three-phase circuit is balanced, so 
Vyn = Q. It is not necessary to write and solve a node equation to determine Vyn. 

Balanced three-wire Y-to-Y circuits and balanced four-wire Y-to-Y circuits are analyzed in the same way. 
We need to calculate only one line current, I,4, and the complex power Sa, delivered to only one of the load 
impedances, Za. The power delivered to the three-phase load is 3S4. 

The line current is calculated as 

Va 110/0 


~ Za 50+j80 
The total power delivered to the three-phase load is 
3S = 30,4 Va = 204 + j326 VA 


DA = 1.16 /—58° A rms 


Try it . 
yourself ( EXAMPLE 12.3-5 Line Losses 


in WileyPLUS 


Figure 12.3-5a shows a balanced three-wire Y-to-Y circuit. Determine average power delivered by the three-phase 
source, delivered to the three-phase load, and absorbed by the three-phase line. 


Solution 
The three-wire Y-to-Y circuit in Figure 12.3-5a looks different from the three-wire Y-to-Y circuit in Figure 
12.3-2. One difference is cosmetic. The circuits are drawn differently, with all circuit elements drawn vertically or 
horizontally in Figure 12.3-5a. A more important difference is that the circuit in Figure 12.3-2 is represented in the 
frequency domain, using phasors and impedances, whereas the circuit in Figure 12.3-5a is represented in the time 
domain. Because the circuit is represented in the time domain, the magnitude, rather than the effective value, of the 
source voltage is given. 

Because this three-phase circuit is balanced, it can be analyzed using a per-phase equivalent circuit. Figure 
12.3-5b shows the appropriate per-phase equivalent circuit. 
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100 cos 
Cou ont, 400 40mH 


100 cos 
(377t +120) 


100 cos 
(377t + 240) 


Source Line Load Source Line Load 


FIGURE 12.3-5 (a) A balanced three-wire Y-to-Y circuit and (b) the per-phase equivalent circuit. 


The line current is calculated as 
= 100 
~ 50 + j(377) (0.045) 


Laa (0%) = 1.894 /—18.7° A 


The phase voltage at the load is 
Van(@) = (40 + j(377)(0.04))La (œ) = 81 /2° V 
Because peak values of the sinusoidal voltages and currents have been used instead of effective values, the 


appropriate formulas for power are those given in the “peak values” column of Table 12.1-1. The power delivered 
by the source is calculated as 


La (œ) = 1.894 /—18.7 A and Vaml@) = 100 /0° V 


(100) (1.894) 


so i, = cos (18.7°) = 89.7W 


The power delivered to the load is calculated as 


1.894? 
Ta(@) = 1.8947—18.77 A and Ra =40Q, so Pa = 40 =71.7W 
The power lost in the line is calculated as 
1.894? 


Ta(@) = 1.894 7-18.77 A and Ra =100, so Par = = = IAW 


The three-phase load receives 3P, = 215.1 W, and 3P,4 = 53.7 W is lost in the line. A total of 80 percent of the 
power supplied by the source is delivered to the load. The other 20 percent is lost in the line. The three-phase source 
delivers 3P, = 269.1 W. 


EXAMPLE 12.3-6 Reducing Line Losses 


As noted in Example 12.3-5, 80 percent of the power supplied by the source is delivered to the load, and the other 
20 percent is lost in the line. The loss in the line can be reduced by reducing the current in the line. Reducing the 
current in the load would reduce the power delivered to the load. Transformers provide a way of reducing the line 
current without reducing the load current. 
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100 cos 
(3772) 


Source Line Load 


FIGURE 12.3-6 (a) A 
per-phase equivalent 
circuit for a balanced 
Y-to-Y circuit with 
step-up and step-down 
J (877)(4) Q transformers and (b) the 
corresponding 
frequency-domain 
circuit used to calculate 
(b) the line current. 


In this example, two three-phase transformers are added to the three-phase circuit considered in Example 
12.3-5. A transformer at the source steps up the voltage and steps down the current. Conversely, a transformer at the 
load steps down the voltage and steps up the current. Because the turns ratios of these transformers are reciprocals 
of each other, the voltage and current at the load are unchanged. The current in the line will be reduced to reduce the 
power lost in line. The line voltage will increase. The higher line voltage will require increased insulation and 
increased attention to safety. 

Figure 12.3-6a shows the per-phase equivalent circuit of the balanced three-wire Y-to-Y circuit that includes 
the two transformers. Determine the average power delivered by the three-phase source, delivered to the three- 
phase load, and absorbed by the three-phase line. 


Solution 
To analyze the per-phase equivalent circuit in Figure 12.3-6a, notice that 


1. The secondary voltage of the left-hand transformer is 10 times the primary voltage, that is, 1000 cos (3771). 


2. The impedance connected to the secondary of the right-hand transformer can be reflected to the primary of this 
transformer by multiplying by 100. The result is a 4000-Q resistor in series with a 4-H inductor. 


These observations lead to the one-mesh circuit shown in Figure 12.3-6b. The mesh current in this circuit is the line 
current of the three-phase circuit. This line current is calculated as 


1000 


= = 0.2334 /—20.6° A 
4010 + j(377)(4.005) 


Lalo) 


The current into the dotted end of the secondary of the left-hand transformer in Figure 12.3-6a is — Iaa (œ), so the 
current into the dotted end of the primary of this transformer is 


I,(@) = —10(—Iya(@)) = 2.334 /—20.6° A 


The current into the dotted end of the primary of the right-hand transformer is I,,4(@), so the current into the dotted 
end of the secondary is 


I,(w) = —(—10 Iaa()) = 2.334 /—20.6° A 
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The phase voltage at the load is 
Van(@) = (40 + j(377)(0.04))I,4(@) = 99.77 /0° V 


The power delivered by the source is calculated as 


I,(@) = 2.334 /—20.6 A and 


(100) (2.334) 
2 


Van(@) =100/0° V so P,= cos (20.6°) = 109.2 W 


The power delivered to the load is calculated as 


2.334? 
Ia (œ) = 2.334 7—20.6° A and Ra =400, so Pa = m = 108.95 W 


The power lost in the line is calculated as 


Ta(@) = 0231/206 A and Ra =100, so Pa = E 2 W 


0.23347 
J 


Now 98 percent of the power supplied by the source is delivered to the load. Only 2 percent is lost in the line. 


EXERCISE 12.3-1 Determine complex power delivered to the three-phase load of a four-wire 
Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected source 
are V, = 120 /o°v rms, Vp = 120 /—120° Vrms, and V, = 120 /120°V rms. The load imped- 
ances are Za = 80+ j50 Q, Zg = 80+ j800, and Ze = 100 —j250. 


Answer: Sa = 129 + j81 VA, Sg = 90 + j90 VA, Sc = 136 — j34VA,andS = 355+ 7137 VA 


EXERCISE 12.3-2 Determine complex power delivered to the three-phase load of a four-wire 
Y-to-Y circuit such as the one shown in Figure 12.3-1. The phase voltages of the Y-connected source 
are V, = 120 /o° Vrms, Vp = 120 /—120° Vrms, and V, = 120 /120° Vrms. The load imped- 
ances are Za = Zg = Zc = 40 + j30 Q. 


Answer: Sa = Sg = Sc = 230 + j173 = VA and S = 6914 j518 VA 


EXERCISE 12.3-3 Determine complex power delivered to the three-phase load of a three-wire 
Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected source 
are V, = 120 /0° Vrms, Vp = 120 /—120° Vrms, and V, = 120 £120° Vrms. The load imped- 
ances are Za = 80+ j50 Q, Zg = 80 + j80 Q, and Zc = 100 — j25 Q. 


Intermediate Answer: Van = 28.89 /—150.5 V rms 
Answer: S = 392 + j142 VA 


EXERCISE 12.3-4 Determine complex power delivered to the three-phase load of a three-wire 
Y-to-Y circuit such as the one shown in Figure 12.3-2. The phase voltages of the Y-connected source 
are V, = 120 /o° V rms, Vp = 120 /—120° Vrms, and V. = 120 / 120° Vrms. The load imped- 
ances are Za = Zg = Zc = 40 + j30 Q. 


Answer: Sa = Sg = Sc = 230 + j173 VA and S = 691 +j518 VA 
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12.4 The A-Connected Source and Load 


The A-connected source is shown in Figure 12.2-5b. This generator connection, however, is seldom 
used in practice because any slight imbalance in magnitude or phase of the three-phase voltages will not 
result in a zero sum. The result will be a large circulating current in the generator coils that will heat the 
generator and depreciate the efficiency of the generator. For example, consider the condition 


Va = 120 /0° 
Voc = 120.1 /—121° (12.4-1) 
Vea = 120.2 /121° 


If the total resistance around the loop is 1 Q, we can calculate the circulating current as 
I = (Vap + Vic + Vea)/1 

120 + 120.1(—0.515 — j0.857) + 120.2(—0.515 + j0.857) 

120 — 1.03(120.15) 

—3.75 A 


which would be unacceptable. 

Therefore, we will consider only a Y-connected source as practical at the source side and consider 
both the A-connected load and the Y-connected load at the load side. 

The A-to-Y and Y-to-A transformations convert A-connected loads to equivalent Y-connected 
loads and vice versa. These transformations are summarized in Table 12.4-1. Given the impedances Z4, 
Z2, Z3 of a A-connected load, Table 12.4-1 provides the formulas that are required to determine the 
impedances Za, Zp, Zc of the equivalent Y-connected load. These three-phase loads are said to 
be equivalent because replacing the A-connected load by the Y-connected load will not change any of 
the voltages or currents of the three-phase source or three-phase line. 

The A-to-Y and Y-to-A transformations are significantly simpler when the loads are balanced. 
Suppose the A-connected load is balanced, that is, Z1 = Z2 = Z3 = Za. The equivalent Y-connected 


(12.4-2) 


II 


II 


Table 12.4-1 Y-to-A and A-to-Y Conversions 


CONVERSION CONVERSION 
DESCRIPTION CIRCUIT FORMULAS (UNBALANCED) FORMULAS (BALANCED) 
A B ZZ; When 
Q O Za a e 
Zi +Z + Z3 Zi =Z, =Z; =Z; 
Z223 
23 = —— 
Zi +Z +Z then Z 
A 
Y-connected load ZZ, cs i a 
Z= —— 
e 242+ 
O 
(0; 
Jz ZpZpt ZpZo + Ze When 
ro Zp 2, = Žg = Zc = Ly 
ZpZpt ZpZo + ZpZo 
a= Z, then 
A-connected load ay ey ee A 
Z ZaZg + ZpZo + Zae 
g5 ees 


Ze 
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load will also be balanced, so Za = Zg = Zc = Zy. Then, we have 


Zy =F (12.4-3) 


Therefore, if we have a Y-connected source and a balanced A-connected load with Z,, we convert the A 


load to a Y load with Zy = Z,/3. Then the line current is 


_ Va _ 3Va 
Zy Za 


i (12.4-4) 


Thus, we will consider only the Y-to-Y configuration. If the Y-to-A configuration is encountered, 
the A-connected load is converted to a Y-connected load equivalent, and the resulting currents and 
voltages are calculated. 


EXAMPLE 12.4-1 Y-and A-Connected Loads 


Figure 12.4-1a shows a three-phase load that consists of a parallel connection of a Y-connected and A-connected 
load. Convert this load to an equivalent Y-connected load. 


35 + j44.5Q 


47 + j42.5Q 


30 Po eer 


30 + j30Q 


+ j80Q 


(b) 


Ww > 


FIGURE 12.4-1 Example of Y-A 
conversions. (a) Parallel Y-connected 
and A-connected loads. (b) The 
Y-connected load is converted to a 
A-connected load. (c) The parallel 
A-connected loads are replaced by a 
single equivalent A-connected load. 

(d) The A-connected load is converted to 
(c) (d) a Y-connected load. 


13 +j14.6 Q 17 +j14Q 


46 + j44 Q 
12.6 +j15Q 
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Solution 

First, convert the Y-connected load to a A-connected load as shown in Figure 12.4-1b. Notice, for 
example, that both of the A-connected loads in Figure 12.4-1b have an impedance connected 
between terminals A and B. These impedances are in parallel and can be replaced by a single 
equivalent impedance. Replace the parallel A-connected loads by a single equivalent A-connected load 
as shown in Figure 12.4-1c. Finally, convert the A-connected load to a Y-connected load as shown in Figure 
12.4-1d. 


12.5 The Y-to-A Circuit 


Now, let us consider the Y-to-A circuit as shown in Figure 12.5-1. Applying KCL at the nodes of the 
A-connected load shows that the relation between the line currents and phase currents is 


La = lag — Ica 
Ig = Isc — Tas 
and eens ree ic (12.5-1) 


The goal is to calculate the line and phase currents for the load. 

The phase currents in the A-connected load can be calculated from the line-to-line voltages. These 
line-to-line voltages appear directly across the impedances of the A-connected load. For example, V Ag 
appears across Z3, so 


VAB 
Igp = 12.5-2 
m= (12.5-2) 
Similarly, E = Pig ee oe (12.5-3) 
2 1 


When the load is balanced, the phase currents in the load have the same magnitude and have 
phase angles that differ by 120°. For example, if the three-phase source has the abc sequence and 


FIGURE 12.5-1 A Y-to-A three-phase circuit. 
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FIGURE 12.5-2 Phasor diagram for currents of a A load. 


Ing =] MA then Ica = J /ġ + 120°. The line current I, is calculated as 
La = Iag —Ica 
= Icos ġ + jl sin ¢ — I cos (ġ + 120°) — jI sin (ġ + 120°) 
= —2/ sin (ġ + 60°) sin (—60°) + j2I cos (b + 60°) sin (—60°) 


= J31 [sin (@ + 60°) —j cos (f + 60°)] ees) 
= 31 [cos (# — 30°) — j sin (f — 30°)] 
= V31/p—30° A 
Therefore, ILa] = V3|I| (12.5-5) 
or TAS Yl 


and the line current magnitude is v3 times the phase current magnitude. This result can also be 
obtained from the phasor diagram shown in Figure 12.5-2. In a A connection, the line current is V3 
times the phase current and is displaced —30° in phase. The line-to-line voltage is equal to the phase 
voltage. 


( ExAMPLE 12.5-1 Balanced Y-A Circuit ) 


Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the Y-connected source are 


22 220 220 
Va = 2 —30° V rms, V, =—= /—150° Vrms, and V. =——/90° V rms 
v3 v3 v3 
The A-connected load is balanced. The impedance of each phase is Za = 10 /—50° Q. Determine the phase and 
line currents. 


Solution 

The line-to-line voltages are calculated from the phase voltages of the source as 
Van = Va— Vb = = (ae = /—150° = 220 /0° V rms 
eV, V. = /—150° /90° = 220 /—120° V rms 
va = Ve- Va = = [90° = /-30° = 220 /—240° V rms 
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The phase voltages of a A-connected load are equal to the line-to-line voltages. The phase currents are 


VAB 220 /0° 
Ls =— = 


Z ~~ 10 /—s0° 
230 /—120° 
Ipc = Vac = = 22 /—70° Arms 
Z 10 /—50° 
Vea _ 220 /—240° 


Z 10 /—50° 


= 22 / 50° Arms 


Ica = = 22 /—190° A rms 


The line currents are 


Ties — Te, — 22 /50° — 22 /—-190° = 22 V3 00 ee 


Then Ip = 22V3 /—100° Arms and Ipc = 223 /—220° A rms 


The current and voltage relationships for a A load are summarized in Table 12.5-1. 


Table 12.5-1 The Current and Voltage for a A Load 


Phase voltages Vas = Vas /0° 
Line-to-line voltages Vas = V (linear voltage = phase voltage) 
Phase currents Iag = Vas = VL =I, /-0 
Ze Za 
with Zp = Z/0 


Ipc = Tap /-120° 
Ica = Iag /—240° 
Line currents L = V3, 0 — 30° 
Is = V3Ip Z0 — 150° 
Ic = V3lp /—0 + 90° 


i, = V3Ip 


Note: L = line, p = phase. 


EXERCISE 12.5-1 Consider the three-phase circuit shown in Figure 12.5-1. The voltages of the 
Y-connected source are 


360 360 360 
V, = — /=30° Vrms, V, =—=/—150° Vrms, and V, =—~ /90° Vrms 
V3 V3 V3 


The A-connected load is balanced. The impedance of each phase is Za = 180 /45° Q. Determine the phase and 
line currents when the line-to-line voltage is 360 V rms. 


Partial Answer: Iag = 2 745° A rms and I, = 3.46 /15° A rms 
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12.6 Balanced Three-Phase Circuits 


We have only two possible practical configurations for three-phase circuits, Y-to-Y and Y-to-A, and we 
can convert the latter to a Y-to-Y form. Thus, a practical three-phase circuit can always be converted to 
the Y-to-Y circuit. 

Balanced circuits are easier to analyze than unbalanced circuits. Earlier, we saw that balanced 
three-phase Y-to-Y circuits can be analyzed using a per-phase equivalent circuit. 

The circuit shown in Figure 12.6-la is a balanced Y-to-A circuit. Figure 12.6-1b shows the 
equivalent Y-to-Y circuit in which 


This Y-to-Y circuit can be analyzed using the per-phase equivalent circuit shown in Figure 
12.6-1c. 


(b) (c) 
FIGURE 12.6-1 (a) A Y-to-A circuit, (b) the equivalent Y-to-Y circuit, and (c) the per-phase equivalent circuit. 
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Try it . . . 
yourself EXAMPLE 12.6-1 Per-Phase Equivalent Circuit 
in WileyPLUS 


Figure 12.6-la shows a balanced Y-to-A three-phase circuit. The phase voltages of the Y-connected source are 
M= 110 /o° Vrms, Vp = 110 7—120° Vrms, and V. = 110 /120° Vrms. The line impedances are each 
Zı = 10+ 750. The impedances of the A-connected load are each Za = 75 + j225 Q. Determine the phase 
currents in the A-connected load. 


Solution 
Convert the A-connected load to a Y-connected load using the A-to-Y transformation summarized in Table 
12.4-1. The impedances of the balanced equivalent Y-connected load are 


22 
Zy =F 254750 


The per-phase equivalent circuit for the Y-to-Y circuit is shown in Figure 12.6-1c. The line current is 
given by 


ve 110 /0° 
Zi+Zy (10+ j5) + (25 +75) 


La = = 1.26 /—66° Arms (12.6-1) 


The line current I,a, calculated using the per-phase equivalent circuit, is also the line current Iaa in the Y-to- 
Y circuit, as well as the line current I, in the Y-to-A circuit. The other line currents in the balanced Y-to-Y 
circuit have the same magnitude but differ in phase angle by 120°. These line currents are 


Ies = 1.26 /—186° Arms and I.c = 1.26/54° Arms 


(To check the value of I,z, apply KVL to the loop in the Y-to-Y circuit that starts at node n, passes through nodes b, 
B, N, and returns to node n. The resulting KVL equation is 


Vp = Zilog + Zylbg + Vyn 


Because the circuit is balanced, Vyn = 0. Solving for I,p gives 


Vv 110 /—120° 
ZL +Zy (10+ j5) + (25 +75) 


lp = = 1.26 /—186° A rms (12.6-2) 


Comparing Eqs. 12.6-1 and 12.6-2 shows that the line currents in the balanced Y-to-Y circuit have the same 
magnitude but differ in phase angle by 120°. 

The line currents of the Y-to-A circuit in Figure 12.6-1a are equal to the line currents of the Y-to-Y circuit in 
Figure 12.6-1b because the Y-to-A and Y-to-Y circuits are equivalent. 

The voltage Van in the per-phase equivalent circuit is 


Van = LaZy = (1.26 /—66°)(25 + j75) = 99.6 75° V rms 


The voltage Van calculated using the per-phase equivalent circuit is also the phase voltage Van of the Y-to-Y 
circuit. The other phase voltages of the balanced Y-to-Y circuit have the same magnitude but differ in phase angle 
by 120°. These phase voltages are 


Vpn = 99.6 /—115° Vrms and Ven = 99.6/125° V rms 
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The line-to-line voltages of the Y-to-Y circuit are calculated as 
Vas = Van — Van = 99.5 /5° TOIS ene: = 172 [35° V rms 
eee Van Ven = 99.5 /—115° — 99.5 /125° = 172 / 852 MATS 
Vea = Ven — Van = 99.5 / 125° — 99.5 /5° = 172 (155° Vrms 


The phase voltages of a A-connected load are equal to the line-to-line voltages. The phase currents are 


Wan 72/35 
Tap = N 
ee 754-9225 


; Vac _ 172 /-85° 
mZ | 75445225 
Moa 172/155: 


z = 0.727 /—84° A 
2n © 1557005 ae 


= 0.727 /—36° A rms 


= 0.727 /—156° A rms 


EXERCISE 12.6-1 Figure 12.6-1a shows a balanced Y-to-A three-phase circuit. The phase 
voltages of the Y-connected source are V, = 110 /0° Vrms, V, = 110 7—120° Vrms, and V. = 
110 /120° V rms. The line impedances are each Zy = 10 + j25 Q. The impedances of the A-connected 
load are each Za = 150 + j270 Q. Determine the phase currents in the A-connected load. 


Answer: Iag = 0.49 /—32.5° Arms, Ipc = 0.49 /—152.5° Arms, Ica = 0.49 /87.5° Arms 


12.7 Instantaneous and Average Power ina Balanced 
Three-Phase Load 


One advantage of three-phase power is the smooth flow of energy to the load. Consider a balanced load 
with resistance R. Then the instantaneous power is 


a pi 2 
Vab , “be , Yea 
t) = = + = + = 12.7-1 
p(t) =+ e e (12.7-1) 
where va = V cos œt, and the other two-phase voltages have a phase of +120°, respectively. 
Furthermore, 
cos” at = (1 + cos 2x) /2 
Therefore, 


y2 
p(t) = IR [1 + cos 2@t + 1 + cos 2(@t — 120°) + 1 + cos 2(œt — 240°)] 
3y? n v I 
2R 2R 
The bracketed term is equal to zero for all time. Hence, 


(12.7-2) 
cos 2wt + cos (2wt — 240°) + cos (2a@t — 480°)] 


Boy 


p(t) = FR 
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The instantaneous power delivered to a balanced three-phase load is a constant. 


The total power delivered to a balanced three-phase load can be calculated using the per-phase 
equivalent circuit. For example, we multiply the complex power delivered to a load in the per-phase 
equivalent circuit by 3 to obtain the total complex power delivered to the corresponding balanced three- 
phase load. 

Consider, again, Figure 12.6-1. Figure 12.6-la shows a balanced Y-to-A circuit. Figure 
12.6-1b shows the equivalent Y-to-Y circuit, obtained using the A-to-Y transformation summarized 
in Table 12.4-1. Figure 12.6-1c shows the per-phase equivalent circuit corresponding to the Y-to-Y 
circuit. The voltage Van = Vp /Oay and the current khaa = IL /Oax are obtained using per-phase 
equivalent circuit. The voltage Van and the current I, are the phase voltage and line current of the 
Y-connected load in Figure 12.6-1b. The total average power delivered to the balanced Y-connected 
load is given by 


Py =3 Pa =3 Vel, cos (Oav = Oar) =3 Vel, COS (0) (12.7-3) 


where 0 is the angle between the phase voltage and the line current, cos 0 is the power factor, and Vp and 
Ip are effective values of the phase voltage and line current. 

It is easier to measure the line-to-line voltage and the line current of a circuit. Also recall that the 
line current equals the phase current and that the phase voltage is Vp = VL/ V3 for the Y-load 
configuration. Therefore, 


V 
P =3— I; cos 0 = V3 Vii cos 0 (12.7-4) 


v3 


The total average power delivered to the A-connected load in Figure 12.6-la is 


I 
P = 3Pap = 3Vaplap cos 0 = 3(V3Vp) T cos 0 = 3 Vpl, cos 0 (12.7-5) 
In summary, the total average power delivered to the A-connected load in Figure 12.6-la is equal 
to the total average power delivered to the balanced Y-connected load in Figure 12.6-1b. 
That’s appropriate because the two circuits are equivalent. Notice that the information required 
to calculate the power delivered to a balanced load, Y or A, is obtained from the per-phase equivalent 
circuit. 


( EXAMPLE 12.7-1 Power Delivered to the Load ) 


Figure 12.6-1a shows a balanced Y-to-A three-phase circuit. The phase voltages of the Y-connected source are 


Vv, = 110 /o° Vrms, Vp = 110 7—120° Vrms, and V, = 110/120° Vrms. The line impedances are each 
Zı = 10+ 75 Q. The impedances of the A-connected load are each Za = 75 + j225 Q. Determine the average 
power delivered to the load. 


Solution 
This circuit was analyzed in Example 12.6-1. That analysis showed that 


La = 1.26 /—66° A rms 
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and Van = 99.6 /5° V rms 


The total average power delivered to the load is given by Eq. 12.7-3 as 
P = 3(99.6)(1.26) cos (5° — (—66°)) = 122.6 W 


( EXAMPLE 12.7-2 Three-Phase Load ) 


A balanced three-phase load receives 15 kW at a power factor of 0.8 lagging when the line voltage is 480 V rms. 
Represent this load as a balanced Y-connected load. 


Solution 
We will represent the load as three Y-connected impedances. Each of these impedances will receive one third of 


the power delivered to the three-phase load, 5 kW at 0.8 lagging. The complex power received by each impedance 
will be 


IP 
S-P pn (cos”'(pf)) = 5 +iegsin (cos! (0.8)) = 5 + j3.75 KVA 
P. s 


The voltage across each impedance of the load will be phase voltage 
[V1] 480 
Vp = —= /¢ =—= [6 = 211 /¢ Vrms 
"O 2 v3 2 2 


The angle ¢ of the phase voltage has not been specified. The voltages across each of the three impedances of the 
load have the same magnitude but different angles. The current in each of the load impedances is given by 


: 6.9°\ 
1= ($) = | 2200302") — 22.56 /(o — 36.9%) Arms 
Vp 271 / 


Finally, the load impedance is given by 


Vp 277 / 
= I 22.56 /(h — 36.9°) 


= 12.28 /36.9° = 9.82 77.37) 


( EXAMPLE 12.7-3 Three-Phase Circuit ) 


A balanced three-phase circuit consists of a Y-connected source connected to a balanced load. The line impedances 
are each Z, = 2 + j0.5 Q. The balanced three-phase load receives 15 kW at a power factor of 0.8 lagging, and the 
line voltage at the load is 480 V rms. Determine the required source voltage and the complex power supplied by the 
three-phase source. 


Solution 
The three-phase load in this example is the same load encountered in Example 12.7-2. Using the results of Example 
12.7-2, we can represent this three-phase circuit, using the per-phase equivalent circuit shown in Figure 12.6-1c 
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with Zg = 2 + j0.5 Q and Zy = 9.82 + j7.37 Q. As in Example 12.7-2, the line current depends on the power 
received by the load and the line voltage at the load and is given by 


ILa = 22.56 /(b — 36.9°) Arms 
where @ has not been specified. Using KVL, the required source voltage can then be expressed as 
Va = (Zi + Zy)La = (2 + 70.5 + 9.82 + j7.37)22.56 /(ġ — 36.9°) = 320.6 ((O — 3.3°) V rms 


The complex power delivered by the three-phase source is 


Ssource = 3 VaI, = 3(320.6 /(b — 3.3°))(22.56 /(@ — 36.9°))” = 21.7 £33.6° 


= 18.14 712.0kVA 


It’s worth noticing that the power supplied by the three-phase source does not depend on the unspecified angle @. 
At this point, it may be convenient to specify that @ = 3.3° so that the Y-connected voltage sources will have phase 
angles of 0°, 120°, and —120°. 


EXERCISE 12.7-1 Figure 12.6-1a shows a balanced Y-to-A three-phase circuit. The phase 
voltages of the Y-connected source are V,=110/0° Vrms, V, = 110/—120° Vrms, and 
V. = 110 /120° Vrms. The line impedances are each Z = 10+j250. The impedances of 
the A-connected load are each Za = 150+ 270. Determine the average power delivered to the 
A-connected load. 


Intermediate Answer: I,a = 0.848 /—62.5° Arms and Van = 87.3 /—1.5° V rms 
Answer: P = 107.9W 


12.8 Two-Wattmeter Power Measurement 


For many load configurations, for example, a three-phase motor, the phase current or voltage is 
inaccessible. We may wish to measure power with a wattmeter connected to each phase. However, 
because the phases are not available, we measure the line currents and the line-to-line voltages. A 
wattmeter provides a reading of V_J,, cos 0 where V; and [, are the rms magnitudes and 0 is the angle 
between the line voltage V and the current I. We choose to measure V, and J, the line voltage and 
current, respectively. We will show that two wattmeters are sufficient to read the power delivered to the 
three-phase load, as shown in Figure 12.8-1. We use cc to denote current coil and vc to denote voltage 
coil. 
Wattmeter 1 reads 


P, = Vapla cos 0; (12.8-1) 
and wattmeter 2 reads 
Pa = Vcple cos 02 (12.8-2) 
For the abc phase sequence for a balanced load, 
0, =04+30° 
and 


b = 0 — 30° (12.8-3) 
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Wattmeter 1 


Wattmeter 2 


FIGURE 12.8-1 Two-wattmeter connection for a three-phase FIGURE 12.8-2 The two-wattmeter 


Y-connected load. 


connection for Example 12.8-1. 


where 0 is the angle between the phase current and the phase voltage for phase a of the three-phase 
source. 
Therefore, 


P = Pi +P =V I cos (0 + 30°) + Viz cos (0 — 30°) 
= V,I,| cos 0 cos 30° — sin 0 sin 30° + cos 0 cos 30° + sin 0 sin 30°] (12.8-4) 
=2 VI cos 0 cos 30° = V3 VLI cos 0 


which is the total average power of the three-phase circuit. The preceding derivation of Eq. 12.8-4 is for 
a balanced circuit; the result is good for any three-phase, three-wire load, even unbalanced or 
nonsinusoidal voltages. 

The power factor angle 0 of a balanced three-phase system may be determined from the reading of 
the two wattmeters shown in Figure 12.8-2. 

The total power is obtained from Eqs. 12.8-1 through 12.8-3 as 


P = P; +P = V,I,| cos (0 + 30°) + cos (@ — 30°)| (12.8-5) 
= Vi 2 cos 0 cos 30° i 
Similarly, P, — P = Vil (—2 sin 0 sin 30°) (12.8-6) 
Dividing Eq. 12.8-5 by Eq. 12.8-6, we obtain 
Pı +P 2cos0cos30 | -V3 
P,—P, —2sin@sin30°  tand 
P,—P 
Therefore, tan 0 = V3 — : (12.8-7) 


JEg op IP 


where 0 = power factor angle. 
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EXAMPLE 12.8-1 Two-Wattmeter Method 


The two-wattmeter method is used, as shown in Figure 12.8-2, to measure the total power delivered to the 
Y-connected load when Z = 10 /45° Q and the supply line-to-line voltage is 220 V rms. Determine the reading of 
each wattmeter and the total power. 


Solution 
The phase voltage is 


_ 220 
v3 


Va —30° V rms 


Then we obtain the line current as 


220 /—30° 
Le no = 12.7/—75° Arms 


Z 10/3 [45° 


Then the second line current is 


Ig = 12.7 /—195° A rms 


The line-to-line voltages Vag = 220 Zo V rms, Vea = 220 /+120° V rms, and Vgc = 220 /—120° V rms. The 
first wattmeter reads 


P, = IA Vac cos 0, = 12.7(220) cos 15° = 2698 W 


Because Vca = 220 /+120°, Vac = 220 /—60°. Therefore, the angle 0, lies between Vac and I, and is equal to 
15°. The reading of the second wattmeter is 


P, = Vee cos 02 = 12.7(220) cos 75° = 723 W 
where 0 is the angle between Iz and Vgc. Therefore, the total power is 
P = P, + P = 3421 W 


We note that all of the preceding calculations assume that the wattmeter itself absorbs negligible power. 


( EXAMPLE 12.8-2 Two-Wattmeter Method ) 


The two wattmeters in Figure 12.8-2 read P; = 60 kW and P2 = 180 W, respectively. Find the power factor of the 
circuit. 


Solution 
From Eq. 12.8-7, we have 


P» — P; 120 v3 
mi- A eNe ee 
= =p, Wn 2 eee 


Therefore, we have 0 = 40.9° and the power factor is 
pf = cos 0 = 0.756 


The positive angle 0 indicates that the power factor is lagging. If 0 is negative, then the power factor is leading. 
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EXERCISE 12.8-1 The line current to a balanced three-phase load is 24 A rms. The line-to- 
line voltage is 450 V rms, and the power factor of the load is 0.47 lagging. If two wattmeters are 
connected as shown in Figure 12.8-2, determine the reading of each meter and the total power to the 
load. 


Answers: Pi = —371 W, P2 =9162W, and P = 8791 W 


EXERCISE 12.8-2 The two wattmeters are connected as shown in Figure 12.8-2 with Pı = 
60kW and P2 = 40 kW, respectively. Determine (a) the total power and (b) the power factor. 


Answers: (a) 100kW (b) 0.945 leading 


12.9 How Can We Check ... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following examples illustrate techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


EXAMPLE 12.9-1 How Can We Check Analysis of 
Three-Phase Circuits? 


Figure 12.9-la shows a balanced three-phase circuit. Computer analysis of this circuit produced the 
element voltages and currents tabulated in Figure 12.9-1b. How can we check that this computer analysis 


is correct? 


vı = 10 cos (34) V R=99 1,=4H 
Element Voltage Current 
© © V1 1 0 10/0 10 /0 0.67 /127 
7 v2 2 0 10/120 | 10 £120) /NOleqaamme 
ee OV R =9Q 61, =4H V3 3 0 10 /=120 | 10 2120 OC 
R1149 6 /-53 | 0.67 /-53 
R225 9 6 /67 0.67 /67 
R3369 6 /-173 | 0.67 /-173 
= ae ll 474 8 /37 0.67 /-53 
v3 = 10 cos (3t- 120°) V R3=9Q L3=4H 12574 8 7157 067 IEI 
13674 8 /83 0.67 /-173 
(a) (b) 


FIGURE 12.9-1 (a) A three-phase circuit. (b) The results of computer analysis. 
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Solution 

Because the three-phase circuit is balanced, it can be analyzed by using a per-phase equivalent circuit. The 
appropriate per-phase equivalent circuit for this example is shown in Figure 12.9-2. This per-phase equivalent 
circuit can be analyzed by writing a single-mesh equation: 


10 = (9 + j12)I_ (a) 
or 
I,(@) = 0.67e A 
where I, (œ) is the phasor corresponding to the inductor current. The voltage across the inductor is given by 
Vi(@) = j12 I.(@) = 8e?” V 
The voltage across the resistor is given by 
Vr(@) = 9 Lo) = 6e” V 


These currents and voltages are the same as the values given in the computer analysis for the element currents and 


voltages of Rı and Lı. We conclude that the computer analysis of the three-phase circuit is correct. 
9Q 


| 0.67 /-53° A 


10V 
j12Q 


FIGURE 12.9-2 The per-phase equivalent circuit. 


EXAMPLE 12.9-2 How Can We Check Unbalanced 
Three-Phase Circuits? 


Computer analysis of the circuit in Figure 12.9-3 shows that Vyn(@) = 12.67 /174.6° V. This computer analysis 
did not use rms values, so 12.67 is the magnitude of the sinusoidal voltage vy,(4) rather than the effective value. 
Verify that this voltage is correct. 

100 cos 

Cre 102 5mH , 50Q 30mH 


100 cos 
(377t +120) 


100 cos 
(377t + 240) 


Source Line Load 


FIGURE 12.9-3 A three-phase circuit. 
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Solution 
This result could be checked by writing and solving a node equation to calculate Vy,(@), but it is easier to check 
this result by verifying that KCL is satisfied at node N. 
First, calculate the three line currents as 
100 — Vun (©) 
~ 60 + j(377) (0.035) 


100 120° = Vna() 


50 + j(377)(0.045) 


100 /—120° — Vna(o) 


40 + j(377) (0.055) 


Lo) = 1.833 /—13° A 


Ip(@) = = 1.766 /94.9°A 


= 2.118 /—140.5° A 


Ic(@) = 
Next, apply KCL at node N to get 


1.833 /—13° + 1.766 /95.9° + 2.118 /—140.5° = 0A 


Because KCL is satisfied at node N, the given node voltage is correct. 
We can also check that average power is conserved. Recall that peak values, rather than effective values, are 
being used in this example. First, determine the power delivered by the (three-phase) source: 


(100)(1.833) 
2 


Ia (œw) = 1.833 /—13° A and Van(@) = 100 0° V, so P, = os (0° — (—13°)) = 89.3 W 


(100) (1.766) 


Ip(@) = 1.766 /94.9° A and Vin(@) = 100 /120° V, so P, = cos (120° — (94.9°)) = 80 W 


100)(2.11 
Ic(œ) = 2.118 /—140.5° A and Ven(@) = 100 240° V, so P, = COO MR 


cos (0° + 140.5°) = 99.2 W 


The power delivered by the source is 89.3 + 80 + 99.2 = 268.5 W. 
Next, determine the power delivered to the (three-phase) load as 


1.8337 
In(@) = 1.8337-13° A and Ra =500, so Pa= 5 50 = 84.0 W 
3 1.766° 
Ip(m) = 1.766/94.9° A and Rg=40Q, so Pg= 5 40 = 62.4W 
p Dee 
Ic(m) = 2.118/—140.5° A and Ro =300, so Pe= 5 30 = 67.3 W 
The power delivered to the load is 84 + 62.4 + 67.3 = 213.7 W. 
Determine the power lost in the (three-phase) line as 
1.8337 
AORT e833 7 132A0 and Ra — lOO, so Fan — 10 = 16.8 W 
1.7667 
Ip(@) = 1.766/94.9° A and Ryp=100, so Pi = all = 15.6W 
` DAN 
Ic(@) = 2e SA and R S OO so Pc= 10 = 22.4 W 


The power lost in the line is 16.8 + 15.6 + 22.4 = 54.8 W. 
The power delivered by the source is equal to the sum of the power lost in the line plus the power delivered to 
the load. Again, we conclude that the given node voltage is correct. 
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( 12.10 DesiIGN EXAMPLE Power Factor Correction ) 


Figure 12.10-1 shows a three-phase circuit. The capacitors are added to improve the power factor of the load. We 
need to determine the value of the capacitance C required to obtain a power factor of 0.9 lagging. 


Describe the Situation and the Assumptions 


1. The circuit is excited by sinusoidal sources all having the same frequency, 60 Hz or 377 rad/s. The circuit is at 
steady state. The circuit is a linear circuit. Phasors can be used to analyze this circuit. 


2. The circuit is a balanced three-phase circuit. A per-phase equivalent circuit can be used to analyze this circuit. 
3. The load consists of two parts. The part comprising resistors and inductors is connected as a Y. 
The part comprising capacitors is connected as a A. A A-to-Y transformation can be used to simplify the load. 


The per-phase equivalent circuit is shown in Figure 12.10-2. 


State the Goal 


Determine the value of C required to correct the power factor to 0.9 lagging. 


Generate a Plan 
Power factor correction was considered in Chapter 11. A formula was provided for calculating the reactance X; 
needed to correct the power factor of a load 


7 R+X? 
-R tan (cos~! pfc) — X 


Xı 


where R and X are the real and imaginary parts of the load impedance before the power factor is corrected and pfc is 
the corrected power factor. After this equation is used to calculate X4, the capacitance C can be calculated from X4. 
Notice that X, will be the reactance of the equivalent Y-connected capacitors. We will need to calculate the A- 
connected capacitor equivalent of the Y-connected capacitor. 


valt) = 100 cos (3771) V R=49 L=4mH AADA LON 


v(t) = 100 cos (377t + 120°)V R =4Q L,=4mH R- 209 L 02A 


NSE L.=4mH R=20Q L=0.2H 


Source Line Load 


FIGURE 12.10-1 A balanced three-phase circuit. 


4Q 71.508 Q 20 Q 


j75.4Q 


FIGURE 12.10-2 The per-phase 
equivalent circuit. 
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Act on the Plan 


We note that Z = R + jX = 20+ j75.4 Q. Therefore, the reactance X, needed to correct the power factor is 


207 + 75.4? 


1 


~ 20 tan (cos! 0.9) — 75.4 


=—92"6 


The Y-connected capacitor equivalent to the A-connected capacitor can be calculated from Zy = Z, /3. Therefore, 
the capacitance of the equivalent Y-connected capacitor is 3C. 


Finally, because X; = 1/(3Cw), we have 
1 


Lime oa 


Verify the Proposed Solution 


1 
377 - 3(—92.6) 


= 9.548 uF 


When C = 9.548 uF, the impedance of one phase of the equivalent Y-connected load will be 


1 


I Jail xX 3x € 


(20 + j75.4) 


1 
jolt xX 3 x CE 


The value of the power factor is 


pf = cos (san ( 


so the specifications have been satisfied. 


12.11 SUMMARY 


(8) 


The generation and transmission of electrical power are more 
efficient in three-phase systems employing three voltages of 
the same magnitude and frequency and differing in phase by 
120° from each other. 

The three-phase source consists of either three Y-connected 
sinusoidal voltage sources or three A-connected sinusoidal 
voltage sources. Similarly, the circuit elements that comprise 
the load are connected to form either a Y or a A. The 
transmission line connects the source to the load and consists 
of either three or four wires. 

Analysis of three-phase circuits using phasors and imped- 
ances will determine the steady-state response of the three- 
phase circuit. We are particularly interested in the power the 
three-phase source delivers to the three-phase load. Table 
12.1-1 summarizes the formulas that are used to calculate the 
power delivered to an element when the element voltage and 
current adhere to the passive convention. 

The current in the neutral wire of a balanced Y-to-Y connection is 
zero; thus, the wire may be removed if desired. The key to the 
analysis of the Y-to-Y circuit is the calculation of the line currents. 
When the circuit is not balanced, the first step in the analysis of 


= 246.45 + j119.4 


+ (20 + j75.4) 


119.4 
——_) | = 0.90 
ae) ) yes 


this circuit is to calculate Vyn, the voltage at the neutral node of 
the three-phase load with respect to the voltage at the neutral node 
of the three-phase source. When the circuit is balanced, this step 
isn’t needed because Vyn = 0. Once Vyn is known, the line 
currents can be calculated. The line current for a balanced Y-to-Y 
connection is V,/Z for phase a, and the other two currents are 
displaced by +120° from I,. 

For a A load, we converted the A load to a Y-connected load 
by using the relation A-to-Y transformation. Then we pro- 
ceeded with the Y-to-Y analysis. 

The line current for a balanced A load is v3 times the phase 
current and is displaced —30° in phase. The line-to-line 
voltage of a A load is equal to the phase voltage. 

The power delivered to a balanced Y-connected load is Py = 
V3 Vapla cos 0 where Vag is the line-to-line voltage, Z4 is 
the line current, and 0 is the angle between the phase voltage 
and the phase current (Zy = Z /0). 

The two-wattmeter method of measuring three-phase power 
delivered to a load was described. Also, we considered the 
usefulness of the two-wattmeter method for determining the 
power factor angle of a three-phase system. 


PROBLEMS 


@ Problem available in WileyPLUS at instructor’s discretion. 
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Section 12.2 Three-Phase Voltages 


P 12.2-1 @ A balanced three-phase Y-connected load has 
one phase voltage: 


V. = 277 /45° V rms 


The phase sequence is abc. Find the line-to-line voltages 
Vas, Vgc, and Vea. Draw a phasor diagram showing the phase 
and line voltages. 


P 12.2-2 A three-phase system has a line-to-line voltage 


Vea = 12,470 /—35° V rms 


a large office building to a three-phase Y-connected load. 
The circuit operates at 60 Hz. The phase voltages of the 
Y-connected source are V, = 120 /0° V rms, V, = 120 
/—120° V rms, and V, = 120 / 120° V rms. Each transmis- 


sion wire, including the neutral wire, has a 2-Q resistance, and 
the balanced Y load has a 10-Q resistance in series with 100 
mH. Find the line voltage and the phase current at the load. 


P 12.3-3 @ A Y-connected source and load are shown in 
Figure P 12.3-3. (a) Determine the rms value of the current i,(7). 
(b) Determine the average power delivered to the load. 


10 cos (16t - 120°) V 


Figure P 12.3-3 


with a Y load. Find the phase voltages when the phase 
sequence is abc. 


P 12.2-3 © A three-phase system has a line-to-line voltage 


Væ = 1500 /30° V rms 


with a Y load. Determine the phase voltage. 


Section 12.3 The Y-to-Y Circuit 


P 12.3-1 (+) Consider a three-wire Y-to-Y circuit. The voltages 
of the Y-connected source are V, = (208 if v3) Jo Vv rms, 


V, = (208/73) /—120° V rms, Ve = (208//3) 
/ 120° V rms. The Y-connected load is balanced. The impedance 
of each phase is Z = 12 730° Q. 


and 


(a) Find the phase voltages. 

(b) Find the line currents and phase currents. 

(c) Show the line currents and phase currents on a phasor 
diagram. 

(d) Determine the power dissipated in the load. 


P 12.3-2 A balanced three-phase Y-connected supply deliv- 
ers power through a three-wire plus neutral-wire circuit in 


© 10 cos 167 V 


G) 10 cos (16r + 120°) V 
1H 


P 12.3-4 An unbalanced Y-Y circuit is shown in Figure 
P 12.3-4. Find the average power delivered to the load. 


Hint: Vyn(@) = 27.4 / —63.6 V 


Answer: 436.4 W 


100 cos 
(377t +120°) 


100 cos 
(377t + 240°) 


Source Line Load 


Figure P 12.3-4 


P 12.3-5 A balanced Y-Y circuit is shown in Figure P 12.3-5. 
Find the average power delivered to the load. 
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100 cos 
(377t +120°) 


100 cos 
(377t + 240°) 


Source Line Load 


Figure P 12.3-5 

P 12.3-6 (+) An unbalanced Y-Y circuit is shown in Figure 
P 12.3-6. Find the average power delivered to the load. 
Hint: Vnn(@) = 1.755 / —29.5 V 

Answer: 436.4 W 


10 cos 
(4t + 150°) 


10 cos 
(4t + 30°) 


Source Line Load 


Figure P 12.3-6 


P 12.3-7 @ A balanced Y-Y circuit is shown in Figure 
P 12.3-7. Find the average power delivered to the load. 


à A 492 2H 


10 cos 
(4t + 150°) 


10 cos 
(4t + 30°) 


Source Line Load 


Figure P 12.3-7 


Section 12.4 The A-Connected Source and Load 


P 12.4-1 A balanced three-phase A-connected load has one 
line current: 


Ip = 50 /—40° A rms 


Find the phase currents Igc, Iag, and Ica. Draw the phasor 
diagram showing the line and phase currents. The source uses 
the abc phase sequence. 


P 12.4-2 A three-phase circuit has two parallel balanced A 
loads, one of 5-Q resistors and one of 20-Q resistors. Find the 
magnitude of the total line current when the line-to-line voltage 
is 480 V rms. 


Section 12.5 The Y-to-A Circuit 

P 12.5-1 @ Considerathree-wire Y-to-A circuit. The voltages 
of the Y-connected source are V, = (208 / V3) —30° V rms, 
Vb = (208/3) /—150° V rms, and V, = (208/3) 90° V 
rms. The A-connected load is balanced. The impedance of 
each phase is Z = 12 /30° ©. Determine the line currents and 
calculate the power dissipated in the load. 


Answer: P = 9360 W 


P 12.5-2 A balanced A-connected load is connected by 
three wires, each with a 4-( resistance, to a Y source with 
Va = (480/V3) /-30° V rms, Vp» = (480/73) /—150° 
V rms, and V, = (480/3) 90° V rms. Find the line 
current I, when Za = 39 /—40° Q. 
Answer: I, = 17 /0.9° A 


P 12.5-3 @ The balanced circuit shown in Figure P 12.5-3 
has Va» = 380 /30° V rms. Determine the phase currents in the 
load when Z = 3 + j4 Q. Sketch a phasor diagram. 


a A 


Figure P 12.5-3 A A-to-Y circuit. 


P 12.5-4 The balanced circuit shown in Figure P 12.5-3 has 
Væ = 380 Jor V rms. Determine the line and phase currents in 
the load when Z = 9+ j12 Q. 


Section 12.6 Balanced Three-Phase Circuits 


P 12.6-1 +) The English Channel Tunnel rail link is 
supplied at 25 kV rms from the United Kingdom and French 


grid systems. When there is a grid supply failure, each end is 
capable of supplying the whole tunnel but in a reduced 
operational mode. 

The tunnel traction system is a conventional catenary 
(overhead wire) system similar to the surface mainline elec- 
tric railway system of the United Kingdom and France. What 
makes the tunnel traction system different and unique is the 
high density of traction load and the end-fed supply arrange- 
ment. The tunnel traction load is considerable. For each half 
tunnel, the load is 180 MVA (Barnes and Wong, 1991). 

Assume that each line-to-line voltage of the 
Y-connected source is 25 kV rms and the three-phase system 
is connected to the traction motor of an electric locomotive. 
The motor is a Y-connected load with Z = 150 [25° Q. Find 
the line currents and the power delivered to the traction 
motor. 


P 12.6-2 (+) A three-phase source with a line voltage of 45 
kV rms is connected to two balanced loads. The Y-connected 
load has Z = 10 +j20 Q, and the A load has a branch 
impedance of 50 Q. The connecting lines have an impedance 
of 2 Q. Determine the power delivered to the loads and the 
power lost in the wires. What percentage of power is lost in 
the wires? 


P 12.6-3 +) A balanced three-phase source has a Y-con- 
nected source with v, = 5 cos (2t + 30°) connected to a three- 
phase Y load. Each phase of the Y-connected load consists of 
a 4-0 resistor and a 4-H inductor. Each connecting line has a 
resistance of 2 Q. Determine the total average power delivered 
to the load. 


Section 12.7 Instantaneous and Average Power in a 
Balanced Three-Phase Load 


P 12.7-1 © Find the power absorbed by a balanced three- 


phase Y-connected load when 
15° V rms 110° A rms 


Vcs = 208 and Ip =3 


The source uses the abc phase sequence. 


Answer: P = 620 W 


Three-phase 
supply from 
utility 
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P 12.7-2 A three-phase motor delivers 20 hp operating from a 
480-V rms line voltage. The motor operates at 85 percent 
efficiency with a power factor equal to 0.8 lagging. Find the 
magnitude and angle of the line current for phase A. 


Hint: 1 hp = 745.7 W 


P 12.7-3 © A three-phase balanced load is fed by a balanced 
Y-connected source with a line-to-line voltage of 220 V rms. It 
absorbs 1500 W at 0.8 power factor lagging. Calculate the 
phase impedance if it is (a) A connected and (b) Y connected. 


P 12.7-4 A 600-V rms three-phase Y-connected source has 
two balanced A loads connected to the lines. The load imped- 
ances are 40 [30° Q and 50 /—60° Q, respectively. Determine 
the line current and the total average power. 


P 12.7-5 A three-phase Y-connected source simultaneously 
supplies power to two separate balanced three-phase loads. 
The first total load is A connected and requires 39 kVA at 
0.7 lagging. The second total load is Y connected and requires 
15 kW at 0.21 leading. Each line has an impedance 
0.038 + j0.072 O/phase. Calculate the line-to-line source volt- 
age magnitude required so that the loads are supplied with 208-V 
rms line-to-line. 

P 12.7-6 A building is supplied by a public utility at 4.16 kV 


rms. The building contains three balanced loads connected to 
the three-phase lines: 


(a) A connected, 500 kVA at 0.85 lagging 

(b) Y connected, 75 kVA at 0.0 leading 

(c) Y connected; each phase with a 150-Q resistor parallel to a 
225-0 inductive reactance 


The utility feeder is five miles long with an impedance per phase 
of 1.69 + j0.78 O/mile. At what voltage must the utility supply 
its feeder so that the building is operating at 4.16 kV rms? 


Hint: 41.6 kV is the line-to-line voltage of the balanced 
Y-connected source. 


P 12.7-7 © The diagram shown in P 12.7-7 has two three- 
phase loads that form part of a manufacturing plant. They are 
connected in parallel and require 4.16 kV rms. Load 1 is 1.5 
MVA, 0.75 lag pf A connected. Load 2 is 2 MW, 0.8 lagging 


0.42 j0.82 


0.4 Q 


j0.8Q 


0.42 j0.82 


Load 2 Load 1 


Figure P 12.7-7 A three-phase circuit with a A load and a Y load. 
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pf, Y connected. The feeder from the power utility’s substation 
transformer has an impedance of 0.4 + j0.8 Q/phase. Deter- 
mine the following: 


(a) The required magnitude of the line voltage at the supply. 

(b) The real power drawn from the supply. 

(c) The percentage of the real power drawn from the supply that 
is consumed by the loads. 


P 12.7-8 The balanced three-phase load of a large commercial 
building requires 480 kW at a lagging power factor of 0.8. The load 
is supplied by a connecting line with an impedance of 5 + j25 mQ 
for each phase. Each phase of the load has a line-to-line voltage of 
600 V rms. Determine the line current and the line voltage at the 
source. Also, determine the power factor at the source. Use the 
line-to-neutral voltage as the reference with an angle of 0°. 


Section 12.8 Two-Wattmeter Power Measurement 


P 12.8-1 The two-wattmeter method is used to determine 
the power drawn by a three-phase 440-V rms motor that is a 
Y-connected balanced load. The motor operates at 20 hp at 74.6 
percent efficiency. The magnitude of the line current is 52.5 A rms. 
The wattmeters are connected in the A and C lines. Find the reading 
of each wattmeter. The motor has a lagging power factor. 


Hint: 1 hp = 745.7 W 


P 12.8-2 A three-phase system has a line-to-line voltage of 
4000 V rms and a balanced A-connected load with 
Z = 40 + j30 Q. The phase sequence is abc. Use the two 
wattmeters connected to lines A and C, with line B as the 
common line for the voltage measurement. Determine the total 
power measurement recorded by the wattmeters. 


Answer: P = 768 kW 


PSpice Problems 


SP 12-1 Use PSpice to determine the power delivered to the 


load in the circuit shown in Figure SP 12-1. 


a 02 5mH a 20Q 60 mH 


110 cos 
(377t +120°) 


110 cos 
(377t + 240°) 


Source Line Load 


Figure SP 12-1 


P 12.8-3 © A three-phase system with a sequence abc and a 
line-to-line voltage of 200 V rms feeds a Y-connected load 
with Z = 70.7 /45° Q. Find the line currents. Find the total 
power by using two wattmeters connected to lines B and C. 


Answer: P = 400 W 


P 12.8-4 A three-phase system with a line-to-line voltage 
of 208 V rms and phase sequence abc is connected to a 
Y-balanced load with impedance 10 /—30° Q and a balanced 
A load with impedance 15 /30° Q.. Find the line currents and the 
total power using two wattmeters. 


P 12.8-5 The two-wattmeter method is used. The wattmeter in 
line A reads 920 W, and the wattmeter in line C reads 460 W. 
Find the impedance of the balanced A-connected load. The 
circuit is a three-phase 120-V rms system with an abc sequence. 


Answer: Za = 27.1 /—30° Q 


P 12.8-6 Using the two-wattmeter method, determine the 
power reading of each wattmeter and the total power for Problem 
12.5-1 when Z = 0.868 + j4.924 Q. Place the current coils in 
the A-to-a and C-to-c lines. 


Section 12.9 How Can We Check ... ? 


P 12.9-1 A Y-connected source is connected to a Y-connected 
load (Figure 12.3-1) with Z = 10+ j4 Q. The line voltage is 
Vı = 416 Vrms. A student report states that the line current 
I, = 38.63 Arms and that the power delivered to the load is 
16.1 kW. Verify these results. 


P 12.9-2 A A load with Z = 40+ j30 Q has a three-phase 
source with VL = 240 Vrms (Figure 12.3-2). A computer anal- 
ysis program states that one phase current is 4.8 /—36.9° A. 
Verify this result. 


SP 12-2 Use PSpice to determine the power delivered to the 
load in the circuit shown in Figure SP 12-2. 


a 102 5mH , 200 


110 cos 
(377t + 240°) 


Source Line Load 


Figure SP 12-2 


Design Problems 


DP 12-1 A balanced three-phase Y source has a line voltage of 
208 V rms. The total power delivered to the balanced A load is 
1200 W with a power factor of 0.94 lagging. Determine the 
required load impedance for each phase of the A load. Calculate 
the resulting line current. The source is a 208-V rms ABC sequence. 


DP 12-2 A three-phase 240-V rms circuit has a balanced 
Y-load impedance Z. Two wattmeters are connected with cur- 
rent coils in lines A and C. The wattmeter in line A reads 1440 W, 
and the wattmeter in line C reads zero. Determine the value of the 
impedance. 


DP 12-3 A three-phase motor delivers 100 hp and operates at 
80 percent efficiency with a 0.75 lagging power factor. Deter- 
mine the required A-connected balanced set of three capacitors 
that will improve the power factor to 0.90 lagging. The motor 
operates from 480-V rms lines. 
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DP 12-4 A three-phase system has balanced conditions so that 
the per-phase circuit representation can be used as shown in 
Figure DP 12-4. Select the turns ratio of the step-up and step- 
down transformers so that the system operates with an efficiency 
greater than 99 percent. The load voltage is specified as 4 kV 
rms, and the load impedance is 4/3 Q. 


20 kV 


Figure DP 12-4 
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13.1 Introduction 


Consider the experiment illustrated in Figure 13.1-1. Here a function generator provides the input to a 
linear circuit and the oscilloscope displays the output, or response, of the linear circuit. The linear circuit 
itself consists of resistors, capacitors, inductors, and perhaps dependent sources and/or op amps. The 
function generator allows us to choose from several types of input function. 

Suppose we select a sinusoidal input. The function generator permits us to adjust the amplitude, 
phase angle, and frequency of the input. First, we notice that no matter what adjustments we make, the 
(steady-state) response is always a sine wave at the same frequency as the input. The amplitude and 
phase angle of the output differ from the input, but the frequency is always the same as the frequency of 
the input. 

After a little more experimentation, we find that at any fixed frequency, the following are true: 


e The ratio of the amplitude of the output sinusoid to the amplitude of the input sinusoid is a constant. 
e The difference between the phase angle of the output sinusoid and the phase angle of the input 


sinusoid is also constant. 


The situation is not as simple when we vary the frequency of the input. Now the amplitude and 
phase angle of the output change in a more complicated way. 

In this chapter, we will develop analytical tools that enable us to predict how the amplitude and 
phase angle of the output sinusoid will change as we vary the frequency of the input sinusoid. 


13.2 Gain, Phase Shift, and the 
Network Function 


Gain, phase shift, and the network function are properties of linear circuits that describe the effect a 
circuit has on a sinusoidal input voltage or current. We expect that the behavior of circuits that contain 
reactive elements, that is, capacitors or inductors, will depend on the frequency of the input sinusoid. 
Thus, we expect that the gain, phase shift, and network function will all be functions of frequency. 
Indeed, we will see that this is the case. 

We begin by considering the circuit shown in Figure 13.2-1. The input to this circuit is the voltage 
of the voltage source, and the output, or response, of the circuit is the voltage across the 10-k( resistor. 
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Vy 


i 
sia we Q 
9 ©. eas 
I 1 1 


Ọ Oscilloscope 


Linear 


circuit 


FIGURE 13.1-1 Measuring the input and output of a linear circuit. 


When the input is a sinusoidal voltage, the steady-state response will also be sinusoidal and will have 
the same frequency as the input. 

Suppose the voltages v;,(f) and voy;(f) are measured using an oscilloscope. Figure 13.2-2 shows 
the waveforms that would be displayed on the screen of the oscilloscope. Notice that the scales are 
shown, but the axes are not. It is customary to take the angle of the input signal to be 0°, that is, 

Vin(t) = A cos wt 
Then, 


Vout(t) = B cos (œt + 0) 


The gain of the circuit describes the relationship between the sizes of the input and output 
sinusoids. In particular, the gain is the ratio of the amplitude of the output sinusoid to the 
amplitude of the input sinusoid. 


That is, 


ae: 
ain = — 
oe A 


Voltage, 2 V/div 


2 nF 


5 kQ 


©) i 
Uoutlt) 


Time (125 ys/div) 


= FIGURE 13.2-2 Input and output sinusoids for the op amp circuit of 
FIGURE 13.2-1 An op amp circuit. Figure 13.2-1. 
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The phase shift of the circuit describes the relationship between the phase angles of the input 
and output sinusoids. In particular, the phase shift is the difference between the phase angle of 
the output sinusoid and the phase angle of the input sinusoid. 


That is, 
phase shift = 0 — 0° = 0 


To be more specific, we need analytic representations of the sinusoids shown in Figure 13.2-2. The 
input voltage is the smaller of the two sinusoids and can be represented as 


Vin(t) = 1 cos 6283t V 
The steady-state response is the larger of the two sinusoids and can be represented as 
Vout(t) = 8.47 cos (6283t + 148°) V 
The gain of this circuit at the frequency œ = 6283 rad/s is 


_ output amplitude — 8.47 


gain = = 8.47 


input amplitude 1 


This gain is unitless because both amplitudes have units of volts. Because the gain is greater than 1, the 
output sinusoid is larger than the input sinusoid. This circuit is said to amplify its input. When the gain of 
a circuit is less than 1, the output sinusoid is smaller than the input sinusoid. This circuit is said to 
attenuate its input. 

The phase shift of this circuit at the frequency œ = 6283 rad/s is 


phase shift = output phase angle — input phase angle = 148° — 0° = 148° 


The phase shift determines the amount of time the output is advanced or delayed with respect to the 
input. Notice that 


B cos (wt + 0) = B cos (o (2) = B cos (w(t + to)) 


where 0 is the phase angle in radians and tọ = 0/œ. The positive peaks of B cos (wt + 0) occur when 


ot + 0 =n(2z) 
and, solving for t, we have 
2 
PC ee ee oe 
w 


where n is any integer and T is the period of the sinusoid. 


2 
The positive peaks of A cos wt occur at t = men) and the positive peaks of B cos(wt + 0) occur at 


2 
t= an) — tọ. A phase shift of 0 rad is seen to shift the output sinusoid by fọ seconds. When the 


o 
frequency is 6283 rad/s, a phase shift of 148°or 2.58 rad causes a shift in time equal to 


0 2.58 rad 


o Qin VS 


to = 


In Figure 13.2-2, the positive peaks of the input sinusoid occur at O ms, 1 ms, 2 ms, 
3 ms,.... Positive peaks of the output sinusoid occur at 0.59 ms, 1.59 ms, 2.59 ms, 
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3.59 ms, ... . Peaks of the output sinusoid occur 410 us before the next peak of the input sinusoid. 
The output is advanced by 410 us with respect to the input. 
Notice that 


Vout(t) = 8.47 cos (6283 + 148°) = 8.47 cos (62831 — 212°) 


because a phase shift of 360° does not change the sinusoid. A phase shift of —212° or —3.70 rad causes 
a shift in time of 


—3.70 rad 


-mae e 


to 


Peaks of the output sinusoid occur 590 us after the previous of the input sinusoid. The output is delayed 
by 590 us with respect to the input. 


A phase shift that advances the output is called a phase lead. A phase shift that delays the 
output is called a phase lag. 


At the frequency œw = 6283 rad/s, this circuit amplifies its input by a factor of 8.47 and advances it 
by 410 us or, equivalently, delays it by 590 us. The circuit of Figure 13.2-1 has a phase lead of 148° or, 
equivalently, a phase lag of 212°. 

Now let us consider this circuit when the frequency of the input is changed. When the input is 


Vin(t) = 1 cos 3141.61 V 


the steady-state response of this circuit can be found to be 
Vout(t) = 9.54 cos (3141.6t + 163°) V 
The gain and phase shift of this circuit at the frequency œ = 3141.6 rad/s are 


tput litude 9.54 
gain = = pa ae 3S = 9.54 
input amplitude 1 


and phase shift = output phase angle — input phase angle = 163° — 0° = 163° 


Changing the frequency of the input has changed the gain and phase shift of this circuit. Apparently, 
the gain and the phase shift of this circuit are functions of the frequency of the input. Table 13.2-1 shows 
the values of the gain and phase shift corresponding to several choices of the input frequency. 
As expected, the gain and phase shift changed when the input frequency changed. The network 


Table 13.2-1 Frequency Response Data for a Circuit 


f (Hz) o (rad/s) GAIN PHASE SHIFT 
100 628.3 9.98 176° 
500 3,141.6 9.54 163° 
1,000 6,283 8.47 148° 
5,000 31,416 3.03 108° 


10,000 62,830 1:57 99° 
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function describes the way the behavior of the circuit depends on the frequency of the input. 
The network function is defined in the frequency domain. It is the ratio of the phasor corresponding 
to the response sinusoid to the phasor corresponding to the input. Let X(@) be the phasor corresponding 
to the input to the circuit and Y(q@) be the phasor corresponding to the steady-state response of the 
network. Then, 


H() =—— (13.2-1) 


is the network function. Notice that both X(œw) and Y(q@) could correspond to either a current or 
a voltage. Both the gain and the phase shift can be expressed in terms of the network function. 
The gain is 


gain = |H(@)| = (13.2-2) 


and the phase shift is 


phase shift = /H(o) = /Y(@) — /X(@) (13.2-3) 


Consider the problem of finding the network function of a given circuit. To solve such a 
problem, we do two things. First, we represent the circuit in the frequency domain using impedances 
and phasors. (We also represented the circuit in the frequency domain when we wanted to find 
the steady-state response to a sinusoidal input. In that case, the frequency was represented as the 
value of the frequency of the sinusoidal input, for example, 4 rad/s. When we find the network 
function, the frequency is represented by a variable, w). Second, we analyze the circuit to determine 
the ratio of the phasor corresponding to the circuit output to the phasor corresponding to the circuit 
input. This analysis might involve mesh equations or node equations or equivalent impedances and 
voltage or current division. In any case, the analysis is performed in the frequency domain. 

Let’s find the network function for the circuit shown in Figure 
13.2-1. The first step is to represent this circuit in the frequency domain 
joC using impedances and phasors. Figure 13.2-3 shows the frequency- 

domain circuit corresponding to the circuit in Figure 13.2-1. In this 
example, the phasor corresponding to the input is V;,(@), and the phasor 
corresponding to the output is Vou(@). We seek to find the network 


R 
; function H(@) = Vou/ Vin. Write the node equation at the inverting input 
> node of the op amp and assume an ideal op amp. Then we have 
+ Vin(@)  Vou(@) 
V: ( ) in oul . = 
in(@ e Voula) =u + E + joCVou(@) = 0 
— This implies 

FIGURE 13.2-3 The frequency-domain Vout(@) —R> 

representation of the op amp circuit of H(%) = = P 
Vin(@) Ri +j@CRıRə 


Figure 13.2-1. 


The gain of this circuit is 
R/R; 


4/1 +0? CR 


gain = |H(@)| = H = 
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The phase shift of this circuit is 


phase shift = /H(a) = 180° — tan”! (@CR>) 


When R; = 5kQ, R = 50 kQ, and C = 2 nF, 


—10 
1 + (j@/10, 000) 
10 


1 + (œ?/10°) 


H(w) = 
gain = |H(o)| = 


phase shift = /H(w) = 180° — tan™! (~w/10,000) 


Notice that the frequency of the input has been represented by a variable, œ, rather than by 
any particular value. As a result, the network function, gain, and phase shift describe the way in 
which the behavior of the circuit depends on the input frequency. Earlier, we considered the case 
when œw = 6283 rad/s. Substituting this frequency into the equations for the gain and phase shift 
gives 


10 
gain = ———_—. = 8.47 
6283” 
1+ 3 
10 
and phase shift = 180° — tan~' (6283/10, 000) = 148° 


These are the same results as were obtained earlier by examining the oscilloscope traces in Figure 
13.2-2. Similarly, each line of Table 13.2-1 can be obtained by substituting the appropriate frequency 
into the equations for the gain and phase shift. 

Equations that represent the gain and phase shift as functions of frequency are called 
the frequency response of the circuit. The same information can be represented by a table or 
by graphs instead of equations. These tables or graphs are also called the frequency response of the 
circuit. 

To see that the network function really does represent the behavior of the circuit, suppose that 


Vin(t) = 0.4 cos (5000t + 45°) V 


The frequency of the input sinusoid is œ = 5000 rad/s. Substituting this frequency into the network 
function gives 


—10 
H(o) = = 8.94 /153° 
(©) = 17 5000/10, 000) 
Next, Vout(2) = H(@)Vin(w) = (8.94 /153°)(0.4 /45°) = 3.58 /198° 


Back in the time domain, the steady-state response is 


Vout(t) = 3.58 cos (5000r + 198°) V 


Notice that the network function contained enough information to enable us to calculate the steady- 
state response from the input sinusoid. The network function does indeed describe the behavior of 
the circuit. 
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Try it . 
yourself EXAMPLE 13.2-1 Network Function > INTERACTIVE EXAMPLE 


in WileyPLUS 


of a Circuit 


Consider the circuit shown in Figure 13.2-4a. The input to the circuit is the voltage of the voltage source v;(t). The 
output is the voltage v,(t) across the series connection of the capacitor and the 16-kQ resistor. The network function 
that represents this circuit has the form 


EV) Le 
H(o) Vio) 2 (13.2-4) 
p 


The network function depends on two parameters, z and p. The parameter z is called the zero of the circuit and 
the parameter p is called the pole of the circuit. Determine the values of z and of p for the circuit in 
Figure 13.2-4a. 


8 kQ 8 kQ 


(b) 


FIGURE 13.2-4 The circuit considered in Example 13.2-1 represented (a) in the time domain and (b) in the frequency domain. 


Solution 
We will analyze the circuit to determine its network function and then put the network function into the form given 
in Eq. 13.2-4. A network function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency 
domain. Consequently, our first step is to represent the circuit in the frequency domain, using phasors and 
impedances. Figure 13.2-4b shows the frequency-domain representation of the circuit from Figure 13.2-4a. 
The impedances of the capacitor and the 16-KQ resistor are connected in series in Figure 13.2-4b. The 
equivalent impedance is 
10° 
Z.(@) = 16,000 + ———— 
j(0.23)a 
The equivalent impedance is connected in series with the 8-kQ resistor. V;(@) is the voltage across the series 
impedances, and V,(œ) is the voltage across the equivalent impedance Z.(@). Apply the voltage division principle 
to get 
16, 000 mel us 
tae j(0.23)@ 10° + j(0.23)c(16, 000) 
Bae) 10> Yi) = F95+50.23)e0(24, 000) VC) 
8000 + 16,000 + ——— as 


70.23) 
10° + j(3680)@ 
a 1 + j(0.00368)% 
=y aan Vilo) — ae Ni 
1064 j(5520)0 ¥(”) = T 7(0.00552)0 O 
10° 


Divide both sides of this equation by Vj(@) to obtain the network function of the circuit 
1+ (0.0 
Ho- Volo) = iO 0368)@ 
Vi(m) 1+ (0.00552)a 


(13.2-5) 
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Equating the network functions given by Eq. 13.2-4 and 13.2-5 gives 
xa) 

1 +j(0.00368)o 1 +47 
1 + j(0.00552)@ — 1 ie 
P 


Comparing these network functions gives 


= 271.74rad/s and p= = 181.16 rad/s 


1 
L 0.00552 


— 0.00368 


Try it . 
yourself] EXAMPLE 13.2-2 Network Function @ INTERACTIVE EXAMPLE 


in WileyPLU : ; 
neve eee. of a Circuit 


Consider the circuit shown in Figure 13.2-5a. The input to the circuit is the voltage of the voltage source v;(t). The 
output is the voltage v,(t) across the series connection of the inductor and the 2-( resistor. The network function 
that represents this circuit is 


E 
H(o) = =e (13.2-6) 
Vi(@) íl HS 


Determine the value of the inductance L. 


8Q 


(a) (b) 
FIGURE 13.2-5 The circuit considered in Example 13.2-2 represented (a) in the time domain and (b) in the frequency domain. 


Solution 

The circuit has been represented twice, by a circuit diagram and by a network function. The unknown inductance L 
appears in the circuit diagram but not in the given network function. We can analyze the circuit to determine its 
network function. This second network function will depend on the unknown inductance. We will determine the 
value of the inductance by equating the two network functions. 

A network function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency 
domain. Consequently, our first step is to represent the circuit in the frequency domain, using 
phasors and impedances. Figure 13.2-5b shows the frequency-domain representation of the circuit from 
Figure 13.2-5a. 
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The impedances of the inductor and the 2-Q resistor are connected in series in Figure 13.2-5b. The equivalent 
impedance is 
Z.(@) =2+joL 

The equivalent impedance is connected in series with the 8-Q resistor. Vj(@) is the voltage across the series 
impedances, and V,(œ) is the voltage across the equivalent impedance Z.(@). Apply the voltage division principle 
to get 
2+joL 

=P Vio) 


2+ joL 
84+2+joL (o) 


e STN 


Divide both sides of this equation by V;(œ) to obtain the network function of the circuit: 


Vo(@) 2+jæL 
Vi(@) 10+joL 


Next, we put the network function into the form specified by Eq. 13.2-6. Factoring 2 out of both terms in the 
numerator and factoring 10 out of both terms in the denominator, we get 


_ L L 
2(1 +05) I +ja2 
H(o) = <= 0.2 7 (13297) 
Fp a ic 
io( 1 jo) + Jo 10 


Equating the network functions given by Eqs. 13.2-6 and 13.2-7 gives 


H(@) = 


-b oO 
l+jo = a ices 
0.2 


0.2 2 = A 
1+ joio 1 TI55 
Comparing these network functions gives 
i, il L 1 


== an — = — 
2m5 0 25 

The values of L obtained from these equations must agree, and they do. (If they do not, we’ve made an error.) 
Solving each of these equations gives L = 0.4 H. 


Try it : 
yourself. | EXAMPLE 13.2-3 Network Function @ INTERACTIVE EXAMPLE 


in WileyPLUS 


of a Circuit 


Consider the circuit shown in Figure 13.2-6. The input to the circuit is the voltage of the voltage source v;(t). The 
output is the voltage across the capacitor, v,(f). The network function that represents this circuit is 


fe) = 5902) 2 (13.2-8) 


Vo T) 


Determine the value of the inductance L and of the gain A of the voltage-controlled voltage source (VCVS). 
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E 4Q 
O 
A + 
(0) 4Q 2 vO Av,(t) 50 mF Volt) 
Ri © 5 5 Š FIGURE 13.2-6 The circuit considered in 
O 7 Example 13.2-3. 
joL 
O 
3 20 
Vao) o) 


FIGURE 13.2-7 The circuit from Figure 13.2-6, 
represented in the frequency domain, using 
impedances and phasors. 


Vilo) @ 


AV,(o) 


Solution 

The circuit has been represented twice, by a circuit diagram and by the given network function. The unknown 
parameters L and A appear in the circuit diagram but not in the given network function. We can analyze the circuit to 
determine its network function. This version of the network function will depend on the unknown parameters. We will 
determine the value of these parameters by equating the two versions of the network function. 

A network function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency 
domain. Consequently, our first step is to represent the circuit in the frequency domain, using phasors and 
impedances. Figure 13.2-7 shows the frequency-domain representation of the circuit from Figure 13.2-6. 

The circuit in Figure 13.2-7 consists of two meshes. The mesh current of the left-hand mesh is labeled as 
I,(@), and the mesh current of the right-hand mesh is labeled as In(~). Apply Kirchhoff’ s voltage law (KVL) to the 
left-hand mesh to get 


joLl(@) + 41, (w) — Vi(w) = 0 
Solve for Ii (œ) to get 


Vi 0.25 
To=- n = Vi(o) 
JOLT 1+jo 
Next, use Ohm’s law to represent V,(@) as 
1 
V,(@) = 41, (@) = — Vi(o) (13.2-9) 
1+jo- 


Apply KVL to the right-hand mesh to get 
20 
41, (w) + 7 2() — AV, (@) = (0) 
J 


Solve for I,(~) to get 


A A = 
o 
E 20 a T )= aa 
jæ 5 
The output voltage is obtained by multiplying the mesh current I,(@) by the impedance of the capacitor: 
Bi 
VEC) (13.2-10) 


5 2 5 
jo jo 14; l+iz 
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Substituting the expression for V,(@) from Eq. 13.2-9 into Eq. 13.2-10 gives 
íl A A 


oe T 

Jo 5 elo ( +$) 

Divide both sides of this equation by V;i(œ) to obtain the network function of the circuit: 
o A 


~ Vi(@) aL 0 
tejo 
( tJO z) Sul 5 
Comparing the network functions given by Eqs. 13.2-8 and 13.2-11 gives A = 3 V/V and L= 2H. 


(13.2-11) 


The circuit shown in Figure 13.2-1 is an example of a circuit called a first-order low-pass filter. 


First-order low-pass filters have network functions of the form 
Ho 
a) 


Wo 


H(@) = 


The gain and phase shift of the first-order low-pass filter are 


. |Ho| 
gain = ———— 
1+ a 
o 
and phase shit = /Ho — tan! (w/o) 


(13.2-12) 


(13.2-13) 


(13.2-14) 


The network function of the first-order low-pass filter has two parameters, Hy and wo. At low 


frequencies, that is, © < wọ, the gain is |Ho 
constant or dc voltage.) 


, 80 |Ho| is called the de gain. (When œ = 0, A cos œt = A, a 


The other parameter of the network function, œọ, is called the half-power frequency. To explain 


this terminology, suppose that the input to the first-order filter in Figure 13.2-1 is 
Vin(t) = A cos (œt) 


Suppose, for convenience, that Ho = 1. Then the output of the first-order filter in Figure 13.2-1 is 


V(t) = ————= cos | mot — tan | — 
2 Wo 


o 
l+ 
wg 


In Figure 13.2-1, the output voltage is the voltage across a 10-kQ resistor. The average power delivered 


to this resistor is 
A? 


o2 
2(10 x 10°) (: +5) 


wg 


Pave = 


At low frequencies, that is, frequencies that satisfy œ < wo, the average power is approximately 


A’ A’ 
P = — 
'~ 2(10 x 10)(1+0) 2(10 x 10°) 


At the frequency œ = wọ, the average power is 


A? OPi 
2(10x 10°)(1+1) 2 


For this reason, œwọ is called the half-power frequency. 


P= 


Gain, Phase Shift, and the Network Function 


In other words, suppose we hold the input amplitude constant while we vary the frequency œw of 
the input. We find that the value of the output power when w = qo is one-half of the value of the output 
power when œ < wo. 

Next, consider the problem of designing a first-order low-pass filter. Suppose we are given the 
following specifications: 


de gain = 2 
phase shift = 120° when œ = 1000 rad/s 


Before designing a circuit to meet these specifications, we need to pay more attention to the phase shift. 
Consider Eq. 13.2-14. Both œ and œwọ will be positive, so tan (œ /@o) will be between 0° and 90°. 
Also, /Ho will be 0° when Ho is positive and 180° when Hp is negative. As a result, only phase shifts 
between —90°and 0° or between 90°and 180°can be achieved using a first-order low-pass filter. (Phase 
shifts that cannot be obtained using a first-order low-pass filter can be obtained using other types of 
circuit. That’s a story for another day.) Table 13.2-2 shows two first-order low-pass filters, one for 
obtaining phase shifts between 90° and 180° and the other for obtaining phase shifts between —90° and 
0°. Based on the phase shift, we select the circuit in the first row of Table 13.2-2. The specification on 
the dc gain gives 


R 


The specification on phase shift gives 


120° = 180° — tan™' (1000R2C) 


Table 13.2-2 First-Order Low-Pass Filter Circuits 


PHASE SHIFT FIRST-ORDER LOW-PASS FILTER CIRCUIT DESIGN EQUATIONS 
R2 
Rı 
R 
Ho = -0 
90° < phase shift < 180° 1 
1 
"=R G 


—90° < phase shift < 0° 
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Try it 
yourself 
in WileyPLUS 


Try it 
yourself 
in WileyPLUS 


Try it 
yourself 
in WileyPLUS 


This is a set of two equations in the three unknowns R), Ro, and C. The solution is not unique. We will 
have to pick a value for one of the unknowns and then solve for values of the other two unknowns. Let’s 
pick a convenient value for the capacitor, C = 0.1yF, and calculate the resistances. 


tan (60°) 


= = 17.32 kQ 
1000 x 0.1 x 1076 


Ry 


and 
R 
i= = = 8.66 KQ 


We conclude that the circuit shown in the first row of Table 13.2-2 will have a dc gain = 2 and a phase 
shift = 120° at œ = 1000 rad/s when R; = 8.66 kQ, Rp = 17.32 KQ, and C = 0.1 uF. 


EXERCISE 13.2-1 The input to the circuit shown in Figure E 13.2-1 R 

is the source voltage v, and the response is the capacitor voltage v,. Suppose 

R = 10kQ and C = 1uF. What are the values of the gain and phase shift 7 
when the input frequency is œ = 100 rad/s? Vs CF vo 


Answer: 0.707 and —45° 
FIGURE E 13.2-1 


EXERCISE 13.2-2 The input to the circuit shown in Figure E 13.2-2 sein ccu, 


is the source voltage v, and the response is the resistor voltage v,. R = 30 Q 
and L = 2 H. Suppose the input frequency is adjusted until the gain is equal 
to 0.6. What is the value of the frequency? È 


Answer: 20 rad/s + 


EXERCISE 13.2-3 The input to the circuit shown in Figure E 13.2-2 = 
is the source voltage v, and the response is the mesh current i. R = 30 Q and 
L=2H. What are the values of the gain and phase shift when the input 
frequency is œ = 20 rad/s? 

Answer: 0.02 A/V and —53.1° 


FIGURE E 13.2-2 The 
RL circuit. 


EXERCISE 13.2-4 The input to the circuit shown in Figure E 13.2-1 is the source voltage v, and 
the response is the capacitor voltage vo. Suppose C = | uF. What value of R is required to cause a phase 
shift equal to —45° when the input frequency is œ = 20 rad/s? 


Answer: R = 50 KQ 


EXERCISE 13.2-5 The input to the circuit shown in Figure E 13.2-1 is the source voltage vs and 
the response is the capacitor voltage vo. Suppose C = 1uF. What value of R is required to cause a gain 
equal to 1.5 when the input frequency is œ = 20 rad/s? 


Answer: No such value of R exists. The gain of this circuit will never be greater than 1. 


13.3 Bode Plots 


It is common to use logarithmic plots of the frequency response instead of linear plots. The logarithmic 
plots are called Bode plots in honor of H. W. Bode, who used them extensively in his work with 
amplifiers at Bell Telephone Laboratories in the 1930s and 1940s. A Bode plot is a plot of log-gain and 


Bode Plots 


Table 13.3-1 A Decibel Conversion Table 


MAGNITUDE, H 20 log H (dB) 
0.1 —20.00 
0.2 —13.98 
0.4 —7.96 
0.6 —4.44 
1.0 0.0 
1.2 1.58 
1.4 2:92 
1.6 4.08 
2.0 6.02 
3.0 9.54 
4.0 12.04 
5.0 13.98 
6.0 15.56 
7.0 16.90 

10.0 20.00 

100.0 40.00 


phase angle values versus frequency, using a log-frequency horizontal axis. The use of logarithms 
expands the range of frequencies portrayed on the horizontal axis. 
The network function H can be written as 
H =H /¢ = He” (13.3-1) 
The logarithm of the magnitude is normally expressed in terms of the logarithm to the base 10, so we use 
logarithmic gain = 20 logy H (13.3-2) 
and the unit is decibel (dB). The logarithmic gain is also called the gain in dB. A decibel conversion 
table is given in Table 13.3-1. 
The unit decibel is derived from the unit bel. Suppose P, and P, are two values of power. Both 
P,/P2 and log (P;/P2) are measures of the relative sizes of P; and P3. The ratio P;/P, is unitless, 


whereas log(P,/P2) has the bel as its unit. The name bel honors Alexander Graham Bell, the inventor of 
the telephone. 


The Bode plot is a chart of gain in decibels and phase in degrees versus the logarithm of 
frequency. 


Let us obtain the Bode plots corresponding to the network function 
1 


1 
= an! (@/@) = H 
1+2 1+ (@/w0) Lt oem) Le 
W0 


H = 


(13.3-3) 


The logarithmic gain is 


1 
20 logio H = 20 logio 


1+ (0/0) 


20 logio 1 — 20 logio 4/1 + (w/a)? = —20 logio 4/1 + (w/a)? 
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For small frequencies, that is, œ < wo 
1+ (o/o) 21 
so the logarithmic gain is approximately 
20 logio H = —20 logo V1 = 0 dB 


This is the equation of a horizontal straight line. Because this straight line approximates the logarithmic 
gain for low frequencies, it is called the low-frequency asymptote of the Bode plot. 
For large frequencies, that is, œ > wo 


1+ (0/7 = (w/a) 
so the logarithmic gain is approximately 
20 logi H = —20 logy, 4/ (0/00) 
= —20 logio w/@o = 20 log) wo — 20 logy) © 


This equation shows one of the advantages of using logarithms. The plot of 20 logj9H versus logio% is a 
straight line. This straight line is called the high-frequency asymptote of the Bode plot. Figures 13.3-la,b 


aa x2 
x 
(a) 
m 
no} 
o 20 logio|H(œ2)| — 20 log, o|H(@;)| 
= 20 log; |H(@,)| — logio% — 108; 9@) 
Ej 
o 
N 20 logio|lH(o2)] |- 
| | 
10810 @1 10810 @2 
l0g100 
(b) 
m 
o 
E oe 20 log; o[H(@>)| — 20 log, o|H(a,)| 
Æ 20 logioHlon)] = log 1 9@ — log, 9a, FIGURE 13.3-1 (a) Plot of y versus 
D x for the straight line y = mx + b. 
& 20 log, olH(a,)] L (b) Plot of 20 log|H(@)| versus 
log œw for the straight line 
l l 20 log|H(%w)| = 20 log wo—20 log w. 


(Oi o2 (c) Plot of 20 log|H(@)| versus œ 
æ (logarithmic scale) for the straight line 20 log|H()| = 
(c) 20 log wo—20 log a. 


Bode Plots 


compare the equation of the high-frequency asymptote to the more familiar standard form of the 
equation of a straight line, y = mx + b. The slope of the high-frequency asymptote can be calculated 
from two points on the straight line. This slope is given using units of dB/decade. In Figure 13.3-1b 
the gain in dB is plotted versus log œ, whereas in Figure 13.3-1c, the gain in dB is plotted versus œ 
using a log scale. It is more convenient to label the frequency axis when a log scale is used for œ. 
The equation used to calculate the slope from two points on the line is the same in Figure 13.3-1c as it 
is in Figure 13.3-1b. 

Consider two frequencies, œ; and w2, with œ = 10°@. We say that œz is larger than œ; by 
x decades. Alternately, œ2 is larger than œ; by x = logj9(@2/@,) decades. For example, 1000 rad/s is 
2 decades larger than 10 rad/s, and 316 rad/s is 1.5 decades larger than 10 rad/s. 

The slope of the high-frequency asymptote is 


20 logio/H(2)| — 20 logio|H(o1)| _ 20 log;o/H(@2)| — 20 logio/A(1)| 
logig@2 — log; logio(@2/a1) 


The units of this slope are dB/decade. The high-frequency asymptote is characterized by 


1 œ 

|H(@)| = — = — > when o > wo 
Oo ow 

7) 


© 


The value of the slope of the high-frequency asymptote is 


20 log; o/H(@2)| — 20 logio|H(%1)| _ 20 logi9(@o/@2) — 20 logio (00/01) 


logio(@2/%1) 7 logio(@2/%1) 
= —20 logy lwa wi) = —20 dB/decade 
log\o(@2/@1) 


The intersection of the low-frequency asymptote with the high-frequency asymptote occurs when 
0 = 20 logio œ — 20 logio wo 


that is, when 
w = Wo 


The low- and high-frequency asymptotes form a corner where they intersect. Because the asymptotes 
intersect at the frequency œ = @ọ, Wo is sometimes called the corner frequency. 

Figure 13.3-2 shows the magnitude and phase Bode plots for this network function. The 
asymptotic curve shown in Figure 13.3-2 is an approximation to the Bode plot. The asymptotic 
Bode plot consists of the low-frequency asymptote for œ < po and the high-frequency asymptote for 
@ > Wo. The approximation used to obtain the asymptotic Bode plot is summarized by the following 
equations: 


1 
|H(@)| = -=== 
1+ (w/a) 


1 oO < wo 


o/o w >w 


or 


0 w% < wo 


1 
20 log,)|H(@)| = 20 logio = { 


1+ (0/0) 20 logio œo — 20 logoo œ > ao 


The asymptotic Bode plot is a good approximation to the Bode plot when œ < wo or œw > wọ. Near 
@ = Wo, the asymptotic Bode plot deviates from the exact Bode plot. At œ = wo, the value of the 
asymptotic Bode plot is 0 dB, whereas the value of the exact Bode plot is 
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FIGURE 13.3-2 Bode diagram for H = (1 + ja/ap)~'. The dashed curve is the exact curve for the magnitude. The 
solid curve for the magnitude is an asymptotic approximation. 


FIGURE 13.3-3 Source 
voltage delivering power 
to a load impedance 
consisting of L and R. 


1 1 
20 log, /H(@o)| = 20 logy, = 20 logio Va = —3.01 dB 
1+ (a /@o0)* 


The magnitude characteristic does not exhibit a sharp break. Nevertheless, we designate the 
frequency at which the magnitude is 1 /./2 times the magnitude at œ = 0 as a special frequency. 
On the Bode diagram, the magnitude drop of 1 /v/2 results in a logarithmic drop of approximately 
—3 dB at w = wp. The frequency œw = wọ is often called the break frequency or corner frequency. 

Of course, H may take on forms other than that of Eq. 13.3-3. For example, consider the 
circuit shown in Figure 13.3-3. The network function of this circuit is 

V, R+joL 


H=— = 
V, R +R+joL 


Let’s put this network function into the form 


This network function has three parameters: k, w;, and œ2. All three parameters have names. The 
frequencies œ; and œ are corner frequencies. Corner frequencies that appear in the numerator of a 
network function are called zeros, so œ; is a zero of the network function. Corner frequencies that 
appear in the denominator of a network function are called poles, so @ is a pole of the network 
function. Because 


k = lim H 


w—0 


the parameter k is called the low-frequency gain or the dc gain. The network function of this circuit can 
be expressed as 


wL 


Re 
H = 
R+R, . œL 


ji ees 
TIRER, 


Bode Plots 


so the de gain is 


R 
k = 
R++R;, 
and the zero and pole frequencies are related by 
R Z R+R, 
O,= = =o 
157 L 2 


The gain corresponding to a network function of this form is 


TO 


To obtain the asymptotic Bode plot, we approximate 4/ 1 + (@/œ1)? by 1 when œ < œ; and by w/a 


when œ > œ. Similarly, we approximate 4/1 + (w/w) by 1 when œ < œz and by w/w when 
@ > œ. Thus, 
k w < w 
ko 


MO, < Œ% < w? 
HS4 o 


kœz 
— @<o 
%1 
Next, the logarithmic gain is approximated by 
20 logio k w <w 
20 logo H & 4 (20 logy) k — 20 logio @1) + 20 logo® a < w < ay 


(20 logio k — 20 logio @1) + 20 logio @2 w2 <a 


These are the equations of the asymptotes of the Bode plot. When œ < œ; and when @ > œ, the 
asymptotes are horizontal straight lines. The equations for these asymptotes don’t include a term 
involving log, g@, which means that the slope must be zero. When œ; < œ < œ, the equation of the 
asymptote does include a term involving logio œ. The coefficient of logio% is 20, indicating a slope of 
20 dB/decade. 

The effect of the de gain k is limited to the term 20 log10 k, which appears in the equation of each 
of the three asymptotes. Changing the value of k will shift the Bode plot up (increasing k) or down 
(decreasing k) but will not change the shape of the Bode plot. For this reason, we sometimes normalize 
the network function by dividing by the dc gain. The asymptotes of the Bode plot of the normalized 
network function are given by 


H 0 w < QO, 
20 logio (=) = ¢ 20 logi>@— 20 logo a1 @1ı < w < a 
20 logio @2 — 20 logio @1 @2 < @ 


The phase angle of H is 


b= har +i) = (: +2) = 0+ tan“! (=) tan! (=) 
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20 log a 
20 dB/dec 
0] : 90° 


20 log (H/k) 
(dB) ọ (@) 
4 45° 
FIGURE 13.3-4 Bode 
o Om 02 0 diagram for the circuit of 
o Figure 13.3-3. 


The phase Bode plot and the asymptotic magnitude Bode plot are shown in Figure 13.3-4. 
Notice that the slope of the asymptotic magnitude Bode plot changes as the frequency increases 
past œ and changes again as the frequency increases past m2. Zeros, like w,, cause the slope to 
increase by 20 dB/decade. Poles, like 2, cause the slope to decrease by 20 dB/decade. The slope 
of every asymptote will be an integer multiple of 20 dB/decade. 


Try it 
yourself ( EXAMPLE 13.3-1 Bode Plot ) 
in WileyPLUS 


Find the asymptotic magnitude Bode plot of 


Solution F m 
Approximate (1 +i ) by 1 when œ < p and by j— when w > p to get 
Pp Pp 


KUGO) o< 
H(o) © { (jo) p 
Kp w >p 
The logarithmic gain is 
20 logio K + 20 logo@ œ< p 
20 logio H(œ)| S { 
20 log))(Kp) w >p 


The asymptotic magnitude Bode plot is shown in Figure 13.3-5. The jæ factor in the numerator of H(œ) causes the 
low-frequency asymptote to have a slope of 20 dB/decade. The slope of the asymptotic magnitude Bode plot 
decreases by 20 dB/decade (from 20 dB/decade to zero) as the frequency increases past œ = p. 


dB 
o decade 


20 logio(Kp) |- 


20 logy|H(a)|, dB 


| 
P 


@ (logarithmic scale) FIGURE 13.3-5 Asymptotic magnitude Bode plot for Example 13.3-1. 


Bode Plots 623 


Try it 
yourself. | EXAMPLE 13.3-2 Bode Plot @ INTERACTIVE EXAMPLE 


in WileyPLUS of a Circuit 


Consider the circuit shown in Figure 13.3-6a. The input to the circuit is the voltage of the voltage source v;(t). The output 
is the node voltage at the output terminal of the op amp v,(¢). The network function that represents this circuit is 


_ Volo) 


O y (13.3-4) 


The corresponding magnitude Bode plot is shown in Figure 13.3-6b. Determine the values of the capacitances 
Ci and C>. 


|H()| (dB) 


@, rad/sec 
(log scale) 


(a) (b) 
FIGURE 13.3-6 The circuit and Bode plot considered in Example 13.3-2. 


Solution 
The network function provides a connection between the circuit and the Bode plot. We can determine the network 
function from the Bode plot, and we can also analyze the circuit to determine its network function. The values of the 
capacitances are determined by equating the coefficients of these two network functions. 

Step 1: Let’s make some observations regarding the Bode plot shown in Figure 13.3-6b: 


1. There are two corner frequencies, at 80 and 500 rad/s. The corner frequency at 80 rad/s is a pole because the 
slope of the Bode plot decreases at 80 rad/s. The corner frequency at 500 rad/s is a zero because the slope 
increases at 500 rad/s. 


500 
2. The corner frequencies are separated by log), (=) = 0.796 decades. The slope of the Bode plot is 


80 
=115,9) = 159) s 
0796 = —40 dB/decade between the corner frequencies. 


3. At low frequencies—that is, at frequencies smaller than the smallest corner frequency—the slope is —1 x 20 
dB/decade, so the network function includes a factor ( jo)! 


Consequently, the network function corresponding to the Bode plot is 


a i 
1500 |) aa 


13.3-5) 
li jo(1 +2) 


where k is a constant that is yet to be determined. 
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Step 2: Next, we analyze the circuit shown in Figure 13.3-6a to determine its network function. A network 
function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently, 
our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-7 shows 
the frequency-domain representation of the circuit from Figure 13.3-6a. 

1 


10kQ jmC, 


FIGURE 13.3-7 The circuit from Figure 13.3-6a, 
represented in the frequency domain, using 
= impedances and phasors. 


To analyze the circuit in Figure 13.3-7, we first write a node equation at the node labeled as node a. (The 
current entering the noninverting input of the op amp is zero, so there are two currents in this node equation, the 
currents in the impedances corresponding to 125-kQ resistor and capacitor C4.) 


Vi(m) — Va(@) Valo) 


125 x 103 1 
Joc, 


where V,(@) is the node voltage at node a. Doing a little algebra gives 
Vi(@) = 
125x 10° (125 x 10° 


+j00 Vao) 


V; (œ) 
1 + jC; (125 x 10°) 
Next, we write a node equation at the node labeled as node b. (The current entering the inverting input of the op amp 


is zero, so there are two currents in this node equation, the currents in the impedances corresponding to 
10-KQ resistor and capacitor C32.) 


then V;(@) = (1 + j@C (125 x 10°)) Valo) > Valo) = 


V.(@)  Va(w) — V.(@) 
10 x 10° 3 1 


Doing some algebra gives 
V,(@) +jæC2 (10 x 10°) (Va(@) — Vo(@)) = 0 

(1 +jæC2(10 x 10°))Va(@) = jæC2(10 x 10°) V,(@) 
Vi(@) 

1 + jC) (125 x 10°) 


= jæC2 (10 x 10°) Vo(%) 


(1 + j@C2(10 x 10°)) 


_ Vo(@) _ 1 1 +jæC2(10 x 10°) 
Baie ao) Ta (ra x a] (joo) (1 + jC; (125 x 10°)) Coe 


Step 3: The network functions given in Eqs. 13.3-5 and 13.3-6 must be equal. That is, 


E 1 1 + joC>(10 x 10°) 
 \C(10 x 108) } (jw) (1 + joC; (125 x 10°)) 


E ees 

j 
k—— = Hío) 
jo(1 tao) 
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Equating coefficients gives 


LE Da 3 DS 
a9 7 61 (125 x 10°), map 7 C2410 10°), and ae 0) = 500 


1 


a <1 = 30(125 x 10%) 


= 0.1 wF and Cz = = 02708 


500(10 x 10°) 


Try it 
yourself. | EXAMPLE 13.3-3 Bode Plot @ INTERACTIVE EXAMPLE 


in WileyPLUS . : 
Ee of a Circuit 


Consider the circuit shown in Figure 13.3-8a. The input to the circuit is the voltage of the voltage source v;(f). 
The output is the node voltage at the output terminal of the op amp v,(f). The network function that represents this 
circuit is 


(13.3-7) 
The corresponding magnitude Bode plot is also shown in Figure 13.3-8b. Determine the values of the capacitances 
Cı and C>. 


C 
Cy 2 


@, rad/sec 
(log scale) 


(a) (b) 
FIGURE 13.3-8 The circuit and Bode plot considered in Example 13.3-3. 


Solution 
The network function provides a connection between the circuit and the Bode plot. We can determine the network 
function from the Bode plot, and we can also analyze the circuit to determine its network function. The values of the 
capacitances are determined by equating the coefficients of these two network functions. 

Step 1: First, we make some observations regarding the Bode plot shown in Figure 13.3-8). 


1. There are two corner frequencies, at 40 and 160 rad/s. Both corner frequencies are poles because the slope of 
the Bode plot decreases at both the corner frequencies. 
2. Between the corner frequencies, the gain is |H(@)| = 26 dB = 10°°7° = 20 V/V. 


3. Atlow frequencies—that is, at frequencies smaller than the smallest corner frequency—the slope is 1 x 20 dB/ 
decade, so the network function includes a factor ( jo)'. 
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FIGURE 13.3-9 The circuit from Figure 13.3-8a, represented in 
the frequency domain, using impedances and phasors. 


Consequently, the network function corresponding to the Bode plot is 
Kj 
H(o) = i es (13.3-8) 
t +149) (1 +4760) 
( +190)" +1 760 

Step 2: Next, we analyze the circuit shown in Figure 13.3-8a to determine its network function. A network 
function is the ratio of the output phasor to the input phasor. Phasors exist in the frequency domain. Consequently, 
our first step is to represent the circuit in the frequency domain, using phasors and impedances. Figure 13.3-9 shows 


the frequency-domain representation of the circuit from Figure 13.3-8a. 
To analyze the circuit in Figure 13.3-9, we write a node equation at the node labeled as node a. In doing so, 


oa as a single equivalent impedance equal to 20 x 10° o T 


(The node voltage at node a is zero volts because the voltages at the input nodes of an ideal op amp are equal. The 
current entering the inverting input of the op amp is zero, so there are three currents in this node equation.) 


we will treat the series impedances, 20 KQ and - 
J 


Vi(@) V.(@) Vo(@) 
. “a0x1 le ae 
Ix 10° -——. a : 
Joc, JOC 


Doing some algebra gives 


1 + joC; ( 
(jC) (400 x 10°) Vi(@ 
1 + jC; (20 x 10°) 


(joC,)V : 
ANA 
a z = 400 x ate + J@C2 | Volo) 
e 


(1 +j@C2(400 x 10’))V,(@) 


Finally, 
Vo (œ) —jæC; (400 x 10°) 
~ Vil@) (1+ j@C, (20 x 10)) (1 + joC2(400 x 10°)) 
Step 3: The network functions given in Eqs. 13.3-8 and 13.3-9 must be equal. That is, 
k(ja) = a —jaC; (400 x 10°) 
(1 iz) (1 i=) Og (1 + j@C; (20 x 10%)) (1 + jaC2 (400 x 10°)) 


Equating coefficients gives 


1 1 
m = C1(20 x 10°), Tap = €2(400 x 10°), and k = —C, (400 x 10°) 


(13.3-9) 


1 1 
so Ci = ———_ = 1.25 l = —_____ = 15.625 nF 
40(20 x 10°) 160(400 x 10°) 


and k = —C;(400 x 10°) = —(1.25 x 10-°) (400 x 10°) = —0.5 
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EXAMPLE 13.3-4 Network Function with Complex Poles 


The network function of a second-order low-pass filter has the form 

ne kog 

z (jo)? + j2Caow + o? 

This network function depends on three parameters: the dc gain k; the corner frequency wọ; and the damping ratio ¢. For 


. . . 2 . . 
convenience, we consider the case where k = 1. Then, using j^ = —1, we can write the network function as 


2 
Mo 


H(o) 


H(o) 


mi a, — w + j2Laow 
Determine the asymptotic magnitude Bode plot of the second-order low-pass filter when the dc gain is 1. 
Solution 


The denominator of H(c) contains a new factor, one that involves œw”. The asymptotic Bode plot is based on the 
approximation 


2 
, o w < Wo 
lo a o’) + j2tow = { Y 
=] @ > Wo 
Using this approximation, we can express H(q@) as 
1 w < Wo 
œ~ 2 
H(%) = (0 
= w > Wo 
o 


The logarithmic gain is 
{ 0 w < Wo 
40 logio wo — 40 logoo œ > ao 


The asymptotic magnitude Bode plot is shown in Figure 13.3-10. The actual magnitude Bode plot and the actual 
phase Bode plot are shown in Figure 13.3-11. The asymptotic Bode plot is a good approximation to the actual Bode 
plot when œ < œo or œ > wo. Near œw = wo, the asymptotic Bode plot deviates from the actual Bode plot. At 
œ = Wo, the value of the asymptotic Bode plot is 0 dB, whereas the value of the actual Bode plot is 

1 

2% 

As this equation and Figure 13.3-11 both show, the deviation between the actual and asymptotic Bode plot near 
œw = Wo depends on ¢. The frequency wọ is called the corner frequency. The slope of the asymptotic Bode plot 
decreases by 40 dB/decade as the frequency increases past œ = wo. In terms of the asymptotic Bode plot, the 
denominator of this network function acts like two poles at p = wọ. If this factor were to appear in the numerator of 
a network function, it would act like two zeros at z = wo. The slope of the asymptotic Bode plot would increase by 
40 dB/decade as the frequency increased past œ = wọ. 


20 logo/H(«)| = 


H(@o) = 


2 oe dB 
= decade 
S 
= 
[e] 
g 
fo) 
A 
| 
20 FIGURE 13.3-10 The asymptotic magnitude Bode plot 


@ (rad/s, logarithmic scale) of the second-order low-pass filter when the de gain is 1. 
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m 
2 
= 
È 
o 
A 
o 0.2 0.3 0.4 0.6 0.8 1.0 2 3 4 5 6 “8210 
æ lwo = frequency ratio 
(a) 
(0) 
| L ¢= 0.05 
A 
-40 0.3 — 9199 
0.40.5 0.25 
; 0: 
$ —60 06°F 
wn 
-80 ¥1.0 
F 
© -100 
= i20 
-140 
-160 
-180 FIGURE 13.3-11 Bode 
0.1 02 03 04 06 0.81.0 2 3 4 8 6 8 100 ae eee 
@/@o = frequency ratio (2L/a)jo + Gala)?! for 
(b) two decades of frequency. 


EXAMPLE 13.3-5 Magnitude Bode Plot fora 


Complicated Network Function 


Find the asymptotic magnitude Bode plot of 


Solution 
The corner frequencies of H(@) are z= 10, p = 2, and wọ = 50 rad/s. The smallest corner frequency is p = 2. When 


@ < 2, H(@) can be approximated as 
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so the equation of the low-frequency asymptote is 
20 log;9/H| = 20 logy) 5 — 20 logy) w 
The slope of the low-frequency asymptote is —20 dB/decade. Let’s find a point on the low-frequency asymptote. 
When w = 1, 
20 log, |H| = 20 log;o 5 — 20 logy) 1 = 14 dB 

The low-frequency asymptote is a straight line with a slope of —20 dB/decade passing through the point 
w = I rad/s, |H| = 14 dB. 

The slope of the asymptotic Bode plot will change as œ increases past each corner frequency. The slope 


decreases by 20 dB/decade at œ = p = 2 rad/s, then increases by 20 dB/decade at œ = 10 rad/s, and finally 
decreases by 40 dB/decade at œ = 50 rad/s. The asymptotic magnitude Bode plot is shown in Figure 13.3-12. 


40 - 


-20 dB/dec 


—40 dB/dec 


-20 dB/dec 


Pole Zero Two poles 
| | | 
| | | | | 
on 1 2 10 50 100 


FIGURE 13.3-12 Asymptotic plot for Example 13.3-5. 


EXAMPLE 13.3-6 Designing a Circuit to Have 


a Specified Bode Plot 


Let’s design the circuit shown in Figure 13.3-3 to satisfy the following specifications. 


1. The low-frequency gain is 0.1. 
2. The high-frequency gain is 1. 
3. The corner frequencies lie in the range of 100 hertz to 2000 hertz. 


Solution 
We're confronted with two problems. First, can these specifications be satisfied using this circuit? Second, if they 
can, what values of R, R,, and L are required? 

Our earlier analysis of this circuit showed that the low-frequency gain is less than 1 and that the 
high-frequency gain is equal to |. This circuit can be used only to satisfy specifications that are consistent 
with these facts. Fortunately, the given specifications are consistent with these facts. The first specification 
requires 
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R 
R+R, 
Because this circuit has a high-frequency gain equal to 1, the second specification is satisfied. 
Now let’s turn our attention to the specifications on the corner frequencies. The specified frequency range is 
given using units of hertz, whereas the corner frequencies have units of radians/second. Because œw; > Wo, the third 
specification requires that 


0.1 = low-frequency gain = k = 


R 
(27)100 < 1 a 


and 


R+R, 
(27)2000 > ia = 


%2 


Our job is to find values of R, R,, and L that satisfy these three requirements. We have no guarantee that appropriate 
values exist. If an appropriate set of values does exist, it may well not be unique. Let’s try 


R= 1000 
The specification on the low-frequency gain requires that 
R; = 9R = 9000, 


The specification on the zero will be satisfied if 


R 
L=———= (0.159 
(27) 100 
It remains to verify that these values of R, R,, and L satisfy the specification on the pole frequency. Because 
R+R, 


7 = 6289 < 12, 566 = (27)2000 


the specification is satisfied. 
In summary, when 
R=1000, R,=9000, and L=0.159H 


the circuit shown in Figure 13.3-3 satisfies the specifications given above. 
This solution is not unique. Indeed, when R= 100 and R, = 900, any inductance in the range 
0.0796 < L < 0.159 H can be used to satisfy these specifications. 


Try it 
yourself EXAMPLE 13.3-7 Designing a Circuit to Have 
ane a Specified Bode Plot 


Design a circuit that has the asymptotic magnitude Bode plot shown in Figure 13.3-13a. 


Solution 
The slope of this Bode plot is 20 dB/decade for low frequencies, that is, œ < 500 rad/s, so H(@) must have a jæ 
factor in its numerator. The slope decreases by 20 dB/decade (from 20 dB/decade to zero) as œ increases past 
œ = 500 rad/s, so H(m) must have a pole at œ = 500 rad/s. Based on these observations 

H() tk cits 


eee 
1500 
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m 
no} 
a 34 yy ae 
= decade 
S 
3 
Ə 
N 

l 

500 

æ (logarithmic scale) 
(a) (b) 


FIGURE 13.3-13 (a) An asymptotic magnitude Bode plot and (b) a circuit that implements that Bode plot. 


The gain of the asymptotic Bode plot is 34 dB = 50 when œ > 500 rad/s, so 


Jo 
50 = tka = +k - 500 
7500 
Thus, k = +0.1 and 


H() = +0.1 EL 
71500 


We need a circuit that has a network function of this form. Table 13.3-2 contains a collection of circuits and 
corresponding network functions. Row 4 of Table 13.3-2 contains the circuit that we can use. The design equations 
provided in row 4 of the table indicate that 


Ol = RE 
1 
500 = —— 
CR, 

Because there are more unknowns than equations, the solution of these design equations is not unique. Pick 
C = 1yF. Then 

0.1 

1 
Rı = Ean Ano = 2 kQ 
500-10 


The finished circuit is shown in Figure 13.3-13b. 


Try it 
(H EXERCISE 13.3-1 (a) Convert the gain|Vo/V,| = 2 to decibels. (b) Suppose |V,/V,| = 
in WileyPLUS _6 (2 dB. What is the value of this gain “not in dB”? 


Answers: (a) 6.02 dB (b) 0.5 


EXERCISE 13.3-2 1na certain frequency range, the magnitude of the network function can be 
approximated as H = 1/ œ”. What is the slope of the Bode plot in this range, expressed in decibels per 
decade? 


Answer: —40 dB/decade 


632 13. Frequency Response 


Table 13.3-2 A Collection of Circuits and Corresponding Network Functions 


CIRCUIT NETWORK FUNCTION 
Ri Ro 1+;2 
Ho) =- < 
l+js 
P 
where Ry 
© À -x 
a) oe 
a Ry 
_ 1 
L P* CR 
Ro 
Ry 
Ho)=- —* 
l1+j 2 
P 
e ie where Ro 
+ = Rp 
“o EES 
- P= TR, 


where R3 
3 
Pean 

~ CR, 

Hœ) =-k —2 
14+j2 

P 


Resonant Circuits 


EXERCISE 13.3-3 Consider the network function 
JOA 


H(@) = — 
(w) B + jac 


Find (a) the corner frequency, (b) the slope of the asymptotic magnitude Bode plot for w above the corner frequency 
in decibels per decade, (c) the slope of the magnitude Bode plot below the corner frequency, and (d) the gain in 
decibels for œw above the corner frequency. 


A 
Answers: (a) œo = B/C (b) zero (c) 20 dB/decade (d) 20 logio = T 


13.4 Resonant Circuits 


In this section, we will study the behavior of some circuits called resonant circuits. We begin with an 
example. 

Consider the situation shown in Figure 13.4-la. The input to this circuit is the current of the 
current source, and the response is the voltage across the current source. Because the input to the circuit 
is sinusoidal, we can use phasors to analyze this circuit. We know that the network function of the 
circuit is the ratio of the response phasor to the input phasor. In this case, that network function will be 
an impedance 


z-yY_44 
I B/o 
Figure 13.4-1b shows some data that were obtained by applying an input with an amplitude of 2 mA and 


a frequency that was varied. Row 1 of this table describes the performance of this circuit when 
œ = 200 rad/s. At this frequency, the impedance of the circuit is 


6.6 /48° 
Z = —— = 3300 (48° Q 
0.002 z 


Let’s convert this impedance from polar to rectangular form: 
Z = 2208 + j2452 0, 
This looks like the equivalent impedance of a series resistor and inductor. The resistance would be 
2208 ©. Because the frequency is œ = 200 rad/s, the inductance would be 12.26 H. Recall that in 
rectangular form impedances are represented as 
Z=R+jxX 
where R is called the resistance and X is called the reactance. When œ = 200 rad/s, we say that the 


reactance of this circuit is inductive because the reactance is positive and therefore could have been 
caused by a single inductor. 


A, A | a, rad/s | BY | 6 


0.002 200 6.6 48° 
0.002 220 8.4 | 33° 
0.002 250 10.0 0° 
0.002 270 9.3 |-21° 
0.002 300 7.4 |-43° 


(a) (b) 
FIGURE 13.4-1 (a) An RLC circuit with a sinusoidal input and (b) some frequency response data. 


RLC 


i(t) = A cos (œt) circuit 
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The last row of the table describes the performance of this circuit when œ = 300 rad/s. Now 


J /—43° 


= /—43° = 2706 — j 2523 Q 
0002 = 3700 706 — j25 


Because the reactance is negative, it couldn’t have been caused by a single inductor. This impedance 
looks like the equivalent impedance of a single resistor connected in series with a single capacitor: 


R—j-.=2706 — 725230, 
aC 

Equating the real parts shows that the resistance is 2706 ©. Equating imaginary parts shows that the 
capacitance is 1.32 uF. 

The reactance of this circuit is inductive at some frequencies and capacitive at other frequencies. 
We can tell when the reactance will be inductive and when it will be capacitive by looking at the last 
column of the table. When 0 is positive, the reactance is inductive and when 0 is negative, the reactance 
is capacitive. The frequency œ = 250 rad/s is special. When the input frequency is less than 250 rad/s, 
the reactance is inductive, but when the input frequency is greater than 250 rad/s, the reactance is 
capacitive. This special frequency is called the resonant frequency and is denoted as wo. From the third 
row of the table, we see that when œ = wp = 250 rad/s 


10 /0° 
= = ° = 5000 —j00 
Z = og = 5000 Æ 00 —j0 


The reactance is zero. At the resonant frequency, the impedance is purely resistive. Indeed, this fact can 
be used to identify the resonant frequency. 

Another observation can be made from Figure 13.4-1. The magnitude of the impedance is 
maximum when œ = wo = 250 rad/s. When the frequency is reduced from wg or increased from wo, 
the magnitude of the impedance is decreased. 

Next, consider the circuit shown in Figure 13.4-2. This circuit is called the parallel resonant 
circuit. The equivalent impedance of the parallel resistor, inductor, and capacitor is 


1 1 1 
L= T 1 = 3 L tan“! R(we- 5) (13.4-1) 
ee 1 1 wo 
eo a, 16 +( ) 
This circuit exhibits some familiar behavior. The reactance will be zero when 


i 
wC ——=0 
wL 


The frequency that satisfies this equation is the resonant frequency wọ. Solving this equation gives 


i(t) = A cos (œt) 
v(t) = B cos (wt +0) FIGURE 13.4-2 The parallel resonant circuit. 
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0.8 


© 
fon) 


IZI, ohms 


© 
P 


0.2 


o P 
107! 10° 10! 
Frequency, rad/s 


FIGURE 13.4-3 The effect of Q on the frequency response of a resonant circuit. 


At œ = Wo, Z = R. The magnitude of Z decreases as w is either increased or decreased from wọ. The 
angle of Z is positive when œ < mo and negative when œ > qo, so the reactance is inductive when 
œ < @o and capacitive when œw > @o. 

The impedance can be put in the form 


Z= k (13.4-2) 
@ Wo 
Wo (60) 
where is = IR -e and Wo = = (13.4-3) 
= > = i (0) — LC . 


The parameters k, Q, and œo characterize the resonant circuit. The resonant frequency œọ is the 
frequency at which the reactance is zero and where the magnitude of the impedance is maximum. The 
parameter k is the value of the impedance when œ = wo, so kis the maximum value of the impedance. Q 
is called the quality factor of the resonant circuit. The magnitude of the impedance will decrease as œ is 
reduced from wọ or increased from wo. The quality factor controls how rapidly |Z] decreases. Figure 
13.4-3 illustrates the importance of Q. Both k and wo have been set equal to 1 in Figure 13.4-3 to 
emphasize the relationship between Q and |Z]. 

Figure 13.4-3 shows that the larger the value of Q, the more sharply peaked is the frequency 
response plot. We can quantify this observation by introducing the bandwidth of the resonant circuit. To 
that end, let w; and œ denote the frequencies where 

ZZ) = 4 


Z(w)| = — 

Zo) == = 
There will be two such frequencies, one smaller than wọ and the other larger than wọ. Let wı < @o and 
œz > Wo. The bandwidth BW of the resonant circuit is defined as 


BW = @M2 — @, 
The frequencies œw, and œz are solutions of the equation 
k k 


v2 y1 + 07(a@/ao — w/o) 


635 
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or V2 = 4/14 00/0- 0/0) 


Squaring both sides, we get 


Q 
M 
l 
tO 
POTR 
JE 
l 
&|§ 
KK 


(The + sign is required because a’ = b is satisfied if either a = b or -a = b.) This equation can be 
rearranged to get the following quadratic equation: 


or AEA o =—0 
Q 
This equation has four solutions, but only two are positive. The positive solutions are 
Mo Mo A Mo Mo ? 
w = -z307 (2) +o? and œ = 79+ (3) +o 
Finally, we are ready to calculate the bandwidth 
BW = onan =] (13.4-4) 


This equation says that the bandwidth is smaller; that is, the frequency response plot is more sharply 
peaked; when the value of Q is larger. 


EXAMPLE 13.4-1 Series Resonant Circuit ) 


Figure 13.4-4 shows a series resonant circuit. Determine the relationship between parameters k, Q, and wo and the 
element values R, L, and C for the series resonant circuit. 


i(t) = B cos (wt +0) R 16 


— 


v(t) = A cos (at) C 
FIGURE 13.4-4 The series resonant circuit. 


Solution 

The input to this circuit is the voltage source, and the response is the current in the mesh. The network function is 
the ratio of the response phasor to the input phasor. In this case, the network function is the equivalent admittance of 
the series resistor, capacitor, and inductor: 


Vee (13.4-5) 
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To identify k, Q, and œwọ, this network function must be rearranged so that it is in the form 
k 


v ae (13.4-6) 
alee) 
Oo w 
Rearranging Eq. 13.4-5 gives 
1 
1 1 R 
Í E eer I 
R+j(wL-=a) ei. T o Wire n @ Wile 
apis = oar RV c| Se 
VLC VLC 
Comparing this equation to Eq. 13.4-6 gives 
1 Re 1 
k=. Uar T and oo 


EXAMPLE 13.4-2 Frequency Response of 
a Resonant Circuit 


Figure 13.4-5 shows the magnitude frequency response plot of a resonant circuit. What are the values of the 
parameters k, Q, and wo? 


IZ(o)|, ohms 

5.0 K 

(2.2491 K, 3.9989 K) 

4.0 K |- 
(2.3322 K, 2.8220 K) 

SOK 

2.0 KI 

(2.1720 K, 2.8178 K) 
1.0K 
o . 
2.0 Kh 3.0Kh FIGURE 13.4-5 The magnitude frequency 
Frequency response of a resonant circuit. 
Solution 


The first step is to find the peak of the frequency response and determine the values of the frequency and the 
impedance corresponding to that point. This frequency is the resonant frequency «po, and the impedance at this 
frequency is k. This point on the frequency response is labeled in Figure 13.4-5. The frequency is 


wo = (27)2249 = 14,130 rad/s 
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The impedance is 
k = 4000 Q 


Next, the frequencies œw; and œ, are identified by finding the points on the frequency response where the value of 
the impedance is k/ v2 = 2828 Q. These points have been labeled in Figure 13.4-5. (The plot shown in Figure 
13.4-5 was produced using PSpice and Probe. The cursor function in Probe was used to label points on the 
frequency response. Each label gives the frequency first, then the impedance. It was not possible to move the cursor 
to the points where the impedance was exactly 2828 Q, so the points where the impedance was as close to 2828 Q 
as possible were labeled.) 


@, = (27)2172 = 13,647 rad/s and œ = (2m)2332 = 14,653 rad/s 
The quality factor Q is calculated as 


_ ae ae 14,130 K. 
~ BW œ—@, 14,653 — 13,647 _ 


Q 


Now that the values of the parameters k, Q, and wo are known, the network function can be expressed as 


ine 4000 
A Te 
ATO o 
Try it . : 
yourself EXAMPLE 13.4-3 Parallel Resonant Circuit ) 
in WileyPLUS 


Design a parallel resonant circuit that has k = 4000 0, Q = 14, and wo = 14,130 rad/s. 


Solution 
Table 13.4-1 summarizes the relationship between parameters k, Q, and wo and the element values R, L, and C for 
the parallel resonant circuit. These relationships can be used to calculate R, L, and C from k, Q, and wo. First, 


R=k= 40000 
Next ! = Mo = 14,130 
? vic g= > 


C 
and rE=0=14 


Rearranging these last two equations gives 


14/L 1 
tees 7 ole 
4000 14,130/L 


40 1 
a =20mH and C = ——_.—— = 0.25 uF 


So, =s > 
7 14,130(14) 14,1302(0.002) 


Table 13.4-1 Series and Parallel Resonant Circuits 


Resonant Circuits 


SERIES RESONANT CIRCUIT 


PARALLEL RESONANT CIRCUIT 


Circuit 


Network function 


Resonant frequency 


Maximum magnitude 


Quality factor 


Bandwidth 


R L 


( ExAMPLE 13.4-4 Designing Resonant Circuits ) 
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Figure 13.4-5 shows the magnitude frequency response plot of a resonant circuit. Design a circuit that has this 


frequency response. 


Solution 


We have already solved this problem. Three things must be done to design the required circuit. First, the parameters 
k, Q, and wo must be determined from the frequency response. We did that in Example 13.4-2. Second, we notice 
that the given resonant frequency response is an impedance rather than an admittance, and we choose the parallel 
resonant circuit from Table 13.4-1. Third, the element values R, L, and C must be calculated from the values of k, Q, 
and wo. We did that in Example 13.4-3. 


EXERCISE 13.4-1 For the RLC parallel resonant circuit when R = 8 kQ, L = 40 mH, and 
C = 0.25 uF, find (a) Q and (b) bandwidth. 


Answers: (a) Q = 20 (b) BW = 500 rad/s 


EXERCISE 13.4-2 A high-frequency RLC parallel resonant circuit is required to operate at 
œo = 10 Mrad/s with a bandwidth of 200 krad/s. Determine the required Q and L when C = 10 pF. 


Answers: Q = 50 and L = 1 mH 
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EXERCISE 13.4-3 A series resonant circuit has L = 1 mH and C = 10 uF. Find the required 
Q and R when it is desired that the bandwidth be 15.9 Hz. 


Answers: Q = 100 and R= 0.1 Q 


EXERCISE 13.4-4 A series resonant circuit has an inductor L = 10 mH. (a) Select C and R so 
that wp) = 10° rad/s and the bandwidth is BW = 10° rad/s. (b) Find the admittance Y of this circuit for a 
signal at œ = 1.05 x 10° rad/s. 

Answers: (a) C= 100pF,R = 100 


10 


b) Y=—__ 
(b) 1 + j97.6 


13.55 Frequency Response of Op Amp Circuits 


The gain of an op amp is not infinite; rather, it is finite and decreases with frequency. The gain A (œ) of 
the operational amplifier is a function of œ given by 


14+ jo/a, 


A(q@) 


where A, is the de gain and œ; is the corner frequency. The de gain is normally greater than 10° and a 
is less than 100 rad/s. A circuit model of a frequency-dependent nonideal op amp is shown in Figure 
13.5-1. This model is more accurate, but also more complicated, than the ideal op amp model. 

Let us consider an example of an op amp circuit incorporating a frequency-dependent 
op amp. 


FIGURE 13.5-1 (a) An operational 
amplifier and (b) a frequency-dependent 
(a) (b) model of an operational amplifier. 


ExamPLE 13.5-1 Frequency Response of 
a Noninverting Amplifier 


Consider the noninverting amplifier in Figure 13.5-2a. Replacing the op amp with a frequency-dependent op amp 
gives the circuit shown in Figure 13.5-2b. Suppose that Ro = 90 kQ and R; = 10 kQ and that the parameters of the 
op amp are A, = 10° and œ; = 10 rad/s. Determine the magnitude Bode plot for both the gain of the op amp A(@) 
and the network function of the noninverting amplifier V,/V6. 
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(a) (b) 


FIGURE 13.5-2 (a) A noninverting amplifier and (b) an equivalent circuit incorporating the frequency-dependent model of the 
operational amplifier. 


Solution 
The Bode plot of 20 log|A(@)| is shown in Figure 13.5-3. Note that the magnitude is equal to 1 (0 dB) at 
œ = 10° rad/s. 

Writing a node equation in Figure 13.5-2b gives 


Vit V; P Vi + V, +A(œ)V; hs 


Ri Ro i 
The frequency-dependent model of the op amp is described by 
V, = —A(œ)V; 
Combining these equations gives 
Vo A(@) 
v.— ,, A@) 
k 


where k = (R,+R>)/R, is the gain of the noninverting amplifier when the op amp is modeled as an ideal op amp. 
Substituting for A(@), we get 


Vo Ao/(1 + ja/a1) Ae Ag 


V 1+ (Ao/K/(+jo/o,) 1+ jo/o,+A,/k 1+ jo/(Ar@) 


20 log | A(o) | 
(dB) 


100 


oninverting amplifier with k = 10 


1 10 102 103 104 105 196 FIGURE 13.5-3 Bode magnitude diagram of the op amp 
o and the noninverting op amp circuit (in color). 
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where A, is the de gain of the noninverting amplifier defined as A, = — 


Ao 
Ac &k and A, = y Then 


Ao Ao 
and Az = 1 + —. Usually, 1 < —, so 
Ao k k 
le 


Vo k 


~N 


V, (1+j@/@o) 


where @, = A,w,/k is the corner frequency of the noninverting amplifier. Notice that the product of the de gain and 
the corner frequency is 


Aw 


Mok = k = A,@ 


This product is called the gain-bandwidth product. Notice it depends only on the op amp, not on R; and R3. 
For this example, k = 10 and A, = 100 dB = 10°, and, thus, we have A, = 10, A> = 10+, and A> = 10°. 
Therefore, 


Vo 10 


V, 1+j100 

This circuit has a magnitude Bode plot as shown in color in Figure 13.5-3. Note that the noninverting op amp 
has a low-frequency gain of 20 dB and a break frequency of 10° rad/s. The gain-bandwidth product remains 
10° rad/s. 


13.6 Plotting Bode Plots Using MATLAB 


MATLAB can be used to display the Bode plot or frequency response plot corresponding to a network 
function. As an example, consider the network function 


i K(1 +2) 
P T Ee) 


Figure 13.6-1 shows a MATLAB input file that can be used to obtain the Bode plot corresponding to 
this network function. This MATLAB file consists of four parts. 
In the first part, the MATLAB command log space is used to specify the frequency range for the 
Bode plot. The command log space also provides a list of frequencies that are evenly spaced (on a log 
scale) over this frequency range. 
The given network has four parameters—the gain, K; the zero, z; and two poles, pı and p2. The 
second part of the MATLAB input file specifies values for these four parameters. 
The third part of the MATLAB input file is a “for loop” that evaluates H(), |H(@)|, and /H(o) at 
each frequency in the list of frequencies produced by the command log space. 
The fourth part of the MATLAB input file does the plotting. The command 


semilogx (w/(2*pi), 20°log10 (mag)) 


does several things. The command semilogx indicates that the plot is to be made using a logarithmic scale 


for the first variable and a linear scale for the second variable. The first variable, frequency, is divided by 27 


to convert to Hz. The second variable, |H(c)|, is converted to dB. 
The Bode plots produced using this MATLAB input file are shown in Figure 13.6-2. 


The second and third parts of the MATLAB input file can be modified to plot the Bode plots for a 


different network function. 
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nf.m - plot the Bode plot of a network function 


starting frequency, rad/s 
wmax=100000; ending frequency, rad/s 
= logspace (log10(wmin)-log1lO(wmax)): 


Enter values of the parameters that describe the 
network function. 


pl-=100; p2=10000; 


% Calculate the value of the network function at each frequency. 
Calculate the magnitude and angle of the network function. 


for k=l:length (w) 
H(k) = K*{i+j*w 
magik) = abs{H{ 


subplot {2,1,1), semilogx(w/(2*pi), 20*log10 (mag) ) 
xlabel(’Frequency, Hz”), ylabel(’Gain, dB”) 
title("Bode plot’) 

subplot (2,1,2), semilogx(w/(2*pi), phase) 
xlabel(’Frequency, Hz"), ylabel{”’Phase, deg”) 


FIGURE 13.6-1 MATLAB input file used to plot the Bode plots corresponding to a network function. 
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FIGURE 13.6-2 The Bode plots produced using the MATLAB input file given in Figure 13.6-1. 
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13.7 Using PSpice to Plot a Frequency 
Response 


To use PSpice to plot the frequency response of a circuit, we do the following: 


1. Draw the circuit in the OrCAD Capture workspace. 
2. Specify an AC Sweep\Noise simulation. 

3. Run the simulation. 
4 


Plot the simulation results. 


The frequency axis of a frequency response plot can be either a linear axis or a logarithmic axis. 
When a logarithmic axis is used for the frequency variable, the plots are referred to as Bode diagrams or 
Bode plots. We encounter the terms octave and decade when working with logarithmic scales. The 
frequency doubles in an octave and increases by a factor of ten in a decade. (The log of the frequency 
increases by | as the frequency increases by a decade.) 

Let A /0 be the phasor of the node voltage at node 2 of a circuit. PSpice uses the notation: 


v(2) NPQ = 4 Z0 


That is, V(2) denotes the magnitude of the phasor and Vp(2) denotes the angle of the phasor. PSpice 
gives the angle in degrees. Similarly, V(R2) represents the magnitude of the voltage across resistor R2, 
whereas Vp(R2) denotes the angle. PSpice indicates that the units are decibels by inserting “dB” into the 
name of a signal just before the parenthesis. For example, VdB(2) denotes the magnitude of the node 
voltage phasor in dB. 


EXAMPLE 13.7-1 Using PSpice to Plot 
a Frequency Response 


The input to the circuit shown in Figure 13.7-1 is the voltage source voltage v,(t). The response is the voltage v,(f) 
across the 20-KQ resistor. Use PSpice to plot the frequency response of this circuit. 


Solution 

We begin by drawing the circuit in the OrCAD workspace as shown in Figure 13.7-2 (see Appendix A). Two nodes 
of this circuit have been named using a PSpice part called an off-page connector. The particular off-page connector 
used in Figure 13.7-1 is called an OFFPAGELEFT-R part and is found in the part library named CAPSYM. 


Rp = 40 KQ 


R, = 10 kQ 


FIGURE 13.7-1 The circuit considered in Example 13.7-1. 
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R1 
Vs <—9-“VW >>Vo 
10k 
V1 
Wes) 
OVdc \— 
R3 
20k 
JE FIGURE 13.7-2 The circuit of Figure 13.7-1 as drawn in 
=o the OrCAD workspace. 
To label a node, select Place/Off-Page Connector ... from the OrCAD capture menus to pop up the Place 


Off-Page Connector dialog box. Select the library CAPSYM from the list of libraries and then choose 
OFFPAGELEFT-R. The new connector will be labeled OFFPAGELEFT-R. Use the property editor to 
change this name to something descriptive, such as Vo. Wire the connector to the appropriate node of the circuit 
to name that node Vo. 

We will perform an AC Sweep\Noise simulation. (Select PSpice\New Simulation Profile from the OrCAD 
Capture menu bar; then select AC Sweep\Noise from the Analysis Type drop-down list. Set the Start Frequency to 
1 and End Frequency to 1000. Select a Logrithmic Sweep and set the Points/Decade to 100.) Select PSpice\Run 
Simulation Profile from the OrCAD Capture menu bar to run the simulation. 

After a successful ACSweep\Noise simulation, OrCAD Capture will automatically open a Schematics 
window. Select Plot/Add plot from the Schematics menus to add a second plot. Two empty plots will appear, one 
above the other. Select the top plot by clicking the top plot. 

Select Trace/Add Trace from the Schematics menus to pop up the Add Traces dialog box. Select first 
V(Vo) and then V(Vs) from the list of Simulation Output Variables. The Trace Expression, near the bottom of the 
dialog box, will be V(Vo)V(Vs). Edit the trace expression to be Vdb(Vo) — Vdb(Vs). Vdb(Vo) — Vdb(Ys) is the 
gain in decibels. Close the Add Traces dialog box. 

Select the bottom plot by clicking the bottom plot. Select Trace/Add Trace to pop up the Add Traces dialog 
box. Select first V(Vo) and then V(Vs) from the list of Simulation Output Variables. The Trace Expression, near 
the bottom of the dialog box, will be be V(Vo)V(Vs). Edit the trace expression to be Vp(Vo) — Vp(Vs). Vp(Vo) — 
Vp(Vs) is the phase shift in degrees. Close the Add Traces dialog box. 

Figure 13.7-3 shows resulting plots after labeling some points. 


am a 
+ 
0 ` Ss 
(1.1238, 12.027) (19.850, 9.0410) Se 
SEL> 
= 


a Vdb(Vo) — Vdb(Vs) 


(19.850, 135.065) 


0, 


1.0H 


Zz 10Hz 100Hz 1.0KHz 
o Vp(Vo) — Vp(Vs) 


Frequency FIGURE 13.7-3 The gain and phase Bode plots. 
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13.8 How Can We Check ... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the 
specifications have been satisfied. In addition, computer output must be reviewed to guard against 
data-entry errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following examples illustrate techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


EXAMPLE 13.8-1 How Can We Check Bode Plots? ) 


Figure 13.8.1a shows a laboratory setup for measuring the frequency response of a circuit. A sinusoidal input is 
connected to the input of a circuit having the network function H(q@). An oscilloscope is used to measure the input 
and output sinusoids. The input voltage is used to trigger the oscilloscope so the phase angle of the input is zero. 
Frequency response data are collected by varying the input frequency and measuring the amplitude of the input 
voltage and the amplitude and phase of the output voltage. 

In this example, the desired frequency response is specified by the Bode plot shown in Figure 13.8.1b. Figure 
13.8.1c shows frequency response data from laboratory measurements. In this example, the amplitude, but not the 
phase angle, of the output voltage was measured. How can we check that the circuit does indeed have the specified 
Bode plot? 
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FIGURE 13.8-1 (a) A circuit, (b) Bode plot, and (c) frequency response data. 
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Solution 
The Bode plot has three features that we can look for in the frequency response data. 


1. The de gain is 14 dB. 
2. The slope of the Bode plot is —20 dB/decade when œ >> 200 rad/s. 
3. The corner frequency is 200 rad/s. 


The lowest frequency at which frequency response data was taken is 20 rad/sec. At this frequency, the gain 
was measured to be 
Bees 
H(20)| = — = - = 14 dB 
H20) => == 
which is equal to the dc gain specified by the Bode plot. 
To identify the corner frequency from the frequency response data, we look for the frequency at which the 
gain is 
de gain 5 


= — = 3.536 
awe. © 


The frequency response data indicate that the gain is 3.5 at a frequency of 200 rad/s. That agrees with the corner 
frequency of 200 rad/s of the specified Bode plot. 
The slope of the frequency response at high frequencies is given by 


20 log;)(0.05) — 20 log,o(0.5) 


= —20 dB/decad 
1og9(10, 000) — log, (1000) pe: 


which is the same as the slope of the Bode plot. 
The frequency response data confirm that the circuit does indeed have the specified Bode plot. 


EXAMPLE 13.8-2 How Can We Check Gain 


and Phase Shift? 


Your lab notes indicate that the circuit shown in Figure 13.8.2 was built using Rj = 10 kQ, R = 50kQ, and 
C = 10 nF. The gain and phase shift of this circuit were measured to be 2.7 and 125°at 500 hertz. How can we 
check whether this information is consistent? 


Ro 


FIGURE 13.8-2 An op amp circuit. 
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Solution 
The network function of this circuit is 
1 R 
— || R2 pas 
Ry 1+ j@R2C 
50- 10° 
- 3 
10-10 — 2.685 MPRA 


~ 1+ j(2n- 500)(50- 103) (10 - 10°) 


The calculated gain and phase shift agree with the measured gain and phase shift. The lab notes are consistent. 


EXAMPLE 13.8-3 How Can We Check 


Frequency Response? 


An old lab report from a couple of years ago includes the following data about a particular circuit: 


1. The magnitude and phase frequency responses are as shown in Figure 13.8-3. 
2. When the input to the circuit was 
Vin = 4 cos (2712001) V 
the steady-state response was 


Vout = 6.25 cos (271200r + 110°) V 


How can we check whether these data are consistent? 


Solution 

Three things need to be checked: the frequencies, the amplitudes, and the phase angles. The frequencies of both 
sinusoids are the same, which is good because the circuit must be linear if it is to be represented by a frequency 
response, and the steady-state response of a linear circuit to a sinusoidal input is a sinusoid at the same frequency as 
the input. The frequency of the input and output sinusoids is 


œ = 2- n- 1200 rad/s 
or J = 1200 Hz 
Fortunately, the gain and phase shift at 1200 Hz have been labeled on the frequency response plots shown in 
Figure 13.8-3. The gain at 1200 Hz is labeled as 3.9 dB, which means that 
[Vout 
[Vin] 
where Vin and Vout are the phasors corresponding to v;,(f) and Vout(t). Let us check this against the data about the 


input and output sinusoids. Because the magnitudes of the phasors are equal to the amplitudes of the corresponding 
sinusoids, 


— 3.9 dBi les 


This is very good agreement for experimental work. 
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8.0 
Me (501.187, 6.9255) 
(300.608, 6.3931) 
(1.1991k, 3.9004) 
dB oim 
(1.5043k, 0.1568) 
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ESI | | 
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(a) 
50 
ok (299.227, -18.193) 


(501.187, -33.795) 


olo) pol 
(deg) °° 
-100 — 
(1.2023k, -1 10.330) 
(1.4997k, -129.790) 
-150 l | 
100 Hz 300 Hz 1.0 kHz 2.0 kHz 
Frequency (Hz) FIGURE 13.8-3 The (a) magnitude and (b) phase 
(b) frequency response of the circuit. 


Next, consider the phase shift. The frequency response indicates that the phase shift at 1200 Hz is —110°, 
which means 


[Vou — /Vin = —110° 


Let us check this against the data about the input and output sinusoids. Because the angles of the phasors are equal 
to the phase angles of the corresponding sinusoids, 


[Vou — [Vin = 110° — 0° = 110° 


The signs of the phase angles do not match. At a frequency of 1200 Hz, a phase angle of 110° indicates that the 
peaks of the output sinusoid will follow the peaks of the input sinusoid by 
O il 


-—— = ().255 ms 


to = SAAG. 
360° 1200 


whereas a phase angle of —110° indicates that the peaks of the output sinusoid will precede the peaks of the input 
sinusoid by 0.255 ms. It is likely that the angle of the output sinusoid was entered incorrectly in the lab data. 
We have found an error in the old lab report and proposed an explanation for the error. 
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13.9 Design EXAMPLE Radio Tuner | 


Three radio stations broadcast at three different frequencies, 700 kHz, 1000 kHz, and 1400 kHz. Figure 13.9-1 
shows a simplified diagram of a radio receiver. The antenna receives signals from all three stations, so the input to 
the tuner will be a sum of these signals. Suppose this voltage is described by 


vi(t) = sin (27 - 7 - 10°¢ + 135°) + sin (27 - 10°) + sin (27 - 1.4- 10° + 300°) (13.9-1) 
Antenna 
vit Volt) Power 
Amplifier -—e—4j Tuner -—e— amplifier 


Speaker 


FIGURE 13.9-1 A simplified diagram of a radio receiver. 


Consider the problem of tuning to the station that broadcasts at 1000 kHz. The tuner 
must eliminate the first and third terms of v;(f) to produce the output signal 


Vo(t) = sin (27 - 10°r + 0) 


Describe the Situation and the Assumptions 

Let H(w) be the network function of the tuner. The tuner must have a gain 
approximately equal to 1 at 1000 kHz (|H(2z - 10°)| = 1) and approximately equal 
to zero at 700 kHz and at 1400 kHz (|H(2z- 7 - 10°)| = 0 and | H(2z- 1.4- 10°)| = 0. 
The tuner output will be 


volt) = |H(2n-7- 10°)| sin (27 - 7 - 105t + 135° 


+/Ħ (27-7: 10°) + |H(2z 10°)| sin (27 10% + /H(2710°) 
+ |H (27 - 1.4- 10°)| sin (27 - 1.4- 10° + 300° c 
+ /Ħ (2r - 1.4- 10°) (13.9-2) 
CoR1R3R5 
Se 
or V(t) & sin (27 . 106r + 0) 
where 0= /H(2n- 10°) a 
State the Goal (b) 


The goal is to design a circuit consisting of resistors, capacitors, and op amps that has a 


FIGURE 13.9-2 A 
gain equal to 1 at 1000 kHz and equal to zero at 700 and 1400 kHz. E 


amp circuit called a 
simulated inductor and 
Generate a Plan (b) the equivalent 

The tuner will be based on a resonant circuit having œo = 2710% = 6.283 - 10° rad/s and inductor. 

Q = 15. Figure 13.9-2 shows an op amp circuit called a simulated inductor. This circuit acts like a grounded 
inductor having an inductance equal to 


C2RıR3R 
fe CNi 


BO 
= (13.9-3) 
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(c) 
FIGURE 13.9-3 (a) A resonant circuit. (b) A band-pass filter. (c) An RC op amp band-pass filter. 


Figure 13.9-3 shows how a parallel resonant circuit can be used to design the tuner. A parallel resonant circuit is 
shown in Figure 13.9-3a. The parallel resonant circuit must be modified if it is to be used for the tuner. The input to 
the tuner is a voltage, but the input to the parallel resonant circuit is a current. A source transformation is used to 
obtain a circuit that has a voltage input, shown in Figure 13.9-3b. Next, the inductor is replaced by the simulated 
inductor to produce the circuit shown in Figure 13.9-3c. This is the circuit that will be used as the tuner. 

The design will be completed in two steps. First, values of L, R, and C will be calculated so that the parallel 
resonant circuit has wo = 6.283 - 10° rad/s and Q = 15. Next, the capacitor and resistors of the simulated inductor 
will be selected to satisfy Eq. 13.9-3. 


Act on the Plan 
First, design the resonant circuit to have mo = 6.283 - 10° rad/s and Q = 15. Pick a convenient value for the 
capacitance, C = 0.001 uF. Then, 
L l : 25.33 wH 
wC (6.283 - 10°)” -107° 


Ik /25.33-10 © 


Next, design the simulated inductor to have an inductance of L = 25.33 uH. There are many ways to do this. 
Let’s pick Cy = 0.001 wF, R; = 1.5kO, R3 = 1.5kO, and Ry = 80k0. Then 


and 
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FIGURE 13.9-4 PSpice simulation of the radio tuner. 
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Figure 13.9-4 shows the results of a PSpice simulation of the tuner. The input to the circuit is v;(f) described by 
Eq. 13.9-1. This signal is not sinusoidal. The output of the filter is a sinusoid with an amplitude of approximately 
1 and a frequency of 1000 kHz, as required by Eq. 13.9-2. Thus, the design specifications are satisfied. 


13.10 SUMMARY 


2) 


Gain, phase shift, and the network function are properties of 
linear circuits that describe the effect that a circuit has on a 
sinusoidal input voltage or current. 

The gain of the circuit describes the relationship between the 
sizes of the input and output sinusoids. The gain is the ratio of 
the amplitude of the output sinusoid to the amplitude of the 
input sinusoid. 

The phase shift of the circuit describes the relationship 
between the phase angles of the input and output sinusoids. 
The phase shift is the difference between the phase angle 
of the output sinusoid and the phase angle of the input 
sinusoid. 

The network function describes the way the behavior of the 
circuit depends on the frequency of the input. The network 
function is defined in the frequency domain. It is the ratio of 
the phasor corresponding to the response sinusoid to the 
phasor corresponding to the input. 


Table 13.3-2 tabulates the network functions of several 
common op amp circuits. 

The frequency response describes the way the gain and phase 
shift of a circuit depend on frequency. Equations, tables, or 
plots are each used to express the frequency response. 
Bode plots represent the frequency response as plots of the 
gain in decibels and the phase using a logarithmic scale for 
frequency. Asymptotic magnitude Bode plots are approxi- 
mate Bode plots that are easy to draw. The terms corner 


frequency and break frequency are routinely used to describe 


linear circuits. These terms describe features of the asymp- 
totic Bode plot. 

Some linear circuits exhibit a phenomenon called resonance. 
These circuits contain reactive elements but act as if they 
were purely resistive at a particular frequency, called the 
resonant frequency. Resonant circuits are described using 
the resonant frequency, quality factor, and bandwidth. 


Table 13.4-1 summarizes the properties of series and parallel 
resonant circuits. 

©. The gain of operational amplifiers depends on the frequency 
of the input. Using an op amp model that includes a 
frequency-dependent gain makes our analysis more accurate 
but also more complicated. We use the more complicated 


PROBLEMS 


© Problem available in WileyPLUS at instructor’s discretion. 
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model when we need the additional accuracy, and we use the 
simpler model when we don’t. 

© PSpice can be used to analyze a circuit and display its 
frequency response. 

© MATLAB can be used to display the frequency response of a 
network function. 


Section 13-2 Gain, Phase Shift, and the Network 
Function 


P 13.2-1 © The input to the circuit shown in Figure P 13.2-1 
is the voltage of the voltage source v,(f). The output is the 
voltage v,(t) across the parallel connection of the capacitor 
and 10-Q, resistor. Determine the network function H(w) = 
V.(@)/Vi(@) of this circuit. 


0.2 


Answer: H(œ) = 1+ j40 
J 


40 Q 


v(t) 


Figure P 13.2-1 


P 13.2-2 © The input to the circuit shown in Figure P 13.2-2 
is the voltage of the voltage source v;(t). The output is the 
voltage v,(f) across the series connection of the capacitor and 
160-kQ, resistor. Determine the network function H(œ) = 
V.(@)/Vi(@) of this circuit. 


1 +j(0.004) 
Answer: H(w) = 1 + (0.005) 
40 KQ 


v(t) 


Figure P 13.2-2 


P 13.2-3 © The input to the circuit shown in Figure P 13.2-3 
is the voltage of the voltage source v,(f). The output is the 
voltage v,(f) across the 6-Q resistor. Determine the network 
function H(@) = V,(@)/Vi(@) of this circuit. 


vilt) 


Figure P 13.2-3 


P 13.2-4 The input to the circuit shown in Figure P 13.2-4 is 
the voltage of the voltage source v(t). The output is the 
voltage v,(f) across the series connection of the inductor and 
60-Q, resistor. The network function that represents this 
circuit is 


ee ce 
Ho) = Yel) _ o,6)_ “2 
i(@) E 


Determine the values of the inductance L and of the resistance R. 


Answers: L = 5 H and R = 40 Q 


Figure P 13.2-4 


P 13.2-5 © The input to the circuit shown in Figure P 13.2-5 
is the voltage of the voltage source v,(f). The output is the 
voltage v,(t) across the parallel connection of the capacitor 
and 2-© resistor. The network function that represents this 
circuit is 
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Determine the values of the capacitance C and of the resistance R. 


Answers: C= 2.5 FandR=8Q, 


R 


v0 È) 


Figure P 13.2-5 


P 13.2-6 The input to the circuit shown in Figure P 13.2-6 is 
the voltage of the voltage source v;(t). The output is the voltage 
Vo(f) across the capacitor. Determine the network function 
H(@) = V,(@)/Vi(@) of this circuit. 

0.6 
(jo) (1 + j(0.2)@) 


20 Q 
O 
ọ 
v(i) 3i,(0) 0.25 F volt) 
i i - 


Figure P 13.2-6 


Answer: H(@) = 


P 13.2-7 (+) The input to the circuit shown in Figure P 13.2-7 
is the voltage of the voltage source v,(f). The output is the 
voltage v,(f) across the 30-k(Q resistor. The network function of 
this circuit is 

Vo(@) 4 


H(@) = Vlo) = 


-O 
1+J7500 


Determine the value of the capacitance C and the value of the 
gain A of the VCVS. 


Answers: C = 5uF and A = 6 V/V 


2 KQ 


v(t) 


Figure P 13.2-7 


P 13.2-8 (+) The input to the circuit shown in Figure P 13.2-8 
is the source voltage v;(f), and the response is the voltage across 
RL, Vo(t). Find the network function. 


Answer: H(@) = —5/(1 + j@/10) 


10 kQ 


Figure P 13.2-8 


P 13.2-9 The input to the circuit shown in Figure P 13.2-9 is 
the source voltage v(t) and the response is the voltage across 
RL, v(t). Express the gain and phase shift as functions of the 
radian frequency œ. 


4 uF 2 uF 
10 ka 50 ka 
TIO = A 


Figure P 13.2-9 


P 13.2-10 The input to the circuit shown in Figure P 13.2-10 
is the source voltage v;(f), and the response is the voltage across 
Ri, v(t). The resistance R; is 10 KQ. Design this circuit to 
satisfy the following two specifications: 


(a) The gain at low frequencies is 5. 
(b) The gain at high frequencies is 2. 


Answers: Ry = 20kQ and R3 = 30 kQ 
C = 0.1uF 


Figure P 13.2-10 


P 13.2-11 © The input to the circuit shown in Figure P 13.2-11 
is the source voltage v,(f), and the response is the voltage across Ri, 
vo(t). Design this circuit to satisfy the following two specifications: 


(a) The phase shift at œ = 1000 rad/s is 135°. 
(b) The gain at high frequencies is 10. 
Answers: Rı = 1 kQ and Rp = 10kQ, 


Ry Ro C=0.1uF 


l 


vi) È) 


Figure P 13.2-11 


P 13.2-12 (+) The input to the circuit shown in Figure P 13.2-12 
is the source voltage v;(f), and the response is the voltage across Ri, 
v,(t). Design this circuit to satisfy the following two specifications: 


(a) The phase shift at œ = 1000 rad/s is 225°. 
(b) The gain at high frequencies is 10. 


Answers: Ri = 10kQ and R? = 100kO, 
R) C=0.1uF Ry 


Figure P 13.2-12 
P 13.2-13 The input to the circuit of Figure P 13.2-13 is 
vs = 50 + 30 cos (500¢ + 115°) — 20 cos (25007 + 30°) mV 


Find the steady-state output voltage v, for (a) C = 0.1uF and 
(b) C = 0.01uF. Assume an ideal op amp. 


Figure P 13.2-13 
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P 13.2-14 The source voltage v, shown in the circuit of 
Figure P 13.2-14a is a sinusoid having a frequency of 
500 Hz and an amplitude of 8 V. The circuit is in steady state. 
The oscilloscope traces show the input and output waveforms 
as shown in Figure P 13.2-14b. 


(a) Determine the gain and phase shift of the circuit at 500 Hz. 

(b) Determine the value of the capacitor. 

(c) If the frequency of the input is changed, then the 
gain and phase shift of the circuit will change. What are 
the values of the gain and phase shift at the frequency 
200 Hz? At 2000 Hz? At what frequency will the 
phase shift be —45°? At what frequency will the phase 
shift be —135°? 

(d) What value of capacitance would be required to make the 
phase shift at 500 Hz be -—60°? What value of 
capacitance would be required to make the phase shift 
at 500 Hz be —300°? 

(e) Suppose the phase shift had been —120°at 500 Hz. What 
would be the value of the capacitor? 


Answers: (b) C = 0.26uF (e) This circuit can’t be designed 
to produce a phase shift = —120°. 


Q Oscilloscope 


(a) 


Voltage 
(2 V/div) 


Time (0.25 ms/div) 


(b) 
Figure P 13.2-14 


P 13.2-15 The input to the circuit in Figure P 13.2-15 is the 
voltage of the voltage source v;(t). The output is the voltage 
v,(t). The network function of this circuit is 
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H(o) = Vo(@) _ (—0.1)j@ 


Vi(o) (1412) (1479) 


Determine the values of the capacitance C and the pole p. 


C 


5 uF 


Figure P 13.2-15 


P 13.2-16 The input to the circuit in Figure P 13.2-16 is the 
voltage of the voltage source v(t). The output is the voltage 
Vo(t). The network function of this circuit is 


1 .O 

nya ge 
V;(@) 1 yje 

p 


Determine expressions that relate the network function parameters 
k, z, and p to the circuit parameters R), Ro, L, Ny, and N2. 


Ideal 


Figure P 13.2-16 


P 13.2-17 The input to the circuit in Figure P 13.2-17 is the 
voltage of the voltage source v(t). The output is the voltage 
v,(t). The network function of this circuit is 


_Vo(o) _ p jo 


P 


Determine expressions that relate the network function param- 
eters k and p to the circuit parameters R, R2, M, Lı, and L3. 


Figure P 13.2-17 


P 13.2-18 The input to the circuit in Figure P 13.2-18 is the 
voltage of the voltage source v;(t). The output is the voltage 
v(t). The network function of this circuit is 


Vo) _ jo 
"a Taa 


Determine expressions that relate the network function param- 
eters k, pı, and p> to the circuit parameters R4, Ro, R3, Ry, A, C, 
and L. 


H(@) = 


Figure P 13.2-18 


P 13.2-19 © The input to the circuit shown in Figure 
P 13.2-19 is the voltage of the voltage source v,. The output 
of the circuit is the capacitor voltage vo. Determine the values of 
the resistances R4, R2, R3, and R4 required to cause the network 
function of the circuit to be 


Figure P 13.2-19 


P 13.2-20 © The input to the circuit shown in Figure 
P 13.2-20 is the voltage of the voltage source v,. The output 
of the circuit is the voltage v. Determine the network function 


of the circuit. 


Figure P 13.2-20 


P 13.2-21 The input to the circuit shown in Figure P 13.2-21 
is the voltage of the voltage source v,. The output of the circuit 
is the capacitor voltage vo. Determine the network function 
_ Vo(@) 

V;(@) 


of the circuit. 


Figure P 13.2-21 


P 13.2-22 © The input to the circuit shown in Figure 

P 13.2-22 is the voltage of the voltage source vs. The output 

of the circuit is the capacitor voltage v,. The network function 
of the circuit is 

H(@) = Yale) = Ho 

(@) 142 

P 


< 


Determine the values of Ho and p. 


Figure P 13.2-22 


P 13.2-23 © The input to the circuit shown in Figure P 13.2-23 
is the current of the current source is. The output of the circuit is the 
resistor current i,. The network function of the circuit is 
H(w) = I,(@) _ 08 
Llo) 14 j o 
40 


Determine the values of the resistances R, and R3. 
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Figure P 13.2-23 


P 13.2-24 The input to the circuit shown in Figure P 13.2-24 
is the voltage of the voltage source vs. The output of the circuit 
is the resistor voltage vo. Specify values for L4, L2, R, and K that 
cause the network function of the circuit to be 


Figure P 13.2-24 


P 13.2-25 © The input to the circuit shown in Figure 
P 13.2-25 is the voltage of the voltage source v,. The output 
of the circuit is the resistor voltage vo. Specify values for R and 
C that cause the network function of the circuit to be 
V,(@) —8 
Vlo) gpi 

+1950 


H(@) = 


Figure P 13.2-25 


P 13.2-26 The network function of a circuit is H(@) = 
Valo) _ J40% 
Vs(@) ~ 120+j20@ 


5 cos (5t + 15°)V, the output is vo(t) =A cos (5t+65.194°) V. 
On the other hand, when the input to this circuit is 
vs(t) = 5cos(8t+ 15°) V, the output is  vo(t) = 8cos 
(8t + 0)V. Determine the values of A and 0. 


Answers: A = 6.4018 V and 0 = 51.87° 


P 13.2-27 The network function of a circuit is H(@) = 


ye = T æ Where k >0 and p> 0. When the input to 


JP 


. When the input to this circuit is s(t) = 
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this circuit is 
vs(t) = 12 cos (120t + 30°) V 
the output is 


Vo(t) = 42.36 cos (120r — 48.69°) V 


Determine the values of k and p 


Answers: k = 18 and p = 24 rad/s 


P 13.2-28 The network function of a circuit is H(@) = aaa 


When the input to this circuit is sinusoidal, the output is also 
sinusoidal. Let @, be the frequency at which the output 
sinusoid is twice as large as the input sinusoid and let œ> be 
the frequency at which output sinusoid is delayed by one tenth 
period with respect to the input sinusoid. Determine the values 
of œ and a>. 


P 13.2-29 The input to the circuit in Figure P 13.2-29 is the 
voltage source voltage v,(t). The output is the voltage v,(f). 
When the input is v(t) =8 cos(40r)V, the output is 
Vo(t) = 2.5 cos(40t + 14°) V. Determine the values of the 
resistances R,; and R>. 


R 


Figure P 13.2-29 


P 13.2-30 The input to the circuit shown in Figure P 13.2-30 
is the voltage source voltage v,(f). The output is the voltage 
v(t). The input v(t) = 2.5 cos (1000r) V causes the output to 
be vo(t) = 8 cos (1000r + 104°) V. Determine the values of 
the resistances R; and Ro. 


Answers: R = 1515 Q and R} = 20 kQ 


C=0.2 uF 


Figure P 13.2-30 


Section 13.3 Bode Plots 


P 13.3-1 @ Sketch the magnitude Bode plot of H(w) = 
4(5 + ja) 
oO 
1+ İzo 
P 13.3-2 Compare the magnitude Bode plots of H; (œ) = 


10(5+ja) — 100(5+ja) 
sojo d Ho(@) = Go 


wn 


P 13.3-3 © The input to the circuit shown in Figure P 13.3-3 
is the source voltage vin (£), and the response is the voltage 
across R3, Vou(t). The component values are R, = 5 kQ, 
R, = 10kQ, Cı = 0.1 uF, and C2 = 0.1 uF. Sketch 
the asymptotic magnitude Bode plot for the network function. 


C2 
| t 
Vout(t) 


P 13.3-4 The input to the circuit shown in Figure P 13.3-4 is 
the source voltage v,(f), and the response is the voltage across 
R3, V(t). Determine H(c) and sketch the Bode diagram. 


vin ©) 


Figure P 13.3-3 


Cı C2 


Figure P 13.3-4 


P 13.3-5 © The input to the circuit shown in Figure P 13.3-5a 
is the voltage v;(t) of the independent voltage source. The output 
is the voltage v,(¢) across the capacitor. Design this circuit to have 
the Bode plot shown in Figure P 13.3-5d. 


Hint: First, show that the network function of the circuit is 


Ce 
~ Vilo) 
of ALR, ) 
= i Ri (R3 + R4) 
(1 L(R; =o ( a 
RiR> "A Rs + Ry 
Ry 
S 20 
g 
= 
© 9 
i 
O 
N 


200k 


20 200 20k 
æ (rad/s, log scale) 


(b) 
Figure P 13.3-5 


P 13.3-6 The input to the circuit shown in Figure P 13.3-6b is 
the voltage of the voltage source v;(t). The output is the voltage 
v(t). The network function of this circuit is H(@) = V,(@)/ 
V;i(œ). Determine the values of R2, C1, and C3 that are required to 
make this circuit have the magnitude Bode plot shown in Figure 
P 13.3-6a. 


Answers: Ry = 400kQ, C, = 25 nF, and C3 = 6.25 nF 


w 
N 
| 


N 
| 


20 logyg|H()|, dB 


40 400 4k 40 k 


æ (rad/s, log scale) 


(a) 
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R,=10kQ_— Rp 


v1) EÈ) 


n 
volt) 


(b) 
Figure P 13.3-6 


P 13.3-7 © The input to the circuit shown in Figure 
P 13.3-7b is the voltage of the voltage source v;(f). 
The output is the voltage v(t). The network function of 
this circuit is H(œ) = Vo(œ)/Vi(œ). The magnitude Bode 
plot is shown in Figure P 13.3-7a. Determine values of the 
corner frequencies z and p. Determine the value of the low- 
frequency gain, k. 


S oh 

E 

= 

S 

©% 20 logıo(k) |- 

<4 | l 
z P 

@ (rad/s, log scale) 

(a) 


(b) 


Figure P 13.3-7 


P 13.3-8 Determine H( jam) from the asymptotic Bode dia- 
gram in Figure P 13.3-8. 
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40 


20 


-40 
0.1 1 10 


æ (rad/s) 


100 
Figure P 13.3-8 


P 13.3-9 A circuit has a network function 


Hlo) = KL tele) 

jo 

(a) Find the high- and low-frequency asymptotes of the mag- 
nitude Bode plot. 

(b) The high- and low-frequency asymptotes comprise the 
magnitude Bode plot. Over what ranges of frequencies 
is the asymptotic magnitude Bode plot of H(œw) within 
1 percent of the actual value of H(w)? 


P 13.3-10 Physicians use tissue electrodes to form the 
interface that conducts current to the target tissue of 
the human body. The electrode in tissue can be modeled 
by the RC circuit shown in Figure P 13.3-10. The value of 
each element depends on the electrode material and 
physical construction as well as the character of the tissue 
being probed. Find the Bode diagram for V,/V, = H(ja) 
when R; = 1kQ, C= 1uF, and the tissue resistance is 
R, = 5kO. 


Ry 


Us ©) Vo 
Figure P 13.3-10 


P 13.3-11 Figure P 13.3-11 shows a circuit and corresponding 
asymptotic magnitude Bode plot. The input to this circuit shown 
is the source voltage vin(t), and the response is the voltage v,(f). 
The component values are Ry = 80 Q, R> = 20 Q, Lı = 0.03 H, 
L = 0.07 H, and M = 0.01 H. Determine the values of Kı, K, 
p, and z. 


Answers: Kı = 0.75, Ko = 0.2, z= 333 rad/s, and p= 
1250 rad/s 


1000 


10,000 


20 logio (Kı) 


IH (w)|, dB 


20 logio (Ko) 


l | 
z P 
æ, rad/sec 


Figure P 13.3-11 


P 13.3-12 The input to the circuit shown in Figure P 13.3-12 
is the source voltage v;,(f), and the response is the voltage 
across R3, Vour(t). The component values are R = 10 KQ, Ci = 
0.025 uF, and C» = 0.05 uF. Sketch the asymptotic magnitude 
Bode plot for the network function. 


Cy C2 


vin) C) 


Vout(t) 


Figure P 13.3-12 


P 13.3-13 © Design a circuit that has the asymptotic 
magnitude Bode plot shown in Figure P 13.3-13. 


m 
ne} 
eB 14h 
= dB 
co decade 
AS] 
ro) 
N 
l | 
200 500 


æ (rad/s logarithmic scale) 


Figure P 13.3-13 


P 13.3-14 Design a circuit that has the asymptotic magnitude 
Bode plot shown in Figure P 13.3-14. 


m 
no) 
F 34h 
= 
9S 
00 dB 
© 
o decade 
N 
| 
500 


æ (rad/s logarithmic scale) 


Figure P 13.3-14 


P 13.3-15 Design a circuit that has the asymptotic magnitude 
Bode plot shown in Figure P 13.3-15. 


a 

no} 

BS 14h 

= dB 
O 

g N20 decade 
o 

N 


| | 
200 500 


æ (rad/s logarithmic scale) 


Figure P 13.3-15 


P 13.3-16 © Design a circuit that has the asymptotic 
magnitude Bode plot shown in Figure P 13.3-16. 
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dB 
decade 


w 
B 
| 


dB 


20 log; o|H(@)|, dB 


decade 
{ff 
200 500 


æ (rad/s logarithmic scale) 


Figure P 13.3-16 


P 13.3-17 The cochlear implant is intended for patients with 
deafness due to malfunction of the sensory cells of the 
cochlea in the inner ear (Loeb, 1985). These devices use a 
microphone for picking up sound and a processor for con- 
verting it to electrical signals, and they transmit these signals 
to the nervous system. A cochlear implant relies on the 
fact that many of the auditory nerve fibers remain intact in 
patients with this form of hearing loss. The overall transmis- 
sion from microphone to nerve cells is represented by the gain 
function 


10(j@/50 + 1) 


HU) = T727 1)Go]20-+ 100/80 1) 


Plot the magnitude Bode diagram for H(jw) for 1 < œ < 100. 


P 13.3-18 An operational amplifier circuit is shown in Figure 

P 13.3-18, where Ro = 5 KQ and C = 0.02 uF. 

(a) Find the expression for the network function H = V, /Vs 
and sketch the asymptotic Bode diagram. 

(b) What is the gain of the circuit, |V, /V.|, for œ = 0? 

(c) At what frequency does |V,/V,| fall to 1/\/2 of its low- 
frequency value? 


Answers: (b) 20 dB and (c) 10,000 rad/s 


R2 


Figure P 13.3-18 


P 13.3-19 © Determine the network function H(%) for the 
op amp circuit shown in Figure P 13.3-19 and plot the Bode 
diagram. Assume ideal op amps. 
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l uF 


Figure P 13.3-19 


P 13.3-20 The network function of a circuit is 


Sketch the asymptotic magnitude Bode plot corresponding to H. 
P 13.3-21 The network function of a circuit is 
T 3 
Be) = Bea} 

Sketch the asymptotic magnitude Bode plot corresponding to H. 
P 13.3-22 The network function of a circuit is 

2(j2m + 5) 
(4 + j3@) (jo + 2) 


H(o) = 


Sketch the asymptotic magnitude Bode plot corresponding to H. 
P 13.3-23 © The network function of a circuit is 


4(20 + jæ) (20, 000 + jæ) 


H(©) = 00 4. jeo)(2000 + jn) 


Sketch the asymptotic magnitude Bode plot corresponding to H. 
P 13.3-24 The input to the circuit shown in Figure P 13.3-24a is 


the voltage of the voltage source v,. The output of the circuit is the 
capacitor voltage vo. The network function of the circuit is 


= V.(@) 

V;(@) 
Determine the values of the resistances R4, R2, R3, and Ry required 
to cause the network function of the circuit to correspond to the 
asymptotic Bode plot shown in Figure P 13.3-24b. 


H(o) 


(a) 


dB 
decade 


32 -20 


(ica ead dB 
~~" decade 


20 logyo|H(@)| (dB) 


8 320 
æ (rad/s logarithmic scale) 


(b) 
Figure P 13.3-24 


P 13.3-25 © The input to the circuit shown in Figure 
P 13.3-25a is the voltage of the voltage source, v,. The output 
of the circuitis the voltage, v,. The network function of the circuitis 
Vo(@) 

V,(@) 

Determine the values of the resistances R4, R2, and R3 required 
to cause the network function of the circuit to correspond to the 
asymptotic Bode plot shown in Figure P 13.3-25b. 


H(@) = 


(a) 
z 
> sH p0 
3 decade 
= l 
x) | 
a0 | 
© 
z | 
N 

500 

@ (rad/s logarithmic scale) 


(b) 
Figure P 13.3-25 
P 13.3-26 © The input to the circuit shown in Figure 


P 13.3-26a is the voltage of the voltage source v,. The output 
of the circuit is the voltage vo. The network function of the circuit is 


Hlo) = 


(a) Determine the values of the resistances R, and R, required to 
cause the network function of the circuit to correspond to the 
asymptotic Bode plot shown in Figure P 13.3-26b. 


(b) Determine the values of the gains K, and K, in Figure 
P 13.3-26b. 


Us 
T 
2 
= Kip 
A 1 dB 
= decade 
=] 
Ş 
w | 
= l 
20 500 
æ (rad/s logarithmic scale) 
(b) 


Figure P 13.3-26 


P 13.3-27 © The input to the circuit shown in Figure 
P 13.3-27a is the voltage of the voltage source vs. The output 
ofthe circuitis the voltage vo. The network function ofthe circuitis 


Determine the values of R, C, R, and R» required to cause the 
network function of the circuit to correspond to the asymptotic 
Bode plot shown in Figure P 13.3-27b. 


Ry Ro 
+ 
TO > cay 
(a) 
S dB 
= -20 
5 | decade 
= | 
S | 
S 
3 | 
si 250 
æ (rad/s logarithmic scale) 
(b) 


Figure P 13.3-27 
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P 13.3-28 © The input to the circuit shown in Figure 
P 13.3-28a is the current of the current source i,. The output of 
the circuit is the current i,. The network function of the circuit is 


Determine the values of G, C, R;, and R» required to cause the 
network function of the circuit to correspond to the asymptotic 
Bode plot shown in Figure P 13.3-28b. 


a 
=~ dB 
z £r ede 
= | 

= | 

B | 

g | 

N 

200 
æ (rad/s logarithmic scale) 
(b) 


Figure P 13.3-28 


P 13.3-29 @ A first-order circuit is shown in Figure P 13.3-29. 
Determine the ratio V,/V, and sketch the Bode diagram when 
RC = 0.1 and R/R = 3. 


Answer: H (1 


R 1 
" Ro) 1+jaRC 


Figure P 13.3-29 


P 13.3-30 (a) Draw the Bode diagram of the network function 
Vo /V, for the circuit of Figure P 13.3-30. (b) Determine v,(f) 
when v, = 10 cos 20t V. 


Answer: (b) va = 4.18 cos (20t — 24.3°) V 
4Q 


22 


Us Vo 


30 mF 


Figure P 13.3-30 


664 13. Frequency Response 


P 13.3-31 (+) Draw the asymptotic magnitude Bode 
diagram for 

10(1 + ja) 
jo(1 +j0.5@)(1 + j0.6(@/50) + (j/50)”) 
Hint: At œ = 0.1 rad/s, the value of the gain is 40 dB and the 
slope of the asymptotic Bode plot is —20 dB/decade. There is 
a zero at 1 rad/s, a pole at 2 rad/s, and a second-order pole at 
50 rad/s. The slope of the asymptotic magnitude Bode diagram 
increases by 20 dB/decade as the frequency increases past 
the zero, decreases by 20 dB/decade as the frequency increases 
past the pole, and, finally, decreases by 40 dB/decade as the 
frequency increases past the second-order pole. 


H(@) = 


Section 13.4 Resonant Circuits 


P 13.4-1 @ For a parallel RLC circuit with R = 10kQ, 
L = 1/120 H, and C = 1/30 „F, find wo, Q, @ 1, 2, and the 
bandwidth BW. 


Answers: œo = 60 krad/s, Q = 20, œ = 58.519 krad/s, œ = 
61.519 krad/s, and BW = 3 krad/s 
P 13.4-2 A parallel resonant RLC circuit is driven by a current 


source i, = 20 cos wt mA and shows a maximum response of 8 V 
at œ = 1000 rad/s and 4 V at 897.6 rad/s. Find R, L, and C. 


Answers: R = 400 Q, L = 50 mH, and C = 20 uF 

P 13.4-3 @ A series resonant RLC circuit has L = 10 mH, 
C = 0.01 uF, and R = 100 Q. Determine wo, Q, and BW. 
Answers: @o = 10°, Q = 10, and BW = 104 


P 13.4-4 A quartz crystal exhibits the property that when 
mechanical stress is applied across its faces, a potential difference 
develops across opposite faces. When an alternating voltage is 
applied, mechanical vibrations occur and electromechanical reso- 
nance is exhibited. A crystal can be represented by a series RLC 
circuit. A specific crystal has a model with L = 1 mH, C = 10uF, 
and R = 1). Find a, Q, and the bandwidth. 


Answers: œo = 10° rad/s, Q = 10, and BW = 10° rad/s 


P 13.4-5 Design a parallel resonant circuit to have œo = 
2500 rad/s, Z(@o) = 100 Q, and BW = 500 rad/s. 


Answers: R = 100 Q, L = 8 mH, and C = 20 uF 


P 13.4-6 Design a series resonant circuit to have wp 
2500 rad/s, Y(~o) = 1/100 Q, and BW = 500 rad/s. 


Answers: R = 100 Q, L = 0.2 H, and C = 0.8 uF 


P 13.4-7 The circuit shown in Figure P 13.4-7 represents a 
capacitor, coil, and resistor in parallel. Calculate the resonant 
frequency of the circuit. 


10 uH 


22 kQ 
1.8Q 
Coil 

resistance 


Figure P 13.4-7 


P 13.4-8 Consider the simple model of an electric power 
system as shown in Figure P 13.4-8. The inductance L = 
0.25 H represents the power line and transformer. The custom- 
er’s load is R, = 100 Q, and the customer adds C = 25 uF to 
increase the magnitude of V,. The source is v, = 1000 cos 400r 
V, and it is desired that |V| also be 1000 V. 


(a) Find |Vo| for Rg = 100 Q. 

(b) When the customer leaves for the night, he turns off much 
of his load, making Ry = 1 kQ, at which point, sparks and 
smoke begin to appear in the equipment still connected to 
the power line. The customer calls you in as a consultant. 
Why did the sparks appear when Ry = 1 KQ? 


Power line 


Customer 
load 


Power 
plant 


Figure P 13.4-8 Model of an electric power system. 


P 13.4-9 Consider the circuit in Figure P 13.4-9. Rj = R = 
1 Q. Select C and L to obtain a resonant frequency of 
œo = 100 rad/s. 


Figure P 13.4-9 


P 13.4-10 For the circuit shown in Figure P 13.4-10, (a) 
derive an expression for the magnitude response |Z;,| versus %, 
(b) sketch |Z;,| versus œ, and (c) find |Z;,| at œ = 1/VLC. 


R 


Figure P 13.4-10 


P 13.4-11 The circuit shown in Figure P 13.4-11 shows an 
experimental setup that could be used to measure the parame- 
ters k, Q, and wo of this series resonant circuit. These param- 
eters can be determined from a magnitude frequency response 
plot for Y = I/V. It is more convenient to measure 
node voltages than currents, so the node voltages V and V> 
have been measured. Express |Y| as a function of V and V3. 


Hint: Let V = A and V2 = B /0. 


(A — B cos 0) — jB sin 0 
R 


Then I = 


ya — B cos 0)” + (B sin 0} 


Answer: |Y| = 


AR 


Oscilloscope 


Figure P 13.4-11 


Section 13.6 Plotting Bode Plots Using MATLAB 


P 13.6-1 (+) The input to the circuit shown in Figure P 13.6-1 
is the voltage of the voltage source v,. The output of the circuit 
is the voltage v,. Use MATLAB to plot the gain and phase shift 
of this circuit as a function of frequency for frequencies in the 
range of 1 < œ < 1000 rad/s. 


Figure P 13.6-1 


P 13.6-2 The input to the circuit shown in Figure P 13.6-2 is 
the voltage of the voltage source v,. The output of the circuit is 
the voltage vo. Use MATLAB to plot the gain and phase shift of 
this circuit as a function of frequency for frequencies in the 
range of 1 < œ < 1000 rad/s. 


202 a 
1 mF 


» ($) 


Figure P 13.6-2 


P 13.6-3 (+) The input to the circuit shown in Figure P 13.6-3 
is the voltage of the voltage source v,. The output of the circuit 
is the voltage vo. Use MATLAB to plot the gain and phase shift 
of this circuit as a function of frequency for frequencies in the 
range of 1 < œ < 1000 rad/s. 
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40 Q 


Figure P 13.6-3 
Section 13.8 How Can We Check ... ? 


P 13.8-1 Circuit analysis contained in a lab report indicates 
that the network function of a circuit is 


ee 
1630 


= 
10(1 i) 
+I 8300 
This lab report contains the following frequency response 
data from measurements made on the circuit. Do these data 
seem reasonable? 


œ, rad/s 200 400 795 1585 3162 
|H(@)| 0.105 0.12 0.16 0.26 0.460 
œ, rad/s 6310 12,600 25,100 50,000 100,000 
|H(@)| 0.71 1.0 1.0 1.0 1.0 


P 13.8-2 A parallel resonant circuit (see Figure 13.4-2) has 
Q = 70 and a resonant frequency œo = 10,000 rad/s. A report 
states that the bandwidth of this circuit is 71.43 rad/s. Verify 
this result. 


P 13.8-3 A series resonant circuit (see Figure P 13.4-4) has 
L=1mH, C= 10 „F, and R = 0.5 Q. A software program 
report states that the resonant frequency is fọ = 1.59 kHz and 
the bandwidth is BW = 79.6 Hz. Are these results correct? 


P 13.8-4 An old lab report contains the approximate Bode 
plot shown in Figure P 13.8-4 and concludes that the network 
function is 


40(1 +i) 
i= 
H(@) = oe a 
(1 +559) 
Do you agree? 
32 
co 
no} 
£ 
= 
20 
| | 
200 800 
q@, rad/sec 
log scale 


Figure P 13.8-4 
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PSpice Problems 


SP 13-1 The input to the circuit shown in Figure SP 13-1 is the 
voltage of the voltage source v,(t). The output is the voltage voaf) 
across the parallel connection of the capacitor and 1-KQ resistor. 
The network function that represents this circuit is 


His) = Vo(@) k 


P 


Use PSpice to plot the frequency response of this circuit. 
Determine the values of the pole, p, and of the dc gain, k. 


Answers: p = 250 rad/s and k = 0.2 V/V 
4 KQ 


Figure SP 13-1 


SP 13-2 The input to the circuit shown in Figure SP 13-2 is the 
voltage of the voltage source v;(f). The output is the voltage v,(t) 
across the series connection of the inductor and 60-2. resistor. 
The network function that represents this circuit is 


@ 
1+j— 
FA 


eas 
2 
p 


Use PSpice to plot the frequency response of this circuit. Deter- 
mine the values of the pole, p, of the zero, z, and of the de gain, k. 


Answers: p = 20 rad/s, z = 12 rad/s, and k = 0.6 V/V 
40Q 


Figure SP 13-2 


SP 13-3 The input to the circuit shown in Figure SP 13-3 is 
the voltage of the voltage source v;(t). The output is the voltage 
vo(t) across 30-kQ, resistor. The network function that repre- 
sents this circuit is 


Use PSpice to plot the frequency response of this circuit. 
Determine the values of the pole, p, and of the dc gain, k. 


Answers: p = 100 rad/s and k = 4V/V 
2 kQ 


M 
volt) == 5 uF swa X 


vilt) 


Figure SP 13-3 


SP 13-4 The input to the circuit shown in Figure SP 13-4 is 
the voltage of the voltage source v;(t). The output is the voltage 
v(t) across 20-k©, resistor. The network function that repre- 
sents this circuit is 


Use PSpice to plot the frequency response of this circuit. 
Determine the values of the pole, p, and of the dc gain, k. 


Answers: p = 10 rad/s and k = 5 V/V 
50 kQ 
10 kQ 


volt) 


Figure SP 13-4 


SP 13-5 Figure SP 13-5 shows a circuit and a frequency 
response. The frequency response plots were made using 
PSpice and Probe. V(R3:2) and Vp(R3:2) denote the magni- 
tude and angle of the phasor corresponding to v,(f). V(V1:+) 
and Vp(V1:+) denote the magnitude and angle of the phasor 
corresponding to v;(t). Hence, V(R3:2)/V(V1:+) is the gain of 
the circuit and Vp(R3:2) — Vp(V1:+) is the phase shift of the 
circuit. 

Determine values for R and C required to make the 
circuit correspond to the frequency response. 


Hint: PSpice and Probe use m for milli or 10~*. Hence, the label 
(159.513, 892.827 m) indicates that the gain of the circuit is 
892.827x107° = 0.892827 at a frequency of 159.513 Hz ~ 
1000 rad/sec. 


Answers: R = 5kQ and C = 0.2 uF 


2.0 
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1.0 


(31.878, 


e V(R3:2)/V(V1:4) 


(159.513, 892.827 m) 


1.8565) 
(318.784, 484.412 m) 


10 kQ o 


(31.878, 


e Vp(R3:2)- Vp(V1:+) 


(159.513, 116.515) 


158.169) (318.784, 104.017) 


(a) 


| | 
100 Hz 300 Hz 


Frequency 


(b) 


| 
30 Hz 1.0 KHz 


Figure SP 13-5 (a) A circuit and (b) the corresponding frequency response. 


SP 13-6 Figure SP 13-6 shows a circuit and a frequency 
response. The frequency response plots were made using 
PSpice and Probe. V(R2:2) and Vp(R2:2) denote the magni- 
tude and angle of the phasor corresponding to v,(t). V(V1:+) 


and Vp(V1:+) denote the magnitude and angle of the phasor 
corresponding to v;(t). Hence V(R2:2)/V(V1:+) is the gain of 
the circuit, and Vp(R2:2) — Vp(V1:+) is the phase shift of the 
circuit. 


400 m 


200 m 


eV(R2:2)/V(V1:+) 


(79.239, 256.524 m) 
(159.268, 171.406 m) 


(316.228, 96.361 m) 


(79.239, -39.685) 
(159.268, -59.055) 


-50 dr (316.228, -73.197) 
R 
+ eVp(R2:2)- Vp(V1:+) 
v(t) (Z) C 10 kQ volt) -100 d | | 
= 10 Hz 100 Hz 1.0 KHz 10 KHz 
Frequency 
(a) (b) 


Figure SP 13-6 (a) A circuit and (b) the corresponding frequency response. 
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Determine values for R and C required to make the 
circuit correspond to the frequency response. 


Hint: PSpice and Probe use m for milli or 107°. Hence, the label 
(159.268, 171.408 m) indicates that the gain of the circuit is 


Design Problems 


DP 13-1 Design a circuit that has a low-frequency gain of 2, a 
high-frequency gain of 5, and makes the transition of H = 2 to 
H = 5 between the frequencies of 1 kHz and 10 kHz. 


DP 13-2 Determine L and C for the circuit of Figure DP 13-2 to 
obtain a low-pass filter with a gain of —3 dB at 100 kHz. 


L 


Figure DP 13-2 


DP 13-3 British Rail has constructed an instrumented railcar 
that can be pulled over its tracks at speeds up to 180 km/hr and 
will measure the track-grade geometry. Using such a railcar, 
British Rail can monitor and track gradual degradation of the rail 
grade, especially the banking of curves, and permit preventive 
maintenance to be scheduled as needed well in advance of track- 
grade failure. 

The instrumented railcar has numerous sensors, such as 
angular-rate sensors (devices that output a signal proportional to 
rate of rotation) and accelerometers (devices that output a signal 
proportional to acceleration), whose signals are filtered and 
combined in a fashion to create a composite sensor called a 
compensated accelerometer (Lewis, 1988). A component of this 
composite sensor signal is obtained by integrating and high-pass 
filtering an accelerometer signal. A first-order low-pass filter will 
approximate an integrator at frequencies well above the break 
frequency. This can be seen by computing the phase shift of the 
filter-transfer function at various frequencies. At sufficiently 
high frequencies, the phase shift will approach 90°, the phase 
characteristic of an integrator. 

A circuit has been proposed to filter the accelerometer 
signal, as shown in Figure DP 13-3. The circuit is composed of 
three sections, labeled A, B, and C. For each section, find an 
expression for and name the function performed by that section. 
Then find an expression for the gain function of the entire circuit 
Vo /V;. For the component values, evaluate the magnitude and 
phase of the circuit response at 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1.0, 
2.0, 5.0, and 10.0 Hz. Draw a Bode diagram. At what frequency 
is the phase response approximately equal to 0°? What is the 
significance of this frequency? 


171.408x107°= 0.171408 at a frequency of 159.268 Hz ~ 1000 
rad/sec. 


Answers: R = 20kQ and C = 0.25 uF 


D Circuit A 


0.1 uF 
Circuit C ‘ 


DP 13-4 Design a circuit that has the network function 


Jo 
(+s) (1+i5) 

1300/ "7500 
Hint: Use two circuits from Table 13.4-1. Connect the circuits in 
cascade. That means that the output of one circuit is used as the 
input to the next circuit. H(@) will be the product of the network 
functions of the two circuits from Table 13.3-2. 


Figure DP 13-3 


H(œw) = 10 


DP 13-5 Strain-sensing instruments can be used to measure 
orientation and magnitude of strains running in more than one 
direction. The search for a way to predict earthquakes focuses on 
identifying precursors, or changes, in the ground that reliably 
warn of an impending event. Because so few earthquakes have 
occurred precisely at instrumented locations, it has been a slow 
and frustrating quest. Laboratory studies show that before rock 
actually ruptures—precipitating an earthquake—its rate of inter- 
nal strain increases. The material starts to fail before it actually 
breaks. This prelude to outright fracture is called “tertiary creep” 
(Brown, 1989). 

The frequency of strain signals varies from 0.1 to 100 
rad/s. A circuit called a band-pass filter is used to pass these 
frequencies. The network function of the band-pass filter is 


Kjo 


.@ . %0 
L+I— I 1H 
M1 W2 


Specify 1, #2, and K so that the following are the case: 


H(@) = 


1. The gain is at least 17 dB over the range 0.1 to 100 rad/s. 
2. The gain is less than 17 dB outside the range 0.1 to 100 rad/s. 
3. The maximum gain is 20 dB. 


DP 13-6 Is it possible to design the circuit shown in Figure DP 
13-6 to have a phase shift of —45°and a gain of 2 V/V both at a 
frequency of 1000 radians/second using a 0.1 microfarad capac- 
itor and resistors from the range of 1 k ohm to 200 k ohm? 


A cos (wt + 0) 


Figure DP 13-6 


DP 13-7 Design the circuit shown in Figure DP 13-7a to have 
the asymptotic Bode plot shown in Figure DP 13-7b. 


Ry Ro 


Vout() 


(a) 
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32 
co 
wT 
S 
= 
20 
| l 
200 800 
@, rad/sec 
log scale 
(b) 


Figure DP 13-7 


DP 13-8 For the circuit of Figure DP 13-8, select R; and R2 
so that the gain at high frequencies is 10 V/V and the phase 
shift is 195° at œ = 1000 rad/s. Determine the gain at 
œ = 10rad/s. 


Figure DP 13-8 


CHAPTER 14 @ The Laplace 


670 


Transform 


IN THIS CHAPTER 


14.1 Introduction 14.7 Circuit Analysis 14.12 How Can We 

14.2 Laplace Transform Using Impedance and Check ...? 

14.3 Pulse Inputs Initial Conditions 14.13 DESIGN 

14.4 Inverse Laplace 14.8 Transfer Function and EXAMPLE—Space 
Transform Impedance Shuttle Cargo Door 

14.5 Initial and Final Value 14.9 Convolution 14.14 Summary 
Theorems 14.10 Stability Problems 

14.6 Solution of 14.11 Partial Fraction PSpice Problems 
Differential Equations Expansion Using Design Problems 
Describing a Circuit MATLAB 


14.1 Introduction 


Circuits that have no capacitors or inductors can be represented by algebraic equations. 


e Chapters 1—6 described circuits without capacitors or inductors. We learned many things about such 
circuits, including how to represent them by mesh current equations or node voltage equations. 


e Capacitors and inductors are described in Chapter 7. 


Circuits that contain capacitors and/or inductors are represented by differential equations. In general, 
the order of the differential equation is equal to the number of capacitors plus the number of inductors in 
the circuit. Writing and solving these differential equations can be challenging. 


e In Chapter 8, we analyzed first-order circuits. 


e In Chapter 9, we analyzed second-order circuits. 


The response of a circuit containing capacitors and/or inductors can be separated into two parts: the 
steady-state response and the transient part of the response. 


e In Chapters 10-13, we studied the steady-state response of circuits with sinusoidal inputs. We found 
that we could analyze such circuits by representing them in the frequency domain. We did not restrict 
our attention to first- or second-order circuits. 


e In this chapter, we find the complete response, transient part plus steady-state part, of circuits with 
capacitors and/or inductors. We will not restrict our attention to first- or second-order circuits or to 
circuits with sinusoidal inputs. 


In this chapter, we introduce a very powerful tool for the analysis of circuits. The Laplace 
transform enables the circuit analyst to transform the set of differential equations describing a circuit 
to the complex frequency domain, where they become a set of linear algebraic equations. Then, using 
straightforward algebraic manipulation, we solve for the variables of interest. Finally, we use the 
inverse Laplace transform to go back to the time domain and express the desired response in terms of 
time. This is a powerful tool indeed! 


Laplace Transform 


Next, we learn how to represent the circuit itself in the complex frequency domain. After doing 
so, we can analyze the circuit by writing and solving a set of algebraic equations, for example, mesh 
current equations or node voltage equations. In other words, using the complex frequency domain 
eliminates the need to write the differential equation that represents the circuit. 

Finally, we learn how to represent a linear circuit by its transfer function, step response, or 
impulse response. 


142 Laplace Transform 


As we have seen in earlier chapters, it is useful to transform the equations describing a circuit from the 
time domain into the frequency domain, then perform an analysis and, finally, transform the problem’s 
solution back to the time domain. You will recall that in Chapter 10 we defined the phasor as a 
mathematical transformation to simplify finding the steady-state response of a circuit to a sinusoidal 
input. Using the phasor transformation, we solved algebraic equations having complex coefficients 
instead of solving differential equations, albeit with real coefficients. The transform method is 
summarized in Figure 14.2-1. 

In this chapter, we will use the Laplace transform, rather than the phasor transformation, to 
transform differential equations to algebraic equations. This will enable us to determine the complete 
response to a variety of input functions instead of the steady-state response to sinusoidal inputs. 
(The complete response consists of the steady-state response together with the transient part of the 
response. We will have more to say about this later.) Pierre-Simon Laplace, who is shown in Figure 
14.2-2, is credited with the transform that bears his name. 

The (one-sided or unilateral) Laplace transform is defined as 


Fe) = LUO =f ear (14.2-1) 


where s is a complex variable given by 


s=o+ja (14.2-2) 


Time Domain Complex Frequency Domain 


Transformation into 
Circuit described the frequency domain Circuit described in the 


in the time domain frequency domain by 
by differential equations algebraic equations 


| Solution of Solution of 
Y differential algebraic 
i equations equations 


Transformation into 
the time domain 


Solution expressed 


in the time domain Solution expressed 


in the frequency domain 


FIGURE 14.2-1 The transform method. 
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Photo by Universal History 
Archive/Getty Images 
FIGURE 14.2-2 Pierre- 
Simon Laplace (1749— 
1827) is credited with 

the transform that bears 
his name. 


The exponent st of e in Eq. 14.2-1 must be dimensionless. Consequently, s has units of 
frequency. It is customary to refer to s as complex frequency. The lower limit of the integral in 
Eq. 14.2-1 is O—, a time just before t = 0. As a result, the Laplace transform includes the effects 
of any discontinuity in f(t) occurring at time ¢ = 0. In contrast, the Laplace transform does not 
include the effect of that part of f(t) occurring for time t < 0. 

The notation “| f(t)] indicates taking the Laplace transform of f(t). The result, F(s), 
is called the Laplace transform of f(t). The function f(t) is said to exist in the time domain, 
whereas the function F(s) is said to exist in the complex-frequency domain or the s-domain. 
(Occasionally, the complex-frequency domain is referred to casually as the frequency 
domain when the context makes it clear that frequency domain is short for complex-frequency 
domain.) 

The inverse Laplace transform is defined by the complex inversion integral 


f(t) = L"|F(s)| f k F(s)e"ds (14.2-3) 


o 2nj a—joo 


The integral in Eq. 14.2-3 is a contour integration in the complex plane. Evaluation of this integral 
requires complex analysis and is beyond the scope of this book. Instead of evaluating the integral in 
Eq. 14.2-3, we rely on the fact that the inverse Laplace transform is indeed the inverse of the Laplace 
transform. That is, if F(s) = Z |f (t)], then also f(t) = Y~'[F(s)]. We say that f(t) and F(s) comprise a 
Laplace transform pair and denote this fact as 


f(t) = F(s) (14.2-4) 


Recalling that the part of f(t) occurring for time t < 0 had no effect on F(s), we see that Z~! [F(s)] 
provides f(t) only for t > 0. (Sometimes the uncertainty about f(t) for t < 0 is resolved by requiring 
that f(t) = 0 for t < 0 for all time domain functions.) 


(a) Find the Laplace transform of f(t) 
(b) Find the Laplace transform of g(t) 


Solution 


( ExAMPLE 14.2-1 Laplace Transform Pairs ) 


e “, where a > 0. 
e “u(t), where a > 0 and u(t) is the unit step function. 


(a) Using Eq. 14.2-1, we have 


(b) Again using Eq. 14.2-1, we have 


F(s) = ZF = F| i) —at "P l l 
= = e = a, e = a 
L BONS LZA —at o= f —at y(t) sa E i _ ae 7 1 
& = Ciel ee ve =) aie Sa ae 


In this example, f(t) 4 g(t) when t < 0, but f(t) = g(t) when t > 0. Consequently, F(s) = G(s). The inverse 
Laplace transform of F(s) = G(s) only provides f(t) or g(t) for t > 0. We can summarize the results of this 
example by the Laplace transform pair: 


1 
Ser @ 


e“fort>0 <= 


Laplace Transform 


We should stop and ask under what conditions the integral of Eq. 14.2-1 converges to a finite 
value. It can be shown that the integral converges when 


i FA ledt < co 
0— 


for some real positive cı. If the magnitude of f(t) is |f(t)| < Me“ for all positive t, the integral will 
converge for cı > a. The region of convergence is therefore given by œo > a; > a, and gı is known as 
the abscissa of absolute convergence. Functions of time, f (t), that are physically possible always have a 
Laplace transform. 

Linearity is an important property of the Laplace transform. Consider 


FA =afi) +a falt) 


for arbitrary constants a, and a2. Using Eq. 14.2-1, we have 
F(s) = LEO] = Lia fil) + af] = f (afili) + afal) dt 
=a, [ fioetar +a S Oea 
= hrig) +aF2(s) l 


where F; (s) and F2(s) are the Laplace transforms of the time functions f(t) and f} (t), respectively. 
We can summarize linearity as 


afit) +afa(t) = aFı(s)+a:F2(8) (14.2-5) 


( EXAMPLE 14.2-2 Linearity ) 


Find the Laplace transform of sin œt. 


Solution 
Use Euler’s identity to write 


sin wt = = (ce! — eI") 


From Example 14.2-1, we have 


e “fort >0 
s 


a 
—jot 1 
so e / fort > 0 = —— 
S+ Jo 
jot 1 
and eJ™ fort > 0 e —— 
s— jo 


Using superposition, we then have 


, 1 ; =F 1 1 1 (s+ ja) — (s — jæ) o 
2e JOR VO a = 
en OF 2j aa l < | 2j (- =, SSP =) 2i(s—@)(st+jo) +o? 


We can summarize the results of this example by the Laplace transform pair 


sin œt for t > OS aaa 
ae) 
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Let us obtain the transform of the first derivative of f(t). We have 

df “df y 

i —@ “dt 

L | A | ae d 
et = df z 
In anticipation of integrating by parts, take u = e7™* and dv = | — }dt = df. Then du = —se™™ and 
i ; i dt 

v = f. Now integrating by parts gives 


d foe) 
f Z — sf fe “dt+fe™" 


We can summarize differentiation in the time domain as 


df z 
an sF(s) —f(0-) (14.2-6) 


” = aF() FO) 
0 


Thus, the Laplace transform of the derivative of a function is s times the Laplace transform of the 
function minus the initial condition. 


( ExamĪmPLE 14.2-3 Differentiation in the Time Domain 


Find the Laplace transform of cos œt. 


Solution 
The cosine is proportional to the derivative of the sine 


Wedin 
cos wt = —— sin wt 
w dt 


1 
Using linearity, L cos wt] =—L É sin of 
ao |dt 
: d . : 
Using Eq 14.2-6, a Fon ot! = s {sin œt] — sin 0 = s Z [sin wt] — 0 
From Example 14.2-2 L [sin wt] = 2 
o ple 14.2-2, s = 


Combining these results gives 


(a) S 
S Ho s2+@2 


L cos wt] = Le) 


Thus, we use the definition of the Laplace transform given in Eq. 14.2-1 to obtain both 
Laplace transform pairs and properties of the Laplace transform. Table 14.2-1 provides a 
collection of important Laplace transform pairs. Table 14.2-2 lists important properties of the Laplace 
transform. 


Laplace Transform 


Table 14.2-1 Laplace Transform Pairs 


f(t) fort >0 F(s) = Lf (t)u(t)] 
0(t) 1 
1 
u(t) F 
=a 1 
e s+a 
1 
7 s2 
n! 
t" grt 
i n! 
e t (s + a)" 
; @ 
sin (œf) Paw? 
s 
cos (œt) S402 
—at at w 
e sin (œt) EE me 
—at s+a 
e™™ cos (œt) age o 
Table 14.2-2 Laplace Transform Properties 
PROPERTY f(t),t>0 F(s) = £[f(t)u(t)] 
Linearity ay f(t) +a fo(t) aF\(s) + a)F2(s) 


Time scaling 


f(at), where a > 0 


Ao 


F 1 
Time integration I f(a)dt r F(s) 
0 
df(t 
Time differentiation iy sF(s) —f(0-) 
#f(t) 2 +), FO) 
= s°F(s) sf (07) + i 
afd) api — Š eet £0) 
T s"F(s) 2 S diel 
Time shift f(t — a)u(t — a) e “F(s) 
Frequency shift e f(t) F(s+a) 
t 
Time convolution fi (t) fa(t) = I fi (t)fo(t — t)d F\(s)F2(s) 
0 
Frequency integration F(t) Í F(2)d2 
t $ 
. a dF(s) 
Frequency differentiation if (t) -i 
Initial value f(0*) lim sF(s) 
Final value f(x) lim sF(s) 
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Try it . . 
yourself EXAMPLE 14.2-4 Laplace Transform Pairs and Properties 
in WileyPLUS 


Find the Laplace transform of 5 — Se~*"(1 + 2t). 


Solution 
From linearity, L[5—Se-(1+ 2t)] =5 Lil] —5 Lle (1 + 22)| 


Using frequency shift from Table 14.2-2 with f(t) = 1 + 2t gives 
Lle*(1+21)] = L [ef] = F(s +2) 


where F(s) = ZIO = $1 +24 = L1 +2 Liq = (a) 


s2 
Next, F(s +2) = F(s)| gs42 


That is, we must replace each s in F(s) by s + 2 to obtain F(s + 2): 


F(s+2)= (1+2(3)) l al jeo, s44 


Putting it all together gives 


O 


= 1 s+4 o H 4s + 4) — 5s(s + 4) 20 
2t 
1 2 — T 
25 a 2) 3 (<) 2 (3 + 45+ 3) s(s2 + 4s + 4) s(s? + 45 + 4) 


Try it 
yourself ( EXAMPLE 14.2-5 Laplace Transform Pairs and Properties ) 
in WileyPLUS 


Find the Laplace transform of 10 e~* cos(20r + 36.9°). 


Solution 

Table 14.2-1 has entries for cos(œt) and sin(@t) but not for cos(wt + 0). We can use the trigonometric 
identity A cos (œt + 0) = (A cos 0) cos (œt) — (A sin 0) sin (œt) 

to write 10 cos (20t + 36.9°) = 8 cos (20r) — 6 sin (20t) 


Now use linearity to write 


L(10e'cos (20t + 36.9°)] = L[e~*"(8 cos (20t) — 6 sin (202))| 


= 8 Lle~* cos (20t)] — 6[e~™ sin (208) 


Using frequency shifts from Table 14.2-2 with f(t) = cos (20r) gives 
Le cos (20t)| = Lle “f(t)] = F(s +4) 


where F(s) = L[f()] = L[ cos (202)] = E ae ze A 


Next, F(s+4) = ETO 


Pulse Inputs 


That is, we must replace each s in F(s) by s+ 4 to obtain F(s + 4): 


s s+4 s+4 


L [e cos (20t)] = F(s + 4) 


~ 2 + 400 Lo ~ (+4) +400 s2-+85+416 
ee : 20 20 20 
Similarly, len sin (20¢)| = —__ = > = 
s? + 400], 44 (s+4)?+400 s?+8s+416 


Putting it all together gives 


+4 20 8s — 88 
L|10e-“ cos (20t + 36.9°)] = 8 2 6 = 
oo ce (208 + (at) (asec) s + 85+ 416 


Try it 
yourself ( EXAMPLE 14.2-5 Laplace Transform Pairs and Properties 
in WileyPLUS 


Find the Laplace transform of 2ô(t) + 3 + 4u(t). 
Solution 


From linearity, L[28(t) +3 + 4ult)] = 2 Y [A] +3 L [1] +42 [ult)] 


Because 1 = u(t) fort > 0, Y[1] = Y[u(t)]. Using Table 14.2-1 gives 


PISA +3 + 4u(t)] =2 L [6()] +3 L [1] +42 [u(] = 2(1) 4 3(2) 4(2) ee! 


14.3 Pulse Inputs 


The step function shown in Figure 14.3-1a and represented as 


0 4r<O0 
u(t) = { wo (14.3-1) 
makes an abrupt transition from 0 to 1 at time t = 0. Define the impulse function d(t) to be 
0 t<0 
o(t) = “u(t = į undefined t=0 (14.3-2) 
0 t>0 


Because ô(t) is undefined at time 0, we consider the function u,(t) shown in Figure 14.3-1b. This 
function makes the transition from O to 1 over the time interval from 0 to e. Notice that 


lim u(t) = u(t) 

0 <0 
— u(t) = 0<t<e 
0 


t>e 
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u(t) u(t) 5.(t) Ot) 


o t— o € t— o € t— (0) p 


(a) (b) (c) (d) 
FIGURE 14.3-1 (a) A step function, (b) an approximation to the step function, (c) a pulse function and, (d) the impulse 


function. 


We see that 6,(t) is the pulse function shown in Figure 14.3-1c. Notice that for any value of e, the area 


under the pulse is given by 
+00 £] 
J ô:(t)dt = l -dt= 1 
-%0 0 E 


Now, let o(t) = lim 6,(t) 


This definition of d(t) is consistent with the definition given in Eq. 14.3-2. We see that ô(t) is a 

pulse having infinite magnitude, infinitesimal duration, and area equal to 1. We can’t readily 

draw such a pulse, so we represent 6(t) by an arrow as shown in Figure 14.3-1d, The height of 

the arrow is equal to the area of the impulse function. (The area of the impulse function is sometimes 

called the strength of the impulse. Also, the impulse function is sometimes called the delta function.) 
An important property of the impulse function is 


+00 


f(t)o(t)dt = f (0) (14.3-3) 
Letting f(t) = 1 gives [- O(t)dt = 1 


showing once again that the area under the impulse function is 1. More interesting, Eq. 14.3-3 can be 
used to determine the Laplace transform of the impulse function 


Liel] = i e"8(t)dt = e® = 1 


Next, we consider some techniques that are useful for finding Laplace transforms of other pulse 
functions. We can delay a function f(t) by time t by replacing each occurrence of t by t — t. 


Consider the function f(t} =mt+b 


shown in Figure 14.3-2a. Suppose we wish to shift (delay) it to t seconds later. This function has a 
single occurrence of t, so we replace it by t — t to obtain 


f(t—7t) =m(t—t) +b=mt+ (b — mt) 
shown in Figure 14.3-2b. Next, consider the function 


g(t) =f(t)u(t) = (mt + b)u(t) 


Pulse Inputs 679 


f(t-t) =m(t- 1) +b FO ul) f(t-t) u(t-t) 


WED boas on m+b }----- m+b }-------- 


reeeo----- Ke 
~ 
a 
a 
+ 
= 
~ 


(a) (b) (c) (d) 
FIGURE 14.3-2 (a) A function, (b) a delayed copy of the function, (c) a new function formed by multiplying f(t) by a step 
function, and (d) a delayed copy of the new function. 


f(t) =1.5t 1.5t u(t) 1.5(t-10) u(t-10) g(t) = 1.5t u(t) - 1.5(t- 10) u(t- 10) 


A(t) = g(t) - 15u(t- 10) k(t) = g(t) - 3(t- 15) u(t- 15) 
+ 3(t-20) ult-20) 
Dy eeetee 


10 t— 


(d) (e) 
FIGURE 14.3-3 (a) A function, (b) a ramp function and a delayed copy of the ramp function, (c) a new function formed 
by subtracting the delayed ramp from the ramp, (d) a triangular pulse, and (e) a trapezoidal pulse. 


This function, shown in Figure 14.3-2c, is identical to f(t) when t > 0 but g(t) = 0 when ż < 0. 
Suppose we wish to delay g(t) by t seconds. The function g(t) contains two occurrences of t, and we 
must replace each occurrence of t by t — t. 


g(t —t) = (m(t — 1) + b)u(t — 1) 


Shown in Figure 14.3-2d, g(t — t) is indeed a delayed copy of g(t). Notice that f(t — t) u(t — t) is 
different than both f(t — t)u(t) and f(t)u(t — 1). 

Figure 14.3-3 shows how these techniques can be used to represent pulse functions. Starting with 
f(t) = 1.5t, a straight line that passes through the origin in Figure 14.3-3a, we multiply by a step 
function so that the product is 0 for time t < 0. The function f(t)u(t), together with a delayed copy, 
f(t — 10)u(t — 10), is shown in Figure 14.3-3b. Subtracting the delayed copy gives 


g(t) = f(t) u(t) — f(t — 10) u(t — 10) = 1.5 tult) — 1.5(t — 10) u(t — 10) (14.3-4) 
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shown in Figure 14.3-3c. Subtracting an appropriately scaled and delayed step function yields the pulse 
shown in Figure 14.3-3d: 
h(t) = g(t) — 15 u(t — 10) = 1.5tu(t) — 1.5(t — 10)u(t — 10) — 15u(t — 10) (14.3-5) 


Alternately, starting with g(t) and then subtracting and adding appropriately scaled and delayed copies 
of tu(t) yields the pulse shown in Figure 14.3-3e: 


k(t) = g(t) — 3.0(t — 15) u(t — 15) + 3.0(t — 20) u(t — 20) (14.3-6) 


(Subtracting 3.0(t — 15)u(t— 15) causes k(t) to begin to decrease at t = 15s. Adding 3.0(t — 20) 
u (t — 20) causes k(t) to level off at t = 20 s. Without this last term, k(t) would continue to decrease.) 

To obtain the transform of the time-shifted function, we use the definition of the transform to 
obtain 


L | f(t—t)u(t — t)] = f f(t —t)u(t — t)e “dt = J f(t—t)e “dt 
Now let f — t = x to obtain 
L|f(t — t)u(t — t)] = f fae dx = e f(xje “dx = e F(s) 


This result is summarized as 
f(t—t)u(t—1) = e *F(s) (14.3-7) 


( EXAMPLE 14.3-1 Laplace Transforms of Pulse Functions ) 


Find the Laplace transforms of g(t), h(t) and, k(t) shown in Figure 14.3-3. 


Solution 
After obtaining Eqs. 14.3-4, 14.3-5, and 14.3-6, we can easily determine the required Laplace transforms using 
Eq. 14.3-7: 


G(s) = Lig(t)] = L[1.5tu(t)] — L[1.5(t — 10) u(t — 10)] 
l 1 1.5(1 — e710 
(er 
= e7 10s 
H(s) = L{h(t)] T L|g(t)| a TAIS u(t 10)] = 1.5(1 = ) e 10s (=) 


K(s) = PIKO] = Lled] — LB. — 15) u(t — 15)] + [B.0(t — 20) u(t — 20)] 


edie) is (22) a (3?) 1.5(1 — e7 1 — 2e7!5s + 2677) 
eS E He = 
s2 s2 s2 


14.4 Inverse Laplace Transform 


We will frequently want to find the inverse Laplace transform of a function represented as a ratio of 
polynomials in s. Consider: 
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N bms” + bms! +++» + bist b 
F(s) = (s) _ Bms” + bms" + +++ + bis + bo (144-1) 
D(s) St @y gs! + + as +a 


where the coefficients of the polynomials are real numbers. The function F(s) is said to be a rational 
function of s because it is the ratio of two polynomials in s. Usually, we have n > m, in which case, F(s) 
is called a proper rational function. 

The roots of the denominator polynomial D(s) are the roots of the equation D(s) = 0 and are 
called the poles of F(s). Factoring D(s), we obtain 


D(s) = s" + ap! +- +as +a = (s — pi )(s — pz) +++ (8 — pa) 


The poles, p;, may be either real or complex. Complex poles appear in complex conjugate pairs; 
that is, if p) = a + jb is a pole of F(s), then F(s) will also have a pole, p; = pj = a — jb. A pole p; of 
F(s) is said to be a simple pole of F(s) if none of the other poles of F(s) are equal to p;. In contrast, p; is a 
repeated pole of F (s) if at least one of the other poles of F(s) is equal to p;. The multiplicity of a repeated 
pole p; is the number of equal poles, including p; itself. The roots of the numerator polynomial N (s) are 
called the zeros of F(s). 

We will find the inverse Laplace transform of a proper rational function F(s) in three steps. First, 
we perform a partial fraction expansion to express F(s) as a sum of simpler functions, F;(s). 


F(s) = Fi (s) + Fo(s) +--+ + Fils) +--+ + F(s) 


Next, we use the transform pairs in Table 14.2-1 and properties in Table 14.2-2 to find the inverse 
Laplace transform of each F;(s). Finally, using linearity, we sum the inverse transforms of the F;(s) to 
obtain the inverse Laplace transform of F(s). 

When all of the poles of a proper rational function, F(s), are simple poles, the partial fraction 
expansion of F(s) is 


N(s) bms” hes +: + bis + bo 


F(s) = a n n—1 
D(s) s” + ays”! +- + ais + ao 
(14.4-2) 
= Ri Ro Eais Ri Jessia] Rn 
S— Pi S— p Ss — Pi S— Py 


The partial fraction expansion has one term corresponding to each simple pole of F(s). The coefficients 
R; are called residues. Each residue, R;, corresponds to the pole, p,, in the same term of Eq. 14.4-2. The 
residue corresponding to a real pole is a real number. The residues corresponding to complex conjugate 
poles are themselves complex conjugates. The values of the residues of simple poles are calulated as 


R; = (s = pi)F(s)|s=p, (14.4-3) 
Try it 
yourself ExamPLE 14.4-1 Inverse Laplace Transform: 
in WileyPLUS 


Simple, Real Poles 


s+3 


Find the i Laplace transf REG) = = R 
ind the inverse Laplace transform of F(s) 2475410 


Solution 

The given F(s) is indeed a proper rational function. Factor the denominator and perform a partial fraction 
expansion. 

s+3 S43 Ri Ry 


F = = = 
(s) sA Ts H10 (s+2)(s+5) sr 2S 
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where 


and 


Then 
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Pe G2) s+3 s+3 DA l 
= s- S= = = — 
CEINCF 5/2 5 e 
ee (545) s+3 sa _ See 
ome Gs 2)(s+5)/|_. spl. | Soe 

1 2 

_ 3 3 

PS) =< 9 temas 


1 2 
Bae is 1 ie 1 1 2 
Pao? | + | =. 27" ee ee 
F(s)] So2's+5| 37 |st2|'3~ (esl 0 3. ne 


Suppose F(s) has a pair of simple complex conjugate poles p) = —a + jb and p) = —a — jb. 
The corresponding residues in the partial fraction expansion will also be complex conjugates, say 
Rı =c + jd and Rj = c — jd. The partial fraction expansion of F(s) is 


Ri 4 R> c+ jd c—jd 


ce an s—p, 1) = Cat lao) 


+ F3(s) (14.4-4) 


where F3(s) is the sum of the terms of the partial fraction expansion due to other poles of F(s). Next, 
combine the first two terms, using a common denominator, to get 
c+ jd c—jd 
F(s) = — Z + F(s) 
s+a—jb s+a+jb 
c+ jd)(s +a -— jb) + (c — jd)(s +a -— jb 
_ (e+jd)( pit tensa) J) F(s) 
(s +a —jb)(s + a+ jb) 


2cs+2(ac— bd) F3(s) 
= 3 


s2 +2as +a +b? 
2c(s+a)—2bd 
= Zeleta 204s F) 
(sta) +b 
S+a 
£ 2 pe 
(sta) +b 


F3(s) 


d + 
(stay +b? 
Notice that the partial fraction expansion of F(s) can be expressed as 


Kıs + K 
F(s) = " ; + F3(s) 


2 4+2ast¢ a+b 


(14.4-5) 
where Kı = 2c and K = 2(ac — bd). 
Taking the inverse Laplace transform of the first two terms of the partial fraction expansion gives 


S+a 
(stay Ei 


S+a 
(stay +B 


Z! |c = 


= 2ce“ gp! | 


m z =2ce™“ cos (bt) 


Inverse Laplace Transform 


and 
b 
£'|2d—_, | = 24 ¢ '|___,_, Se al | = 2de™ sin (bt) 
(sta) +b (sta) +b se +b 
Using linearity, we have 
L"|F(s)| = 2ce“ cos (bt) —2de~ sin (bt) + Z| [F3(s)] (14.4-6) 

Try it 

yourself ExAmMPLE 14.4-2 Inverse Laplace Transform: 
in WileyPLUS 


Simple Complex Poles 


10 


Find the inverse Laplace transform of F(s) = ee 10) (2) 
S s s 


Solution 
The roots of the quadratic (s? + 6s + 10) are complex, and we may write F(s) as 


Using a partial fraction expansion, we have 


F(s) = 10 = R Re __R; 
Seo onet3the+2) s—- 34) eE 


Using Eq. 14.4-3, 


10 
Ri = (s+3 in 


s=—3+j 
7 10 _ 10 _ 22s 
~ ©3464 Dias 3tIF3S+N- 34/42) 2°72 
Comparing w Eq. 14.4-4, we see that a = 3, b= 1, c= —2.5, and d = 2.5. Next, 
10 
Ro = (sS 3 ay] ( 5 F ) 
( ) OEE ooh) (st?) | ee 
10 10 D eS 
(s+3—J(s+2)|,3, (-3-7+3-/(-3-j+2) 2 “2 
10 10 
d he = (5-1 2 = PLE j 
an HG (z +3—J)(s+3+y)(s4 z) sg + 65+ O 


Finally, using Eq. 14.4-6, 


10 
(s2 + 6s + 10)(s + 2) 


5 
= 2ce“ cos (bt) — 2d e™™ sin (bt) + 2“! | —~ 
| ce“ cos (bt) e-“ sin (bt) b 5 


= 2(—2.5)e7* cos (11) — 2(2.5)e~* sin (17) + 5e 7” 
= —5e~*' cos (t) — 5e ” sin (t) + 5e-* for t > 0 


w| 
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Alternate Solution 


Using Eq. 14.4-5, we can express F(s) as 
10 Ky SF K> 
ts) = = F 
(s) e Oe) 6s 10” a(s) 


Using Eq. 14.4-3, we calulate 


= Kıs + K> j R3 
ee g2 


nA 10 Sit = 
ee A (hes+ 10)(s4+2))|_ hose ae 


10 Kıs + K2 5 


Th = 
Bg (s?+6s+10)(s+2) s?+6s+10 s+2 


(14.4-7) 


Multiplying both sides of this equation by the denominator of F(s) gives 
10 = (Ki + 5)s* + (2K) + K2 + 30)s + 2K2 + 50 


The coefficients of s’, s', and s? on the right side of this equation must each be equal to the corresponding 
coefficients on the left side. (The coefficients of s* and s' on the left side are zero.) Equating corresponding 
coefficients gives 


1 


0=K,+5, 0=2K;+K,+30 and 10=2K> +50 


Solving these equations gives Kı = —5 and Ky = —20. Substituting into Eq 14.4-7 gives 
10 _ —55—20 re 5 
(s2 +6s+10)(s+2) s2 +6s+10 s+2 


Next, 

E a 5a 5+3) -5 s+3 1 

CE O ESO) (6+3)?+1 (s+3)?+1 Boy i Ba i 
| —5s — 20 | E al s+3 A 1 

Then sS +6s+10| Bo ei BEIEN 


II 


—5e-* cos (t) 5e “sin (i) 
Using superposition, 


a] 2 


(s2 + 6s + 10)(s + 2) 


| = —5e*' cos (t) — Se ae oea 


as before. 


Next, suppose F(s) has repeated poles, that is, 


F( ) N(s) bms” + byes" spe test bis ate bo bns” F bpas perec bis + bo 
Ss) = = = 
D(s) s” + a,_\st- 14... tas + ao (s — pi)" (s — Part) +++ (S — Pn) 


where the integer q is called the multiplicity of the repeated pole pı. In this case, the partial fraction 
expansion of F(s) that includes all powers of the term (s — pı) up to the multiplicity. 


Ri as R2 Jeee Ra =e Rost Beaded Rn (14.4-8) 
(s — py) S — Po+t S— Pn 
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The residues corresponding to the repeated poles are given by 


1 [ak 
gk = — |— (s — pi E (s) fork=q-—1,q-2,...,2,1,0 (14.4-9) 
k! | ds* =o, 
That is, 
1 at 
R= ap 
= Goren 
1 ae 
R, = 1F À 
re S] a, 
Ry = [ls = P1)"F(S)] leap, 
Try it 
yourself ExAMPLE 14.4-3 Inverse Laplace Transform: 
in WileyPLUS 


Repeated Poles 


4 
Find the inverse Laplace transform of F(s) = 5 : 
(s+ 1)°(s +2) 
Solution 
Using Eq. 14.4-8, we can express F(s) as 
Ri Ry R3 
F(s) = 2 = -4 
E2) s+] S 
Using Eq. 14.4-3, 
4 4 4 
R3 = (s+2) 2 = 2 = 2 
S Dast 2) a PT) a) 
Using Eq. 14.4-9, 
4 —4 
r =g (or > J s“ = 5) =-4 
ds (st D s+) aa BSF C 
4 4 4 
and R, = (s4 D = | = 
GEOG 2) aes, a 
4 —4 4 4 
Then, F(s) = 


(st i(st2) s+1 (s+ st2 


Next, using the frequency shift property from Table 14.2-2, we get 


4 
=e! g! | aie 
s 


Finally, using linearity, O= ie Aes" eA 
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Alternate Solution 
; 4 R R R 
Using Eq.14.4-8, F(s) = Loo a 


(s+1)*(s+2) s+1 (s+1 s#2 
4 4 
As before, LS a a = 3 = = 
(st+1)(s+2)/_, E T Ea i 
4 4 4 
and R= (s4 i k = = =A 
isa (S42) Sp 2| a a2 
4 Ri 4 4 
so ; 


= + T 
Gaiy@+2) stl G41 se 


Multiplying both sides by (s + 1)°(s + 2) gives 


4=Ri(s + 1)(s +2) +4(s +2) +4(s +1) = (R; + 4)s? + (3R, +448) + 2R; +844 


The coefficients of s*, s!, and s° on the right side of this equation must each be equal to the corresponding 
coefficients on the left side. (The coefficients of s? and s! on the left side are zero.) Equating corresponding 
coefficients gives 


0=R, +4,0=3R, +448 and4=2R,+8+4 


Solving these equations gives R; = —4. Substituting gives 
4 —4 4 4 
AG) = z = H J 
(s+1)*(s+2) s+t1 (s+1) s+2 
As before, O= Ae ye AeA ionn 


Try it 
yourself ExAMPLE 14.4-4 Inverse Laplace Transform: 
in WileyPLUS 


Improper Rational Function 


45 +153 
Find the inverse Laplace transform of F(s) = 2 a s +s+30 
st +5s+6 


Solution 
Compare this F(s) with F(s) in Eq. 14.4-1 to see that m = 3 and n = 2. Because m is not less than n, we perform the 


long division s? + 5s + 6 )4s3 + 15s? + s + 30 to obtain 
2s 
s+ 55+6 
The last term on the right side is a proper rational function, so we perform partial fraction expansion to get 
3 a = 4s=5 + a =4s—54 2 = 
s +5s+6 (s+3)(s +2) s+3 s+2 


d 
Using the time differentiation property from Table 14.4-4 gives Z~'|s] = Ho): Using linearity, we get 


F(s) =4s—54 


F(s) =4s—54 


_, [4s + 15s? +5 +30 d 


= 4— 6(t) — 5d(t) + 6¢ * — 4e-”' for t > 
2 +5s+6 Ho) > Oe eo i 


A 
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14.5 Initial and Final Value Theorems 


The initial value of a function f(r) is the value at t = 0, provided that f (t) is continuous at t = 0. If f(r) is 
discontinuous att = 0, the initial value is the limit ast — 0*, where fapproaches t = 0 from positive time. 
A function’s initial value may be found using 


f(O+) = lim f(t) = lim sF(s) (14.5-1) 


This equation is called the initial value theorem. To prove the initial value theorem, we start with the 
time differentiation property from Table 14.2-2: 


_ o| _ [°F -sa 
sF) -f(0-) = 2 |F =f Ti dt 


Taking the limit as s — oo, we get 


e “dt+ lim of e “dt 


S00 0+ 


l of ae 
lim [sF(s) —f(0—)] = lim E7 


S00 soo Jo 


The first integral on the right is equal to f(0+) — f(0—) because e~” = 1 for t between 0— and 0+. The 
second integral on the right vanishes because e~” — 0 for s — co. On the left side, lim f(0—) = 
f(0—) because f(0—) is independent of s. Thus, na 


lim sF(s) —f(0-) = f(0+) - f(0-) 


Adding f(0—) to each side confirms the initial value theorem given in Eq. 14.5-1. 
The final value of a function f(t) is lim f(t) where 
too 


f(co) = lim f(r) = lim sF(s) (14.5-2) 


This equation is called the final value theorem. To prove the final value theorem, we again start 
with the time differentiation property from Table 14.2-2: 


ro-ro 2f] = f (Deva 


and we take the limit as s — 0 for both sides to obtain 


lim [sF(s) — f(0—)] = lim | > (£ edt = f > (£) e “dt = f(oo) — f(0—) 


so s—0 t 
On the left side, lim f(0—) = f(0—) because f(0—) is independent of s. Thus, 
lim sF(s) — f(0-) = f(c0) - f(0-) 
Adding f(0—) to each side confirms the final value theorem given in Eq. 14.5-2. 


( EXAMPLE 14.5-1 Initial and Final Value Theorems ) 


Consider the situation in which we build a circuit in the laboratory and analyze the same circuit, using Laplace 
transforms. Figure 14.5-1 shows a plot of the circuit output v(t) obtained by laboratory measurement. Suppose our 
circuit analysis gives 


s Sa 
V(s) = Z(t] = oe 


Does the circuit analysis agree with the laboratory measurement? 


(14.5-3) 
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Solution 
Determining the inverse Laplace transform of V(s) requires a partial fraction expansion. Before we do that work, 
let’s use the initial- and final value theorems to see whether it is possible that V(s), given in Eq. 14.5-3, can be the 
Laplace transform v(t) shown in Figure 14.5-1. 

From Figure 14.5-1, we see that the initial and final values are 


v(0+) = lim W= IW sacl Wes) = Jim v(t) =4V (14.5-4) 
t— — 00 
Next, we calculate 
Os 5 30s i 136 
2s? + 30s +1 2s? + 30s +1 eo 2 
v(0) = lim s 45 ee pe lee lim ve s ea 
soo \ 5(s? + 9s + 34) s=>œ0 s? + 95+ 34 ssoo s Os 34 1 


=4V 


2s? + 305 + 136 _ 28? +30s +136 136 
————~ ] = lm = 
s(s? + 95 + 34) s>0 s2?+9s +34 24 
Because these initial and final values agree, it is possible that V(s), given in Eq. 14.5-3, can be the Laplace 
transform of v(t) shown in Figure 14.5-1. It is now appropriate to determine the inverse Laplace transform of V(s). 
We can express V(s) as 


v(co) = lims 


_ 287+ 30s+136  Kis+Ky | Rs 
s(s*+9s+34) s2+9s+34 s 


EA R 2s? + 30s + 136 
= S| — 
: s(s? + 9s + 34) 


(s) 


_ 2s? + 30s + 136 


SS =4 
= s EIs 24 


252 +30s+ 136 Kis+Ky 4 
F (s) s(s*+95+34)  52+9s+ 34 x s 


FIGURE 14.5-1 


Solution of Differential Equations Describing a Circuit 


Multiplying both sides s(s* + 9s + 34) gives 
2s? + 30s + 136 = s(Kis + K2) +4(s* + 9s + 34) = (Kı + 4)s* + (K2 + 36)s + 136 


Equating the coefficients of s? and s! gives Kı = —2 and K, = —6. Then, 


vís) 257+ 30s+136 4 25 +6 4 2(s + 3) 
D= = = 
s(s?+9s+34) s s?+9s+34 5 (s+ 3% 425 


Taking the inverse Laplace transform gives 


4 2(s + 3) 
s + 25 


= 4—2¢ *cos (51) fon 0 


ro | | 


which is indeed the equation representing the function shown in Figure 14.5-1. 


14.6 Solution of Differential Equations 


Describing a Circuit 


We can solve a set of differential equations describing an electric circuit, using the Laplace transform of 


a 


variable and its derivatives. Here’s the procedure: 


1. Use Kirchhoff s laws and the element equations to represent the circuit by a differential equation or 
set of differential equations. 
2. Transform each differential equation into an algebraic equation by taking the Laplace transform of 
both sides of the equation. 
3. Solve the algebraic equations to obtain the Laplace transform of the output of the circuit. 
4. Take the inverse Laplace transform to obtain the circuit output itself. 
The following example illustrates this procedure. 
Try it 
yourself ExAMPLE 14.6-1 Laplace Transforms of 
in WileyPLUS 


Differential Equations 


Find vc(t) for the circuit shown in Figure 14.6-1 when iz(0—) = 0.5 A and vc(0—) = 2.5 V. 


R,= 152 i) L=2.5 H 
— 


v,()=10+ 10u() R,=5Q 


Solution 
Apply KCL at the top node of R to get 


689 


FIGURE 14.6-1 The circuit considered in Example 14.6-1. 


(14.6-1) 
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Apply KVL to the left mesh to get 


di, (t) 


v(t) = Riir(t) +L dt 


+ vc(t) 


Recall this Laplace transform property from Table 14.2-2: 


df = 
F a SF(s) —f(0") 


Take the Laplace transform of both sides of Eq. 14.6-1 to get 
Vc(s) 
Ti — 
L(s) Ro 
Take the Laplace transform of both sides of Eq. 14.6-2 to get 
Vi(s) = Ril, (s) t L(I (s) i (0 )) + Vc(s) 
Substitute the expression for J, (s) from Eq. 14.6-3 into Eq. 14.6-4 and simplify to get 


m CV els) ta) 


Vals) = (rc? + (z+ RC) +1+ 3 Vc(s) — (LCs + RıC)vc(0—) — LiL (0—) 


(14.6-2) 


(14.6-3) 


(14.6-4) 


(14.6-5) 


Noticing that v; = 20 V for t > 0, we determine V;(s) = Z [20] = —. Then, using the given values of the initial 
s 


conditions and of the circuit parameters, we obtain 


= = (s? + 26s + 160)Vc(s) — (s + 6)(2.5) — 2.5(0.5) 


Solving for Vc(s) gives 

_ 2.59? + 655+ 800 2.55 + 65s + 800 
~ s(s? + 265+ 160) s(s + 10)(s + 16) 
Performing partial fraction expansion gives 


_ 259° +65s+800 5, 417 6.67 


~ s(s+10)(s+16) 5s  s+16 s+10 
Taking the inverse Laplace transform gives 


vo(t) = 54+4.17e7!* — 6.67e!" V for t > 0 


Ve (s) 


Vc(s) 


14.7 Circuit Analysis Using Impedance 
and Initial Conditions 


We have seen that we can represent a circuit in the time domain by differential equations and then use 
the Laplace transform to transform the differential equations into algebraic equations. In this section, we 
will see that we can represent a circuit in the frequency domain, using the Laplace transform, and then 
analyze it using algebraic equations. This method will eliminate the need to write differential equations 


to represent the circuit. 
The v-i relationship for the resistor is Ohm’s law: 


v(t) = i(t)R 


Therefore, the Laplace transform relationship for a resistor R is 


(14.7-1) 


(14.7-2) 
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Figure 14.7.1 shows the representation of the resistor in (a) the time domain and (b) the 


complex frequency domain, using the Laplace transform. As the above equations suggest, the + po 4 | a 
time- and complex frequency-domain representations of the resistor are very similar. v(t) SR Vs) SR 
The impedance of an element is defined to be 7 a 
V(s) 
Z(s) = 14.7-3 
=T (1479 a 

provided all initial conditions are zero. Notice that the impedance is defined in the complex FIGURE 14.7-1 A 
frequency domain, not in the time domain. resistor represented 


(a) in the time domain 
and (b) in the frequency 
domain using the 
Laplace transform. 


J ‘i(t)dt + v(0) (14.7-4) 
0 


In the case of the resistor, there is no initial condition to set to zero. Comparing 
Eqs. 14.7-1 and 14.7-2 shows that the impedance of the resistor is equal to the resistance. 
A capacitor is represented by its time-domain equation 


v(t) = ! 


C 
The Laplace transform of Eq. 14.7-4 is 


V(s) I(s) +—= (14.7-5) 


Le 5 


To determine the impedance of the capacitor, set the initial condition v(0) to zero. Then, using 
Eq. 14.7-3, we obtain 


as the impedance of the capacitor. 

Equation 14.7-5 is used to represent the capacitor in the complex frequency domain, as shown in 
Figure 14.7-2b. The series connection of elements in Figure 14.7-2b corresponds to the sum of voltages 
in Eq. 14.7-5. The current through the impedance in Figure 14.7-2b produces the first voltage on the 
right side of Eq. 14.7-5, whereas the voltage source in Figure 14.7-2b supplies the second voltage on the 
right side of Eq. 14.7-5. 

Solving Eq. 14.7-5 for I(s) gives 


I(s) = CsV(s) — Cv(0) (14.7-6) 


Equation 14.7-6 represents the capacitor in the complex frequency domain, as shown in Figure 
14.7-2c. The parallel connection of elements in Figure 14.7-2c corresponds to the sum of currents 
in Eq. 14.7-6. The voltage across the impedance in Figure 14.7-2b produces the first current on the 


(a) (b) 
FIGURE 14.7-2 A capacitor represented (a) in the time domain and (b) in the complex frequency domain, using the 
Laplace transform. (c) An alternate frequency-domain representation. 
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s Ks 
pio A | (s) 
Ls 
v(t) L V(s) 
Li(O) 
(a) (b) 


FIGURE 14.7-3 An inductor represented (a) in the time domain and (b) in the complex frequency domain, using the 
Laplace transform. (c) An alternate frequency-domain representation. 


right side of Eq. 14.7-6, whereas the current source in Figure 14.7-2b supplies the current on the 
right side of Eq. 14.7-6. Notice that the reference direction for the current source in Figure 14.7-2b 
was chosen to correspond to the minus sign in Eq. 14.7-6. 

An inductor is represented by its time-domain equation, 


d 
t) = L— i(t 14.7-7 
v) = Lie (14.7-7) 
The Laplace transform of Eq. 14.7-7 is 
V(s) = LsI(s) — Li(0) (14.7-8) 


To determine the impedance of the inductor, set the initial condition i(0) to zero. Then, using 
Eq. 14.7-3, we obtain 


Z (s) = Ls 


as the impedance of the inductor. 

Equation 14.7-8 represents the inductor in the complex frequency domain, as shown in Figure 
14.7-3b. The series connection of elements in Figure 14.7-3b corresponds to the sum of voltages in 
Eq. 14.7-8. 

Solving Eq. 14.7-8 for [(s) gives 


I(s) V(s) + — (14.7-9) 


Is Ky 

Equation 14.7-9 represents the inductor in the complex frequency domain, as shown in Figure 
14.7-3c. The parallel connection of elements in Figure 14.7-3c corresponds to the sum of currents 
in Eq. 14.7-9. 

Table 14.7-1 tabulates the time- and frequency-domain representation of circuit elements. In 
addition to resistors, capacitors, and inductors, Table 14.7-1 shows the frequency-domain representa- 
tions of independent and dependent sources and of op amps. Independent sources are specified by 
functions of time, i(t) and v(t), in the time domain and by the corresponding Laplace transforms, /(s) and 
V(s), in the complex frequency domain. Dependent sources and op amps operate the same way in the 
frequency domain as they do in the time domain. 

To represent a circuit in the complex frequency domain, we replace the time-domain represen- 
tation of each circuit element by its complex frequency-domain representation. 

To find the complete response of a linear circuit, we first represent the circuit in the complex 
frequency domain, using the Laplace transform. Next, we analyze the circuit, perhaps by writing 
mesh or node equations. Finally, we use the inverse Laplace transform to represent the response in 
the time domain. 
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Table 14.7-1 Time-Domain and Complex Frequency-Domain Representations of Circuit Elements 


NAME TIME DOMAIN 


FREQUENCY DOMAIN 


Current source 


l i(t) 
Voltage source v(t) 
| i(t) 
+ 
Resistor v(t) R 


Capacitor 


C 
| i(t) 
+ 
Inductor v(t) A 


IEO 
Dependent source | i(t) v(t) = Ki,(t) 


OA 
ee i(t) 
ov 2 
Op amp — EEN + 
OA v(t) 


i. 
V(s) 


I(s) 
| I(s) 
V(s) 
| Is) 
$ 
Vs) R 


Cs 
Vis) or 
v(0) 
Ea 
| Is) 
+ 
Ls 
V(s) or 
Li(O) 
| I,(s) 
OA 
+o Us) 
OV 
- oO i 
OA V(s) 
T 
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Try it x : : 
yoursolt EXAMPLE 14.7-1 Circuit Analysis > INTERACTIVE EXAMPLE 


in WileyPLUS Using the Laplace 
Transform 


Consider the circuit shown in Figure 14.7-4. The input to the circuit is the voltage of the voltage source 24 V. 
The output of this circuit, the voltage across the capacitor, is given by 


Volt) =16—12e °* V whent>0 (14.7-10) 


Determine the value of the capacitance C. 


volt), V 


ee iti 
2) SAS G G vO 


FIGURE 14.7-5 The capacitor voltage vo(t) from the circuit 
FIGURE 14.7-4 The circuit considered in Example 14.7-1. shown in Figure 14.7-4. 


Solution 

Before the switch closes, the circuit will be at steady state. Because the only input to this circuit is the constant 
voltage of the voltage source, all of the element currents and voltages, including the capacitor voltage, will have 
constant values. Closing the switch disturbs the circuit by shorting out the 18-0 resistor. Eventually, the 
disturbance dies out and the circuit is again at steady state. All the element currents and voltages will again 
have constant values but, probably, different constant values than they had before the switch closed. 

During the disturbance, the element voltages and currents are not constant. For example, Eq. 14.7-10 
describes the capacitor voltage after the switch closes. Notice that there are two parts to the capacitor voltage. One 
part, 12 e °° dies out as the value of t increases. That part is called the transient part of the response, or just the 
transient response. The other part, 16, does not die out and is the steady-state response. The sum of the transient 
response and the steady-state response is called the complete response. The output voltage described by 
Eq. 14.7-10 is a complete response of this circuit. 

Figure 14.7-5 shows a plot of the capacitor voltage given by Eq. 14.7-10. Notice that the capacitor voltage is 
continuous. This is expected because, in the absence of unbounded currents, the voltage of a capacitor must be 
continuous. In particular, the value of the capacitor voltage immediately after the switch is closed is equal to the 
value immediately before the switch is closed. From Figure 14.7-5, we see that at time t = 0, when the switch 
closes, the value of the capacitor voltage is vo(0) = 4 V. 

How does the value of the capacitance C affect the capacitor voltage? To answer this question, we must 
analyze the circuit. Because we want to determine the complete response, we will analyze the circuit using Laplace 
transforms. Figure 14.7-6 shows the frequency-domain representation of the circuit. The closed switch is 
represented by a short circuit. That short circuit is connected in parallel with the 18-Q resistor. A short circuit 
in parallel with a resistor is equivalent to a short circuit, so the closed switch and 18-Q resistor have been replaced 
by a single short circuit. The frequency-domain model of the capacitor consists of two parts, an impedance and a 
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voltage source. The voltage of the voltage source depends on the 
initial condition of the capacitor, that is, vo(0) = 4 V. 

We can analyze the circuit in Figure 14.7-6 by writing and 
solving two mesh equations. 

Apply KVL to the left mesh to get 


24 
anla) — Io(s)) + 2N(s) si 0 FIGURE 14.7-6 The circuit represented in the 
frequency domain, using the Laplace 
Solving for J;(s) gives ienn 
2 4 
T,(s) a ae (14.7-11) 
& 
Apply KVL to the right mesh to get 
1 
— I ——4(I Ji = 
gro) += -4((s) ~ (s)) =0 


Collecting the terms involving (s) gives 


(a+ 4) 16) =-*+4n(s 


Substituting the expression for /,(s) from Eq. 14.7-11 gives 


(G+4)a0) = tano) +5) = = J nfs) 


Collecting the terms involving /,(s) gives 


Tea ey 2 
Cs 3 A 


3 
Multiply both sides of this equation by 45 to get 


Solving for h(s) gives 


(14.7-12) 
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Performing partial fraction expansion gives 
12 12 4 16 12 


Vo= z rR > 7 (14.7-13) 
4C 4C 
Recall that v(t) is given in Eq. 14.7-10. Taking the Laplace transform of v,(f) gives 
16 12 
Vols) = Llv(t)] = LJ (16 — 12e7-°) u(t)] = — — ——— 14.7-14 
(5) = Pvo(0)] = Y[(16 — 12e-°*)u(s)] = - (14.7-14) 


Comparing Eqs. 14.7-13 and 14.7-14 shows that 


3 
0.6 C= 12a 
4C 


Try it : ¿ : 
yourself ExAMPLE 14.7-2 Circuit Analysis > INTERACTIVE EXAMPLE 


Using the Laplace 
Transform 


Consider the circuit shown in Figure 14.7-7. The input to the circuit is 
the voltage of the voltage source, 24 V. The output of this circuit, the 
voltage across the 6-Q resistor, is given by 


Pei 12—6e ™" V whent>0 (14.7-15) 
Determine the value of the inductance L and of the resistances 24V @ volt) 
Rı and R2. i 
FIGURE 14.7-7 The circuit considered in 
5 Example 14.7-2. 
Solution y 


Before the switch closes, the circuit will be at steady state. Because the only input to this circuit is the 
constant voltage of the voltage source, all of the element currents and voltages, including the inductor 
current, will have constant values. Closing the switch disturbs the circuit by shorting out the resistor R4. 
Eventually, the disturbance dies out and the circuit is again at steady state. All the element currents and 
voltages will again have constant values but, probably, different constant values than they had before the switch 
closed. 

Equation 14.7-15 describes the output voltage after the switch closes. Notice that there are two parts to this 
voltage. One part, —6 e °*’, dies out as the value of ż increases. That part is called the transient part of the 
response, or just the transient response. The other part, 12, does not die out and is the steady-state response. The 
sum of the transient response and the steady-state response is called the complete response. The output voltage 
described by Eq. 14.7-15 is the complete response of this circuit. 

How do the values of the circuit parameters L, R4, and R, affect the output voltage? To answer this question, 
we must analyze the circuit. Because we want to determine the complete response, we will analyze using Laplace 
transforms. The frequency-domain model of the inductor consists of two parts, an impedance and a voltage or 
current source. The value of the voltage source voltage or current source current depends on the initial condition of 
the inductor, that is, the inductor current at time t = 0. We need to find the initial inductor current before we can 
represent the circuit, using Laplace transforms. 
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Referring to Figure 14.7-7, we see that the inductor current is equal to the current in the 6-Q resistor. 
Consequently, 
—0.35t 
i(t) = u 2 = =2-—e° 3A whent>0 (14.7-16) 
In the absence of unbounded voltages, the current in any inductor is continuous. Consequently, the value of the 
inductor current immediately before t = 0 is equal to the value immediately after t = 0. To find the initial inductor 
current, we set t = 0 in Eq. 14.7-16 to get i(0) = 1A. 

Figure 14.7-8 shows the frequency-domain representation of the 
circuit. We selected the model of the inductor that uses a voltage source to 
account for the initial condition in anticipation of writing a mesh equation. 
The voltage of this voltage source is 


Li(0) = (L)(1) =L 


In Figure 14.7-8, the closed switch is represented by a short circuit. That 
short circuit is connected in parallel with resistor R;. A short circuit in FIGURE 14.7-8 The circuit represented in 
parallel with a resistor is equivalent to a short circuit, so the closed switch the frequency domain, using the Laplace 
and R, have been replaced by a single short circuit. transform. 

To analyze the circuit in Figure 14.7-8, we write and solve a single 
mesh equation. Apply KVL to the mesh to get 


(Ro + 6 + Ls)I(s) =e 


2 24 
L+” += 
Solving for J(s) gives I(s) = re Ba >T oe A 
E 
6)(24 
sg O 
Using Ohm’s law gives Ves): = 61s) = CS 
Ca 
SNESE T 


(6)(24) 6(18 — R3) 
= Ro +6 R,+6 


Partial fraction expansion gives V0(s) 7 R +6 (14.7-17) 
S+ 
it, 
Recall that v(t) is given in Eq. 14.7-15. Taking the Laplace transform of v(t) gives 
12 6 
= Z v(t] = 12=62° =o] = === 14.7-1 
Vols) = Lot] = ¥[(12 - 6u] =- — (14.7-18) 
Comparing Eqs. 14.7-17 and 14.7-18 shows that 
(6)(24) 
12 R=6Q 
Ro +6 : 
Ro+ 12 12 
and ee ey re 
L IL, 0.35 
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How can we find R,? Resistor R4 is removed from the circuit 
by closing the switch, but R was part of the circuit before the switch 
closed. The initial inductor current depends on the value of the 
resistance R,. The only input to the circuit in Figure 14.7-9 is a 
constant, 24 V. Consequently, when the circuit is at steady state, the 
inductor will act like a short circuit. Figure 14.7-9 shows the steady- 
state circuit when the switch is open. The open switch is modeled as 


an open circuit. The inductor is modeled as short circuit. Writing and FIGURE 14.7-9 The circuit at steady state 
solving a mesh equation gives before the switch closes. 
24 
i(t) = 
Ri +6+6 
Letting t = 0 gives 
24 
i(0) = 1 Ri = PO 
R,+6+6 
Try it . . . . 
yourself ExamPLE 14.7-3 Circuit Analysis Using 
in WileyPLUS 


the Laplace Transform 


Consider the circuit shown in Figure 14.7-10a. The input to the circuit is the voltage of the voltage source 12 V. 
The output of this circuit is the current in the inductor iy (t). Determine the current in the inductor iy (t), for t > 0. 


Solution 
Let’s write and solve mesh equations. The series circuits that represent the capacitor and inductor in the frequency 
domain contain voltage sources rather than current sources. It’s easier to account for voltage sources than current 
sources when writing mesh equations, so we choose the series representation for both the capacitor and inductor. 
From Figure 14.7-10b, the initial conditions are v.(0) = 8 V and i,(0) = 4 A. Figure 14.7-11b shows the 
frequency-domain representation of the circuit. 

The mesh current equations are 


1 1 1 Ss 
(1+ Jno h(s) = 
S S SS 
1 1 8 
and ——h(s)+ (1+s5s+—] h(s) =4+- 
Ss sS § 
Solving for h(s), we obtain 
A(s* +3s +3 
ve = 
a(s) s(s* + 2s +2) 


The convenient partial fraction expansion is 


h(s) s +3s+3 A ESD 


4 ~ s(s?+2s+2) gs eF 
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(b) 
FIGURE 14.7-10 (a) The circuit considered in Example 14.7-3. (b) The steady-state circuit before the switch closes. 


Then, we determine that A = 1.5, B = —0.5, and D = 0. Then, we can state 
h(s 1.5 —0.5s 
a1 


+ Ss (Fy a 
Using the Laplace transform Table 14.2-1, we obtain 


i(t) = i(t) = {6 + 2V2e™ sin (t—45°)} A for t>0 


Checking the initial value of i>, we get i2(0) = i, (0) = 4 A, which verifies the correct initial value. The final value 
is ip(00) = 6 A. 


1Q HO 


PAO Ci) 1 On) 1H 


(a) 


(b) 


FIGURE 14.7-11 (a) Circuit with mesh currents. (b) Laplace transform model of circuit. 


( ExAMPLE 14.7-4 Circuit Analysis Using the Laplace Transform ) 


The switch in the circuit shown in Figure 14.7-12a closes at time t = 0. Determine the voltage v(t) after the switch 
closes. 


(b) 


FIGURE 14.7-12 The circuit of Example 14.7-4 represented in the (a) time domain and (b) frequency domain, using Laplace 
transforms. 
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Solution 
Let’s write and solve node equations. In the frequency domain, we will use the parallel model for the capacitor and 
inductor because the parallel models contain current sources rather than voltage sources. The initial conditions are 
i(0) =2A and v(0)= 0V. Because v(0) = 0, the current of the current source in the frequency-domain 
representation of the capacitor is zero. A zero current source is equivalent to an open circuit. Figure 14.7-12b 
shows the frequency-domain representation of the circuit after the switch has closed. 

Apply KCL at the top node of the inductor to get the node equation 


V(s) 12 
eeu . Vis), 2 eva 
s 
=0 
T 25. 34 8 
s 
32 32 


Solving for V(s) gives V(s) = Sone E ae naar 


Finally, take the inverse Laplace transform to obtain v(t) 


a 2 
L er 


= Slee ON 


EXERCISE 14.7-1 Determine the voltage vc(f) and the current ic (ft) 
for t > 0 for the circuit of Figure E 14.7-1. 
Hint: vc(0) = 4 V 


2 
Answer: vc(t) = (6 — 2e?" )u(t) V and ic(t) = ze ule) A 


FIGURE E 14.7-1 


14.8 Transfer Function and Impedance 


The transfer function of a circuit is defined as the ratio of the Laplace transform of the 
response of the circuit to the Laplace transform of the input to the circuit when the initial 
conditions are zero. 


For the circuit in Figure 14.8-1a, the input is the voltage source voltage v(t), and the response is the 
resistor voltage v(t). The transfer function of this circuit, denoted by H(s), is then expressed as 


H(s) = a (14.8-1) 


provided all initial conditions are equal to zero. In this case, the only initial condition is the inductor 
current, so we require i(0) = 0. 


FIGURE 14.8-1 A circuit 
represented (a) in the time domain 
and (b) in the frequency domain, 
using the Laplace transform. 
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We can write Eq. 14.8-1 as 
Vols) = H(s)Vi(s) (14.8-2) 


which says that the Laplace transform of the response is equal to the transfer function times the Laplace 
transform of the input, provided all initial conditions are equal to zero. We are going to get tired of 
saying “provided all initial conditions are equal to zero.” A response subject to the requirement that all 
initial conditions be zero is called a zero-state response. With this terminology, we can read Eq. 14.8-1 
as “the transfer function is the ratio of the Laplace transform of the zero-state response to the Laplace 
transform of the input.” Similarly, we can read Eq. 14.8-2 as “the Laplace transform of the zero-state 
response is the product of the transfer function and the Laplace transform of the input.” 
Two special cases are very significant. When the input is a unit step function, then 


and Eq. 14.8-2 becomes 


In this case, the zero-state response is called the step response, that is, 


A 
step response = Y! Ao (14.8-3) 


When the input is an impulse function, then 
Vi(s) = £[d(1)] = 1 


and Eq. 14.8-2 becomes 
V.(s) = H(s) 


In this case, the zero-state response is called the impulse response, that is, 
impulse response = Y'[H(s)| (14.8-4) 


It is important to notice that both the step response and the impulse response are zero-state responses; 
that is, all initial conditions are set to zero. 

Both the input to a circuit and the response of the circuit can be either a current or a voltage. When 
the input is a current and the response is a voltage, the transfer function is called an impedance. 
Similarly, when the input is a voltage and the response is a current, the transfer function is called an 
admittance. This terminology is consistent with our previous use of the term impedance. For example, 
consider the row of Table 14.7-1 corresponding to the capacitor. Consider the frequency-domain 
representation of the capacitor that contains a voltage source. The restriction that the initial condition be 
zero, v(0) = 0, causes the voltage source to be a zero voltage source, that is, a short circuit. The 
frequency-domain representation of the capacitor is reduced to a single element. When capacitor current 
is the input and the capacitor voltage is the response, then the impedance of the capacitor is 
V(s) 1 
I(s) Cs 
Next, consider the frequency-domain representation of the capacitor that contains a current source. The 
restriction that the initial condition be zero, v(0) = 0, causes the current source to be a zero current source, that 
is, an open circuit. The frequency-domain representation of the capacitor is again reduced to a single element. 
Once again, the impedance of the capacitor is given by Eq. 14.8-5. 

A similar argument shows that setting the initial conditions to zero simplifies the frequency- 
domain representation of the inductor to the single impedance, 


Z.(s) = Ls (14.8-6) 


Zc (s) => 


(14.8-5) 
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Try it 
yourself ( ExamPLE 14.8-1 Transfer Function and Step Response 
in WileyPLUS 


The input to the circuit shown in Figure 14.8-2 is the voltage v; (t), and the output is the voltage vo (t). Determine the 
step response of the circuit shown in Figure 14.8-2. 


100 mH 10 kQ 
+ + 
(*) vð 8v (A  1uF == Vol) 
J J FIGURE 14.8-2 The circuit considered in Example 14.8-1. 
Solution 


To find the step response, represent the circuit from Figure 14.8-2 in the complex frequency domain as shown in 
Figure 14.8-3. 


0.15 Q 10 kQ 


T + 
6 
E) v (s) 8v (s) 1 Q = V,(s) 
a FIGURE 14.8-3 The complex frequency domain circuit used to 
calculate the step response. 


Figure 14.8-3 takes advantage of the definition of the step response in two ways: 
1 

1. The input v;(f) is a step function, so Vi(s) = L[u(t)] =-V. 
5 


The initial conditions are zero, so the capacitor and inductor are represented as impedances without the need for 
voltage or current sources to account for initial conditions. 


Next, using voltage division twice in Figure 14.8-3, we write 


10° 
ra 10 1 
Vols) = o e and Vals) = Tos sone (*) 
— + 104 
S 


Combining these equations and doing a little bit of algebra gives 


80000 1 80000 
Valor = 7 ( ) 
(s + 100) 


~ s(s+ 100) 


S 


Performing a partial fraction expansion gives 
80000 8 8 800 
Vols) = zo t 2 
s(s+ 100)" s (s+100) (s+ 100) 


Finally, taking the inverse Laplace transform gives 
volt) = [8 — 8(1 + 1001) e 1] u(t) 


Alternate Solution 

Instead of calculating the step response directly, we can first determine the transfer function of the circuit in 
Figure 14.8-2 and then calculate step response from the transfer function using Eq. 14.8-3. To find the transfer 
function, represent the circuit in the complex frequency domain as shown in Figure 14.8-4. (The circuit in 
Figure 14.8-4 is similar to the circuit in Figure 14.8-3. The input voltages are labeled differently because we 
haven’t assumed that v;(f) is a step function in Figure 14.8-4.) 
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0.1s Q 10 kQ 


108 
Vis w V (s) 
B © 0a ZHE BaS) ae j FIGURE 14.8-4 The complex frequency domain circuit 


used to calculate the transfer function. 


Using voltage division twice in Figure 14.8-4 and doing a little algebra, we determine the transfer function 
to be 
Vo(s) 80000 


oS Vi(s) (s+ 100)? 


Now the step response is calculated from the transfer function using Eq. 14.8-3: 


HO) go 


step response = 27! | 
S 


= [8 — 8(1 + 1002) e™"®™] u(t) 


80000 
s(s + 100)? 


Try it 
yourself ExAMPLE 14.8-2 Transfer Function and Step Response ) 


in WileyPLUS 


The input to the circuit shown in Figure 14.8-5a is the voltage v;(t), and the output is the voltage vo(t). Design the 
circuit shown in Figure 14.8-5a to have the step response 


Volt) = [4 — e *"(4cos(4r) — 2sin(4r))| u(t) 


FIGURE 14.8-5 The circuit 
considered in Example 14.8-2 
represented in (a) the time domain and 
(b) (b) the complex frequency domain. 


Solution 
We’ll attempt to solve this problem by finding the transfer function twice, once from the circuit and once from the 
step response. Next, we’ll compare the two transfer functions and try to choose values for R, L, C, R;, and R, that 
cause the two transfer functions to be equal to each other. 

We’ll begin by determining the transfer function of the circuit from Figure 14.8-5a. Since all the initial 
conditions are set to zero when determining the transfer function, we represent the circuit from Figure 14.8-5a in 
complex frequency domain as shown in Figure 14.8-5b. 
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Using voltage division, we write 


1 R 1 
San Sok —— 
Vals) = ——S_Vi(s) = 4, 4< vi(s) (14.8-7) 
Ls + R += 27 4—s54+—— 
es ane 
Recognizing the combination of R,, Rə and the op amp as an noninverting amplifier, we write 
R 
Vo(s) = (1 fe z) Vals) (14.8-8) 
1 
Combining Eqs. 14.8-7 and 14.8-8 provides the transfer function: 
f oF 
Vo R T TE 
aoc = e ee (14.8-9) 
Vi(s) Rı 24 N 
L VEE 
Next, using Eq. 14.8-3, we calculate the transfer function from the given step response: 
H 
Aa = L|4 — e” (4 cos (4t) — 2 sin (4t) )] 
5 
5 4 4 S 2 4 
5 e A 6] a 
o4 4 Cape 8 Po 4s _ 16s+80 
is (s+2)} +16 (s+2)?+16] s s?+4s+20  s(s? +45 + 20) 
Finally 
É 16s + 80 
H(s) = =~ 14.8-1 
(s) s +45 +20 (ees) 


Comparing Eqs. 14.8-9 and 14.8-10, we see that the two transfer functions will be equal to each other when 
R 1 


Ra 
L po œ md (1+8) =4 


il 


These equations do not have a unique solution. One solution is 


L=05H, C=0.1 F, R=2 0, R, = 10 kO, andR, = 30 kO 


( ExAMPLE 14.8-3 Transfer Function and Step Response ) 


The input to the circuit shown in Figure P 14.8-6a is the voltage v;(t) and the output is the voltage v(t). Design the 
circuit shown in Figure 14.8-6a to have the step response 


vo(t) = [1 Ta (1047 + Tem ea] u(t) V 


FIGURE 14.8-6 The circuit 
considered in Example 14.8-3 
represented in (a) the time 
domain and (b) the complex 
frequency domain. 
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Solution 

As in Example 14.8-2, we’ll find the transfer function twice, once from the circuit and once from the step response. 
We’ ll compare the two transfer functions and try to chose values for R, L and C that cause the two transfer functions 
to be equal to each other. 

We'll begin by determining the transfer function of the circuit from Figure 14.8-6a. Since all the initial 
conditions are set to zero when determining the transfer function, we represent the circuit from Figure 14.8-6a in 
complex frequency domain as shown in Figure 14.8-6b. 

We’ ve already used KCL in Figure 14.8-6b to express the current in the impedance of the capacitor as 10/. 
Now applying KVL to the outside loop, we write 


1 1 
Va = IL Ria (GOD) Ss r= 10 Vi (14.8-11) 
Jiggy 
Cs 
The voltage and current of the impedance of the capacitor are related by 
1 
Vo =— (10/7) (14.8-12) 
Gs 
10 10 
MN: Vo GR CL 
The transfer function is H= a Cs 10 7 4 0 (14.8-13) 
i Ls+R 2 
Te Tee aa 
Next, using Eq. 14.8-3, we calculate the transfer function from the given step response: 
H 
— = L[1— (1042+ 1) e710 
5 
I eo: 
S LSS” JI s-s-+10,000 
| i 4 n _104 (14.8-14) 
© s  s+10,000 © (s+ 10,000) 
1(s + 10,000)? — 1s(s + 10,000) — 10* _ 108 
s(s + 10,000)? s(s + 10,000)” 
Finall H te (14.8-15) 
ina = Bi 
d s2 + 20,000 + 10° 
Equating transfer functions in Eqs. 14.8-13 and 14.8-14 gives 
10 
CL 108 
CL = z (14.8-16) 
2 Pee Ol s? + 20,000 + 10 
iy ~~ CL 
: R 10 8 
Eq. 14.8-16 requires oa 20,000 and Gin 10 (14.8-17) 


These equations don’t have a unique solution. One solution is 


R = 200 0 L = 10 mH and C = 10 uF 
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—5 
EXERCISE 14.8-1 The transfer function of a circuit is H(s) = >" Determine the 


5 : 
impulse response and step response of this circuit. a Ds N 


5 10 
A : : l = =| _ -5t _ 1 Qe 1% 
nswers: (a) impulse response = Z F ecg 3 (5e Oe™!)u(t) 
(b) step response = 27! Bie A S (e710 — e5 )u(t) 
s+10 s+5 


EXERCISE 14.8-2 The impulse response of a circuit is h(t) = 5e~ sin(4t)u(t). Determine the 
step response of this circuit. 
5(4) 20 


Hint: H(s) = [Se sin (48)u(1)] = = 
in (s) L [5e sin ( )u(t)] (sa Dy aa? s2 + 4s +20 


s s +4s+20 


1 
(1 =e” (cos At + 5 sin ar) ) u(t) 


H 1 4 
Answer: step response = F = = Z! É ss 


14.9 Convolution 


linear, time-invariant circuit to an arbitrary input, x(t). This situation is 
illustrated in Figure 14.9-1, in which x(t) is the input to the circuit, y(t) is the 
output of the circuit, and A(t) is the impulse response of the circuit. We will FIGURE 14.9-1 
assume that x(t) = 0 when t < 0 because t = 0 is the time at which the input A linear, time-invariant 
is first applied to the circuit and that h(t) = 0 when t < 0 because the impulse circuit. 
response cannot precede the impulse that caused it. 
It’s important to us that the circuit is both linear and time-invariant. To see why, let’s use the 
notation 


In this section, we consider the problem of determining the response of a 
m | o x0 


x(t) > y(t) 
to indicate that the input x(t) causes the output y(t). Let k be any constant. Because the circuit is linear, 
k x(t) > k y(t) 


(Suppose k = 2. The input 2x(t) is twice as large as the input x(t), and it causes an output twice as large as the 
output caused by x(t).) Next, let t any constant. Because the circuit is time-invariant, 


x(t — t) > y(t — 1) 


(Suppose t = 4 s. The input x(t — 4) is delayed by 4 s with respect to x(t) and causes an output that is 
delayed by 4 s with respect to y(t).) Because the circuit is both linear and time-invariant, we have 


kx(t—t) > k y(t —7) 


Next, we use the fact that A(t) is the impulse response of the circuit. Consequently, when the input to the 
circuit is x(t) = ô(t), the output is y(t) = A(t). That is, 


Convolution 


(a) (b) 


FIGURE 14.9-2 The arbitrary input waveform shown in (a) can be approximated, a sequence of pulses as 
shown in (b). 


x(t) x(t) 


x(T;) AT xX(T;) 


Ti T+At Ti 


(a) (b) 


FIGURE 14.9-3 (a) A pulse from the approximation of an input waveform and (b) the corresponding impulse. 
ôlt) > h(t) 


Finally, k O(t—t) > kh(t— 1) (14.9-1) 


Consider the arbitrary input waveform x(t) shown in Figure 14.9-2(a). This waveform can be 
approximated by a series of pulses as shown in Figure 14.9-2(b). The times, T1, T2, 73,... are uniformly 
spaced, that is, 


Tia, = +At for i=1, 2, 3,... 


where the increment At is independent of the index i. The error in the approximation is small when the 
increment At is chosen to be small. 

Figure 14.9-3(a) shows one of the pulses from the approximation of the input waveform. Notice 
that the area of the pulse is x(t;) At. When the time increment At is chosen to be small, this pulse can be 
approximated by the impulse function having the same area, x(t;)At6 (t — 1;). That impulse function is 
illustrated in Figure 14.9-3(b). 

The input waveform is represented by the sum of the impulse functions approximating the pulses 
in Figure 14.9-2(b), 


x(t) = Xatral — 1) (14.9-2) 


Because the circuit is linear, the response to this sum of impulse inputs is equal to the sum of the 
responses to the responses to the individual impulse inputs. From Eq. 4.9-1, the responses to the 
individual impulses inputs are given by 
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(x(t;)At)O(t — t;) — (x(t,)At) A(t —1;) for i= 0, 1, 2, 3,... 


The response of the circuit is 
y(t) = So x(tiAt h(t — ti) = So x(t{A(t — t)At (14.9-3) 


In the limit as At goes to zero, the summation becomes an integral, and we have 
y(t) = f x(t)h(t — t)dt (14.9-4) 
0 
The integral on the right side of Equation 14.9-4 is called the convolution integral and is denoted as 
x(t)*h(t). That is, 
y(t) = x(t)*h(t) (14.9-5) 


Equation 14.9-5 indicates that the output of the linear circuit in Figure 14.9-1 can be obtained as the 
convolution of the input and the impulse response. 

MATLAB provides a function called conv that performs convolution. The next example uses this 
MATLAB function to obtain a plot of the output of a linear, time-invariant circuit. 


( EXAMPLE 14.9-1 Convolution ) 


Plot the output y(t) for the circuit shown in Figure 14.9-1 when the input x(t) al 


is the triangular waveform shown in Figure 14.9-4 and the impulse response 12 
of the circuit is 


Solution 


Figure 14-9.5 shows a MATLAB script that produces the required plot. 


2 5 7 


FIGURE 14.9-4 The input for 
Example 14.9-1. 


The comments included in the MATLAB script indicate that the problem is 
solved in four steps: 


1. Obtain a list of equally spaced instants of time. 


2. Obtain the input x(t) and the impulse response h(t). 


3. Perform the convolution. 
4. Plot the output y(t). 


A couple of remarks are helpful for understanding the MATLAB script. First, using the equations of the straight 
lines that comprise the triangular input waveform, we can write 


0 when t<2 
4-8 when 2<t<5 
x(t) = 
—4t+42 when 5<t< 


0 when 
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“4 convolution.m - plats the output for Example 14.9-1 


5000; # number of points plotted 
(tf-tOj/-N; % increment 
tO:idt:tf; % time in seconds 


1: length(t) 
ie wiel S 2 

x(k) 
elseif tí 

x(k) 
elseif ti 

x(k) 
else 

x(k) 
end 


— 


oe ot eo oll 


end 
E=E*dt: 
h=1.25*exzp(-t)-1.25*ezp(-5*t}; 


plot(t.y(lilength(tj)j 
akisi [ell eee We sM 
xlabel{'t') 
ylabel('y(t)') 


FIGURE 14.9-5 The MATLAB script for Example 14.9-1. 


This equation is implemented by an “if-then-else” block in the MATLAB script. For any time, 7;, this equation 
produces the corresponding value x(t;). From Eq. 14.9-2, we see that the strengths of the impulse inputs are x(z7;) At 
rather than x(z;). It is necessary to multiply the values x(t;) by the time increment, and that is accomplished by the 
line “x = x*dt” in the MATLAB script. 
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Next, the MATLAB plot function requires two lists of values, t and y, in our case. These lists are required to 
have the same number of values, but in our case, y is longer than t. The MATLAB expression “(1:length(t))” 
truncates the list y, so that truncated list is the same length as t. 

Finally, the plot produced by the MATLAB script is shown in Figure 14.9-6. 


9 T T 7 7 7 


8 


FIGURE 14.9-6 The output for Example 14.9-1. 


14.10 Stability 


A circuit is said to be stable when the response to a bounded input signal is a bounded output 
signal. A circuit that is not stable is said to be unstable. 


Producing a bounded response to a bounded input is pretty reasonable behavior. As a general rule of 
thumb, stable circuits are potentially useful, and unstable circuits are potentially dangerous. When we 
analyze a circuit to see whether it is stable, we are probably trying to do one of two things. First, we may 
be checking a circuit to see whether it is useful. We will reject the circuit if it is unstable. Second, we 
may be trying to specify values of the circuit parameters in such a way as to make the circuit stable. 

Consider a circuit represented by the transfer function H(s). Factoring the denominator of the 
transfer function gives 


N(s) 
(s — pı) (s — po) +++ ($ — pw) 
The p; are the poles of the transfer function, also called the poles of the circuit. The poles may have real 


values or complex values. Complex poles appear in complex conjugate pairs; for example, if —2 + j3 is 
a pole, then —2 — j3 must also be a pole. 


H(s) = 


A circuit is stable if, and only if, all of its poles have negative real parts. 


Stability 


(Real poles must have negative values.) Another way of saying the same thing is that a circuit is stable 
if, and only if, all of its poles lie in the left half of the s-plane. 

We can also use the impulse response A(t) to determine whether a circuit is stable. A circuit is 
stable if, and only if, its impulse response satisfies 


lim |h(t)| = 0 
t—-0o 


Let’s check that our two tests for stability, one in terms of H(s) and the other in terms of A(t), are 
equivalent. For convenience, suppose that all of the poles of H(s) have real values. The corresponding 
impulse response is given by 


(s — pı)(s — Pa) +++ (8 — Py) 


If the circuit is unstable, then at least one of the poles has a positive value, for example, p4 = 6. 
Consequently, the impulse response includes the term A4e% and |Age™ | — coast— oo, so 
lim |h(t)| = co. On the other hand, if the circuit is stable, all of the poles have negative values. 
t->00 


h(t) = 2"[H(s)] = 2" Ms) | = Sherali) 


Each |A;e”*| — 0 as t > oo, so lim |h(t)| = 0. 
t—0o0 
The network function H(@) of a stable circuit can be obtained from its transfer function H(s) by 


letting s = jo. 


H(o) = |H(s)| 


s=jo 


(This is true only for stable circuits. In general, unstable circuits don’t reach a steady state, so they don’t 
have steady-state responses or network functions.) 


( ExamPLE 14.10-1 Stability ) 
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The input to the circuit shown in Figure 14.10-1 is the voltage v;(t) of the independent voltage source. The output is 


the voltage v(t) of the dependent voltage source. The transfer function of this circuit is 


k 
H(s) = Vo(s) = RC = ks 
Vi(s) a2 e os 2 s* +(4-k)s+2 
RC RPC 


Example 14.10-1. 


Determine the following: 


(a) The steady-state response when v;(t) = 5 cos 2t V and the gain of the VCVS is k = 3 V/V. 
(b) The impulse response when k = 4 — D R NVN: 
(c) The impulse response when k = 4 + 2/2 = 6.83 V/V. 


FIGURE 14.10-1 The circuit considered in 
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Solution 
EA -h) 4k) =s 
The poles of the transfer function are pı = 7 
“MICE TE 
(a) When k = 3 V/V, the poles are Pi2= 7 = J , SO the circuit is stable. The transfer 
function is 
poe als) 35 


Vi(s) Ziy 
letting s = jo. 


The circuit is stable when k = 3 V/V, so we can determine the network function from the transfer function by 


35 3ja 
ZHO =H) 2 — = 
Vi(@) (œ) (OT E (2 ail, o?) + jo 


The input is v;(t) = 5 cos 2t V. The phasor of the steady-state response is determined by multiplying the 
network function evaluated at œ = 2 rad/s by the phasor of the input: 


TO) = H(0)|,-. x Vi(o) = ( i 


o J6 te} ie} 
7 o a 3/03) = 5/0°) = 10.61 /—45 
The steady-state response is vo(t) = 10.61 cos (2t — 45°) V. 


7 S529 


—2 le 0 
(b) When k = 4 — 2V2, the poles are Pi2 = a vo = Oe von so the circuit is stable. The transfer 
function is 
1.175 1.17 1.172 
H(s) = os 2 
(+ Vay (+v) (s+ v3) 
The impulse response is 


h(t) = 27 H(s)] = iiie 3 v21) u(t) 


We see that when k = 4 — 2/2, the circuit is stable, and lim A|(£)| = 0 
1600 
2, abs 0 
(c) When k = 4 + 24/2, the poles are Pi2 = ee vo = V2, V2, so the circuit is not stable. The transfer 
function is 
6.835 6.83 6.832 
H(s) = 7 — st 2 
ED b=2) Ga 

The impulse response is 


ie) = 


L-"'lH(s)| = 683e” (1 = v21) u(t) 
We see that when k = 4+ 2V2, the circuit is unstable, and lim |h(t)| = oo 
t—00 


EXERCISE 14.10-1 The input to a circuit is the voltage v,(t). The output is the voltage v(t) 
The transfer function of this circuit is 


Vels) ks 
H= ~ AFB- ks+2 
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Determine the following: 


(a) The steady-state response when v(t) = 5 cos 2t V and the gain of the VCVS is k = 2 V/V. 
(b) The impulse response when k = 3 — 2V2 = 0.17 V/V. 
(c) The impulse response when k = 3 + 2\/2 = 5.83 V/V. 
Answers: (a) v(t) = 7.07 cos (2t — 45°) V 
(b) A(t) = 0.17 eY” (1 — V2t)u(t) 
(c) A(t) = 5.83 eY” (1 + V2t)u(t) 


14.11 Partial Fraction Expansion 
Using MATLAB 


MATLAB provides a function called residue that performs the partial fraction expansion of a transfer 
function. Consider a transfer function 


bzs? + bas? + bys! + bos? 


a35 + ays? + ays! + aos? 


H(s) 


(14.11-1) 


In Eq. 14.11-1, the transfer function is represented as a ratio of two polynomials in s. In MATLAB, the 
transfer function given in Eq. 14.11-1 can be represented by two lists. One list specifies the coefficients 
of the numerator polynomial, and the other list specifies the coefficients of the denominator polynomial. 
For example, 
num = [b3 by bi bo] 
and den = [a} a a ao] 
(In this case, both polynomials are third-order polynomials, but the order of these polynomials could be 
changed.) 
Partial fraction expansion can represent H(s) as 
R R R 
H(s) =— 4 + + khs) (14.11-2) 
S—Pi S—~P2 S—Pp3 
Rj, Ro, and R3 are called residues, and p4, p2, and p3 are the poles. In general, both the residues and poles 
can be complex numbers. The term k(s) will, in general, be a polynomial in s. MATLAB represents this 
form of the transfer function by three lists: 


R=[R, R R] 


is a list of the residues, 


is a list of the poles, and 
k= [co C1 co] 


is a list of the coefficients of the polynomial k(s). 
The MATLAB command 


[R, p, k] = residue (num, den) 


performs the partial fraction expansion, calculating the poles and residues from the coefficients of the 
numerator and denominator polynomials. The MATLAB command 


[n, d] = residue (R, p, k) 


performs the reverse operation, calculating the coefficients of the numerator and denominator 
polynomials from the poles and residues. 
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File Edit Debug Desktop Window Help 
>> num = [1 2 3 4]; 

>> den = (1 6 11 6)? 

>> [R, p, K] = residue(num, den) 


-7.0000 
2.0000 
1.0000 


-3 . 0000 
-2 . 0000 
-1.0000 


1 


>> [n, d] = residue(R, p, k) 


ae 
1.0000 2.00900 3.0000 4.0000 
d = 
1.0000 6.0000 11.0000 6.0000 
FIGURE 14.11-1 Using MATLAB 
H Start 


to perform partial fraction expansion. 


Figure 14.11-1 shows a MATLAB screen illustrating this procedure. In this example, 
H(s) = S +2 +3s+4 
I= 34 6s + lls +6 


is represented as 


by performing the partial fraction expansion. 
The following examples illustrate the use of MATLAB for finding the inverse Laplace transform 
of functions having complex or repeated poles. 


EXAMPLE 14.11-1 Repeated Real Poles 


Find the inverse Laplace transform of 


12 


ue s(s? + 8s + 16) 


Solution 
First, we will do this problem without using MATLAB. Noticing that s? + 8s + 16 = (s + 4)’, we begin the partial 
fraction expansion: 
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3 
12 12 k =3 4 
V(s) =— = -= | zti 
s(s? + 8s + 16) s(s +4) SHA (s44) g 
Next, the constant k is evaluated by multiplying both sides of the last equation by s(s + 4). 
3 3 3 
12 = ks(s +. 4) — 39+ —( +4) =(= +k]s +3 +4k)s +12 > k=- 
4 4 4 
Finally, 
3 3} 
|| A = 4 23 
a —4E | “(— 4 32) Ju(t)V 
v(t) s+4 (eee S G 4 u(t) 
Next, we perform the partial fraction expansion, using the MATLAB function residue: 
num = | 12]; 
>>den=[18160]; 
>>[ r, p] = residue (num, den) 
MATLAB responds 
ES 
=0,. 7500 
—3.0000 
0.7500 
P= 
—4 
—4 
0 
A repeated pole of multiplicity m is listed m times corresponding to the m terms 
Ti T2 Fm 
sp b-p 6p 
listed in order of increasing powers of s — p. The constants, r1, r2 ..., Fm are the corresponding residues, again 
listed in order of increasing powers of s — p. In our present case, the pole p = —4 has multiplicity 2, and the first 
two terms of the partial fraction expansion are 
—0.75 3 ete =} 


EE 544 7 ray 


The entire partial fraction expansion is 


=0.735 =3 075. M7 =e 
(s— (4) s— (0) s4+4 (s44y 5 


Finally, as before, 


= (0.75 — e “(0.75 + 3))u(t) V 
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EXAMPLE 14.11-2 Complex Poles 


Find the inverse Laplace transform of 


125+ 78 
Shs s2 + 8s + 52 


Solution 

First, we will do this problem without using MATLAB. Notice that the denominator does not factor any further in 

the real numbers. Let’s complete the square in the denominator 

o (2 ae 12s +78 _ R T Era 0 12s 4) 
SF 8s F52 (5 +8s+16)+36 (s+4) +36 (s+4 +36 (s+4 +e (64 F6 


V(s) 


Now, use the property e-“f(t) < F(s + a) and the Laplace transform pairs 


sin œt fort >0 <+ and coswt fort > 0< 


o 
ihe M i> 
to find the inverse Laplace transform: 


v(t) = ett l 12s EE 5(6) 


246 8246 
Next, we will use MATLAB to do the partial fraction expansion. First, enter the numerator and denominator 
polynomials as vectors listing the coefficients in order of decreasing power of s: 


| = e™“ [12 cos(6t) + 5 sin (6t)] fort > 0 


>>num=[12 78]; 
>>den=[18 52]; 


Now the command 
>>[ r, p] = residue (num, den) 


tells MATLAB to do the partial fraction expansion return p, a list of the poles of V(s), and r, a list of the 
corresponding residues. In the present case, MATLAB returns 


r = 
6-0000 = 2 S000 
6.0000 + 2 S000 
—4.0000 + 6 0000 
—4.0000 — 6.50001 
indicating 


623 6+j2.5 
s—(—4+j6) s—(—4-—j6) 
Notice that the first residue corresponds to the first pole and the second residue corresponds to the second pole. 
(Also, we expect complex poles to occur in pairs of complex conjugates and for the residues corresponding to 
complex conjugate poles to themselves be complex conjugates.) Taking the inverse Laplace transform, we get 
AA = (= 72 5)e AN E eaS ae 
This expression, containing as it does complex numbers, isn’t very convenient. Fortunately, we can use Euler’s 
identity to obtain an equivalent expression that does not contain complex numbers. Because complex poles occur 
quite frequently, it’s worthwhile to consider the general case: 
ib 
Woe Gaia 
s—(c+jd) 


Vs) = 


a—jb 
s — (c — jd) 
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The inverse Laplace transform is 
v(t) = (a+ jb)el Hi! + (a — jb)el“I4)" 


jdt peas jdt _ n jidi 
= ec [(a+ jb) eit + (a+ jbj] = e fza(£ ame ) 20(§ is )| 


2 2j 


Euler's identity says 


jdt —j dt jdt _ -jdt 
n = cos(dt) and E = sin(dt) 
Consequently, 
v(t) = e“ [2a cos (dt) — 2b sin (dt)] 
Thus, we have the following Laplace transform pair 
a : ib — jb 
e“ [2a cos (dt) — 2b sin (dt)] < ean — 4 = aera 
(c+jd)  s—(c—jd) 
In the present case, a = 6, b = —2.5, c = —4, and d = 6, so we have 


v(t) = e [12 cos(6r) + 5 sin(6t)] fort > 0 
It’s sometimes convenient to express this answer in a different form. First, express the sine term as an equivalent 
cosine: 
v(t) = e™“ [12 cos(6t) + 5 cos(6t — 90°)] fort > 0 
Next, use phasors to combine the cosine terms 
Wa) = LA + 5/0 = 12:75 Sean 
Now v(t) is expressed as 
v(t) = e oa — 22.62°) fort > 0 


( ExAMPLE 14.11-3 Both Real and Complex Poles 


Find the inverse Laplace transform of 


105s+840 
VG\= s+ 


(s2 + 9.58 + 17.5) (s2 + 8s + 80) 


Solution 
Using MATLAB, 


>> num=[105 840]; 
Peaccwe—scomv | § 9-5 17.5], [18 80]); 
>>[r,p] = residue (num, den) 


r= 
=0., 8087 sp 0.2415i 
arco — O. 24157 
=0 SIL 
1. 937i 

p= 


—4.0000 + 8.00001 
—4.0000 — 8.00001 
—7.0000 
=2 , 5000 
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Consequently, 
me 6087 -F 70.2415 —0.8087 — 70.2415 —0.3196 1.9371 


V(s) = | 
Sn (4-8) ° s--4-f) = 
Using the Laplace transform pair, 


e“ [2 acos(dt) — 2b sin(dt)] 


a+ jb a—jb 

ey ar 5 
s—(c+jd)  s—(c-—jd) 
with a = —0.8087, b = 0.2415, c = —4, and d = 8, we have 
_,;|— 9.8087 + 70.2415 = —0.8087 — j0.2415] _ 
s—(—4+j8) s—(—4-js) | 

Taking the inverse Laplace transform of the remaining terms of V(s), we get 

v(t) = e “[—1.6174 cos (8t) + 0.483 sin (8t)] — 0.3196e~” + 1.9371e**' fort > 0 


4 e~“"[—1.6174 cos (82) + 0.483 sin (87)] 


14.12 How Can We Check... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following examples illustrate techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


EXAMPLE 14.12-1 How Can We Check 
Transfer Functions? 


A circuit is specified to have a transfer function of 
Vo(s) 25 


H(s) = = 14.12-1 
() =) 7 24 10s 4 125 ( ) 
and a step response of 
Vo(t) = 0.1 (2 — e™™ (3 cos 10t + 2 sin 10f)) u(t) (14412-2) 
How can we check that these specifications are consistent? 
Solution 
If the specifications are consistent, then the unit step response and the transfer function will be related by 
1 
Llvo(t)] = H(s) ~ (14.12-3) 
s 


where V(s) = 1/s. 

This equation can be verified either by calculating the Laplace transform of v(t) or by calculating the inverse 
Laplace transform of H(s)/s. Both of these calculations involve a bit of algebra. The final and initial value theorems 
provide a quicker, though less conclusive, check. (If either the final or initial value theorem is not satisfied, then we 
know that the step response is not consistent with the transfer function. The step response could be inconsistent with 
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the transfer function even if both the final and initial value theorems are satisfied.) Let us see what the final and 
initial value theorems tell us. 
The final value theorem requires that 


1 
Vo(oo) = lims 49) 7 (14.12-4) 
s— AY 
From Eq. 14.12-1, we substitute H(s), obtaining 
25 1 25 25) 
li : =li = = 02 14.12-5 
o |s? + 10s + 125 | = h F 10s + 3| 125 ( ) 
From Eq. 14.12-2, we evaluate at t = oo, obtaining 
Vo(00) = 0.1(2 — e™™ (2 cos œo + sin co)) = 0.1(2 — 0) = 0.2 (14.12-6) 
so the final value theorem is satisfied. 
Next, the initial value theorem requires that 
1 
vo(0) = lim s [ao L (14.12-7) 
S—00 S 
From Eq. 14.12-1, we substitute H(s), obtaining 
: 25 1 ; 2S 0 
1 å = 1 =>= 0 14.12-8 
sso |s* + 10s + 125 | sos 1210/5 ( ) 
From Eq. 14.12-1, we evaluate at t = 0 to obtain 
vo(0) = 0.1(2 — e~°(3 cos 0 + 2 sin 0)) 
= 0.1(2 — 1(3 + 0)) (14.12-9) 


= O 


The initial value theorem is not satisfied, so the step response is not consistent with the transfer function. 


EXAMPLE 14.12-2 How Can We Check 


Transfer Functions? 


A circuit is specified to have a transfer function of 


Fee) = 2 (14.12-10) 
HVO 52+ 10s 2125 act 
and a unit step response of 

Vo(t) = 0.1(2 — e™* (2 cos 10t + 3 sin 107) u(t) (1412-11) 


How can we check that these specifications are consistent? (This step response is a slightly modified version of the 
step response considered in Example 14.12-1.) 


Solution 

The reader is invited to verify that both the final and initial value theorems are satisfied. This suggests, but does not 
guarantee, that the transfer function and step response are consistent. To guarantee consistency, it is necessary to 
verify that 


L|vo(t)] = H(s)- (14.12-12) 
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either by calculating the Laplace transform of v,(¢) or by calculating the inverse Laplace transform of H(s)/s. Recall 
the input is a unit step, so V;(s) = 1/s. We will calculate the Laplace transform of vo(t) as follows: 


2  2(s+5) 10 
= 0 5 5 5 5 
s (s+5 +10 (s+5) +10 
an 2 2s + 40 
s s*+10s+ 125 
7 —25+ 25 
~ s(s? + 10s + 125) 


L [0.1(2 — e7" (2 cos 10t + 3 sin 104))u(t)] 


Because this is not equal to H(s)/s, Eq. 14.12-12 is not satisfied. The step response is not consistent with the 
transfer function even though the initial and final values of v(t) are consistent. 


EXERCISE 14.12-1 A circuit is specified to have a transfer function of 


25 


Wie 
(9 = 310s 4 125 


and a unit step response of 
volt) = 0.1(2 — e™™ (2 cos 10t + sin 10f)) u(t) 


Verify that these specifications are consistent. 


14.13 Design EXAMPLE Space Shuttle Cargo Door | 


The U.S. space shuttle docked with Russia’s Mir space station several times. The electromagnet for opening a cargo 
door on the NASA space shuttle requires 0.1 A before activating. The electromagnetic coil is represented by L, as 
shown in Figure 14.13-1. The activating current is designated i(t). The time period required for i, to reach 0.1 A is 
specified as less than 3s. Select a suitable value of L. 


FIGURE 14.13-1 The control circuit for a cargo door on the NASA space shuttle. 


Describe the Situation and the Assumptions 


1. The two switches are thrown at t = 0, and the movement of the second switch from terminal a to terminal b 
occurs instantaneously. 


2. The switches prior to t = 0 were in position for a long time. 


State the Goal 
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Determine a value of L so that the time period for the current 7,(f) to attain a value of 0.1 A is less than 3 s. 


Generate a Plan 


1. Determine the initial conditions for the two inductor currents and the capacitor voltage. 


2. Designate two mesh currents and write the two mesh KVL equations, using the Laplace transform of the 


variables and the impedance of each element. 


3. Select a trial value of L and solve for (s). 

4. Determine i,(f). 

5. Sketch i(t) and determine the time instant f; when i;(t,) = 0.1 A. 

6. Check whether t; < 3 s, and, if not, return to step 3 and select another value of L. 
GOAL EQUATION NEED INFORMATION 
Determine the initial (0) = i(07) Prepare a sketch of the 

conditions att =0  y,(0) =v:(0) circuit att= 05, 
Find i (07), 


Designate two mesh 
currents and write the 
mesh KVL equations. 


(07), ve(07). 
1,(s), 14(s); the initial 
conditions 7,(0), 

i2(0) 


Solve for 7,(s) and 
select L. 
Determine i,(f). 


Cramer’s rule 
i(t) = Z (s)] Use a partial fraction 
expansion. 


Sketch i,(f) and find f. i(t) =0.1A 


Act on the Plan 
First, the circuit with the switches in position at t = 0 is shown in Figure 14.13-2. Clearly, the inductor currents 
are i;(O- ) = 0 and i2(0-) = 0. Furthermore, we have 


v.(0) =1V 
Second, redraw the circuit for t > 0 as shown in Figure 14.13-3 and designate the two mesh currents i; and i, as 
shown. 


Recall that the impedance is Ls for an inductor and 1/Cs for a capacitor. We must account for the initial 
condition for the capacitor. Recall that the capacitor voltage may be written as 


The Laplace transform of this equation is 


v.(0) 1 
————— —I, 
s ag Cs (s) 
where J.(s) = (s) — h(s) in this case. We now may write the two KVL equations for the two meshes for t > 0 with 


v.(0) = 1 V as 


V.(s) 


mesh 1: —Vj(s)+(4+Ls)I\(s) + V-(s) =0 
mesh2: (4+ Is)Io(s) — Ve(s) = 0 
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FIGURE 14.13-3 The circuit of Figure 14.13-1 for t > 0. 


The Laplace transform of the input voltage is 


1 
Vi(s) =- 
sS 
Also, note that for the capacitor we have 
1 1 
Vis) =-+—( -I 
(9) = + (hls) - 29) 


Substituting V, and V, into the mesh equations, we have (when C = 1/2 F) 


(4 cane zjn) Gz% =0 
-(2)109 $ (4+5+2)n09 -1 


The third step requires the selection of the value of L and then solving for /;(s). Examine Figure 14.13-3; the two 
meshes are symmetric when L = 1 H. Then, trying this value and using Cramer’s rule, we solve for /;(s), obtaining 


ee | 


E í I O- n 


Ast 
S 


and 


Fourth, to determine /,(¢), we will use a partial fraction expansion. Rearranging and factoring the denominator of 
I,(s), we determine that 


2 
ee 
s(s + 4)(s + 2) 
Hence, we have the partial fraction expansion 
A B € D 


I =—d 
i(s) s s+4 (se s+2 


Then, we readily determine that A = 1/8, B = —1/8, and C = —1/2. To find D, we use Eq. 14.4-9 to obtain 


il d 
a) errno] 
—2(2s+4) 


st + 853 + 1652 
= (0) 


s=—2 
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Therefore, using the inverse Laplace transform for each term, we obtain 
H(t) = 1/8 —(1/8)e * —(1/2)te “A 720 


Verify the Proposed Solution 


The sketch of i(t) is shown in Figure 14.13-4. It is clear that i,(¢) has essentially reached a steady-state value of 


0.125 A by t = 4 seconds. 
To find t; when 


is (tı) =0:1A 


we estimate that f, is approximately 2 seconds. After evaluating i,(t) for a few selected values of t near 2 seconds, 
we find that t; = 1.8 seconds. Therefore, the design requirements are satisfied for L = 1 H. Of course, other suitable 
values of L can be determined that will satisfy the design requirements. 


0.125 


0.10 ---—— 


0.05 


| 
© it eo SweaRS 


14.14 SUMMARY 


© Pierre-Simon Laplace is credited with a transform that bears 


his name. The Laplace transform is defined as 


vifl= | FO 


The Laplace transform transforms the differential equation 
describing a circuit in the time domain into an algebraic 
equation in the complex frequency domain. After solving the 
algebraic equation, we use the inverse Laplace transform to 
obtain the circuit response in the time domain. Figure14.2-1 
illustrates this process. 

Tables 14.2-1 tabulates frequently used Laplace transform 
pairs. Table 14.2-2 tabulates some properties of the Laplace 
transform. 

The inverse Laplace transform is obtained using partial 
fraction expansion. 

Table 14.7-1 shows that circuits can be represented in the 
frequency domain in a manner that accounts for the initial 
conditions of capacitors and inductors. 

To find the complete response of a linear circuit, we first 
represent the circuit in the frequency domain using the Laplace 
transform. Next, we analyze the circuit, perhaps by writing mesh 
or node equations. Finally, we use the inverse Laplace transform 
to represent the response in the time domain. 


FIGURE 14.13-4 The response of i(t). 


O The transfer function H(s) of a circuit is defined as the ratio of 


the response Y(s) of the circuit to an excitation X(s) expressed 
in the complex frequency domain. 


This ratio is obtained assuming all initial conditions are 
equal to zero. 

The step response is the response of a circuit to a step input 
when all initial conditions are zero. Then step response is 
related to the transfer function by 


H(s 
step response = 27! ao 
s 
The impulse response is the response of a circuit to an 
impulse input when all initial conditions are zero. The 
impulse response is related to the transfer function by 


impulse response = Y~'|H(s)| 


A circuit is said to be stable when the response to a bounded 
input signal is a bounded output signal. All the poles of the 
transfer function of a stable circuit lie in the left-half s-plane. 
MATLAB performs partial fraction expansion. 
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Section 14.2 Laplace Transform 
P 14.2-1 Determine the Laplace Transform of 
v(t) = (17 e” — 14 e™™) u(t) V 
_ 3s+29 
s +9s+20 
P 14.2-2 Determine the Laplace Transform of 
v(t) = 13 cos (6t — 22.62°)V 


Answer: V(s) 


12s + 30 
Answer: V(s) = —— 


P 14.2-3 Determine the Laplace Transform of 
v(t) = 10e~* cos (4t + 36.86°) u(t) V 


= 8s+16 
~ s2 +25s+41 


P 14.2-4 Determine the Laplace Transform of 


Answer: V(s) 


v(t) = 3te™™ u(t) V 
3 
A : =- 
nswer: V(s) ee ee 
P 14.2-5 Determine the Laplace Transform of 
v(t) = 16(1 — 24) eo u(t) V 


16(s + 2) 
Answer: V(s) = s2 +8s5+ 16 


Section 14.3 Pulse Inputs 


P 14.3-1 © Determine the Laplace transform of f(t) shown in 
Figure P 14.3-1. 


peso- -ia C 


jets 155 —5 
352 


Answer: F(s) = 


Figure P 14.3-1 


P 14.3-2 © Use the Laplace transform to obtain the trans- 
form of the signal f(t) shown in Figure P 14.3-2. 
3(1 =e”) 


Answer: F(s) = 
s 


PROBLEMS 


© Problem available in WileyPLUS at instructor’s discretion. 


fd) 


Figure P 14.3-2 


P 14.3-3 Determine the Laplace transform of ff) shown in 
Figure P 14.3-3. 


Answer: F(s) = 2 (1 — e” — 2se~**) 


Figure P 14.3-3 


P 14.3-4 Consider the pulse shown in Figure P 14.3-4, where the 
time function follows e“ for 0 < t < T. Find F(s) for the pulse. 


1 e7 S-a)T 
Answer: F(s) = 
s—a 
fO 
e’! 
1 
(0) 


Figure P 14.3-4 


P 14.3-5 Find the Laplace transform for g(t) = e ‘u(t — 0.5). 
P 14.3-6 Find the Laplace transform for 


y= 


a u(t — T) 
—sT 


—le 
Ts? 

Section 14.4 Inverse Laplace Transform 

P 14.4-1 Find f(t) when 


F(s) 


Answer: F(s) = 


=) s+3 
33 + 3s? + 65+ 4 


2 2, 1 
Answer: f(t) =—e' — =e cos V3t + —e x sin V3t, 
1>0 3 3 V3 


P 14.4-2 Find f(t) when 
$ —2s+1 


F = 
(s) s+ 352+ 4542 
P 14.4-3 Find f(t) when 


5s—1 
Fri=— 
Oe ee) 


Answer: f(t) = —e™ + 2te™ + et >0 
P 14.4-4 Find the inverse transform of 


1 
Y =. 
(s) si +352 +4542 


Answer: y(t) = e ‘(1 — cost), t>0 
P 14.4-5 Find the inverse transform of 


2s+6 
Fs) = Cait + 2s 45) 


P 14.4-6 Find the inverse transform of 


F(s) = 2s +6 
5 ~ s(s2 +35 +2) 


Answer: f(t) = [3 — 4e™ + e™”]u(t) 


P 14.4-7 Find the inverse transform of F(s), expressing f(t) in 
cosine and angle forms. 


8s —3 
P= 
E) Fe) =a Pare 
3e% 
(b) F(s) = Sasa 


Answers: (a) f(t) = 10.2e7™ cos (3t + 38.4°), t > 0 
(b) f(t) = sen sin [4(t—1)], > 1 
P 14.4-8 Find the inverse transform of F(s). 


-5 
(a) F(s) = (e412 
(b) F(s) = 4s 
(s+ 3)? 


Answers: (a) f(t) = —5 + 6e™ + 4te™, t> 0 
(b) f(t) = 4e-* — 24te-*' + 18e", t> 0 


Section 14.5 Initial and Final Value Theorems 


P 14.5-1 © A function of time is represented by 


_ 2s? —3s+4 
~ $8 +352 + 2s 


F(s) 


(a) Find the initial value of ff) at t = 0. 
(b) Find the value of f(t) as t approaches infinity. 


P 14.5-2 Find the initial and final values of v(t) when 


(s+ 16) 
Vs) = 3444 1D 


Answer: v(0) = 1, v(co) = 0V 
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P 14.5-3 © Find the initial and final values of v(t) when 


E (s+ 10) 
v= (353 + 25? + 1s) 

Answers: v(0) = 0, v(co) = 10 V 

P 14.5-4 Find the initial and final values of f(t) when 


—2(s+7) 
ey RLR 
(9) = 2 oye 10 


Answer: initial value = —2; final value does not exist 


b 
P 14.5-5 @ Given that [v(4)] = = 8s 
Ss 


voltage shown in Figure P 14.5-5, determine the values ofa and b. 


where v(t) is the 


v(t), V 
12 
11.6 
4 $S 
O 0.375 


Figure P 14.5-5 


P 14.5-6 Given that 2 [v(t)] Stk 
S S 


voltage shown in Figure P 14.5-6, determine the values ofa and b. 


where v(t) is the 


v(t), V 
10 


6 
4 
2 


O 0.06931 
Figure P 14.5-6 


Section 14.6 Solution of Differential Equations 
Describing a Circuit 


P 14.6-1 The circuit shown in Figure P 14.6-1 is at steady 
state before the switch closes at time tf = 0. Determine the 
inductor current i(t) after the switch closes. 


Figure P 14.6-1 
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P 14.6-2 The circuit shown in Figure P 14.6-2 is represented 
by the differential equation 
2 
d-v(t) 7 dv(t) 
dt? dt 


+ 10 v(t) = 120 


after time t = 0. The initial conditions are 


i(0) = 0 and (0) = 4V 


Determine the capacitor voltage v(f) after time rt = 0. Figure P 14.6-5 


Section 14.7 Circuit Analysis Using Impedance and 
+ Initial Conditions 


1H 


4+8u(t) V v(t) P 14.7-1 Figure P 14.7-1a shows a circuit represented in the 
time domain. Figure P 14.7-1b shows the same circuit, now 
represented in the complex frequency domain. Figure P 14.7-1c 


Figure P 14.6-2 shows a plot of the inductor current. 


P 14.6-3 The circuit shown in Figure P 14.6-3 is at steady 
state before time t = 0. The input to the circuit is 


vs(t) = 2.4u(t) V (f) 12-6 wit) A 


Consequently, the initial conditions are i,(0) = 0 and i2(0) = 0. 
Determine the inductor current i,(t) after time t = 0. 


(a) 
i(t) i(t) 
2H Te 2H (20) 129 
(+) v(t) 120 129 


Figure P 14.6-3 


P 14.6-4 The circuit shown in Figure P 14.6-4 is at steady 
state before the switch opens at time t = 0. Determine the 
capacitor voltage v(t) after the switch opens. 


Figure P 14.7-1 


Determine the values of D and E, used to represent the circuit in 
the complex frequency domain. Determine the values of the 
resistance R, and the inductance L. 


Figure P 14.6-4 

P 14.7-2 Figure P 14.7-2a shows a circuit represented in the 
P 14.6-5 The circuit shown in Figure P 14.6-5 is at steady time domain. Figure P 14.7-2b shows the same circuit, now 
state before the switch closes at time t = 0. Determine the represented in the complex frequency domain. Figure P 14.7-2c 
capacitor voltage v(t) after the switch closes. shows a plot of the inductor current. 


(b) 
v(t), V 
11.6 
4 iS 
1 
O 0.375 


Figure P 14.7-2 


Determine the values of D and E, used to represent the circuit in 
the complex frequency domain. Determine the values of the 
resistance R; and the capacitance C. 


P 14.7-3 Figure P 14.7-3a shows a circuit represented in the 
time domain. Figure P 14.7-3b shows the same circuit, now 
represented in the complex frequency domain. Determine the 
values of a, b, and d, used to represent the circuit in the complex 
frequency domain. 


i(t) 


Figure P 14.7-3 
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P 14.7-4 The input to the circuit shown in Figure P 14.7-4 is the 
voltage of the voltage source, 12 V. The output of this circuit is the 
voltage vo(f) across the capacitor. Determine v,(¢) for t > 0. 


Answer: v(t) = —(4 + 2e7"”)V fort > 0 


Figure P 14.7-4 


P 14.7-5 The input to the circuit shown in Figure P 14.7-5 is the 
voltage of the voltage source, 12 V. The output of this circuit is 
the current i(f) in the inductor. Determine i(f) for t > 0. 


Answer: i(t) = —3(1 + e~°*’) A fort > 0 


Figure P 14.7-5 


P 14.7-6 The input to the circuit shown in Figure P 14.7-6 is 
the voltage of the voltage source, 18 V. The output of this 
circuit, the voltage across the capacitor, is given by 


volt) =6+12e-%7V when t>0 


Determine the value of the capacitance C and the value of the 
resistance R. 


Figure P 14.7-6 


P 14.7-7 The input to the circuit shown in Figure P 14.7-7 is 
the voltage source voltage 


vs(t) = 3 — u(t) V 
The output is the voltage 


volt) =10+5e 1 V for t> 0 
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Determine the values of R; and R3. 0:750; 


+ 


vO) AQ 3g FÆ vib 


Figure P 14.7-10 


P 14.7-11 Determine the output voltage vo(f) in the circuit 
Figure P 14.7-7 shown in Figure P 14.7-11. 


P 14.7-8 Determine the inductor current i,(f) in the circuit 
shown in Figure P 14.7-8 for each of the following cases: 


(a) R=20, L= 4.5H, C = 1/9F, A = 5 mA, B = —2 mA 
(b) R=10, L= 0.4H, C = 0.1 F, A = 1 mA, B = —2 mA È) 2+10u(e) v 
(c) R= 1Q, L= 0.08 H, C = 0.1 F, A = 0.2 mA, B= 

—2 mA 


Figure P 14.7-11 

i(t) = B+Au(t) R 

P 14.7-12 Determine the capacitor voltage v(t) in the circuit 
shown in Figure P 14.7-12. 


Figure P 14.7-8 


320 
P 14.7-9 Determine the capacitor current i,(t) in the circuit + 
shown in Figure P 14.7-9 for each of the following cases: © 12.5 mF v(t) 
(a) R=30, L=2H, C=1/24F,A=12V B 
(b) R=2Q, L=2H, C=1/8F,A=12V 30 Q 


(© R= 10Q, L=2H, C=1/40F, A=12V 
t=0 Figure P 14.7-12 
P 14.7-13 Determine the voltage v,(f) for t > 0 for the circuit 
of Figure P 14.7-13. 
Hint: vc(0) =4V 


Answer: Vo(t) = 24e°7' u(t) V (This circuit is unstable.) 


3Q 


Figure P 14.7-9 


P 14.7-10 The voltage source voltage in the circuit shown in Figure P 14.7-13 
Figure P 14.7-10 is 
P 14.7-14 Determine the current i, (f) for t > 0 for the circuit 
vs(t) = 12 — 6u(t) V of Figure P 14.7-14. 


Determine v(t) for t > 0. Hint: vc(0) = 8 Vand i, (0) = 1A 


1 
Answer: i (t) = q cos 2t + 5 e ‘sin 2) u(t) A 


t=0 


Figure P 14.7-14 


P 14.7-15 The circuit shown in Figure P 14.7-15 is at steady 
state before the switch opens at time t = 0. Determine the 
voltage v(t) for t > 0. 


t=0 


Figure P 14.7-15 


P 14.7-16 The circuit shown in Figure P 14.7-16 is at steady 


state before time t = 0. Determine the voltage v(t) for t > 0. 
5Q 


Figure P 14.7-16 


P 14.7-17 The input to the circuit shown in Figure P 14.7-17 
is the voltage source voltage 


10V whent <0 


(A = 10 + Sult) V = 
H= a a when t > 0 


+ vu) - 


vi) 5Q 2 mF 


Figure P 14.7-17 
Determine the response v,(t). Assume that the circuit is at 
steady state when ¢ < 0. Sketch v(t) as a function of t. 


P 14.7-18 The input to the circuit shown in Figure P 14.7-18 
is the current source current 
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25mA whent < 0 


i(t) = 25 — 15u(t) mA = 
10mA_ whent>0 


Figure P 14.7-18 


Determine the response i2(t). Assume that the circuit is at 
steady state when ź < 0. Sketch i(t) as a function of t. 


P 14.7-19 All new homes are required to install a device 
called a ground fault circuit interrupter (GFCI) that will 
provide protection from shock. By monitoring the current 
going to and returning from a receptacle, a GFCI senses 
when normal flow is interrupted and switches off the power 
in 1/40 second. This is particularly important if you are 
holding an appliance shorted through your body to ground. 
A circuit model of the GFCI acting to interrupt a short is shown 
in Figure P 14.7-19. Find the current flowing through the 
person and the appliance, i(t), for t > O when the short is 
initiated at t= 0. Assume v = 160 cos 400f and the capacitor 
is intially uncharged. 


100 Q 


the person and 
the appliance 


Figure P 14.7-19 Circuit model of person and appliance shorted 
to ground. 


P 14.7-20 Using the Laplace transform, find v.(t) for t > 0 
for the circuit shown in Figure P 14.7-20. The initial condi- 
tions are zero. 


Hint: Use a source transformation to obtain a single mesh circuit. 


Answer: ve = —Se~*" + 5 (cos 2t + sin 2t) V 


10 kQ 


P 
1/39 MF Üg 


(2 cos 24) ul) mA Cf) 


Figure P 14.7-20 


P 14.7-21 Determine the inductor current i(t) in the circuit 
shown in Figure P 14.7-21. 
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0.4 H 
25mF 9Q 


Figure P 14.7-21 


P 14.7-22 Find v(t) for the circuit of Figure P 14.7-22 
for t > 0. 


Hint: Write the node equations at a and b in terms of vı and vz. 
The initial conditions are vı (0) = 10 V and v2(0) = 25 V. The 
source is vs = 50 cos 2t u(t) V. 


2 eee =) 
Bertet] 


Answer: v(t) = 12 cos 2t + 12 sin 2t V 


t>0 


Figure P 14.7-22 


P 14.7-23 The motor circuit for driving the snorkel shown in 
Figure P 14.7-23a is shown in Figure P 14.7-23b. Find the 
motor current />(s) when the initial conditions are i,(0`) = 2 A 
and i,(0 ) = 3 A. Determine ip(f) and sketch it for 10 s. Does 
the motor current smoothly drive the snorkel? 


(b) 


Figure P 14.7-23 Motor drive circuit for snorkel device. 


P 14.7-24 Using Laplace transforms, find vo(t) for t > 0 for 
the circuit shown in Figure P 14.7-24. 


10Q 


2 + 6u(t) 


Figure P 14.7-24 


P 14.7-25 The circuit shown in Figure P 14.7-25 is at steady 
state before the switch opens at time t = 0. Determine the 
inductor voltage v(t) for t > 0. 


r=0 


+ 402 


v(t) 3.846 mF 


Figure P 14.7-25 


P 14.7-26 The circuit shown in Figure P 14.7-26 is at steady 
state before the switch opens at time t = 0. Determine the 
voltage v(t) for t > 0. 


+ vf) — t=0 


Figure P 14.7-26 


Section 14.8 Transfer Functions 


P 14.8-1 The input to the circuit shown in Figure P 14.8-1 is 
the voltage v(t), and the output is the voltage v,(f). Determine 
the values of L, C, k, Rı, and R that cause the step response of 
this circuit to be: 

volt) = (5 + 2069! — 256 0") u(t) V 


Answer: One solution is R; = 400 Q, L=0.1 H, k= 5 V/V, C= 
0.1 uF, Ri =2 KQ 


Figure P 14.8-1 


P 14.8-2 The input to the circuit shown in Figure P 14.8-2 is 
the voltage v;(t), and the output is the voltage v(t). Determine 
the step response of this circuit. 


90 kQ 


Figure P 14.8-2 


P 14.8-3 The input to the circuit shown in Figure P 14.8-3 is 
the voltage v;(t), and the output is the voltage v,(f). Determine 
the impulse response of this circuit. 


Figure P 14.8-3 


P 14.8-4 The input to the circuit shown in Figure P 14.8-4 is 
the voltage v;(t), and the output is the voltage v(t). Determine 
the step response of this circuit. 


Answer: step response = (5 — (5+ 202) e 4 (1) 


20 kQ 


Problems 731 


P 14.8-5 © The input to the circuit shown in Figure P 14.8-5 
is the voltage v;(t) of the independent voltage source. The output 
is the voltage v,(t) across the 5-kQ resistor. Specify values of the 
resistance R the capacitance C and the inductance L such that the 


transfer function of this circuit is given by 
V 15 x 10° 
H(s) = o(s) = . 
Vi(s) (s + 2000)(s + 5000) 


Answers: R = 5k Q, C = 0.5 uF, and L = 1 H (one possible 
solution) 


10 kQ R 


= rag L 
1kQ ie 
+ 
0 vi 


Figure P 14.8-5 g 


P 14.8-6 © The input to the circuit shown in Figure P 14.8-6 
is the voltage v;(f) of the independent voltage source. The 
output is the voltage v,(f) across the 10-kQ, resistor. Specify 
values of the resistances R, and R», such that the step response 
of this circuit is given by 


Vo(t) = —4(1 — e u(t) V 
Answers: Ry = 10 kQ and Rp = 40 KQ 


R2 
Rı 
0 TDP. 
Volt) 


Figure P 14.8-6 


P 14.8-7 The input to the circuit shown in Figure P 14.8-7 is 
the voltage v,(f), and the output is the voltage v(t). Determine 
the step response of this circuit. 


Answer: vo(t) = (4 x 10°)tu(t) V 


Figure P 14.8-4 


Figure P 14.8-7 
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P 14.8-8 The input to the circuit shown in Figure P 14.8-8 is 
the voltage v;(t), and the output is the voltage v,(f). Determine 
the step response of this circuit. 

gai) u(t) V 


4 2 
A Volt 2 miy H 
nswer: vo(t) | (5 e 3 


500 mH 


Figure P 14.8-8 


P 14.8-9 © The input to the circuit shown in Figure P 14.8-9 
is the voltage v;(f) of the independent voltage source. The 
output is the voltage v,(t). The step response of this circuit is 


vo(t) = 0.5(1 + e“ )u(lt) V 
Determine the values of the inductance L and the resistance R. 
Answers: L= 6HandR = 120 
12Q 


Figure P 14.8-9 


P 14.8-10 An electric microphone and its associated circuit 
can be represented by the circuit shown in Figure P 14.8-10. 
Determine the transfer function H(s) = Vo(s)/V(s). 


Answer: Vols) = nee 
` V(s) (RCs +2)(2RCs +1) —-1 
Ry C R 
a 
v(t) € R Volt) 


Figure P 14.8-10 Microphone circuit. 


P 14.8-11 Engineers had avoided inductance in long- 
distance circuits because it slows transmission. Oliver Heavi- 
side proved that the addition of inductance to a circuit could 
enable it to transmit without distortion. George A. Campbell of 


the Bell Telephone Company designed the first practical induc- 
tance loading coils, in which the induced field of each winding of 
wire reinforced that of its neighbors so that the coil supplied 
proportionally more inductance than resistance. Each one of 
Campbell’s 300 test coils added 0.11 H and 12 Q at regular 
intervals along 35 miles of telephone wire (Nahin, 1990). The 
loading coil balanced the effect of the leakage between the 
telephone wires represented by R and C in Figure P 14.8-11. 
Determine the transfer function V2(s)/V;(s). 

V2 (s) R 

Vi(s) RLCs? + (L+ R,RC)s + R, +R 


Answer: 


12 Q 


0.11 H 


L 


R 
Loading coil 


X 


Leakage 
path 


Figure P 14.8-11 Telephone and load coil circuit. 


P 14.8-12 The input to the circuit shown in Figure P 14.8-12 
is the current i(f), and the output is the voltage v(t). Determine 
the impulse response of this circuit. 


402 


Figure P 14.8-12 


P 14.8-13 The input to the circuit shown in Figure P 14.8-13 
is the current i(f), and the output is the voltage v(t). Determine 
the impulse response of this circuit. 

Answer: v(t) = 1.25 x 107(e7 700% — @~ 750 (7) V 


0.1 uF 


it) CY) 


Figure P 14.8-13 


P 14.8-14 @ Aseries RLC circuitis shown in Figure P 14.8-14. 
Determine (a) the transfer function H(s), (b) the impulse response, 
and (c) the step response for each set of parameter values given in 
the table below. 


L R 
4 
Us C Uo 
Figure P 14.8-14 
L C R 

a 2H 0.025 F 18 Q 
b 2H 0.025 F 80 
c 1H 0.391 F 4Q 
d 2H 0.125 F 80 


P 14.8-15 A circuit is described by the transfer function 
V 9s +18 
s= H(s) = 
Vi 353 + 1852 + 395 
Find the step response and impulse response of the circuit. 
P 14.8-16 © The input to the circuit shown in Figure P 14.8-16 


is the voltage of the voltage source v;(t), and the output is the 
voltage v,(f) across the 15-kQ resistor. 


(a) Determine the steady-state response v,(f) of this circuit 
when the input is v;i( = 1.5 V. 

(b) Determine the steady-state response v,(t) of this circuit 
when the input is v;(f) = 4 cos (100t + 30°) V. 

(c) Determine the step response v(t) of this circuit. 


4k 1 uF 


Figure P 14.8-16 


P 14.8-17 The input to the circuit shown in Figure P 14.8-17 is 
the voltage of the voltage source v,(t), and the outputis the capacitor 
voltage v,(t). Determine the step response of this circuit. 


Figure P 14.8-17 
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P 14.8-18 The input to the circuit shown in Figure P 14.8-18 
is the voltage of the voltage source v;(f), and the output is the 
resistor voltage v,(f). Specify values for L4, L2, R, and K that 
cause the step response of the circuit to be 


volt) = (1 + 0.667e~° — 1.667e-°" u(t) V 


Figure P 14.8-18 


P 14.8-19 The input to the circuit shown in Figure P 14.8-19 
is the voltage of the voltage source v;(f), and the output is the 
capacitor voltage v(t). Determine the step response of this 
circuit. 


Figure P 14.8-19 


P 14.8-20 The input to the circuit shown in Figure P 14.8-20 
is the voltage of the voltage source v;(f), and the output is the 
inductor current i(t). Specify values for L, C, and K that cause 
the step response of the circuit to be 


volt) = (3.2 — (3.2e-* + 16te~*') u(t) V 


| iso) 


Ko, Ð 


Figure P 14.8-20 


P 14.8-21 The input to a circuit is the voltage v;(f) and the 
output is the voltage v,(t). The impulse response of the circuit is 
Vo(t) = 6.5e~'cos (2t + 22.6°)u(t) V 

Determine the step response of this circuit. 

P 14.8-22 The input to a circuit is the voltage v,(4), and the 

output is the voltage v(t). The step response of the circuit is 
volt) = [1 — e "(1 + 3n)Ju(t) V 


Determine the impulse response of this circuit. 
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P 14.8-23 The input to the circuit shown in Figure P 14.8-23 eg 
is the voltage of the voltage source v;(f), and the output is the 40 kQ i 


voltage v,(t). Determine the step response of the circuit. 


Figure P 14.8-28 


P 14.8-29 The input to the circuit shown in Figure P 14.8-29 
is the voltage v,(7), and the output is the voltage v(t). Determine 
the impulse response of this circuit. 


Answer: h(t) =6(f) + (322.66 1°: — 330323e7 320.00% ua) V 


Figure P 14.8-23 


P 14.8-24 @ The transfer function of a circuit is H(s)= 
12 


s2+8s+16 
P 14.8-25 @ The transfer function of a circuit is H(s)= 
80s 
gs? + 85 +25 
P 14.8-26 The input to the circuit shown in Figure P 14.8-26 
is the current i(t), and the output is the current i,(f). Determine 


Determine the step response of this circuit. 


. Determine the step response of this circuit. 


the impulse response of this circuit. Figure P 14.8-29 
50 mH Section 14.9 Convolution 
; P 14.9-1 The input to the circuit shown in Figure P 14.9-1a is 
| g(t) the voltage v;(t) shown in Figure P 14.9-1b. Plot the output v(t) 
i(t) 450Q 1uF of the circuit. 
6H i® 


Figure P 14.8-26 


P 14.8-27 The input to the circuit shown in Figure P 14.8-27 
is the voltage v,(1), and the output is the voltage v(t). Determine 
the impulse response of this circuit. 


Answer: h(t) = 10323 (e7 10:00 — e~ 320.0001) uA) y 


10 
25 mH 
40 kQ 


e v(t) 


Figure P 14.8-27 5 


P 14.8-28 The input to the circuit shown in Figure P 14.8-28 
is the voltage v,(t), and the output is the voltage v,(f). Determine Figure P 14.9-1 
the impulse response of this circuit. 

P 14.9-2 Theinputto thecircuit shown in Figure P 14.9-2ais the 
Answer: h(t) = (10323 e7 779° _ 322 6e 19) u(r) V voltage v;(t) shown in Figure P 14.9-2b. (Perhaps v;(t) represents 


the binary sequence 1101 which, in turn, might represent the 
decimal number 13.) Plot the output v,(¢) of the circuit. 


25Q 7 


v(t) 0.02F V(t) 


(a) 


Figure P 14.9-2 


Section 14.10 Stability 


P 14.10-1 The input to the circuit shown in Figure P 14.10-1 
is the voltage v(t) of the independent voltage source. The 
output is the voltage v,(¢) across the resistor labeled R. The step 
response of this circuit is 


vo(t) = (3/4) (1 — e7 u(t) V 


(a) Determine the value of the inductance L and the value of 
the resistance R. 

(b) Determine the impulse response of this circuit. 

(c) Determine the steady-state response of the circuit when the 
input is v;(t) = 5 cos 100 ¢ V. 


5 Q L 


v0 È) R 


Figure P 14.10-1 


P 14.10-2 The input to the circuit shown in Figure P 14.10-2 
is the voltage v,(t) of the independent voltage source. The 
output is the voltage, v,(f), across the capacitor. The step 
response of this circuit is 


vid È) 


Figure P 14.10-2 


+ 
Valt) — up(t) = k valt) Ç 


Problems 735 


volt) = [5 — 5e” (1 + 2t)]u(t) V 
Determine the steady-state response of this circuit when the 
input is 
vi(t) = 5 cos (2t + 45°) V 
Answer: vo(t) = 12.5 cos (2t — 45°) V 
P 14.10-3 The input to a linear circuit is the voltage v(t) and 
the response is the voltage v,(t). The impulse response h(t) of 
this circuit is 
h(t) = 30te“u(t)V 


Determine the steady-state response of this circuit when the 
input is 
vi(t) = 10 cos (3t) V 


Answer: Vo(t) = 8.82 cos (3t — 62°) V 


P 14.10-4 The input to a circuit is the voltage v,. The output is 
the voltage vo. The step response of the circuit is 


vo(t) = (40 + 1.03e7* — 416") u(t) 
Determine the network function 


_ Vo(@) 
V;(@) 


of the circuit and sketch the asymptotic magnitude Bode plot. 


P 14.10-5 © The input to a circuit is the voltage v,. The 
output is the voltage vo. The step response of the circuit is 


Vo(t) = 60(e~ — e™®")u(t) 


Determine the network function 


of the circuit and sketch the asymptotic magnitude Bode plot. 


P 14.10-6 The input to a circuit is the voltage v,. The output is 
the voltage vo. The step response of the circuit is 


volt) = (4+ 32e-°") u(t) 


Determine the network function 


of the circuit and sketch the asymptotic magnitude Bode plot. 


V(t) 
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P 14.10-7 © The input to a circuit is the voltage v,. The 
output is the voltage vo. The step response of the circuit is 


Vo(t) = 3 (e — 6 ")u(t) V 
Determine the steady-state response of the circuit when the 
input is 
vs(t) = 12 cos (30t) V 
P 14.10-8 The input to a circuit is the voltage v,. The output is 
the voltage vo. The impluse response of the circuit is 
vo(t) = e~ "(10 — 50t)u(t) V 
Determine the steady-state response of the circuit when the 
input is 
vs(t) = 12 cos (10t) V 
P 14.10-9 The input to a circuit is the voltage v,. The output is 
the voltage və. The step response of the circuit is 
vo(t) = (1 — e™™ (cos (41) + 0.5 sin (41)))u(t)V 
Determine the steady-state response of the circuit when the 
input is 
vs(t) = 12 cos (4t) V 
P 14.10-10 The transfer function of a circuit is if H(s) = 


20 ; E AE : i 
eas When the input to this circuit is sinusoidal, the output is 


also sinusoidal. Let œ; be the frequency at which the output 
sinusoid is twice as large as the input sinusoid, and let œw2 be the 
frequency at which output sinusoid is delayed by one 
tenth period with respect to the input sinusoid. Determine 
the values of œ; and %2. 


P 14.10-11 The input to a linear circuit is the voltage v;. The 
output is the voltage vo. The transfer function of the circuit is 
= Vo(s) 

Vi(s) 
The poles and zeros of H(s) are shown on the pole-zero 


diagram in Figure P 14.10-11. (There are no zeros.) The dc 
gain of the circuit is 


H(s) 


H(0) =5 


Jim{s] 


Re[s] 


Figure P 14.10-11 


Determine the step response of the circuit. 


P 14.10-12 The input to a linear circuit is the voltage vi. 
The output is the voltage vo. The transfer function of the 
circuit is 

Vo(s) 

Vi(s) 

The poles and zeros of H(s) are shown on the pole-zero 


diagram in Figure P 14.10-12. At œ = 5 rad/s, the gain of the 
circuit is 


H(s) = 


H(5) = 10 


jim{s] 


x +3 


Rejs] 


Figure P 14.10-12 


Determine the step response of the circuit. 

P 14.10-13 The input to a linear circuit is the voltage v;. The 
output is the voltage vo. The transfer function of the circuit is 
Vo(s) 

Vi(s) 

The poles and zeros of H(s) are shown on the pole-zero 


diagram in Figure P 14.10-13. (There is a double pole at 
s = —4.) The dc gain of the circuit is 


H(0) =5 


H(s) = 


jim{s] 


+2 


Rejs] 


Figure P 14.10-13 


Determine the step response of the circuit. 
P 14.10-14 The input to a circuit is the voltage vj. The step 
response of the circuit is 


Vo = 5e 'sin(2t)u(t) V 
Sketch the pole-zero diagram for this circuit. 


P 14.10-15 The input to a circuit is the voltage vj. The step 
response of the circuit is 


Vo = Ste“'u(t) V 


Sketch the pole-zero diagram for this circuit. 


P 14.10-16 The input to the circuit shown in Figure P 
14.10-16 is the voltage v; of the voltage source. The output 
is the voltage v, across resistor R3. The transfer function of this 
circuit is 

120s 


a 
(s) = 379454 208 


(a) Determine values of circuit parameters A, R, Ro, R3, L, and 
C that cause the circuit to have the specified transfer 
function. 

(b) Determine the step response of this circuit. 

(c) Determine the steady-state response of the circuit to the 
input v;(t)=3.2 cos(10t + 30°) V. 


Figure P 14.10-16 


Section 14.11 Partial Fraction Expansion Using 
MATLAB 


P 14.11-1 Find the inverse Laplace transform of 


_ 11.65? + 91.835 + 186.525 
s? + 10.953? + 35.525s + 29.25 


V(s) 


P 14.11-2 Find the inverse Laplace transform of 


853 + 139s* + 774s + 1471 


V = 
(8) = F108 + 77s 4 2965 + 464 


P 14.11-3 Find the inverse Laplace transform of 


s +6s+11 


z s$ +6s+1l 
s? + 125? + 485 + 64 


V(s) mn a3 


P 14.11-4 Find the inverse Laplace transform of 


—60 
Vo= 
(s) = ay 54085 


P 14.11-5 Find the inverse Laplace transform of 


—30 
V9) = 3435 


P 14.11-6 The input to the circuit shown in Figure P 14.11-6 
is the voltage v,(‘), and the output is the voltage v(t). 
Determine the output when the input is 


vi(t) = Scos(40001r) u(t) mV 
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30 kQ 


Figure P 14.11-6 


Section 14.12 How Can We Check ... ? 


P 14.12-1 Computer analysis of the circuit of Figure P 14.12-1 
indicates that 


velt) = 643.327" + 2.7e7! V 


and 
iL (t) = 2 + 0.96e7>!" + 0.04e715 A 


Figure P 14.12-1 


after the switch opens at time t = 0. Verify that this analysis is 
correct by checking that (a) KVL is satisfied for the mesh 
consisting of the voltage source, inductor, and 12-0. resistor 
and (b) KCL is satisfied at node b. 


Hint: Use the given expressions for i, (t) and vc(f) to determine 
expressions for v(t), ic(t), Vai (f), ir2(f), and ip3(f). 


P 14.12-2 Analysis of the circuit of Figure P 14.12-2 when 
vc(0) = —12 V indicates that 
i (f) = 18e°7 A and in(t) = 20e°7" A 


after t = 0. Verify that this analysis is correct by representing 
this circuit, including 7,(f) and i,(f), in the frequency domain, 
using Laplace transforms. Use /;(s) and /5(s) to calculate the 
element voltages and verify that these voltages satisfy KVL for 
both meshes. 


32 


D 4i (t) 


Figure P 14.12-2 
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P 14.12-3 Figure P 14.12-3 shows a circuit represented in 
(a) the time domain and (b) the frequency domain, using 
Laplace transforms. An incorrect analysis of this circuit 


20 s+2 8 
Answer: Vc(s) = i (3 os z) H 7 


indicates that 


_ s+2 
~ st +s+5 


—20(s + 2) 


I, (s) (24s 45) 


and Ve(s) = 


in the analysis. (b) Correct the error. 


from A(s). 


t=0 


4Q 


(a) 
Figure P 14.12-3 


PSpice Problems 


SP 14-1 The input to the circuit shown in Figure SP 14-1 is 
the voltage of the voltage source v;(t). The output is the voltage 
across the capacitor v(t). The input is the pulse signal specified 
graphically by the plot. Use PSpice to plot the output vo(f) as a 
function of t. 


Hint: Represent the voltage source using the PSpice part 
named VPULSE. 


vilV) 
x 2 KQ 
7 
vilt) 1 uF == Yolt) 
es = 
| | | 
4 20 24 t(ms) 


Figure SP 14-1 


SP 14-2 The circuit shown in Figure SP 14-2 is at steady state 
before the switch closes at time t = 0. The input to the circuit is 
the voltage of the voltage source, 12 V. The output of this 
circuit is the voltage across the capacitor v(t). Use PSpice to 
plot the output v(f) as a function of t. Use the plot to obtain an 
analytic representation of v(t), for t > 0. 


(a) Use the initial and final value theorems to identify the error 


Hint: Apparently, the error occurred as Vc(s) was calculated 


(b) 


Hint: We expect v(t) = A+ Be for t > 0, where A, B, and 
T are constants to be determined. 


30 KQ 


Figure SP 14-2 


SP 14-3 The circuit shown in Figure SP 14-3 is at steady state 
before the switch closes at time t = 0. The input to the circuit is 
the current of the current source, 4 mA. The output of this 
circuit is the current in the inductor, i(t). Use PSpice to plot the 
output i(f) as a function of t. Use the plot to obtain an analytic 
representation of i(t) for t > 0. 


Hint: We expect i(t) = A + B e~" for t > 0, where A, B, and t 
are constants to be determined. 


t=0 
4mA 1kQ 


Figure SP 14-3 


SP 14-4 The input to the circuit shown in Figure SP 14-4 is 
the voltage of the voltage source v;(t). The output is the voltage 
across the capacitor v,(f). The input is the pulse signal specified 
graphically by the plot. Use PSpice to plot the output v,(f) as a 
function of t for each of the following cases: 
(a) C = 1F, L=0.25H, Rj = R = 1.3090, 
(b) C=1F,L=1H, R =30,R=10 
(c) C= 0.125F, L=0.5H, Ri = 10, Ryo =40 

Plot the output for these three cases on the same axis. 


Hint: Represent the voltage source, using the PSpice part 
named VPULSE. 


v(V) 
5 
0 
5 10 15 1(s) 
D Rı 
$ 
vid È) C = volt) 


Figure SP 14-4 


Design Problems 


DP 14-1 Design the circuit in Figure DP 14-1 to have a step 
response equal to 


vo = Ste “u(t) V 
Hint: Determine the transfer function of the circuit in Figure DP 
14-1 in terms of k, R, C, and L. Then determine the Laplace 
transform of the step response of the circuit in Figure DP 14-1. 
Next, determine the Laplace transform of the given step 
response. Finally, determine values of k, R, C, and L that cause 
the two step responses to be equal. 


Answer: Pick L= 1H, thenk = 0.625 V/V, R = 8 Q, and 
C = 0.0625 F. (This answer is not unique.) 
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SP 14-5 The input to the circuit shown in Figure SP 14-5 is 
the voltage of the voltage source v;(t). The output is the voltage 
v(t) across resistor R2. The input is the pulse signal specified 
graphically by the plot. Use PSpice to plot the output v,(¢) as a 
function of t for each of the following cases: 


(a) C=1F, L=0.25H, Rj = R = 1.3090, 
(b) C=1F, L=1H, R =30,R =10 
(©) C=0.125F, L=0.5H, R = 10, Ryo = 40 
Plot the output for these three cases on the same axis. 


Hint: Represent the voltage source, using the PSpice part 
named VPULSE. 


vi(V) 


LH L 


15 t(s) 


5 10 


Rı L 
i: 
v(t) Volt) 


Figure SP 14-5 


Figure DP 14-1 


DP 14-2 Design the circuit in Figure DP 14-1 to have a step 


response equal to 


vo = 5e“ sin(2t)u(t) V 
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Hint: Determine the transfer function of the circuit in Figure DP 
14-1 in terms of k, R, C, and L. Then determine the Laplace 
transform of the step response of the circuit in Figure DP 14-1. 
Next, determine the Laplace transform of the given step 
response. Finally, determine values of k, R, C, and L that cause 
the two step responses to be equal. 


Answer: Pick L = 1H, then k = 1.25 V/V, R = 8 Q, and C = 
0.05 F. (This answer is not unique.) 


DP 14-3 Design the circuit in Figure DP 14-1 to have a step 
response equal to 


vo = 5(e™™ —e“)u(t) V 


Hint: Determine the transfer function of the circuit in Figure DP 
14-1 in terms of k, R, C, and L. Then determine the Laplace 
transform of the step response of the circuit in Figure DP 14-1. 
Next, determine the Laplace transform of the given step 
response. Finally, determine values of k, R, C, and L that cause 
the two step responses to be equal. 


Answer: Pick L= 1H, then k = 1.667 V/V, R = 6 Q, and 
C = 0.125 F. (This answer is not unique.) 


DP 14-4 Show that the circuit in Figure DP 14-1 cannot be 
designed to have a step response equal to 


vo = 5(e™ + e )u(t) V 
Hint: Determine the transfer function of the circuit in Figure 
DP 14-1 in terms of k, R, C, and L. Then determine the Laplace 
transform of the step response of the circuit in Figure DP 14-1. 
Next, determine the Laplace transform of the given step response. 
Notice that these two functions have different forms and so cannot 
be made equal by any choice of values of k, R, C, and L. 


DP 14-5 The input to the circuit shown in Figure DP 14-5 is the 
current i(t), and the output is the current i,(t). Determine the values 
of R, L, and C that cause the impulse response of this circuit to be 


io(t) = (kı go ky e8000) u(t) A 


where kı and kz are unspecified constants. 
Answer: Onesolutionis L= 125mH, R= 12500, and C=0.5 uF. 


| iolt) 


i(t) R C 


Figure DP 14-5 


DP 14-6 The input to each of the circuits shown in Figure DP 
14-6 is the voltage v;(f)\, and the output is the voltage v(t). 
Choose one of the circuits shown in Figure DP 14-6 and design it 
to have the step response 


Answer: One solution is to choose Circuit b with L = 1 H, 
R =125 Q, C = 2 mF, and k = 4 A/A. 


(b) (c) 
Figure DP 14-6 


DP 14-7 The input to each of the circuits shown in Figure DP 
14-6 is the voltage v;(f)\, and the output is the voltage v,(?). 
Choose one of the circuits shown in Figure DP 14-6 and design it 
to have the step response 


volt) = 5 (e!™ —e ™)u(t) V 


DP 14-8 The input to each of the circuits shown in Figure DP 
14-6 is the voltage v,(f), and the output is the voltage v(t). 
Choose one of the circuits shown in Figure DP 14-6 and design it 
to have the step response 


volt) = (1-7 — 20te u(t) V 


DP 14-9 The input to each of the circuits shown in Figure DP 
14-6 is the voltage v,(4), and the output is the voltage v(t). 
Choose one of the circuits shown in Figure DP 14-6 and design it 
to have the step response 


vo(t) =e! sin (40t)u(t) V 


Answer: One solution is to choose Circuit c with L = 1/2 H, 
R=4Q, C = 1 mF, and k = 4 A/A. 


DP 14-10 The input to each of the circuits shown in Figure DP 
14-6 is the voltage v,(4), and the output is the voltage v(t). 
Choose one of the circuits shown in Figure DP 14-6 and design it 
to have the step response 


volt) =e!” cos (40t)u(t) V 


Answer: None of the circuits in Figure DP 14-6 can produce the 
required step response. 
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15.1 Introduction 


This chapter introduces the Fourier series and the Fourier transform. The Fourier series represents a 
nonsinusoidal periodic waveform as a sum of sinusoidal waveforms. The Fourier series is useful to 
us in two ways: 


The Fourier series shows that a periodic waveform consists of sinusoidal components at different 
frequencies. That allows us to think about the way in which the waveform is distributed in frequency. 
For example, we can give meaning to such expressions as “the high-frequency part of a square wave.” 


We can use superposition to find the steady-state response of a circuit to an input represented by a 
Fourier series and, thus, determine the steady-state response of the circuit to the periodic waveform. 


We obtain the Fourier transform as a generalization of the Fourier series, taking the limit as the period of a 
periodic wave becomes infinite. The Fourier transform is useful to us in two ways: 


The Fourier transform represents an aperiodic waveform in the frequency domain. That allows us to 
think about the way in which the waveform is distributed in frequency. For example, we can give 
meaning to such expressions as “the high-frequency part of a pulse.” 


We can represent both the input to a circuit and the circuit itself in the frequency domain: the input 
represented by its Fourier transform and the circuit represented by its network function. The 
frequency-domain representation of circuit output is obtained as the product of the Fourier transform 
of the input and the network function of the circuit. 


15.2 The Fourier Series 


Baron Jean-Baptiste-Joseph Fourier proposed in 1807 that any periodic function could be expressed 
as an infinite sum of simple sinusoids. This surprising claim predicts that even discontinuous 
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periodic waveforms, such as square waves, can be represented using only sinusoids. In 1807, 
Fourier’s claim was controversial. Such famous mathematicians as Pierre Simon de Laplace and 
Joseph Louis Lagrange doubted the validity of Fourier’s representation of periodic functions. In 
1828, Johann Peter Gustav Lejeune Dirichlet presented a set of conditions sufficient to guarantee the 
convergence of Fourier’s series. Today, the Fourier series is a standard tool for scientists and 
engineers. 

Let’s consider periodic functions. The function f (t) is periodic if there exists a delay t such that 


F(t) =f- 1) (15.2-1) 


for every value of t. This value of t not unique. In particular, if t satisfies Eq. 15.2-1, then every 
integer multiple of t also satisfies Eq. 15.2-1. In other words, if t satisfies Eq 15.2-1 and k is any 


integer, then 
f(t) =f(t — kt) 


for every value of t. To uniquely define the period T of the periodic function f(t), we let T be the 
smallest positive value of t that satisfies Eq. 15.2-1. 
Next, we use the period T to define the fundamental frequency wo of the periodic function f (f), 


m=z (15.2-2) 


The fundamental frequency has units of rad/s. Integer multiples of the fundamental frequency are called 
harmonic frequencies. 


A periodic function f (t) can be represented by an infinite series of harmonically related sinusoids, 
called the (trigonometric) Fourier series, as follows: 


f(t) = ao + Xo An COS N Wot + ae bn sin n wot (15.2-3) 


n=l n=l 


where œọ is the fundamental frequency and the (real) coefficients, and ao, a, and b, are called the Fourier 
trigonometric coefficients. The Fourier trigonometric coefficients can be calculated using 


il T+to 
m=z f(t)dt = the average value of f(t) (15.2-4) 
to 
9) T+to 
an =F f(t) cosn@otdt n>0 (15.2-5) 
to 
p T+to 
Da = F f(t) sinnwotdt n>0 (15.2-6) 


to 


The conditions presented by Dirichlet are sufficient to guarantee the convergence of the trigono- 
metric Fourier series given in Eq. 15.2-3. The Dirichlet conditions require that the periodic function 
f(t) satisfies the following mathematical properties: 


1. f(t) is a single-valued function except at possibly a finite number of points. 


to+T 
2. f(t) is absolutely integrable, that is, | |f(t)|dt <0 for any to. 
to 
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3. f(t) has a finite number of discontinuities within the period T. 


4. f(t) has a finite number of maxima and minima within the period T. 


For our purposes, f(t) will represent a voltage or current waveform, and any voltage or current 
waveform that we can actually produce will certainly satisfy the Dirichlet conditions. We shall assume 
that the Dirichlet conditions previously listed are always satisfied for periodic voltage or current 
waveforms. 


A Fourier series is an accurate representation of a periodic signal and consists of the sum of 
sinusoids at the fundamental and harmonic frequencies. 


Given a periodic voltage or current waveform, we can obtain the Fourier representation of that 
voltage or current in four steps: 


Step 1 Determine the period T and the fundamental frequency ao. 
Step2 Represent the voltage or current waveform as a function of t over one complete period. 


Step 3 Use Eqs. 15.2-4, 5 and 6 to determine the Fourier trigonometric coefficients do, an, 
and b,. 


Step 4 Substitute the coefficients ap, a,, and b, obtained in Step 3 into Eq. 15.2-3. 


The following example illustrates this four-step procedure. 


EXAMPLE 15.2-1 Fourier Series of a Full-wave 
Rectified Cosine 


Figure 15.2-1 shows a full-wave rectifier having a cosine input. The output of a full-wave input is the absolute value 
of its input, shown in Figure 15.2-2. A full-wave rectifier is an electronic circuit often used as a component of such 
diverse products as power supplies and AM radio receivers. Determine the Fourier series of the periodic waveform 
shown in Figure 15.2-2. 


vi (t) = Scos20t V i vo (1) =| vi Øl 


FIGURE 15.2-1 The circuit considered in Example 15.2-1. 


Solution 
Step 1: From Figure 15.2-2, we see that the period of vo(f) is 


Im n T 


T= EE 5 
40 40 20 


The fundamental radian frequency is 


2 
@0 = =e 40 rad/s 
T 
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Uo (0), V 
5 
Las! 
_ z 3x oa 
40 40 40 40 


FIGURE 15.2-2 A full-wave rectified cosine. 


Step 2: Equations 15.2-4, 5, and 6 require integration over one full period of v,(4). We are free to choose the starting 
point of that period, fo, to make the integration as easy as possible. Often, we choose to integrate either from 0 to T 
or from —T/2 to T/2. In this example, the periodic waveform can be represented as 


T T 

20t hen — — < ¢t < — 

5cos(20r) when m So 
Vo(t) = T 3n 
—5 20t) when— < t < — 
cos (20r) when zg < ST 


Consider the calculation of ap, using Eq. 15.2.4. If we choose to integrate form 0 to T, we have 
1/20 


20 
5 cos (20t)dt + =| —5 cos (20t)dt 
T J/40 


20 7/20 20 7/40 
= — Vo(t)dt = — 
T Jo T Jo 


ao 


On the other hand, if we choose to integrate from —T/2 to T/2, we have 


20 7/40 20 7/40 
=— Vo(t)dt = — 


T J—n/40 T J—n/40 


ag 5 cos (20r)dt 


The second equation is simpler, so we choose to integrate from —T/2 to +T/2 for convenience. 


Step 3: Now we will use Eqs. 15.2-4, 5, and 6 to determine the Fourier trigonometric coefficients ao, a,,, and b,,. First, 


ao fu” 100/1 . i Sf 10 
ay = — 5 cos (20t)dt = ee & sin (20974 ae (sin G) sin ( =)) = 


T J—nj40 T 
Next, 
40 7/40 40 7/40 
an = — 5 cos (20¢) cos (n wot)dt = ay 5 cos (20t) cos (40nt)dt 
T J—rj40 T J—rj40 


Using a trigonometric identity, 


cos (20r) cos (40nt) = =( cos (20t + 40nt) + cos (20t + 40nt)) 


Nie NI= 


(cos ((1 + 2n)20t) + cos ((1 — 2n)20t)) 


The Fourier Series 745 


Then, 
ers (cos ((1 + 2n)20t) + cos ((1 — 2n)20r))dt 
—1/40 
_ 100 f sin ((1 + 2n)20A |" sin (1 — 2n)201)|"/” 
= (142n)20 | nao  (1—2n)20 |_pyao 
_ os (sin (a 2n) >) sin ( (1+ 2n)=) i sin (a 2n) 4 sin ( (1 — 2n) =) 
T (1 + 2n) (1 — 2n) 
_ 5 2(-1)" . 2(-1)"\ __ 20(-1)" 
aea (1 —2n)) = (1 — 4n?) 
Similarly, 
40 7/40 
a — 5 cos (201) sin (40 nt)dt 
T J—n/40 
= (sin ((2n + 1)20f) + sin ((2n — 1)20t))dt 
T J—n/40 
_ 100 f= cos ((1 + 2n)201)|"  — cos (1 — 2n)202)|"/" \ | F 
Wee E220] jay (1= 22)20999 Eee 
In summary, 
10 20(=1)" 
= = 2 15.257 
dp => Gn Aa) and b, (15.2-7) 


Step 4: Substitute the coefficients ao, a,, and b, given in Eq. 15.2-7 into Eq. 15.2-3: 


1O 20 (iy 
Vo(t) = — + (=) 


mn US 1 — 4n2 


cos (40 nt) (15.2-8) 


Equation 15.2-8 represents the rectified cosine by its Fourier series, but this equation is complicated enough to 
make us wonder what we have accomplished. How can we be sure that Eq. 15.2-8 actually represents a rectified 
cosine? Figure 15.2-3 shows aMATLAB script that plots the Fourier series given in Eq. 15.2-8. In particular, notice 
how the coefficients ao, an, and b, determined in step 3 are used in the MATLAB script. The plot produced by this 
MATLAB script is shown in Figure 15.2-4. The waveform in Figure 15.2-4 is indeed a rectified cosine having the 
correct amplitude, 5 volts, and correct period, 3, = 0.16 seconds. Thus, we see that Eq. 15.2-8 does indeed 
represent the rectified cosine. 
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fundamental frequency, rad/s 
final time 

time increment 

time, s 


= al*ones(size(t)); % initialize v(t) as vector 
for n=1:100 
= 20*((-1)*n)“(pi*(1-4*n*2)}; 
bn = QO; 
yv + an*cos(n*wO*t) + bn*sin(n*wO*t}; 


azasi N ese TOY LEN) 

grid 

xlabel('time, s') FIGURE 15.2-3 
ylabel('wf{t) ¥'j MATLAB script to 
title('Full-wave Rectified Casine') plot the rectified 
cosine. 


Full-Wave Rectified Cosine 


0 0.05 0.1 0.15 0.2 0.25 0.3 FIGURE 15.2-4 MATLAB plot of the full-wave 
time, s rectified cosine. 


The Fourier Series 


Next, we obtain an alternate representation of the trigonometric Fourier series. The Fourier series, 
given in Eq 15.2-3, can be written as: 
[e6] 
f(t) = ao + 5 (an cos n Mot + bn sin n wot) (15.2-9) 


n=1 
Using a trigonometric identity, the nth term of this series can be written as 
an COS N Wot + by sin n Wot = an cos n Wot + bn cos (n wot — 90°) (15.2-10) 


Using phasors, we can represent the right-hand side of Eq 15.2-10 in the frequency domain. Performing 
a rectangular-to-polar conversion, we obtain 


an fo + bn [90° = ay — jbn = Ch [On 


where 


G= yti and 6,= (15.2-11) 


ba a 
180° — tan—! (>) rit Op KO 


an 
and 
an ~ cn Cost, and b= c Sin), 


Back in the time domain, the corresponding sinusoid is 
Cn COS (n Wot + On) 


After defining co to be 
co = ap = average value of f (t) (15.2-12) 


The Fourier series is represented as 


f(t) =e cos (n wot + On) (15.2-13) 


n=1 


To distinguish between the two forms of the trigonometric Fourier series, we will refer to the series 
given in Eq. 15.2-3 as the sine-cosine Fourier series and to the series given in Eq. 15.2-13 as the 
amplitude-phase Fourier series. 

In general, it is easier to calculate a,, and b, than it is to calculate the coefficients c,, and 0,,. We will 
see in Section 15.3 that this is particularly true when f(t) is symmetric. On the other hand, the Fourier 
series involving c, is more convenient for calculating the steady-state response of a linear circuit to a 
periodic input. 


( EXAMPLE 15.2-2 Fourier Series of a Pulse Waveform 


Determine the Fourier series of the pulse waveform shown in Figure 15.2-5. 


Solution 
Step 1: From Figure 15.2-5, we see that the period of v,(f) is 


peT 
zo 
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v(t), V 


FIGURE 15.2-5 A pulse waveform. 
The fundamental frequency is 
2 
Oy = Za 20 rad/s 
i 
Step 2: Over the period from 0 to 7/10, the pulse waveform is given by 


5 when0<t< ae 
= 40 
Wea) = ee Lee 
— t — 
S eT 
Step 3: Next, we will determine the Fourier coefficients ao, a,, and b,. First, we will calculate ao as the average 
value of v(t): 


T 3T 
area under the curve for the one period 2 Ga) (=) 
a = - = = — 15) WY 
one period, T Wa 
10 
Next, 
20 7/40 1/10 20 1/40 
Oa = —— 5 cos (n wot)dt + =| Ocos (n wot)dt = — 5 cos (20nt)dt 
T Jo 7/40 T Jo 
20(5) f sin (20nt)|""\ 5 = 
= = sin |— 
T 20n lo nī 2 
Similarly, 
W A oe 20(5) [—cos(20nr)|""\ 5 
bn = — 5 sin (n wot)dt = 2y 5 sin (20nt)dt = (5) s = — (1 — cos 6) 
Tt Jo T Jo T 20n 0 nī 2 
In summary, 
Sn 5 nt 
POs ge sin (>) and by, = > (1 — cos 69) (15.2-14) 
nt 2 nt 2 
Step 4: Substitute the coefficients ao, a,, and b, given in Eq. 15.2-7 into Eq. 15.2-3: 
5m. : 
as D (sin (=) cos (20nt) + (1 = cos 6) sin (20n1)) (15.2-15) 


Figure 15.2-6 shows a MATLAB script that plots the Fourier series given in Eq. 15.2-15. In particular, notice how 
the coefficients ao, an, and b, given in Eq. 15.2-14 are used in the MATLAB script. The plot produced by this 
MATLAB script is shown in Figure 15.2-7. The waveform in Figure 15.2-7 is indeed a pulse waveform having the 


correct amplitude, 5 volts, and correct period, = =~ 0.32 seconds. 
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fundamental frequency, rad/s 
tf=2.5"T: Final time 
dt=tf-200; time increment 

time, S 


= al*ones(size([t)}: % initialize v(t) as vector 
for n=1:500 
an (S/n-“pij*sin(n*pi-2); 
bn (S“n/pij*({l-cos(n*pi-2)): 
en absf(an - j*bn); 
thetan = anglefan - j*bnj; 
v + cn*cos(n*wO*t + thetan): 


azis([0 tf 0 6]) 


grid 
xlabel{'time, s'} FIGURE 15.2-6 
ylabel('v(t) V') MATLAB script to 
title ('Pulse Waveform' ) plot the pulse 
waveform. 
Pulse Waveform 
0 OG 02 O8 O4f“ OF OB 07 FIGURE 15.2-7 MATLAB plot of the full-wave 


time, s rectified cosine. 
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EXERCISE 15.2-1 Suppose f,(t) and f(t) are periodic functions having the same period, T. Then 
fit) and f2(t) can be represented by the Fourier series 


co 


filt) = aio + 5 (ain cos (noot) + bin sin (nœot)) 
n=1 
and 
falt) = ax + X` (an cos (noot) + ban sin (noot)) 
n=1 


Determine the Fourier series of the function 
F) = kifilt) + kafa(t) 


Answer: f(t) = (kiaio + k2a20) + SS ((kidin + kzn) cos (noot) 
n=l + (kiDin + kaban) sin (nœot)) 


EXERCISE 15.2-2 Determine the Fourier series when f@ = K, a constant. 


Answer: dy = K anda, = bn = O forn > 1 


EXERCISE 15.2-3 Determine the Fourier series when f(t) = A cos aot. 


Answer: dg = 0, a; = A, a, = O for n > 1, and b, = 0 


153 Symmetry of the Function f(t) 


Four types of symmetry can be readily recognized and then used to simplify the task of calculating 
the Fourier coefficients. They are the following: 

1. Even-function symmetry. 

2. Odd-function symmetry. 

3. Half-wave symmetry. 

4. Quarter-wave symmetry. 


A function is even when f(t) = f(—t), and a function is odd when f(t) = —f (—t). The function 
shown in Figure 15.2-2 is an even function. For even functions, all b, = 0 and 


4 T/2 
An = i7 f(t) cos noot dt 
0 
For odd functions, all a, = 0 and 
4 T/2 
by = T f(t) sin noot dt 
0 


An example of an odd function is sin œọt. Another odd function is shown in Figure 15.3-1. 
Half-wave symmetry for a function f (f) is obtained when 


f(t) = (1-3) (15.3-1) 


In these half-wave symmetric waveforms, the second half of each period looks like the first half turned 
upside down. The function shown in Figure 15.3-2 has half-wave symmetry. If a function has half-wave 
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FIGURE 15.3-1 An odd function with 
quarter-wave symmetry. 


symmetry, then both a,, and b,„ are zero for even values of n. We see that ag = 0 for half-wave symmetry 
because the average value of the function over one period is zero. 

Quarter-wave symmetry describes a function that has half-wave symmetry and, in addition, has 
symmetry about the midpoint of the positive and negative half-cycles. An example of an odd function 
with quarter-wave symmetry is shown in Figure 15.3-1. If a function is odd and has quarter-wave 
symmetry, then ag = 0, a, = 0 for all n, b, = O for even n. For odd n, b„ is given by 

8 T/4 
br== f(t) sin not dt 
T Jo 
If a function is even and has quarter-wave symmetry, then aọ = 0, b, = 0 for all n, and a, = 0 for 
even n. For odd n, a, is given by 
g [T4 
a, => f(t) cos noot dt 
T Jo 

The calculation of the Fourier coefficients and the associated effects of symmetry of the 
waveform f(t) are summarized in Table 15.3-1. Often, the calculation of the Fourier series can be 
simplified by judicious selection of the origin (t = 0) because the analyst usually has the choice to select 
this point arbitrarily. 


Table 15.3-1 Fourier Series and Symmetry 


SYMMETRY FOURIER COEFFICIENTS 
1. Odd function an = 0 for alln 
t) =—f(-t 4 pte 
Fle) f9) Dyp f(t) sin nœot dt 
T Jo 
2. Even function b, = 0 for all n 
f(t) =f(-t) 4 pri? 
a= f(t) cos noot dt 
T Jo 
3. Half-wave symmetry ay =0 
T - 
BOP) ee nas an = 0 for evenn 
#0) =-1(1-3) 
b, = 0 for evenn 
4 [T2 
an = T f(t) cos not dt for odd n 
0 
4 ft? 
by = T f(t) sin noot dt for odd n 
0 
4. Quarter-wave symmetry. (Half-wave A. Odd function: day = 0, an = O for all n 
symmetry and symmetry about the b, = 0 for even n 
midpoints of the positive and negative g pris 
half cycles) by = T f(t) sin noot dt for odd n 
0 
B. Even function: ay = 0, b, = O for all n 
an = O for evenn 
g [7/4 
q= f(t) cos noot dt for odd n 


T Jo 
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( ExAMPLE 15.3-1 Symmetry and the Fourier Series ) 


Determine the Fourier series for the triangular waveform v(t) shown v(t), V 
in Figure 15.3-2. 


Solution 


Step 1: From Figure 15.3-2, we see that the period of v,(f) is 
T T 
tS AL (- 4 => S FIGURE 15.3-2 An odd function with 


half-wave symmetry. 


The fundamental frequency is 
2 
wo = = 4 rad/s 
i 


Step 2: If we don’t take advantage of the symmetry of the triangle waveform, determining the Fourier coefficients 
do, Gn, and b,, will require integration over a full period—either from 0 to T or from —T /2 to T/2. Accordingly, we 
can represent v(f) from time —7/2 to T, that is, from —72/8 to 2/2 seconds. By writing equations for the various 
straight-line segments that comprise the triangle waveform, we can represent v(f) as 


32 3n 

as ae hen — =" 7 

m we geg 

32 T T 

—t when —~<t<— 

= T 8 8 
ny) T 3T 
——t +8 hen — < t < — 
= + WEL oE S75 

32 3 Sr 


If we take advantage of symmetry, we will need to integrate only from 0 to T /2, that is, from 0 to 7/8 seconds. If we 
need to represent v(t) only from 0 to 2/8 seconds, we don’t have to write equations for so many straight-line 
segments. In this case, we need to write the equation only for one straight line to represent v(t) as 
ee 
a: Swe ts: 
Step 3: Next, we will determine the Fourier coefficients ao, a,, and b,,. First, the average value of the triangle 
waveform is 0 volt 
do = the average value of v(t) = 0 
The triangle waveform has odd symmetry. From entry | of Table 15.3-1, a, = 0 for all n and 
4 8 


T/2 n/4 
i i v(t) sin noot dt = =f v(t) sin 4nt dt 
T Jo T Jo 


1/8 n/4 
= 8 | (2: sin 4nt ar+ f (-214 s) sn 
T 0 T 1/8 T 


Noticing that the triangle waveform has quarter-wave symmetry provides a simpler equation for determining bpn. 
Using entry 4A of Table 15.3-1, we see that b, = 0 for even n. For odd n, 


Se eh: R 512 | sin 4nt — 4nt cos a 
= F v(t) sin n@ot dt = =f Panne : sin 4n nt cos 4n 
T Jo a Sy T 16n? 5 


3P R T Tt Tt 
nl (sin (n =) O-—n 5 cos (n =) | 0) 
ID 


l= TA sin (n J for odd n 


Because cos (n =| = 0 for odd n, we obtain 
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In summary, 
3) T 
ay = 0, an = Oforalln, and = < 72n2 es (n 4 for odd n 
0 for evenn 
Step 4: The Fourier series is 
32 SS il. me 
v(t) = a Ps 2 sin ( =) sin (4nt) (15.3-2) 


Notice the notation used in Eq. 15.3-2 to indicate that the summation includes only terms corresponding to the odd 
values of n. 

Figure 15.3-3 shows a MATLAB script that plots the Fourier series given in Eq. 15.3-2. The plot produced by 
this MATLAB script is shown in Figure 15.2-3. The waveform in Figure 15.2-4 is indeed a triangle having the 


fundamental frequency, rad/s 
tf=1.5*T; final time 
dt=tf7500; time increment 

time, 5 


= al*ones(size(t}); 2 initialize v(t) as vector 
for n=1:2:200 
ma 
(32/n/n-pl/“pl |*sin({n*pi-2i); 
w + bn*sin(n*wO*t); 


allene (ies SA) 

ais) (( [10 wie =a S 

grid 

xlabel({'time, s'j 

ylabel('v(t}) V'j 

title('Triangle Waveform' ) FIGURE 15.3-3 
MATLAB m-file. 
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Triangle Waveform 


0 0.5 1 1.5 2 
time, s FIGURE 15.3-4 MATLAB output. 


T 
correct amplitude, 8 volts peak-to-peak, and correct period, J = 1.6 seconds. Thus, we see that Eq. 15.3-2 does 
indeed represent the triangle waveform. 


EXERCISE 15.3-1 Determine the Fourier series for the waveform f(t) shown in Figure 


E 15.3-1. Each increment of time on the horizontal axis is 7/8 s, and the maximum and minimum 
are +1 and —1, respectively. 


fO 


FIGURE E 15.3-1 The period T = : s. 
41. 

Answer: f(t) = — X —sinna@pt and nodd, wp = 4 rad/s 
nln 


n=1 


EXERCISE 15.3-2 Determine the Fourier series for the waveform f(t) shown in Figure 


E 15.3-2. Each increment of time on the horizontal grid is 7/6 s, and the maximum and minimum 
values of f(t) are 2 and —2, respectively. 


<< SO A 


FIGURE E 15.3-2 The period T = zs. 


=A 
Answer: f(t) = —> )_-~ sin (nz/3) sinn@ot and nodd, mo = 2 rad/s 
nn 


Fourier Series of Selected Waveforms 


EXERCISE 15.3-3 For the periodic signal f(t) shown in Figure E 15.3-3, determine whether 
the Fourier series contains (a) sine and cosine terms and (b) even harmonics and (c) calculate the 
dc value. 


FIGURE E 15.3-3 


Answers: (a) Yes, both sine and cosine terms; (b) no even harmonics; (c) do = 0 


15.4 Fourier Series of Selected Waveforms 


Table 15.4-1 provides the trigonometric Fourier series for several frequently encountered waveforms. 
Each of the waveforms in Table 15.4-1 is represented using two parameters: A is the amplitude of the 
waveform, and T is the period of the waveform. 

Figure 15.4-1 shows a voltage waveform that is similar to, but not exactly the same as, a 
waveform in Table 15.4-1. To obtain a Fourier series for the voltage waveform, we select the Fourier 
series of the similar waveform from Table 15.4-1 and then do four things: 


1. Set the value of A equal to the amplitude of the voltage waveform. 


2. Add a constant to the Fourier series of the voltage waveform to adjust its average value. 


Table 15.4-1 The Fourier Series of Selected Waveforms 


FUNCTION TRIGONOMETRIC FOURIER SERIES 
2m 
f(t) Square wave : wy = T 
A A 2A sin ((2n — 1)oot) 

t fO =t 2n- 1 

0T T 
2 
f(t) Pulse wave: wo = a 
(5) 
sin 
Ad 2A T 
fÀ == + cos (noot) 
t T T n=1 n 
4A d T 
2 2 


(continued) 
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Table 15.4-1 (Continued) 


FUNCTION TRIGONOMETRIC FOURIER SERIES 


2 
fa Half-wave rectified sine wave: @ = z 


A A 2A © 
f(t) =z +5 sin wot =» 


n=1 


cos (2n wot) 
4n? — 1 


=] 
NIN 
la 
w 
5 


2 
f(t) = lAsinotl Full-wave rectified sine wave: @ọ = F 


f(t) 2A = cos (n wot) 


nm oT 4n? — 1 
n=l 


2 
fo) Sawtooth wave: wo = a 


A A sin (n wot) 
t0 =3 >D A 


. 2n 
fw Triangle wave: œo = T 
A 4A cos ((2n — 1)oot) 


t i 2 m? n=l (2n zg 1) 


3. Set the value of T equal to the period of the voltage waveform. 


4. Replace tby t — to when the voltage waveform is delayed by time f, with respect to the waveform 
in Table 15.4-1. After some algebra, the delay can be represented as a phase shift in the Fourier 
series of the voltage waveform. 


Try it 
yourself ( EXAMPLE 15.4-1 ) 


in WileyPLUS 


Determine the Fourier series of the voltage waveform shown in Figure 15.4-1. 


FIGURE 15.4-1 A voltage waveform. 


Solution 
The voltage waveform is similar to the square wave in Table 15.4-1. The Fourier series of the square is 


ro =4 | 2p a 
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Step 1: The amplitude of the voltage waveform is 3 — (—2) = 5 V. After setting A = 5, the Fourier series becomes 


Dy sin ((2n — 1)q@of) 

= 2n—1 
Step 2: The average value of the Fourier series is 2.5, the value of the constant term. The average value of the 
voltage waveform is (3 + (—2))/2 = 0.5 V. We change the constant term of the Fourier series from 2.5 to 0.5 to 
adjust its average value. This is equivalent to subtracting 2 from the Fourier series, corresponding to shifting the 
waveform downward by 2 V: 


iy sin ((2n — 1)@ot) 
= 2n—1 
Step 3: The period of the voltage waveform is T = 6 — (—2) = 8 ms. The corresponding fundamental frequency is 


2n 
Ea, 0 
Wo = 0.008 50 z rad/s 


After setting œo = 250 r rad/s, the Fourier series becomes 


10 GQ sin ((2n — 1)250 at) 
ae 


= 2n— 1 


Step 4: The square wave in Table 15.4-1 has a rising edge at time 0. The corresponding rising edge of the voltage 
waveform occurs at —2 ms. The voltage waveform is advanced by 2 ms or, equivalently, delayed by —2 ms. 
Consequently, we replace t by t — (—0.002) = ¢ + 0.002 in the Fourier series. We notice that 


in ((2n — 1)250 n(r + 0.002) = sin ((2n — 1) (250 nt + a = sin ((2n — 1)(250 zt + 90°)) 


After replacing t by t + 0.002, the Fourier series becomes 


< sin ((2n — 1)(250 xt + 90°)) 
Os = =a 


15.5 Exponential Form of the Fourier Series 


Using Euler’s identity, we can derive the exponential form of the Fourier series from the trigono- 
metric Fourier series. Recall from Eq. 15.2-13 that the amplitude-phase form of the Fourier series is 
given by 


f(t) = co + 5 Cn COS (noot + On) (15.5-1) 


n=1 


Euler’s identity is 


e!” = cos0+jsin0 (15,5-2) 
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A consequence of Euler’s identity is 
1 : f 
cos 0 = 5 (e? + e) (15.5-3) 


Using Euler’s identity, the nth term of the Fourier series is written as 


=% (estrone Le ee (15.5-4) 


ed(n@ot+On) Æ e7d(ncagt+On) 
2 ) 


Cn COS (N@ot + 0n) = al 


Using Eq. 15.5-4 in Eq. 15.5-1 gives 


Sej Ys (e j(noot+0,) kai e Saja = co + 5 (z ah am a 5 (> gii je —jnogt 


n=1 n=l 


(15.5-5) 
Define 
Co=0 C= Ze, and Ca= 2e” (15.5-6) 
Then f(t) can be expressed as 
= Co + XO Cre! + NO Cpe Hoo (15.5-7) 


Introducing the notation 
Co = Coe” 0 = Co 


we can write Eq. 15.5-7 as 


aS Ceot (15.5-8) 


n=—00 


Equation 15.5-8 represents f (f) as an exponential Fourier series. The complex coefficients C, of the 
exponential Fourier series can be calculated directly from f(f) using 


1 to+T ; 
C, = zJ HOA (15.5-9) 
to 
Referring to Eq. 15.5-6, we notice that C_,, is the complex conjugate of C,,, that is, C, = C* „. Using 
Eqs. 15.5-6 and 15.2-11, we see that the coefficients of the exponential Fourier series are obtained from 
the coefficients of the sine-cosine Fourier series, using 
JOn _j —JOn ; 
Cne an — jbn Cre" An + jbh (15.5-10) 


C= a on and C_,= >z = 3 


Equivalently, the coefficients of the sine-cosine Fourier series are obtained from the coefficients of the 
exponential Fourier series, using 


an =C,+C_, and b, =j(C,—C_,) (15.5-11) 


The coefficients of the exponential Fourier series of selected waveforms are given in Table 15.5-1. 
Recall that b, = 0 when f(f) is an even function. Consequently, C_, = C, when f(f) is an even 
function. Similarly, C_, = —C, when f(f) is an odd function. 
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Table 15.5-1 Complex Fourier Coefficients for Selected Waveform 
NAME OF WAVEFORM 
WAVEFORM AND EQUATION SYMMETRY Cr 
i Square wave Even _ , sinnn/2 nodd 
l & Eara an2 
f(t) = ; 4 4 = 0, n = Oandneven 
7 —A A eS ae 
> 4 4 
eu i B _ „Ô sin (nnò/T) 
2 4 ectangular Lig se : ven T (nna/T) 
SA, == $ 
M4 = SPSS 
6 06 
2 2 
1) 2 
Triangular wave Even =A aur) n#0 
3. (nn/2) 
T F T =0,n=0 
2 2 
| | 
T | 
| a | 
-A 
4 Sawtooth wave Odd = Aj(—1)"/nz, n #0 
j -T T 
fQ =2AT = <t< =0,n=0 
é Half-wave rectified sinusoid None = 1/n(1 — n?), neven 
. i << < . 
F(t = sin@t, O<t<T/2 ae ae 
-T/2<t<0 =0, otherwise 


0, 


0 T 
2 


Full-wave rectified sinusoid 
F(t) = |sin wot 


NIN 


Even 


= 2/n(1 — n?), neven 


= 0, otherwise 
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( ExAMPLE 15.5-1 Exponential Fourier Series ) 


Determine the exponential Fourier series for the function v(t) shown in Figure 15.5-1. 


% period 
4 average value 


fundamental frequency, rad/s 
initial time 

tf=1.5*T; final time 

dt=tf-5Sod; time increment 

=I pele tE: time, S 


= cO*ones(size(tijj: % initialize v(t) as vector 
for n=1:2:200 
= (2*A“pl/n)*sin{n*pi/2); 
y + Cn*exp(j*n*wO*t) + Cn'*exp(-j*n*wl*t); 


ULE (ie ey 

azis([tO tf -({A+1}) At+1)) 

grid 

leise "wima S| FIGURE 15.5-2 
ylabel('v(t) ¥') MATLAB m-file 


title('Square Wave'} ae i Example 
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Solution 
The average value of v(f) is zero, so Cp = 0. Then, using Eq. 15.5-9, with to = —T/2, we obtain 


1 T/2 i í —T/4 , 1 T/4 S 1 T/2 , 
C, =7/ oe ou = zJ -aehd z | atodi | ATE 
IRET Pers joa IE JTA 


ae A o. aa as a ea 
= jnaoT -T/2 —T/4 T/4 
A by: = 
=- F a =o jnn/2 +e jnn elm) 
jno 


0 for even n 
pes (4 sin 5 2 sin (nn)) 2A 
= — — J] — = TE 
2nn 2 — sin (n =) for odd n 
nt 2 
Notice that f(#) is an even function, so we expect C_,, = C,,. In particular, we calculate 
Asi 2 2A i Asin (32/2 —2A 
a sin 7/ as Cee Ea ad C= sin (37/2) _ 
n/2 T T 


32/2 3a 
Figure 15.5-2 shows a MATLAB script that plots v(t) using its the exponential Fourier series. The plot produced by 
this MATLAB script is shown in Figure 15.5-3. The waveform in Figure 15.5-3 is indeed a square having the 
correct amplitude and correct periods. 


Cj =GQ 


Square Wave 


v(t) V 


15 
FIGURE 15.5-3 MATLAB output. 


MATLAB has a built-in function called FFT (Fast Fourier Transform) that can be used to 
calculate the coefficients of the exponential Fourier series. Figure 15.5-4 shows a MATLAB function 
called EFS (for Exponential Fourier Series) that uses FFT to calculate the coefficients of the exponential 
Fourier series of a periodic function. (EFS follows closely the discussion of Fourier series in Chapter 22 
of Hanselman and Littlefield, 2005.) Notice that EFS does not include a description of the periodic 
function. Instead, EFS calls a MATLAB function named my_periodic_function. We describe our 
periodic function f(t) in the MATLAB function my_periodic_function. As a result, EFS can be used, 
unchanged, to find the Fourier series coefficients of a variety of periodic functions when we make 
appropriate changes to my_periodic_function. 

The word function is being used in two different ways. First, we have the mathematical function, 
for instance, f (f) as a function of t. Second, we have the MATLAB function, a type of computer 
program. Although different, these two types of function can be related. In the present case, the 
MATLAB function my_periodic_function implements the mathematical function f(t) by providing the 
value of f corresponding to any particular value of t. 

The following examples show how to use the MATLAB function EFS to find the exponential 
Fourier series of periodic functions. 
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funetion [CO, Cn] = EFS(N, T) 

4EFS Exponential Fourier Series 
returns the coefficients of the exponential Fourier 
Series af a periofic function described in the 
MATLAB function named my_periodic_funetion.m 


N the number of harmonic frequencies 
T the period of the periodic function 


CO=average value 
Cn(1jsCl, Cn(2)=Ce, 


t=linspace (0,T,n+1); 
tiendj=[]; 


Cn=fFt (Ff); 

Cn=[eonj (Cn(N+1)) CnfN+2:end) Cnf{1:N+1)]; 
Cn=Cn/n; 

CO=Cn (N+1); 

Cn=[Cn(N+2:end)]; 


FIGURE 15.5-4 MATLAB function to calculate the coefficients of the exponential Fourier series. 


ExAMPLE 15.5-2 Exponential Fourier Series 
Using MATLAB 


Determine the exponential Fourier series for the function f (f) shown in Figure 15.5-1, using MATLAB. 


Solution 

We need to write the MATLAB function, my_periodic_function, shown in Figure 15.5-5. The inputs to this 
function are f, a list of times distributed evenly over one period, and T, the period. Let t(k) denote the kth time in the 
list ¢ and let f(k) denote the value of the periodic function at time 7(k). The output of my_periodic_function is a list f 
of the k values f(k). The for-loop in Figure 15.5-5 indexes through the k times, t(k), and the if-block determines the 
value of f(k) corresponding to each f(k). 
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funetion ff = my_periodic_funetion(t. T) 
% squarewave with amplitude A and period T 


A=6; 

for k=l:length[(t} 
if (t{k}<T/4 | tk)>d*T+4) f(k)=A; 
elseif (tf{kj>T“4 & t{k)}<3"T/4) fik]=-Ā; 
else ff{kij= 0; 
end 


FIGURE 15.5-5 my_periodic_function for Example 15.5-2. 


fundamental frequency, rad/s 
initial time 
=1.5*T; Final time 
dt=tf7512; time increment 
SSI Relate ae time, S 


N=256; “Number of harmonic frequencies 
etree) = ERS (NT): 


= CO*ones(size(t)); 4% initialize v(t) as vector 
for n=1:N 
w + Cn(n)*exp(j*newO*t) + Cn(n)'*exp(-j*n*wl*t): 


Elewe w 

mansi (ell) s te Tei} )) 
grid 

xlabel{'time, s') 
glend eee ei 
title{'5quare Wawe') 


FIGURE 15.5-6 MATLAB script to plot f (t), using the coefficients of the exponential Fourier series. 
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The values of f(t) at times T/4 and 37/4 aren’t obvious because f(t) is discontinuous at these times. In 
general, when f (f) is discontinuous at time t, we will take f(z) to be the average of the limits of f (f) as t approaches t 
from above and from below. In the present case, 

pee TO) aa Tag 
(a) = 5 7 =0 when EET 
Then, from Figure 15.5-1, 


A whent < T/4ort >3T/4 
f(t) = 4 -A whent > 7T/4andt < 37/4 
0 otherwise 
This equation is implemented by the MATLAB function, my_periodic_function, shown in Figure 15.5-5. 
Figure 15.5-6 shows a MATLAB script that plots f (t), using the coefficients of the exponential Fourier series. 


Placing EFS.m, my_periodic_function.m, and testEFS.m in the MATLAB working directory and running 
testEFS.m produces the same plot obtained in Example 15.5-1 and shown in Figure 15.5-3. 


ExAmMPLE 15.5-3 Exponential Fourier Series 
Using MATLAB 


Determine the exponential Fourier series for the half-wave rectified sine shown in Figure 15.5-7, using MATLAB. 


fO 


~ 


FIGURE 15.5-7 The periodic function for Example 15.5-3. 


Solution 
We need to do only a couple of things: rewrite the MATLAB function my_periodic_function shown in Figure 15.5-8, 
change the value of the period T in testEFS.m, and then run testEFS.m to get the plot shown in Figure 15.5-9. 


funetion £ = my periodic_function(t, T) 
zZ half-wave rectified sine with amplitude A 
“4 and period T 


for k=l:length(t) 
if (t{k}<T/2) f(k)=A*sin (wet (k)): 
else ff{kj=0; 
end 


FIGURE 15.5-8 my_periodic_function 
for Example 15.5-3. 


The Fourier Spectrum 


Half-Wave Rectified Sine 


v(t) V 


time, s 


FIGURE 15.5-9 MATLAB output for Example 15.5-3. 


EXERCISE 15.5-1 Find the exponential Fourier coefficients for the function shown in Figure 
E 15.5-1. 


FIGURE E 15.5-1 


2 
Answer: C, = 0 for even n and C, = — for oddn 
jnn 


EXERCISE 15.5-2 Determine the complex Fourier coefficients for the waveform shown in 
Figure E 15.5-2. 


FIGURE E 15.5-2 


15.6 The Fourier Spectrum 


If we plot the complex Fourier coefficients C, as a function of angular frequency œ = nao, we obtain a 
Fourier spectrum. Because C,, may be complex, we have 


Cn = [Cn] /On (15.6-1) 


and we plot |C,,| and [On as the amplitude spectrum and the phase spectrum, respectively. The 
Fourier spectrum exists only at the fundamental and harmonic frequencies and, therefore, is called a 
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discrete or line spectrum. The amplitude spectrum appears on a graph as a series of equally spaced 
vertical lines with heights proportional to the amplitudes of the respective frequency components. 
Similarly, the phase spectrum appears as a series of equally spaced lines with heights proportional to 
the value of the phase at the appropriate frequency. The word spectrum was introduced into physics 
by Isaac Newton (1664) to describe the analysis of light by a prism into its different color 
components or frequency components. 


The Fourier spectrum is a graphical display of the amplitude and phase of the complex 
Fourier coefficients at the fundamental and harmonic frequencies. 


( ExamPLE 15.6-1 Fourier Spectrum ) 


Determine the Fourier spectrum for the pulse waveform v(t) shown in Figure 15.6-1. 


v(t) 


FIGURE 15.6-1 A pulse waveform. 


Solution 
The Fourier coefficients are 

1 T/2 ; 

C= zJ v(tje dt (15.6-2) 

TJ-rp 

For n Æ 0, we have 
d/2 
C, = =f edt = —A eee ed etal) 
T J_a/2 JnooT 
2A . (nad Aô . /nœd/2 Ad sinx 
= sin = sin = 
noT 2 T nagd /2 LT x 


where x = (n@od/2) and n Æ 0. When n = 0, we have 


One may show that ( sin x)/x = 1 for x = 0 by using L’Hopital’s rule. In summary, 


_ Ad sin (nood/2) 


for all 15.6-3 
m ad ae Uze 


(C 
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The coefficients C, correspond to the discrete frequencies nwọ where œwọ is the fundamental frequency, determined 
from the period T of the periodic function. The amplitude spectrum appears on a graph as a series of equally spaced 
vertical lines corresponding to the equally spaced frequencies nwo. The height of each line represents the amplitude 


ce Ad sin (nwod/2) 
"TT neood/2 


The amplitude spectrum, a plot |C,,| versus œ = nao, is shown in Figure 15.6-2a for n up to £15. Also, 
|( sin x) /x| is shown in Figure 15.6-2a in color. Notice that (sin x)/x is zero whenever x is an integer multiple of 
t, that is, 


The phase spectrum, a plot of 0, = ae versus œ = nwọ, is shown in Figure 15.6-2b. The phase spectrum appears 
on a graph as a series of equally spaced vertical lines corresponding to the nao. The height of each line represents 
the angle 0,,. In general, the C,, coefficients have complex values, but we see in Eq. 15.6-3 that, in this case, the C, 
coefficients have real values. Consequently 0,, = 0 when C, is positive and 0„ = 2 radians = 180° when C, is 
negative. 


@=N @o 


alo 
a 
\ 
a |S 
3 
\ 
ajy 
a 
l 
SR 
a 
aJe 
a 
ajo 
a 


6, (rad) 


@=N 0 


N 
P 
a 
on) 
a 


Ar 
d 


on 4r -27 0 
d d 


“| 
| 


(b) 
FIGURE 15.6-2 The (a) amplitude and (b) phase Fourier spectra of the waveform. 
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4% period 


P 
Z Number af harmonic frequencies 


t=linspace (0,T,n+1); 
tiendj=[]; 


Cn=fFt (Ff): 
Cn=[canj (Cn (N+1)) Cn (N+2:end) Cn(1l:N+1)]; 
Cn=Cn-n; 


stem(-N:N,abs (Cn) } 

Elabel({'n') 

ylabel('|Cn|'} 

title ('Magnitude Spectrum of a Pulse Train'} 
axis tight 


FIGURE 15.6-3 MATLAB program to the Fourier spectrum. 


Figure 15.6-3 shows a MATLAB program using FFT to plot the Fourier spectrum of a periodic 
function (Hanselman and Littlefield, 2005). 


( ExAmMPLE 15.6-2 Using MATLAB to Plot the Fourier Spectrum 


Use MATLAB to plot the amplitude spectrum for the pulse waveform v(t) in Figure 15.6-1 when A = 8 V, T= 20 
seconds, and d = T/10. 


Solution 
We can use the MATLAB program shown in Figure 15.6-3 to plot the spectrum after doing the following three things: 


1. Specify the values of T and N in the second and third lines. T is the period in seconds and N determines 
the number of harmonic frequencies used when plotting the spectrum. The n in nwọ varies from —N to N. 
The values given in Figure 15.6-3 do not need to be changed. 
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NES SF = ive eneee een (ie. Il) 
d=T/10; 

A=6; 

for k=l:length(t) 


aie (ig eek || Tele ial) EEA: 

elseif (t{kjod/-2 & t{k}<T-d-2) f{k}=0; 

else f{kj= år; 

end 

FIGURE 15.6-4 my_periodic_ 
function for Example 15.6-2. 


2. Provide a MATLAB function named my_periodic_function that describes the pulse train shown in Figure 
15.6-1. Figure 15.6-4 provides the required MATLAB function. The inputs to this function are ¢, a list of time 
distributed evenly over one period, and T, the period. Let t(k) denote the kth time in the list ¢ and let f(k) denote 
the value of the periodic function at time f(k). The output of my_periodic_function is a list fof the k values f(k). 
The for-loop indexes through the k times t(k), and the if-block determines the value of fk) corresponding to 
each t(k). (When f(t) is discontinuous at time t, we will take f(t) to be the average of the limits of f(t) as t 
approaches t from above and from below.) 


3. Make any desired changes to the plotting statements at the end of the program. The statement 
stem (—N:N,abs(Cn)) 


plots the amplitude spectrum. Change abs(Cn) to angle(Cn) to plot the angle spectrum. Also, the plot labels can 
be changed as desired. In this case, no changes are required. 


Figure 15.6-5 shows the amplitude spectrum plotted using MATLAB. 


Magnitude Spectrum of a Pulse Train 


FIGURE 15.6-5 MATLAB output for Example 15.6-2. 


15.7 Circuits and Fourier Series 


It is often desired to determine the response of a circuit excited by a periodic input signal v,(t). We can 
represent v(t) by a Fourier series and then find the response of the circuit to the fundamental and each 
harmonic. Assuming the circuit is linear and the principle of superposition holds, we can consider that 
the total response is the sum of the response to the dc term, the fundamental, and each harmonic. 
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Try it 
yourself ( EXAMPLE 15.7-1 Steady-State Response to a Periodic Input ) 
in WileyPLUS 


Find the steady-state response v,(f) of the RC circuit shown in Figure 15.7-1b. The input v(t) is the square wave 
shown in Figure 15.7-1a. 


vs(t) C=2F== vt) 


Bla 
A 
Ala 


(a) (b) 
FIGURE 15.7-1 The (a) square wave and (b) circuit considered in Example 15.7-1. 


Solution 
Using Table 15.4-1 and proceeding as in Example 15.4-1, we represent v(t) by the Fourier series 


oe oy le eee 


n=] 


In this example, we will represent this square wave by the first four terms of its Fourier series 


ee 2 2 
vs(t) = z eas 2t zy °S OPT es cos 10t 


We will find the steady-state response v,(f) using superposition. It is helpful to let v,,(f) denote the term of v,(f) 
corresponding to n. In this example, v(t) has four terms, corresponding to n = 0, 1, 3, and 5. Then, 


v(t) = V0 (f) + vsı(t) ap vs3 (t) + vss (t) 


2 
where vo) =v z cos 2t, 


2 2 
va S a= cos6t, and vss(t)= in cos 10tr 


Figure 15.7-2 illustrates the way superposition is used in this example. First, because the series connection of 
the voltage sources with voltages v,o(f), vsı(f), Vs3(f), and v,s5(t) is equivalent to a single voltage source having 
voltage v(t) = vsolf) + ¥51(2) + ¥53(0) + Ve5(0), the circuit shown in Figure 15.7-2b is equivalent to the circuit shown 
in Figure 15.7-2a. 

Next, the principle of superposition is invoked to break the problem up into four simpler problems, as 
shown in Figure 15.7-2c. Each circuit in Figure 15.7-2c is used to calculate the steady-state response to a 
single one of the voltage sources from Figure 15.7-2b. (When calculating the response to one voltage source, 
the other voltage sources are set to zero; that is, they are replaced by short circuits.) For example, the voltage 
Vo3(f) is the steady-state response to v,3(t) alone. Superposition tells us that the response to all four voltage 
sources working together is the sum of the responses to the four voltage sources working separately, that is, 


Vo(t) = Voo(t) + voi(t) + Vo3(t) + Vos(t) 


Circuits and Fourier Series 771 


R R 
+ + 
vs0(0) C ES teal) Vso Voo 
R 
ie R R 
v(t) € Uo(t) 
= + $ 
Vg} (2) G Post Vz ae Vor 
(a) 
R R R 
+ + 
Us0(t) E) U53(0) C == vN Vs3 ane Vog 
vs (0) @ a 
C Volt) R R 
v63(0) j 
3 i . 
il 
Us5(t) E vsale) C Postt Vss j509C Vos 
(b) (c) (d) 


FIGURE 15.7-2 (a) An RC circuit excited by a periodic voltage v(t). (b) An equivalent circuit. Each voltage source is a term of the 
Fourier series of v(t). (c) Using superposition. Each input is a sinusoid. (d) Using phasors to find steady-state responses to the 
sinusoids. 


The advantage of breaking the problem up into four simpler problems is that the input to each of the four 
circuits in Figure 15.7-2c is a sinusoid. The problem of finding the steady-state response to a periodic input has been 
reduced to the simpler problem of finding the steady-state response to a sinusoidal input. The steady-state response 
of a linear circuit to a sinusoidal input can be found using phasors. In Figure 15.7-2d, the four circuits from Figure 
15.7-2c have been redrawn using phasors and impedances. The impedance of the capacitor is 

1 


eT jna@oC 


forn = OBAS 


Each of the four circuits corresponds to a different value of n, so the impedance of the capacitor is different in each 
of the circuits. (The frequency of the input sinusoid is nao, so each of the circuits corresponds to a different 
frequency.) Notice that when n = 0, Z. = oo and, therefore, the capacitor acts like an open circuit. The four circuits 
shown in Figure 15.7-2d are very similar. In each case, voltage division can be used to write 


= 1/(jnaoC) 
R + 1/(jnaC) 


where V,,, is the phasor corresponding to v,,(f) and Von is the phasor corresponding to v,,(t). So, 


Va Vin forn= 0,1,3,5 


Von EEDA for o= 0135 
1 + jna@oCR 
In this example, pCR = 4, so 
Vs 
Vo. =——— forn=0,1,3,5 
1 + jan 
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Next, the steady-state response can be written as 


Von(t) = [Von| cos (not + TN) 


vV È 
= Na cos (noot + Va — tan l 4n) 


v1 + 16n? 


In this example, 
[Vso] = 
Meal = 
[Vin = 0 for n= 0,1,5 and [Ven = 180° forn = 3 


forn = l.3,5 


enim 


1 
Therefore, vo (t) = 5 


2 


Vonl f) = — == 
(1) nnv1 + 16n? 


Doing the arithmetic yields 


cos (n2t + /Vsn — tan™' 4n) forn = 1,3,5 


1 
V0 (t) = 7 
voi (t) = 0.154 cos (2t — 76°) 
Vo3(t) = 0.018 cos (6t + 95°) 
Vos (t) = 0.006 cos (10t — 87°) 


Finally, the steady-state response of the original circuit v,(f) is found by adding up the partial responses, 


1 
Vo(t) St 0.154 cos (2t — 76°) + 0.018 cos (6t + 95°) + 0.006 cos (10t — 87°) 


It is important to notice that superposition justifies adding the functions of time voo(t), Voi (1), Vo3(1), and Vos(f) to get 
v(t). The phasors Voo, Vo1, Vo3, and Vos each correspond to a different frequency. A sum of these phasors has no 


meaning. 


EXERCISE 15.7-1 Find the response of the circuit of Figure 15.7-2 when R = 10kQ, 
C = 0.4 mF, and v, is the triangular wave considered in Example 15.3-1 (Figure 15.3-3). Include 


all terms that exceed 2 percent of the fundamental term. 


Answer: vo(t) ~ 0.20 sin (4t — 86°) — 0.008 sin (12t — 89°) V 


15.8 Using PSpice to Determine the Fourier Series 


The circuit simulation program PSpice (Perry, 1998) provides built-in procedures that make it easy to 
find the Fourier series of any periodic voltage or current in a simulated circuit. To find a Fourier series 


using PSpice, we will need to do five things: 
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Step 1 Represent the circuit and its input in the PSpice workspace. 


Step2 Specify a time domain simulation having a duration that is long enough to include one 
full period after all transients have died out. 


Step 3 Request that the Fourier series coefficients be calculated and printed in the PSpice 
output file. 


Step 4 Simulate the circuit. 
Step 5 Interpret the PSpice output. 


The following example illustrates this procedure. 


( ExamPLE 15.8-1 Fourier Series Using PSpice 


Consider the circuit shown in Figure 15.8-1a. The input to this circuit is the voltage of the voltage source v;(t). The 
output of the circuit is the voltage v,(¢) across the 10-KQ resistor. The input v;(t) is the periodic voltage shown in 
Figure 15.8-1b. The output v,(¢) will also be a periodic voltage. Use PSpice to represent both v;(t) and v(t) by 
Fourier series. 


R, = 26.67 kQ 


R; = 13.33 kQ 


FIGURE 15.8-1 (a) A circuit and (b) a periodic 
(b) input voltage. 


Solution 
Step 1: Represent the circuit and its input in the PSpice workspace. 

PSpice refers to circuit elements as parts. Open a new project in PSpice. Place the parts in the PSpice 
workspace, adjust the resistance and capacitance values, and wire the parts together (Svoboda, 2007). The resulting 
PSpice circuit is shown in Figure 15.8-2. The voltage source in Figure 15.8-1a corresponds to a PSpice part called 
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FIGURE 15.8-2 The circuit as described in the PSpice workspace. 


VPULSE. Figure 15.8-3 shows the symbol for this part together with the voltage waveform that it produces. A 
VPULSE part is specified by providing values for the parameters v1, v2, td, tr, tf, pw, and per. The meaning of each 
parameter is seen by examining Figure 15.8-3b. The pulse waveform will simulate the triangle wave when pw is 
specified to make the time that voltage remains equal to v2 negligibly small, and per is specified to make the time 


that voltage remains equal to v1 negligibly small. An appropriate set of parameter values to simulate the input 
voltage v;(f) is 


vl =2V, v2 = —6V, td =2 ms, tr = 8 ms, tf = 8 ms, pw = I ns, and per = 16 ms. 


(PSpice requires pw > 0 so we cannot use pw = 0. Instead, a value much smaller than both tr and tf is used.) 


v2 
| | 
| | 
V1 = v2 | | 
Va = | | 
1 
T= j | | rl 
IRE | | | | 
Uz | | | | 
z SS 
PERS © td tr pw tf 
per ——_ 
(a) (b) 


FIGURE 15.8-3 The (a) symbol and (b) voltage waveform of a VPULSE part. 
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Simulation Settings - fourier 


FIGURE 15.8-4 The Simulation Settings dialog box. 


Step 2: Specify a time domain simulation having a duration that is long enough to include one full period after all 
transients have died out. 

Select PSpice/New Simulation Profile from the PSpice menus to pop up the New Simulation dialog box. 
Specify a simulation name and then select Create to pop up the Simulation Settings dialog box as shown in Figure 
15.8-4. Select Time Domain(Transient) as the analysis type. Specify the Run To Time as 64 ms to run the 
simulation for four full periods of the input waveform. 

Step 3: Request that the Fourier series coefficients be calculated and printed in the PSpice output file. 

Click the Output File Options button to pop up the Transient Output File Options dialog box shown in Figure 
15.8-5. Select the Perform Fourier Analysis box. PSpice represents the trigonometric Fourier series using the sine 
rather than the cosine, that is, 


N 
v(t) = co + X cn sin (noot + On) (15.8-1) 


n=1 


Transient Output File Options 


— 
= 


— 
[625 
p 
Mutou) Vivt:e] 


FIGURE 15.8-5 Requesting calculation of the Fourier series coefficients. 
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Z | z E | Fer 


DC COMPONENT = -—2.000199E+00 
HARHONIC FREQUENCY FOURIER NORMALIZED PHASE NORMALIZED 
NO (HZ) 


COMPONENT COMPONENT (DEG) PHASE (DEG) 


2S0E+01 242E+00 1. 000E+00 4.SO00E+01 . 000E+00 
250E+02 3.968E-04 1.224E-04 —1.772E+02 -672E+02 
87SE+02 602E-01 111E-01 —4.SOOE+01 . 800E+02 
. S00E+02 996E-04 .232E-04 9.549E+01 -4S1E+01 
125E+02 297E-01 .999E-02 —1.350E+02 . 600E+02 
-7S0E+02 . 038E-04 . 245E-04 8.141E+00 .619E+02 
375E+02 613E-02 .040E-02 1.350E+02 . 800E+02 
OOOE+02 106E-04 . 267E-04 —7 .917E+01 . 392E+02 


OnNOnkONr 
NAWN 


TOTAL HARMONIC DISTORTION = 1.198281E+01 PERCENT 


FIGURE 15.8-6 The coefficients of the Fourier series of v;(f). 


Enter the fundamental frequency fọ = wo/27, using units of Hertz, in the Center Frequency text box and N in the 
Number of Harmonics text box. Enter the PSpice names for voltages or currents that are to be represented by their 
Fourier series in the Output Variables text box. Click OK to close the Transient Output File Options dialog box and then 
click OK to close the Simulation Settings dialog box and return to the PSpice workspace. 


Step 4: Simulate the circuit. 
Select PSpice/Run from the PSpice menus to run the simulation. 


Step 5: Interpret the PSpice output. 

After a successful Time Domain(Transient) simulation, Probe, the graphical post-processor for PSpice, will 
open automatically in a Schematics window. Select View/Output File from the Schematics menus. Scroll through 
the output file to find the Fourier coefficients of the input voltage shown in Figure 15.8-6. (PSpice changed the 
name of the input voltage. We used the name V(V1:+) in the Output Variables text box in the Transient Output File 
Options dialog box in Figure 15.8-5. Nonetheless, PSpice used the name V(NO00230) in Figure 15.8-6.) The table in 
Figure 15.8-6 has six columns and eight rows. The eight rows correspond to the eight coefficients c1, C2, C3, . . . Cg. 
(There are eight rows because N = 8 was the number entered in the Number of Harmonics text box in the Transient 
Output File Options dialog box in Figure 15.8-5.) The first column labels the rows with the subscripts, n, of these 
coefficients. The second column lists the frequencies, nwọ, using units of Hertz. The third column lists the 
coefficients cj, C2, c3,...Cg. The fourth column lists the normalized coefficients cı/cı = 1, co/c1, 
c3/C1,-...¢g/c1. The fifth column lists the phase angles 0), 02, 03,...0. The sixth column lists the normalized 
coefficients 0; — 0; = 0, 0 — 01, 03 — 01, ... 0g — 04. 

We expect the even coefficients, C2, C4, C6, . . . Cg, to be zero. They are much smaller than the odd 
coefficients, so we will interpret them to be zero. The coefficient co is the dc component of the Fourier series and is 
written above the table in Figure 15.8-5. Finally, PSpice represents the Fourier series, using sine instead of cosine, 
so the coefficients in Figure 15.8-6 indicate that v;(f) is represented by the Fourier series 


vi(t) = —2.000199 + 3.242 sin (393t + 45°) + 0.3602 sin (1178¢ — 45°) + 0.1297 sin (1963t — 135°) 
+ 0.06613 sin (2749t + 135°) +... 
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nes SCHEMATIC 1-fourier - PSpice A/D Demo - [fourier.out.1] 


FOURIER COMPONENTS OF TRANSIENT RESPONSE V(OUTPUT) 


DC COMPONENT = 4.001551E+00 
HARMONIC FREQUENCY FOURIER NORMALIZED PHASE NORMALIZED 
N 


o (HZ) COMPONENT COMPONENT (DEG) PHASE (DEG) 


2S0E+01 
2S0E+02 
87SE+02 
. S00E+02 
125E+02 
-7S0E+02 
37SE+02 
OOOE+02 


444E+00 . 000E+00 784E+02 0.000E+00 
. 259E-02 -833E-03 754E+01 —2.693E+02 
112E-01 . 753E-02 S94E+01 —4.693E+02 i 
. 739E-03 . 066E-03 . 220E+02 —8.3S7E+02 

794E-02 .079E-02 179E+01 -9 .139E+02 
.015E-03 .029E-03 .?77E+01 —9.828E+02 
.040E-02 .590E-03 370E+02 —1.386E+03 
212E-03 .229E-04 81SE+01 —1.409E+03 


OID O RON 
OeWWNFF Oo 
ONWSenre 


TOTAL HARMONIC DISTORTION = 4.9094S7E+00 PERCENT 


FIGURE 15.8-7 The coefficients of the Fourier series of v,(f). 


We can represent the series, using cosine, by subtracting 90° from each phase angle. Then, 


vi(t) = —2.000199 + 3.242 cos (393t — 45°) + 0.3602 cos (1178t — 135°) 


15.8-2 
+ 0.1297 cos (1963 — 225°) + 0.06613 cos (27491 + 45°) +... ( ) 


Scroll through the output file to find the Fourier coefficients of the output voltage shown in Figure 15.8-7. Figure 
15.8-7 indicates that the Fourier series of vo(f) is 


vo(t) = 4.001551 + 4.444 cos (393¢ + 88.4°) + 0.2112 cos (1178t — 24.06°) 


+ 0.04794 cos (1963t — 118.8°) + 0.02040 cos (2749t — 227°) +... UE) 


15.9 The Fourier Transform 


The Fourier transform is closely related to the Fourier series and the Laplace transform. Recall that a 
periodic waveform f(t) possesses a Fourier series. As we increase the period T, the fundamental 
frequency wo becomes smaller because 


_ 2a 


(60) 
=y 


The difference between two consecutive harmonic frequencies is Aœ = (n + 1)@p — no = Wo = 27/T. 
Therefore, as T approaches infinity, Aœ approaches dœ, an infinitesimal frequency increment. 
Furthermore, the number of frequencies in any given frequency interval increases as Aœ decreases. 
Thus, in the limit, nwo approaches the continuous variable w. 


15. Fourier Series and Fourier Transform 


Consider the exponential Fourier series 


hie > oe (15.9-1) 
1 T/2 : 
and =a f (the dt (15.9-2) 
—T/2 


Multiplying Eq. 15.9-2 by T and letting T approach infinity, we have 
C,T = J Fe dt (15.9-3) 


Let C„T equal a new frequency function F(jœ) so that 
es . 
F(j@) = i fer dt (15.9-4) 


where F(ja) is the Fourier transform of f (t). The inverse process is found from Eq. 15.9-1, where we let 
C,T = F( jæ) so that 


o0 


: > PEEN | : - 00 
= jnaot ~ __ r jnoot 
f(t) = lim 2, Cal e ~ lim > Paje 9 S 


T—00 T 
n=—00 


because 1/T = wo/2n. As T — co, the sum becomes an integral, and the increment Aw = wp becomes 
dw. Then, we have 


f(t) =f F(ja)e!" do (15.9-5) 


~ On we 


Equation 15.9-5 is called the inverse Fourier transform. This pair of equations (Eqs. 15.9-4 and 15.9-5), 
called the Fourier transform pair, permits us to complete the Fourier transformation to the frequency 
domain and the inverse process to the time domain. 

A given function of time f(t) has a Fourier transform if 


f to dt < oo 


and if the number of discontinuities in f (¢) is finite. From a practical point of view, all pulses of finite 
duration in which we are interested have Fourier transforms. 
The Fourier transform pair is summarized in Table 15.9-1. 


Table 15.9-1 The Fourier Transform Pair 


EQUATION NAME PROCESS 


Transform Time domain to frequency domain 
Conversion of f(t) into F(j@) 


Fee f ” AA ee at 


Inverse transform Frequency domain to time domain 
Conversion of F(jw) into f(t) 


f= xf F(ja)e dw 
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( EXAMPLE 15.9-1 Fourier Transform of a Pulse | 


Derive the Fourier transform of the aperiodic pulse shown in Figure 15.9-1. 


A AA 


Ax 72x v 2x 4 w 
a 0 Am7 A A A G 
2 2 

FIGURE 15.9-1 An aperiodic pulse. 


FIGURE 15.9-2 The Fourier transform for the rectangular aperiodic pulse is shown as a 
function of œ. 


Solution 
Using the transform, we have 


A/2 A J22 
F(jo) = / Ae! dt = —-e!™ 
a IO ap (15.9-6) 
Be Be (Cul = ehh) ZAA sın (wA/2) 
-jw wA/2 


Thus, the Fourier transform is of the form (sin x)/x, where x = wA/2, as shown in Figure 15.9-2. Note 
that (sin x)/x = 0 when x = wA/2 = nz or œ = 2nm/A, as shown in Figure 15.9-2. We will denote (sin x) /x = 
Sa(x). 

Let us consider the shifted version of the rectangular pulse of Figure 15.9-1 where A = 1/A and the width of 
the pulse approaches zero, A—+0, whereas the area of the rectangle remains equal to 1. Then, we have the unit 
impulse 0(t — to) so that 


b 1 <to <b 
[a-oa] a (15.9-7) 
i 0 otherwise 


We obtain the Fourier transform for a unit impulse at fo as 
to + A . 
F(j@) = f o oe aa Te (15.9-8) 
to— 
When fo = 0, we have the special case, 
F(j@) = 1 (15.9-9) 


Thus, we note that F(j@) = 1. The Fourier Transform of a unit impulse located at the origin is constant and equal to 
1 for all frequencies. 


EXERCISE 15.9-1 Determine the Fourier transform of f(t) = e~“u(t), where u(¢) is the unit step 
function. 


1 
Answer: F(ja) = 


a+ jo 
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15.10 Fourier Transform Properties 


We can derive some properties of the Fourier transform by writing F(j@) in complex form as 
Fjo) = X(@) + jY¥(@) 
Alternatively, we have 
F(jo) = |F(o)|e” 
where 0 = tan '(Y, /X). Note that we use F(j@) = F(a) interchangeably. Furthermore, 
F(—@) = F (w) 
where F*(œ) is the complex conjugate of F(a). 
If we have the Fourier transform of f(t), we write 


F\ f(t)] = Fo) 


where the script Z implies the Fourier transform. Then the inverse transform is written as 
F [Flo] =f) 
Repeating the transformation equation, we have (Table 15.9-1) 
F(œ) =f f(e dt (15.10-1) 


Then, if F [afi()] = aFı(w) and F [bf] = bF:(w), we have 
Flafi + bf) = f lafı + bflem at 


= J af eo"dt + i bfe dt 


= aFı (œ) + bF>(@) 


This is known as the linearity property. 
We now use the definition of the Fourier transform, Eq. 15.10-1, in the following examples to find 
several other properties. 


ExAmMPLE 15.10-1 Fourier Transform Property 


Find the Fourier transform of a time-shifted function f(t — to). 


Solution 


Ffa- o= f fle etdi 
If we let x = t — tọ, we have E 
FU slew) =f FEH dx= Ro) 
where F(o) = F| f(t). a 


Selected properties of the Fourier transform are summarized in Table 15.10-1. We can use these properties to 
derive Fourier transform pairs. 
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Table 15.10-1 Selected Properties of the Fourier Transform 


NAME OF PROPERTY FUNCTION OF TIME FOURIER TRANSFORM 
1. Definition fÒ F(a) 
2. Multiplication by constant Aft) AF(@) 
3. Linearity af; + bfr aF \(@) + bFx(@) 
4. Time shift ft- to) eI! F(a) 
5. Time scaling flat),a>0 2 F(=) 
aaa 
6. Modulation eJ' f(t) F(@ — wo) 
7. Differentiation au Go Flw) 
{t 
8. Convolution JF ()f2(t — x)dx F\(@)F(@) 
9. Time multiplication tf (t) o” a 
W” 
10. Time reversal f(-t) F(-—a) 
11. Integration EJO dt ne) + nF(0)ô(%) 
jo 


With the aid of the properties of the Fourier transform and the original defining equation, we can 
derive useful transform pairs and develop a table of these relationships. We have already derived 
the first three entries in Table 15.10-2, and we will add several more by using the properties of 
Table 15.10-1 and/or the original definition of the transformation. 


( EXAMPLE 15.10-2 Fourier Transform ) 


Find the Fourier transform of f(t) = Ae~*!'!, which is shown in Figure 15.10-1. 
A 


Ae Ae! 


a FIGURE 15.10-1 Waveform of Example 15.10-2. 


Solution 
We will break the function into two symmetric waveforms and use the linearity property. Then, 


f(t) =f) + falt) = Ae“ u(t) + Ae“u(—t) 
We have, from entry 3 of Table 15.10-2, 


A 
F\(@) = - 
a+ Jo 
From property 10 of Table 15.10-1, we obtain 
F,(0) = Fi(-0) =—* 
OM) = —@) = 
i i a— jœ 
Using the linearity property, we have 
A A 2Aa 
BOL F F = l = 15.10-2 
C Eo) a+jo a-jo @+a ( ) 


This result is entry 4 in Table 15.10-2. Note that F(@) is an even function. 
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Table 15.10-2 Fourier Transform Pairs 


F(t) WAVEFORM flœ) 
1. Pulse P 
A A 
f(t) = Au( t+ Au| t 
2 2 OA 
AASa {| — 
(=) 
-A 0 A 
2 2 
2. Impulse 
O(t — to) òlr = to) 
eio 
to 
3. Decaying exponential 


e te 


0 a 
. Symmetric decaying exponential A 
Ae~“|t{ 
. Tone burst (gated cosine) 


Af | (t) cos wot 


6. Triangular pulse 
sin bt 
TA bt) =A 
Sa(bt) hi 
8. Constant de 
f= A —— 
(0) T 
9. 


Cosine wave 
A cos Wot A 
O a 
t 


a+jo 


2aA 
a + o? 


= [Sa(w — wo) + Sa(w + wo)] 


A 
[y lol <b 
0 |ol>b 


27A 0(@) 


TA[d( + w) + 6(w — wo)] 
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Table 15.10-2 (Continued) 


F(t) WAVEFORM flo) 


10. Signum 


Aae 


11. Step input 
Au(t) 


Note: Sa(x) = ( sin x)/x. 


EXAMPLE 15.10-3 Fourier Transform ) 


Find the Fourier transform of the gated cosine waveform f(t) = fi (f) cos wot, where f(t) is the rectangular pulse 
shown in Figure 15.9-1. 


Solution 
The Fourier transform of the rectangular pulse is entry | in Table 15.10-2 and is written as 


F\(@) = AA( sin x) /x 


where x = wA/2. The cosine function can be written as 


IE: & 
cos Wot = > (ee Le IA 


1 ; 1 ; 
Therefore, FO =e + fe 
Using the modulation property (entry 6) of Table 15.10-1, we obtain 
1 1 
F(a) =5Fi(@ wo) t zio t wo) 


Therefore, using F\(@) from Eq. 15.9-6, we have 
AA sin |(œ — @o)A/2!] AA sin [(@ + @o)A/2] 
F(@) = 
2  (w—a@o)A/2 2 (œ + @o)A/2 


or, using Sa(x) = (sin x)/x, we have 


Flo) =5 salo %0) = | sallo + o0) ;| 
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EXERCISE 15.10-1 Find the Fourier transform of fat) for a > 0 when F(w) = ¥[f(t)]. 


Answer: F |f(at)| = L r(2) 


a 


EXERCISE 15.10-2 Show that the Fourier transform of a constant de waveform f(@ =A for 
—o0 < t < œ is F(m) = 2nAô(w) by obtaining the inverse transform of F(@). 


15.11 


F(@) 


(0) 
FIGURE 15.11-1 


Spectrum of impulse 


fO = 6. 


FIGURE 15.11-2 


Spectrum of constant de 


signal of magnitude A. 


The symbol for an 


impulse is a vertical line 


with an arrowhead. 


The Spectrum of Signals 


The spectrum, also called the spectral density, of a signal f (t) is its Fourier transform F(@). We 
can plot F(a) as a function of œ to show the spectrum. For example, for a rectangular pulse 
signal of Figure 15.9-1, we found that 
F(a) = AASa(wA/2) 

which is plotted in Figure 15.9-2. The spectrum of the rectangular pulse is real. 

The Fourier transform of an impulse ô(f) is (entry 2 of Table 15.10-2) 

F(@) = 1 

Thus, the spectrum of an impulse contains all frequencies, and a plot of the spectrum of the 
impulse is shown in Figure 15.11-1. 

The Fourier transform of a constant dc signal of magnitude A is 

F(@) = 27A0(@) 

which has a spectrum as shown in Figure 15.11-2. The integral of the impulse 6(@) has value 
unity. The symbol for the impulse is a vertical line with an arrowhead. 


For completeness, let us examine a function that has a Fourier transform that is complex. 
When f(f) = Ae “u(t), 


A 
F(a) = 
a + jo 
To plot the spectrum, we calculate the magnitude and phase of F(œ) as 
A 
IF(@)| = —— zT 
(a2 + œ)! 
and lo) = —tan“!w/a 
The Fourier spectrum is shown in Figure 15.11-3. 
A A 
a a 


FIGURE 15.11-3 The Fourier spectrum for f(t) = Ae““u(t). 
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The Fourier spectrum of a signal is a graph of the magnitude and phase of the Fourier 
transform of the signal. 


EXERCISE 15.11-1 Calculate the Fourier transform and draw the Fourier spectrum for f(t) 
shown in Figure E 15.11-1, where f (f) = A cos of for all t. 


fo 


A 


FIGURE E 15.11-1 


Answer: F(@) = 2Ad(@ + wo) + 1Ad(@ — wo) 


15.12 Convolution and Circuit Response 


A circuit with an impulse response h(t) and an input f(t) has a response y(t) that may be Circuit 
determined from the convolution integral. For the circuit shown in Figure 15.12-1, the 
convolution integral is 


oo Fo) 
O= f MOF- ax 
TRS FIGURE 15.12-1 
If we use the Fourier transform of the convolution integral, we have A linear circuit. 


[y(t)] = f. iL. h(x)f(t — x) dxe dt 
= T. h(x) f fe-9 e” dt dx 


Let u = t — x to obtain 
FWO = | Me [payer duds 
= J h(x)evo ax f f(uje I du 


or Y(@) = H(@)F(@) (15.12-1) 
Thus, convolution in the time domain corresponds to multiplication in the frequency domain. When the 
input is an impulse, f(t) = ô(f), because F(w) = 1, we obtain the impulse response 

Y(w) = H(a@) 
When the input is a sinusoid, the Fourier transform of the output is the steady-state response to that 
sinusoidal driving function. 
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ExAMPLE 15.12-1 Circuit Analysis Using 


the Fourier Transform 


Find the response v,(¢) of the RL circuit shown in Figure 15.12-2 when v(t) = 4e uA. The initial condition is zero. 
dl {nl 


FIGURE 15.12-2 Circuit of Example 15.12-1. 


Solution 
Because v(t) = 4e ~u(t), we obtain V(@) as 
4 
V(@) = ———— 
ONS are 7 
The circuit is represented by H(œ), and, using the voltage divider principle, we have 
R 5 


H = = 
= jo See 


Then, we have 
20 
(5 + jm)(2 + ja) 


V.(@) = H(@)V(@) = 


Expand, using partial fractions, to obtain’ 
—20/3 20/3 
E E 
5 + jo 2+ jo 


Using the inverse transform for each term (entry 3 of Table 15.10-2), we have 


RO) = = (e™ —e)u(t)V 


The time-domain responses obtained in this manner are responses of initially relaxed circuits. (No initial energy is 
stored.) 


"See Chapter 14, Section 14.4, for a review of partial fraction expansion. 


ExAmMPLE 15.12-2 Circuit Analysis Using the Fourier Transform 


Determine and plot the spectrum of the response V,(«) of the circuit of Figure 15.12-3 when v = 10e~*u(t) V. 
1Q 


FIGURE 15.12-3 Circuit of Example 15.12-2. 


Convolution and Circuit Response 787 


Solution 
The input signal v(t) has a Fourier transform 


10 10 = 
V(o) if /—tan ! w/2 


OO (A aP) 


The circuit transfer function is 


O l l x 


Then, the output is 


10 
PEOR T A 
Therefore, Wol= W 
[(4 + w?)(1 + wy]! 
and @(@) = Valo) = —tan! S- tan”! œ 


The calculated magnitude and phase for V,(@) are recorded in Table 15.12-1. For negative œ, |Va(œ@)| = 
|V.(—q@)| and 
o(—@) = —(a) 


Therefore, the Fourier spectrum of V,(q@) is represented by the plot shown in Figure 15.12-4. 


Table 15.12-1 Fourier Response for Example 15.12-2 


o 0 1 2 3 5 œ 
[Vol 5 3.16 1.58 0.88 0.36 0 
po) 0° ~71.6° —108.4° —127.9° —146.9° —180° 


-180° + FIGURE 15.12-4 The amplitude and phase versus œ of 
the output voltage for Example 15.12-2. 
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EXERCISE 15.12-1 An ideal band-pass filter passes all frequencies between 24 rad/s and 48 
rad/s without attenuation and completely rejects all frequencies outside this passband. 


(a) Sketch [Va]? for the filter output voltage when the input voltage is 
v(t) = 120e" u(t) V 


(b) What percentage of the input signal energy is available in the signal at the output of the ideal filter? 
Answer: (b) 20.5% 


15.13 The Fourier Transform and the 
Laplace Transform 


The table of Laplace transforms, Table 14.2-1, developed in Chapter 14, can be used to obtain the 
Fourier transform of a function f(t). Of course, the Fourier transform formally exists only when the 
Fourier integral, Eq. 15.9-4, converges. The Fourier integral will converge when all the poles of F(s) lie 
in the left-hand s-plane, not on the j@-axis or at the origin. 

Iff (£) is zero for t < 0 and fh f(t) dt < co, we can obtain the Fourier transform from the Laplace 
transform of f(t) by replacing s by jm. Then 


| (15.13-1) 
where F(s) = L£[f(t) 


then, from Table 14.2-1, 


Therefore, with s = jw we obtain the Fourier transform: 


F(@) = 


a+ jo 
If f() is a real function with a nonzero value for negative time only, then we can reflect f (f) to 
positive time, find the Laplace transform, and then find F(@) by setting s = —jm. Therefore, when f (t) = 
0 for t > O and f(t) exists only for negative time, we have 


Flo) = PFD] (15.13-2) 
For example, consider the exponential function 
f(t) =0 t>0 
=e" t<0 
Then, reversing the time function, we have 
f(-th=e" t>0 


and, therefore, 


1 
F = 
OTF 
Hence, setting s = —j@, we obtain 
1 
F(o) 


The Fourier Transform and the Laplace Transform 


Table 15.13-1 Obtaining the Fourier Transform Using the Laplace Transform 


CASE METHOD 
Step 
A. f(t) nonzero for positive time only and f (f) = 0, t < 0 1. F(s)= FFO] 
2. F(w) = F(s)|s = jo 
Step 
B. f(t) nonzero for negative time only and f(t) = 0, t > 0 1. F(s) = ZRA] 
2. F(@) = F(8)|s = -jo 
Step 
C. f(t) nonzero over all time 1. fO=f"O+fO 


2. F*(s) = FFO] 
F ()= ZYF (-0] 
3. Fœ) = F"(s)|s = jo + F7 6)]s = -jo 


Note: The poles of F(s) must lie in the left-hand s-plane. 


Functions that are nonzero over all time can be divided into positive time and negative time 
functions. We then use Eqs. 15.13-1 and 15.13-2 to obtain the Fourier transform of each part. The 
Fourier transform of f(t) is the sum of the Fourier transforms of the two parts. 

For example, consider the function f(t) with a nonzero value over all time where 


f(t) = Ae" 


which is entry 4 in Table 15.10-2. The positive time portion of the function will be called f *(f), and the 
negative time portion will be called f (t). Then, 


FO =F A +f (6) 
Hence Fo) = SF Olo + Ff (2) <0 
In this case, 
f A =A" t>0 
and f (À) =4Ae" t<0 
Note that f (—A = Ae”. Then, 


We obtain the total F(a) as 


A A 2aA 
F = Fe s=jw F? s=—jo = t = 
(o) (s) + F (say at+jo a-jo œ +a 


The use of the Laplace transform to find the Fourier transform is summarized in Table 15.13-1. 
Remember that the method summarized cannot be used for sin œt, cos œt, or u(t) because the poles of 
F(s) lie on the jœ-axis or at the origin. 


EXERCISE 15.13-1 Derive the Fourier transform for 
f(t) = te” t>0 
= fe” t<0 

—j4aw 


Answer: 7 
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15.14 How Can We Check ...? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


( ExAmMPLE 15.14-1 How Can We Check Fourier Series? ) 


Figure 15.14-1 shows the transfer characteristic of the saturation nonlinearity. Suppose that the input to this 
nonlinearity is 
Vin(t) = A sin œt 


FIGURE 15.14-1 The saturation nonlinearity. 


where A > a. How can we check that the output of the nonlinearity will be a periodic function that can be 
represented by the Fourier series 


N 
vo(t) = bı sin œt + 5 bn sin not (15.14-1) 


n=3 
odd 


i-o] 
and a = =< ii po a) 4/1 a sin nt) 


Solution 

The output voltage v,(f) will be a clipped sinusoid. We need to verify that Eq. 15.14-1 does indeed represent a 
clipped sinusoid. A straightforward, but tedious, way to do this is to plot v(t) versus ¢ directly from Eq. 15.14-1. 
Several computer programs, such as spreadsheets and equation solvers, are available to reduce the work required to 
produce this plot. Mathcad is one of these programs. In Figure 15.14-2, Mathcad is used to plot v,(¢) versus t. This 
plot verifies that the Fourier series in Eq. 15.14-1 does indeed represent a clipped sinusoid. 


where (Graham, 1971) 
a 
ve 
sin T 


bi = 
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(a > 


Plot a periodic signal from its coefficients. 
Define n, the index for the summation: 


N := 25 Sot Sa STN 
Define any parameters that are used to make it easier to 
enter the coefficient of the Fourier series: 


a 
A a 12/5 Ei fe ae B := asin (2) 


Enter the fundamental frequency: 

w:= 2-7-1000 
Define an increment of time. Set up an index to run over 
two periods of the periodic signal: 


ey 


fia Gb =— i i= 1,2,...,400 t = dt 
(a) 200 
Enter the formulas for the coefficients of the Fourier 
series, 
oe es 
2 a 
b=—:A|B + ae (2) 
n A A 
ane en 7 
4-A cos (n: B a fs 
ye, |. 
w-{1 -— n’) A n A 


Enter the Fourier series: 


N 
vii) = by-sin(-t,) + È, b,-sin(n-@-¢;) 
n=3 


Plot the periodic signal: 


ilis 


10 


ils | | | | | | | 
o 50 100 150 200 250 300 350 400 


1 


FIGURE 15.14-2 Using Mathcad to verify the Fourier series of a clipped sinusoid. 
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( 15.15 DesiGn EXAMPLE DC Power Supply ) 


A laboratory power supply uses a nonlinear circuit called a rectifier to convert a sinusoidal voltage input into a dc 
voltage. The sinusoidal input 


Vac (t) = A sin wot 


comes from the wall plug. In this example, A = 160 V and wo = 377 rad/s (fọ = 60 Hz). 
Figure 15.15-1 shows the structure of the power supply. The output of the rectifier is the absolute value of its input, 
that is, 


vs(t) = |A sin wot| 


The purpose of the rectifier is to convert a signal that has an average value equal to zero into a signal that has an 
average value that is not zero. The average value of v(t) will be used to produce the dc output voltage of the power 
supply. 

The rectifier output is not a sinusoid but a periodic signal with fundamental frequency equal to 2a . Periodic 
signals can be represented by Fourier series. The Fourier series of v,(¢) will contain a constant, or dc, term and some 
sinusoidal terms. The purpose of the filter shown in Figure 15.15-1 is to pass the dc term and attenuate the sinusoidal 
terms. The output of the filter, v,(4), will be a periodic signal and can be represented by a Fourier series. Because we are 
designing a dc power supply, the sinusoidal terms in the Fourier series of vo(f) are undesirable. The sum of these 
undesirable terms is called the ripple of v,(). 

The challenge is to design a simple filter so that the dc term of v,(f) is at least 90 V and the size of the ripple is 
no larger than 5 percent of the size of the dc term. 


Describe the Situation and the Assumptions 
1. From Table 15.4-1, the Fourier series of v(t) is 


320 “ 640 
AGA) 2-n-377-t 
vs(t) T De cona ) 
Let v,n(t) denote the term of v(t) corresponding to the integer n. Using this notation, we can write the Fourier 
series of v(t) as 


vs(t) = Vo + X valt) 


2. Figure 15.15-2 shows a simple filter. The resistance R, models the output resistance of the rectifier. We have 
assumed that the input resistance of the regulator is large enough to be ignored. (The input resistance of the 
regulator will be in parallel with R and will probably be much larger than R. In this case, the equivalent 
resistance of the parallel combination will be approximately equal to R.) 


Simple 
low-pass 
filter 


Full-wave 


rectifier 


FIGURE 15.15-1 Diagram of a power supply. 
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R,= 102 


Rectifier Filter 


R 


FIGURE 15.15-2 A simple RL low-pass 
filter connected to the rectifier. 


3. The filter output v,(f) will also be a periodic signal and will be represented by the Fourier series 
N 
Vo(t) = voo + $ Von(t) 
n=1 
4. Most of the ripple in v,(f) will be due to v,;(A), the fundamental term of the Fourier series. The specification 
regarding the allowable ripple can be stated as 


amplitude of the ripple < 0.05 - de output 


Equivalently, we can state that we require 
N 
max Von(t) | < 0.05 + vo9 (S151) 
n=1 


For ease of calculation, we replace Eq. 15.15-1 with the simpler condition 
Vo1 (t) < 0.04 - voo 
That is, the amplitude v,,(¢) must be less than 4 percent of the dc term of the output (voo = dc term of the 
output). 
State the Goal 
Specify values of R and L so that 
de output = voo > 90 
and Voi (t) < 0.04 - voo 


Generate a Plan 
Use superposition to calculate the Fourier series of the filter output. First, the specification 


de output = voo > 90 V 
can be used to determine the required value of R. Next, the specification 
[voi (£)| < 0.04 - voo 
can be used to calculate L. 
Act on the Plan 


First, we will find the response to the dc term of v(t). When the filter input is a constant and the circuit is at steady 
state, the inductor acts like a short circuit. Using voltage division 


w RLR D Re ae 


The specification that voo > 90 V requires 


or RSS 
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Let us select 
R=800 
When R = 80 Q, 
Von = 90.54 V 


Next, we find the steady-state response to a sinusoidal term v,,,(f). Phasors and impedances can be used to find 
this response. By voltage division, 
R 
R+ R ia j2nœoL 


Von = 


We are particularly interested in V1: 


R 80 640 


Vo= 5 Vs = z A 
S RaR a a ates 


The amplitude of v,;(4) is equal to the magnitude of the phasor V.ı. The specification on the amplitude of v,,(4) 
requires that 


0 640 
g . < 0.04 voi 
V90? + 754772 7:3 
< 0.04 - 90.54 
That is, 
L > 1.986 H 
Selecting L=2H 


completes the design. 


Verify the Proposed Solution 

Figure 15.15-3a displays a plot of v,(f) and v,(f), the input and output voltages of the circuit in Figure 15.15-2. 
Figure 15.15-3b shows the details of the output voltage. This plot indicates that the average value of the output 
voltage is greater than 90 V and that the ripple is no greater than +4 V. Therefore, the specifications have been 
satisfied. 


0 ee [ees 
QO S 10 Is 2 2 30 35 40 


t, ms 

(a) 

FIGURE 15.15-3 (a) Mathcad simulation of the circuit shown in Figure 15.15-2. (b) Enlarged plot of the output 
voltage. 


15.146 SUMMARY 


© Periodic waveforms arise in many circuits. For example, the 


form of the load current waveforms for selected loads is 
shown in Figure15.16-1. Whereas the load current for motors 
and incandescent lamps is of the same form as that of the 
source voltage, it is significantly altered for the power 
supplies, dimmers, and variable-speed drives as shown in 
Figures 15.16-1b,c. Electrical engineers have long been 
interested in developing the tools required to analyze circuits 
incorporating periodic waveforms. 


(a) 


(b) 


(c) 


FIGURE 15.16-1 Load current waveforms for (a) motors and 
incandescent lights, (b) switch-mode power supplies, and (c) 
dimmers and variable-speed drives. The vertical axis is current, 
and the horizontal axis is time. Source: Lamarre, 1991. 


© The brilliant mathematician-engineer Jean-Baptiste-Joseph 


Fourier proposed in 1807 that a periodic waveform could be 
represented by a series consisting of cosine and sine terms 
with the appropriate coefficients. The integer multiple fre- 
quencies of the fundamental are called the harmonic fre- 
quencies (or harmonics). 


© The trigonometric form of the Fourier series is 


N N 
f(t) =a + So an cos nay t + 5 by sin noo t 


n=1 n=1 


The coefficients of the trigonometric Fourier series can be 
obtained from 


2 pT +t 
an = z f(t) cosn@otdt n>0 
T Ji 


2 T+ to 
by = z f(t)sinnootdt n>0 
to 
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An alternate form of the trigonometric form of the Fourier 
series is 


N 
f(t) = co + Aen cos (noot + On) 
n=l 
where co = do = average value of f (f) and 


b 
e) ifa, > 0 


—tan7! ( 
an 
Cn = Vet b? and 0, = p 
180° - n= (22) ifan < 0 


an 


The Fourier coefficients of some common periodic signals 
are tabulated in 15.4-1. 

Symmetry can simplify the task of calculating the Fourier 
coefficients. 

The exponential form of the Fourier series is 


f(t) = 3 Cet% 


where C, is the complex coefficients defined by 


1 to +T i 
C, = zS f(t) eoo dt 
Tila 


The line spectra consisting of the amplitude and phase of the 
complex coefficients of the Fourier series when plotted 
against frequency are useful for portraying the frequencies 
that represent a waveform. 

The practical representation of a periodic waveform consists 
of a finite number of sinusoidal terms of the Fourier series. 
The finite Fourier series exhibits the Gibbs phenomenon; that 
is, although convergence occurs as n grows large, there 
always remains an error at the points of discontinuity of 
the waveform. 

To determine the response of a circuit excited by a periodic 
input signal v,(t), we represent v,(t) by a Fourier series and 
then find the response of the circuit to the fundamental and 
each harmonic. Assuming the circuit is linear and the princi- 
ple of superposition holds, we can consider that the total 
response is the sum of the response to the dc term, the 
fundamental, and each harmonic. 

The Fourier transform provides a frequency-domain descrip- 
tion of an aperiodic time-domain function. 

A circuit with an impulse response /(f) and an input f (f) has a 
response y(t) that may be determined from the convolution 
integral. 

The table of Laplace transforms, Table 14.2-1, developed in 
Chapter 14, can be used to obtain the Fourier transform of a 
function f(t). 
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@ Problem available in WileyPLUS at instructor’s discretion. 


PROBLEMS 


Section 15.2 The Fourier Series 


P 15.2-1 Find the trigonometric Fourier series for a periodic 
function f (f) that is equal to 7 over the period from t= 0 to t= 2. 


P 15.2-2 A “staircase” periodic waveform is described by its 
first cycle as 


1 0<1r<0.25 
f(t}=42 0.25<t<0.5 
0 05<t<l 


Find the Fourier series for this function. 


P 15.2-3 Determine the Fourier series for the sawtooth func- 
tion shown in Figure P 15.2-3. 


fo 
A 


o) T 2T 


Figure P 15.2-3 Sawtooth wave. 


P 15.2-4 Find the Fourier series for the periodic function f(t) 
that is equal to t over the period from t= 0 tot = 2 s. 


Section 15.3 Symmetry of the Function f(t) 


P 15.3-1 Determine the Fourier series of the voltage wave- 
form shown in Figure P 15.3-1. 


Answer: valt) 3 12 sin (n1) 
-Yi = = = 
“nt 2 


valt) (V) 


t(s) 


Figure P 15.3-1 


P 15.3-2 Determine the Fourier series of the voltage wave- 
form shown in Figure P 15.3-2. 


velt) (V) 


7 1(s) 


Figure P 15.3-2 


Hint: v(t) = vat — 1) — 6, where va(f) is the voltage 
considered in problem Figure P 15.3-1. 


w l2 T T 
sin (n t—n ) 
2 2 


2 nt 
P 15.3-3 Determine the Fourier series of the voltage wave- 
form shown in Figure P 15.3-3. 


Answer: v(t) = —6 4 


1 co 


Answer: Yalt) =5 > 


valt) (V) 


-5 -4 -3 -2 -l 1 2 3 4 5 t(ms) 


Figure P 15.3-3 


P 15.3-4 Determine the Fourier series of the voltage wave- 

form shown in Figure P 15.3-4. 

Hint: v(t) = v(t — 0.002) — 1, where v,(f) is the voltage 

considered in Problem P 15.4-3. 
1 fo} 

Answer: vp(t) = — A + 


10007 


i 2m 
cos —n— 
os | n 3 3 


Figure P 15.3-4 


P 15.3-5 © Find the trigonometric Fourier series of the 
sawtooth wave f(t) shown in Figure P 15.3-5. 


Figure P 15.3-5 Sawtooth wave. 


P 15.3-6 Determine the Fourier series for the waveform 
shown in Figure P 15.3-6. Calculate ao, a1, a2, and a3. 


f(t) 
2 
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P 15.3-10 Determine the Fourier series for the periodic signal 
shown in Figure P 15.3-10. 


Answer: 
ak ante ine + L sinst4 
f a sint 4 sin -3 sin to... 
fO 
— 1 — 
| | | 
| | | 
| | | 
| | | 
| | | 
| | | 
| | | 
-T (0) T 2m t(s) 


Figure P 15.3-10 


Figure P 15.3-6 


P 15.3-7 Determine the Fourier series for 
f(t) = |A cos ot| 


P 15.3-8 @ Find the trigonometric Fourier series for the 
function of Figure P 15.3-8. The function is the positive portion 
of a cosine wave. 


f(t) 
A 


-0.1 (0) 0.1 


0.2 0.3 0.4 


=» 


t 
Figure P 15.3-8 Half-wave rectified cosine wave. 
P 15.3-9 © Determine the Fourier series for f(t) shown in 
Figure P 15.3-9. 


Answer: a, = dao = 0; bn = 0 for even n, = 8/0 n, forn =k; 
5,9, and = — 8/(n’x*) forn =3,7, 11 


fO 


Figure P 15.3-9 


Section 15.5 Exponential Form of the Fourier Series 


P 15.5-1 Determine the exponential Fourier series of the 
function 


F(t) = |A sin (xt)| 
shown in Figure P 15.5-1. 


3 t(s) 
Figure P 15.5-1 


P 15.5-2 Determine the exponential Fourier series of the 
function f(t) shown in Figure P 15.5-2. 


Answer: f(t) = A J pa 5 1 jdm] 
2 2m PaA n 
n#0 
fO 
A 
=e 0 T 2T 3T (5) 


Figure P 15.5-2 
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P 15.5-3 Determine the exponential Fourier series of the 
function f(t) shown in Figure P 15.5-3. 


. (=) 
sin | — 
T 


nid 


Answer: C, = (=) 


T 


Figure P 15.5-3 


P 15.5-4 Consider two periodic functions Ô (t) and f(t) that 
have the same period and are related by 


F(t) = aft — ta) + b 


where a, b, and tg are real constants. Let Ĉ, denote the 
coefficients of the exponential Fourier series of f (t) and let 
C,, denote the coefficients of the exponential Fourier series of 
f. Determine the relationship between on and C,. 


Answer: Co = aCy + band C, = ae", n #0 


*P 15.5-5 Determine the exponential form of the Fourier 
series for the waveform of Figure P 15.3-6. 


P 15.5-6 Determine the exponential Fourier series for the 
waveform of Figure P 15.5-6. 


-3 


-9 


N 


Figure P 15.5-6 


-12 


*P 15.5-7 A periodic function consists of rising and decaying 
exponentials of time constants of 0.2 s each and durations of 1 s 
each as shown in Figure 15.5-7. Determine the exponential 
Fourier series for this function. 


5 
(jnn)(5 + jan) 


Answer: Cn = Pe (ei es | 


| 
| 
| 
| 
| 
| 
| 
-1 (0) 2 1(S) 


Figure P 15.5-7 


Section 15.6 The Fourier Spectrum 


P 15.6-1 Determine the cosine-sine Fourier series for the 
sawtooth waveform shown in Figure P 15.6-1. Draw the 
Fourier spectra for the first four terms, including magnitude 
and phase. 


Figure P 15.6-1 


P 15.6-2 The load current waveform of the variable-speed 
motor drive depicted in Figure 15.16-1c is shown in Figure 
P 15.6-2. The current waveform is a portion of A sin of. 
Determine the Fourier series of this waveform and draw the line 
spectra of |C,,| for the first 10 terms. 


Portion of a 
sine wave 


Figure P 15.6-2 The load current of a variable-speed drive. 


P 15.6-3 © The input to a low-pass filter is 

vi(t) = 10 cost + 10cos 10¢ + 10 cos 100t V 
The output of the filter is the voltage v,(t). The network 
function of the low-pass filter is 


o Volo) 2 
H(o) Vilo) (1 a 


Plot the Fourier spectrum of the input and the output of the low- 
pass filter. 


P 15.6-4 Draw the Fourier spectra for the waveform shown in 
Figure P 15.6-4. 


Figure P 15.6-4 


Section 15.7 Circuits and Fourier Series 


P 15.7-1 (+) Determine the steady-state response vo(f) for the 
circuit shown in Figure P 15.7-1. The input to this circuit is the 
voltage v.(f) shown in Figure P 15.3-2. 


= 240 
2 nny 400 + n?n? 


: T T 
sin (n t (n 
2 2 


10 9 


Answer: vo(t) 64 


v(t) 0.01 F 


Figure P 15.7-1 


P 15.7-2 Determine the steady-state response v,(f) for the 
circuit shown in Figure P 15.7-2. The input to this circuit is the 
voltage v(t), shown in Figure P 15.3-4. 


l uF 


vol È) 


Vout(d) 


Figure P 15.7-2 
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P 15.7-3 © The input to the circuit shown in Figure P 15.7-3 
is the voltage of the voltage source 


Vin(t) = 2 + 4cos (100r) + 5 cos (400t + 45°) V 
The output is the voltage across the 5-kQ, resistor 
Vout(t) = —5 + 7.071 cos (100t + 135°) + c4 cos (4001 + 64) V 


Determine the values of the resistance R, the capacitance C, the 
coefficient c4, and the phase angle 04. 


Answers: R = 25 KQ; C = 0.4 uF, c4 = 3.032 V, and 04 = 149° 
G 


10 kQ 


Vout() 


Figure P 15.7-3 


P 15.7-4 The input to a circuit is the voltage 
vi(t) =2 + 4cos (25t) + 5 cos (100t + 45°) V 
The output is the voltage 
Vo(t) = 5 + 7.071 cos (25t — 45°) + c4 cos (wat + 04) V 


The network function that represents this circuit is 


Xa) 
Ip 

P 
Determine the values of the dc gain H,, the pole p, the 
coefficient c4, and the phase angle 04. 


Answers: H, = 2.5 V/V, p= 25 rad/s, c4 = 3.032 V, and 04= —31° 


P 15.7-5 © The input to the circuit in Figure P 15.7-5 is the 
voltage of the independent voltage source 


vi(t) = 6 + 4cos (10001) + 5 cos (3000r + 45°) V 
The output is the voltage across a 500-0 resistor 
Vo(t) = 3.75+2.34cos (1000r — 20.5°) +c3 cos (3000r+ 03) V 


Determine the values of the resistance R,, the capacitance C, 
the coefficient c3, and the phase angle 03. 
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Answer: R, = 300 Q, C = 2 uF, c3 = 2.076 V, and 03 = —3.4° 


Ri 


vid È) volt) 


Figure P 15.7-5 


P 15.7-6 Find the steady-state response for the output voltage 
Vo for the circuit of Figure P 15.7-6 when v(t) is as described in 
Figure P 15.5-6. 


10 nF 
Figure P 15.7-6 An RLC circuit. 
P 15.7-7 Determine the value of the voltage v,(f) at t = 4 ms 


when vin is shown in Figure P 15.7-7a and the circuit is shown 
in Figure P 15.7-7b. 


Vin (2) 
(V) 


(a) 


1 uF 
1 kQ 


vind È) 


Vout(t) 


(b) 
Figure P 15.7-7 


Section 15.9 The Fourier Transform 
P 15.9-1 (+) Find the Fourier transform of the function 


f(t) = —u(—t) + u(t) 


as shown in Figure P 15.9-1. This is called the signum function. 


Figure P 15.9-1 


P 15.9-2 Find the Fourier transform of f () = Ae “u(f) when 
a> 0. 


A 
Answer: F(a) = <a 
J 


P 15.9-3 @ Find the Fourier transform of the waveform 
shown in Figure P 15.9-3. 


Figure P 15.9-3 


P 15.9-4 Determine the Fourier transform of f(t) = 10 cos 50 t. 
Answer: F(@) = 1026(@ — 50) + 1026(@ + 50) 


P 15.9-5 Determine the Fourier transform of the pulse shown 
in Figure P 15.9-5. 


Answer: 
F(jw) = 2(sinw — sin2@) + 2 (cos œ — cos 2%) 
fO 
1 2 
| | 
(0) i t(s) 
l | 
| | 
ty ee eer L 


Figure P 15.9-5 


P 15.9-6 Determine the Fourier transform of a signal with 
f(t) = At/B between t = 0 and t = B and f(t) = 0 elsewhere. 


A|-B _, 1 1 
Answer: F(j@) = — eee j 


5 e~ -jæB - 
B | jæ (0 w7 


P 15.9-7 Determine the Fourier transform of the waveform 
f(t) shown in Figure P 15.9-7. 


2 
Answer: F(j@) = — ( sin 2% — sin œ) 
0) 


fo 


-2 -1 0) 1 2 ts) 


Figure P 15.9-7 


Section 15.12 Convolution and Circuit Response 


P 15.12-1 Find the current i(f) in the circuit of Figure 
P 15.12-1 when i,(f) is the signum function, so that 


. + 40A t>0 
i(t) = 
—40 A 


t< 0 
Also, sketch i(t). 
30 
iO) 10 
1H 


Figure P 15.12-1 


P 15.12-2 Repeat Problem 15.12-1 when i, = 100 cos 3r A. 


P 15.12-3 © The voltage source of Figure P 15.12-3 is v(t) = 
10 cos 2t for all t. Calculate i(f) using the Fourier transform. 


Figure P 15.12-3 


P 15.12-4 Find the output voltage v,(t) using the Fourier 
transform for the circuit of Figure P 15.12-4 when v(t) = 
e'u(—t) + u(t) V. 


Figure P 15.12-4 


P 15.12-5 The voltage source of the circuit of Figure P 15.12-5 
is V(t) = 15e~’ V. Find the resistance R when it is known that the 
energy available in the output signal is two-thirds of the energy of 
the input signal. 
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Figure P 15.12-5 


P 15.12-6 The pulse signal shown in Figure P 15.12-6a is the 
source v,(f) for the circuit of Figure P 15.12-6b. Determine the 
output voltage v, using the Fourier transform. 


Us(t) 
(V) 


8 


(b) 


Figure P 15.12-6 


Section 15.14 How Can We Check ... ? 


P 15.14-1 © The Fourier series of vin(f) shown in Figure 
P 15.7-7 is given as 


Í X 18 2 
Vin(t) 7 H Zr (1 cos S) cos (5i n =)v 


Is this the correct Fourier series? 
Hint: Check the average value and the fundamental frequency. 
Answer: The given Fourier series is not correct. 


P 15.14-2 The Fourier series of v(t) shown in Figure P 15.14-2 
is given as 


Is this the correct Fourier series? 
Hint: Check the average value and the fundamental frequency. 


Answer: The given Fourier series is not correct. 
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-5 


-3 


Figure P 15.14-2 


PSpice Problems 


SP 15-1 Use PSpice to determine the Fourier coefficients for 
v(t) shown in Figure SP 15-1. 


v(t) 

(V) 

25 

20—ų 

L= 

10- 

5 — 
| I S S y S A A d d 
-5 -4 -3 -2 -l 1 2 3 4 5 — 

t(s) 


Figure SP 15-1 


Design Problems 


DP 15-1 A periodic waveform shown in Figure DP 15-1a is 
the input signal of the circuit shown in Figure DP 15-1b. Select 
the capacitance C so that the magnitude of the third harmonic 
of v2(f) is less than 1.4 V and greater than 1.3 V. Write the 
equation describing the third harmonic of v2(t) for the value of 
C selected. 


P 15.14-3 © The Fourier series of v(t) shown in Figure 
SP 15-2 in the next section is given as 


v(t) = oy = 


Is this the correct Fourier series? 


cos (n27t) V 


Hint: Check the average value and the fundamental fre- 
quency. Check for symmetry. 


Answer: The given Fourier series is not correct. 


SP 15-2 Use PSpice to determine the Fourier coefficients for 
v(t) shown in Figure SP 15-2. 


v(t) 
1 


=1 


Figure SP 15-2 


Figure DP 15-1 


DP 15-2 A dc laboratory power supply uses a nonlinear circuit 
to convert a sinusoidal voltage obtained from the wall plug to a 
constant dc voltage. The wall plug voltage is A sin wot, where 
fo = 60 Hz and A = 160 V. The voltage is then rectified so that 
vs = |A sin qof|. Using the filter circuit of Figure DP 15-2, 
determine the required inductance L so that the magnitude of 
each harmonic (ripple) is less than 4 percent of the dc component 
of the output voltage. 


© vo 


Figure DP 15-2 An RL circuit. 
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DP 15-3 A low-pass filter is shown in Figure DP 15-3. The 
input v, is a half-wave rectified sinusoid with œọ = 8007 
(item 5 of Table 15.4-1). Select L and C so that the peak value 
of the first harmonic is 1/20 of the de component for the 
output vo. 


Figure DP 15-3 An RLC circuit. 
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16.1 Introduction 


Transfer functions are used to characterize linear circuits. In a previous chapter, we learned how to 
analyze a circuit so that we could determine its transfer function. In this chapter, we learn how to design 
a circuit to have a specified transfer function. This design problem does not have a unique solution. 
There are many ways to obtain a circuit from a specified transfer function. A popular strategy is to 
design the circuit to be a cascade connection of second-order filter stages. This is the strategy we will 
use in this chapter. 

The problem of designing a circuit that will have a specified transfer function is called filter 
design. In this chapter we will learn the vocabulary of filter design and describe second-order filter 
stages. Finally, we will learn how to connect these filter stages to obtain a circuit that has a specified 
transfer function. 


16.2 The Electric Filter 


The concept of a filter was conceived early in human history. A paper filter was used to remove dirt and 
unwanted substances from water and wine. A porous material, such as paper, can serve as a mechanical 
filter. Mechanical filters are used to remove unwanted constituents, such as suspended particles, from a 
liquid. In a similar manner, an electric filter can be used to eliminate unwanted constituents, such as 
electrical noise, from an electrical signal. 

The electrical filter was independently invented in 1915 by George Campbell in the United States 
and K. W. Wagner in Germany. With the rise of radio between 1910 and 1920, a need emerged to 
reduce the effect of static noise at the radio receiver. As regular radio broadcasting emerged in 
the 1920s, Campbell and others developed the RLC filter, using inductors, capacitors, and resistors. 
These filters are called passive filters because they consist of passive elements. The theory required 
to design passive filters was developed in the 1930s by S. Darlington, S. Butterworth, and 
E. A. Guillemin. The Butterworth low-pass filter was reported in Wireless Engineering in 1930 
(Butterworth, 1930). 

When active devices, typically op amps, are incorporated into an electric filter, the filter is 
called an active filter. Because inductors are relatively large and heavy, active filters are usually 
constructed without inductors—using, for example, only op amps, resistors, and capacitors. The first 
practical active-RC filters were developed during World War II and were documented in a classic paper 
by R. P. Sallen and E. L. Key (Sallen and Key, 1955). 
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16.3 Filters 


We begin by considering an ideal filter. For convenience, suppose that both the input and output of this 
filter are voltages. This ideal filter separates its input voltage into two parts. One part is passed, 
unchanged, to the output; the other part is eliminated. In other words, the output of an ideal filter is an 
exact copy of part of the filter input. 

This is a familiar use of the word filter. For example, we expect an automotive oil filter to separate 
a mixture of oil and dirt into two parts: oil and dirt. Ideally, the oil filter passes one part of its input, the 
oil, to its output without changing it in any way. The other part of the input, the dirt, should be 
completely eliminated. The oil filter stops the dirt from getting to the output. 

To understand how an electric filter works, consider an input voltage: 


vi(t) = cos@it + cos œt + cos ast 


This input consists of a sum of sinusoids, each at a different frequency. (For example, periodic voltages 
can be represented in this way using the Fourier series.) The filter separates the input voltage into two 
parts, using frequency as the basis for separation. There are several ways of separating this input into 
two parts and, correspondingly, several types of ideal filter. Table 16.3-1 illustrates the common filter 
types. Consider the ideal low-pass filter, shown in row 1 of the table. The network function of the ideal 
low-pass filter is 


H(o) = Pa Os (16.3-1) 
0 w > We 


The frequency œ, is called the cutoff frequency. The cutoff frequency separates the frequency range w < We, 
called the pass-band, from the frequency range w > we, called the stop-band. Those components of the input 
that have frequencies in the pass-band experience unity gain and zero phase shift. These terms are passed, 
unchanged, to the output of the filter. Components of the input that have frequencies in the stop-band 
experience a gain equal to zero. These terms are eliminated or stopped. An ideal filter separates its input into 


Table 16.3-1 Ideal Filters 


FILTER TYPE IDEAL FREQUENCY RESPONSE FILTER INPUT AND OUTPUT 
1 
H (o) vi(t) = cos œt 
Low-pass LO + COS Wot volt) = COS œt 
| | | + COS @3t 
@,; WO, 02 @3 (0) 
il 
; Hulo) vi(t) = cos œt 
High-pass HO + COS Wot Uo(t) = COS w3t 
| i i + COS @3t 
QO, @2 WO, 3 @ 
1 
Halo) vi(t) = cos œt 
Band-pass BW + COS Wot Volt) = COS Wot 
| i | + COS @3t 
@, W, W2 Wp, 3 (0) 
i v,(t) = cos œt 
Band-stop (notch) Hlo) i ECOS ag A Ho) -—o Volt) = COS œt 
N + COS @3t 
I i i + COS @3t 
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Table 16.3-2 Denominators of Butterworth Low-Pass Filters with a Cutoff Frequency w. = 1 rad/s 


ORDER DENOMINATOR, D(s) 


st+l 
s +1.4l4s+1 
(s+ 1)(s? +541) 
(s? + 0.765s + 1)(s? + 1.8485 + 1) 
(s + 1)(s? + 0.6185 + 1)(s? + 1.6185 + 1) 
(s? +.0.518s + 1)(s? + 1.4145 + 1)(s? + 1.9328 + 1) 
(s + 1)(s? + 0.4455 + 1)(s? + 1.2475 + 1)(s? + 1.8025 + 1) 
(s? + 0.390s + 1)(s? + 1.11 1s + 1)(s? + 1.6635 + 1)(s? + 1.9625 + 1) 
(s + 1)(s? + 0.3475 + 1)(s? + s + 1)(s? + 1.5328 + 1)(s? + 1.8795 + 1) 
(s? + 0.3135 + 1)(s? + 0.9085 + 1)(s? + 1.4148 + 1)(s? + 1.7825 + 1)(s? + 1.9755 + 1) 


Co oo u Dn FW NY 


— 
© 


two parts: those terms that have frequencies in the pass-band and those terms that have frequencies in the stop- 
band. The output of the filter consists of those terms with frequencies in the pass-band. 

Unfortunately, ideal filter circuits don’t exist. (This fact can be proved by calculating the impulse 
response of the ideal filter by taking the inverse Laplace transform of the transfer function. The impulse 
response of an ideal filter would have to exist before the impulse itself. That is, the response would have to 
occur before the input that caused the response. Because that can’t happen, ideal filter circuits don’t exist.) 
Filters are circuits that approximate ideal filters. Filters divide their inputs into two parts, the terms in the 
pass-band and the terms in the stop-band. The terms in the pass-band experience a gain that is 
approximately 1 and experience some phase shift. These terms are passed to the output, but they are 
changed a little. The terms in the stop-band experience a small gain that isn’t quite zero. Because these 
terms aren’t eliminated entirely, some small residue of these terms shows up in the filter output. 

Butterworth transfer functions have magnitude frequency responses that approximate the 

frequency response of an ideal filter. Butterworth low-pass transfer functions are given by 
= an 1 
D(s) 
We can choose either +1 or —1 for the numerator of Hı (s). The polynomial D(s) depends on the cutoff 
frequency and on the order of the filter. These polynomials, called Butterworth polynomials, are 
tabulated in Table 16.3-2 for œ. = 1 rad/s. There is a trade-off involving the order of the filter. The 
higher the order, the more accurately the filter frequency response approximates the frequency response 
of an ideal filter; that’s good. The higher the filter order, the more complicated the circuit required to 
build the filter; that’s not good. 


Hı (s) = (16.3-2) 


( EXAMPLE 16.3-1 Filter Order ) 


We wish to design a low-pass filter that will approximate an ideal low-pass filter with œ. = 1 rad/s. Compare the 
fourth-order Butterworth low-pass filter to the eighth-order Butterworth low-pass filter. 


Solution 


The fourth row of Table 16.3-2 indicates that the transfer of the fourth-order Butterworth filter is 


1 1 1 
H = = 
4(s) (s> + 0.7655 + 1)(s% + 1.848s +1) (s2 + 0.7655 + 1) 4 (s? + 1.848s + 1) 
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Similarly, the eighth row of Table 16.3-2 indicates that the transfer function of the eighth-order Butterworth filter is 
i 

(s2 + 0.390s + 1)(s? + 1.1115 + 1)(s? + 1.6635 + 1)(s? + 1.9625 + 1) 

Z 1 £ 1 s 1 , 1 

~ (s?+0.390s +1) (s? + 1.111s+ 1) (s + 1.6635 +1) (s + 1.962s + 1) 


Figure 16.3-1 shows the magnitude frequency 

response plots for these two filters. Both fre- 1 
quency responses show unity gain when œ < 1 
and a gain of zero when œ > 1. Thus, both 
filters approximate an ideal low-pass filter with 
@ec = 1 rad/s. The eighth-order filter makes the 
transition from the pass-band to the stop-band 0.6 
more quickly, providing a better approximation 
to the ideal low-pass filter. 

The transfer function of the fourth-order 
filter has been expressed as the product of two 
second-order transfer functions, whereas the 0.2 
transfer function of the eighth-order filter has 
been expressed as the product of four second- 
order transfer functions. Each of these second- 
order transfer functions will be implemented by 
a second-order circuit. Because all of these 
second-order circuits will be quite similar, it 
is reasonable to expect that the eighth-order 
circuit will be about twice as large as the 
fourth-order filter. That means twice as many parts, twice the power consumption, twice the assembly cost, twice 
the space, and so on. 

The eighth-order filter performs better, but it costs more. In some applications, the improved performance of 
the eighth-order filter justifies the additional cost, whereas in other applications, it does not. 


Ag(s) = 


0.8 


|H@) 


0.4 


Eighth-order filter Fourth-order filter ~ 


o E e | 
10-1 100 101 
@, rad/s 


FIGURE 16.3-1 A comparison of the frequency responses of fourth- 
order and eighth-order Butterworth low-pass filters with œ. = 1 rad/s. 


( EXAMPLE 16.3-2 Frequency Scaling ) 


Determine the transfer function of a third-order Butterworth low-pass filter having a cutoff frequency equal to 500 rad/s. 


Solution 
Equation 16.3-2 and Table 16.3-2 provide a third-order Butterworth low-pass filter with a cutoff frequency equal to 


1 rad/s: 
1 
HSCS) = 
(5) (st 1)(s?+s5+1) 
A technique called frequency scaling is used to adjust the cutoff frequency to œw. = 500 rad/s. Frequency scaling 
can be accomplished by replacing each s in H,,(s) by s/œ.. That is, 
1 
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In this case, @, = 500 rad/s, so 


1 
H(s) = 
(+1) ee. 1 
500 500/ ` 500 
S 500° 
~ (s+ 500) (s2 + 500s + 500°) 
k 125,000,000 
~ (s + 500) (s2 + 500s + 250,000) 


H(s) is the transfer function of a third-order Butterworth low-pass filter having a cutoff frequency equal to 500 rad/s. 


EXERCISE 16.3-1 Find the transfer function of a first-order Butterworth low-pass filter having a 
cutoff frequency equal to 1250 rad/s. 
1 1250 


5 ~ s+ 1250 
1250! 


Answer: H(s) = 


16.4 Second-Order Filters 


Second-order filters are important for two reasons. First, they provide an inexpensive approximation to 
ideal filters. Second, they are used as building blocks for more expensive filters that provide more 
accurate approximations to ideal filters. 

The frequency response of second-order filters is characterized by three filter parameters: the gain 
k, the corner frequency wọ, and the quality factor Q. Filter circuits are designed by choosing the values 
of the circuit elements in such a way as to obtain the required values of k, wo, and Q. 

A second-order low-pass filter is a circuit that has a transfer function of the form 


k 2 
Hie — - (16.4-1) 
Fea E ON 
Q 
This transfer function is characterized by three parameters: the dc gain k, the corner frequency wọ, and 
the quality factor Q. When this circuit is stable, that is, when both mp > 0 and Q > 0, the network 


function can be obtained by letting s = ja. 


Hy (w _ te 
— 2 tig” i Mo" 
The gain of the filter is given by 
HL()| = ae l 
feiers (Go) 


I 


k o <& o 
0 œ> oo 


2.5 


10-1 


10° 
Œ, rad/s 


10! 
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FIGURE 16.4-1 Frequency responses of 
second-order low-pass filters with four 
values of Q (@. = 1 rad/s). 


When k = 1, this frequency response approximates the frequency response of an ideal low-pass 
filter with a cutoff frequency of œ. = wo. When k Æ 1, the low-pass filter approximates an ideal low- 
pass filter together with an amplifier having gain equal to k. The quality factor Q controls the shape of 
the frequency response during the transition from pass-band to stop-band. Figure 16.4-1 shows the 
frequency response of a second-order low-pass filter (k = 1 and œ. = wo = 1) for several choices of Q. 
A Butterworth approximation to the ideal low-pass filter is obtained by choosing Q = 0.707. 


Table 16.4-1 Second-Order RLC Filters 


FILTER TYPE CIRCUIT TRANSFER FUNCTION DESIGN EQUATIONS 
R L 1 
a tnae 
Low-pass i H(s) = De 1: JL 
vilt) C= vÀ 2 Repl. Q=—/5 
i E SoH A s+ te RYC 
ksi 
C R 
na a 
+ 2 0 ita 
High-pass Hís) = IE 
v(t) L 4 volt) peers Q=aVG 
O k=1 
C 
: 1 
R, @o= == 
+: L LC 
Band-pass H(s) = 1 L 
vi(li) R & Volt) 25 Roge Q =z4F 
i s+ S+ IG RYC 
E k=1 
R L nee 
m eet. Oo EC 
Band-stop (notch) H(s) = LC 17 
v(t) volt) C E OL: Q=sVJA 
i i s^ + L s+ IG i : C 
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Table 16.4-1 provides RLC circuits that can be used as second-order filters. Consider the low-pass 
filter shown in the first row of the table. The transfer function of this circuit is 


1 
H(s) = a ae (16.4-2) 
2 a a 
ee es 


The relationship between the circuit parameters R, L, and C and the filter parameters k, œo, and Q is 
obtained by comparing Eq. 16.4-2 to Eq. 16.4-1. First, compare the constant terms in the denominators 
to see that the cutoff frequency of the filter is given by 

1 


Wp = 
° — JLC 


Next, compare the coefficients of s in the denominators to see that 


Wo = R 
Q L 
Solving these two equations for Q gives 
g= 1 /L 
RVC 
Finally, comparing the numerators gives 
1 
kor = — 
"~ Tie 
So the dc gain is 
k=1 


Notice that wo and Q are determined by the values of R, L, and C but that k is always 1. 

Many different circuits are used to build second-order filters. One of the popular filter circuits 
is called the Sallen-Key filter. Table 16.4-2 provides the information required to design Sallen-Key 
filters. 


Table 16.4-2 Sallen-Key Filters 


FILTER TYPE CIRCUIT DESIGN EQUATIONS 


9 = — 
URG 
Low-pass 
2=324 
k=A 


(continued ) 
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Table 16.4-2 (Continued) 


FILTER TYPE CIRCUIT DESIGN EQUATIONS 


High-pass 


Band-pass 


Band-stop (notch) 


Try it 


yourself EXAMPLE 16.4-1 RLC Low-Pass Filter 
in WileyPLUS 


Design a Butterworth second-order low-pass filter with a cutoff frequency of 1000 hertz. 


Solution i 
Second-order Butterworth filters have Q = — = 0.707. The corner frequency is equal to the cutoff frequency, 


that is, v2 


Wy = Me = 2r - 1000 = 6283 rad/s 
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The RLC circuit shown in the first row of Table 16.4-1 can be used to design the required low-pass filter. The design 
equations are 


il 
—— = = 6283 rad/s 
JE 


and nan 
RVG VA 


The third design equation indicates that k = 1. This last design equation does not constrain the values of R, L, and 
C. Because we have two equations in three unknowns, the solution is not unique. One way to proceed is to choose a 
convenient value for one circuit element, say C = 0.1 uF, and then calculate the resulting values of the other circuit 
elements 


L=1/ (oC) = 0253H 


and 
R= (re = 22510 
G 


If we are satisfied with this solution, the filter design is complete. Otherwise, we adjust our choice of the value of C 
and recalculate L and R. For example, if the inductance is too large, say L = 1000 H, or the resistance is too small, 
say R = 0.03 Q, it will be hard to obtain the parts to build these circuits. Because there is no such problem in this 
example, we conclude that the circuit shown in the first row of Table 16.4-1 with C = 0.1 uF, L = 0.253 H, and 
R = 2251 Q is the required low-pass filter. 


Try it 
oe ( ExAMPLE 16.4-2 Sallen-Key Band-Pass Filter 


in WileyPLUS 


Design a second-order Sallen-Key band-pass filter with a center frequency of 500 hertz and a bandwidth of 
100 hertz. 


Solution 
The transfer function of the second-order band-pass filter is 
k ae s 
ae 


The corresponding network function is 


H(@) = 


We have seen network functions like this one earlier, when we discussed resonant circuits in Chapter 13. The gain 
|H(@)| will be maximum at the corner frequency wo. In the case of this band-pass transfer function, wọ is also called 
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the center frequency and the resonant frequency. The gain at the center frequency will be 
|H(@o)| = k 
Two frequencies, œ; and œ, are identified by the property 
k 
|H(o1)| = |H(@2)| = T 


These frequencies are called the half-power frequencies or the 3 dB frequencies. The half-power frequencies are 
given by 


5 2 
Wo Wo Wo Wo 
oO, = + ( ) +o and œ, = | ( ) H 02 


P20" Ve 20° \ 2e 
The bandwidth of the filter is calculated from the half-power frequencies 
Wo 
BW = Oo = Op, = 
Q 


The Sallen-Key band-pass filter is shown in the third row of Table 16.4-2. Our specifications require that 


wo = 22-500 = 3142 rad/s 
and 


BW 
From Table 16.4-2, the design equations for the Sallen-Key band-pass filter are 
1 

— = w = 3142 

me 
and 1 

A= 3 SSeS 

Q 


PICKE Onli Then 
1 
R = —— = 3183 Q 
Cao 


Because k = AQ, the gain of this band-pass filter at the 
center frequency is 14. Also, one of the resistances is 
given by 

(A — 1)R = 57290, 
The Sallen-Key band-pass filter is shown in Figure 16.4-2. 


FIGURE 16.4-2 A Sallen-Key band-pass filter. 


ExAMPLE 16.4-3 Sallen-Key Band-Stop Filter ) 


Design a second-order band-stop filter with a center frequency of 1000 rad/s and a bandwidth of 100 rad/s. 


Solution 
The transfer function of the second-order band-stop filter is 


k(s? + 0?) 


Hi) = 
oA o 
Q 
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Notice that the transfer functions of the second-order band-pass and band-stop filters are related by 


= 
k(s? + 0") es D 
aaa 24 Os + eng? 
The network function of the band-stop filter is 
k(@o* — œ?) 


H(o) = 


@ 
w — w? tig” 


When œw < wo or œ > wp, the gain is |H(w)| = k. At w = wo, the gain is zero. The half-power frequencies œw; and 
@p are identified by the property 


k 
|H(@1)| = |H(@2)| = Va 
The bandwidth of the filter is given by 
Wo 
BW = œ — @, = o 


The Sallen-Key band-stop filter is shown in the last row of Table 16.4-2. Our specifications require that wp = 
1000 rad/s and 


(as 
ae 
Table 16.4-2 indicates that the design equations for the Sallen-Key band-stop filter are 
1 
— = @ = 1000 
me > 0.2 uF 


and 1 
AS? =e = I 
20 
Ricks @e—ONWiE hen 
— 10 kQ 
Cwo 


The Sallen-Key band-stop filter is shown in 
Figure 16.4-3. 


FIGURE 16.4-3 A Sallen-Key band-stop filter. 


Try it 
yourself ( EXAMPLE 16.4-4 Tow-Thomas Filter ) 
in WileyPLUS 


Figure 16.4-4 shows another circuit that can be used to build a second-order filter. This circuit is called a Tow- 
Thomas filter. This filter can be used as either a band-pass or low-pass filter. When the output is the voltage vı(ż), the 
transfer function is 


Hi (s) = p (16.4-3) 
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FIGURE 16.4-4 The 
Tow-Thomas filter. 


1 
RC 
Hg(s) = T] k i (16.4-4) 
Ss REG RE 


and the Tow-Thomas filter functions as a band-pass filter. Design a Butterworth Tow-Thomas low-pass filter with a 
de gain of 5 and a cutoff frequency of 1250 hertz. 


Solution 

Because the Tow-Thomas filter will be used as a low-pass filter, the transfer function is given by Eq. 16.4-3. Design 
equations are obtained by comparing this transfer function to the standard form of the second-order low-pass 
transfer function given in Eq. 16.4-1. First, compare the constant terms (that is, the coefficients of s°) in the 
denominators of these transfer functions to get 


=_2 16.4-5 
wo RC ( ) 
Next, compare the coefficients of s' in the denominators of these transfer functions to get 
Ro 
=— 16.4-6 
5 (16.4-6) 
Finally, compare the numerators to get 
R 
k=— (16.4-7) 
Ry 


Designing the Tow-Thomas filter requires that values be obtained for R, C, Ra, and Rx. Because there are four 
unknowns and only three design equations, we begin by choosing a convenient value for one of the unknowns, 
usually the capacitance. Let C = 0.01 uF. Then, 
R= D 1 
© @oC — (2m)(1250) (0.01) (10~°) 


= 12720) 


A second-order Butterworth filter requires Q = 0.707, so 
Rg = OR = (0.707) (12,732) = 9003 0, 
Finally 
R 
Ie = om 2546 Q 


and the design is complete. 
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ExAMPLE 16.4-5 Tow-Thomas High-Pass Filter ) 


Use the Tow-Thomas circuit to design a Butterworth high-pass filter with a high-frequency gain of 5 and a cutoff 
frequency of 1250 hertz. 


Solution 
The Tow-Thomas circuit does not implement the high-pass filter, but it does implement the low-pass filter and the 
band-pass filter. The transfer functions of the second-order high-pass, band-pass, and low-pass filters are related by 


1 1 
ks? Re RRC 
He A s+ + s + s+ 
Roe RC? RoC “Re RoC Re 


= k + Hpg(s) + Ay (s) 

A high-pass filter can be constructed using a Tow-Thomas filter and a summing amplifier. Both the band-pass 
and low-pass outputs of the Tow-Thomas filter are used. Equation 16.4-8 indicates that the band-pass and low-pass 
filters must have the same values of k, Q, and ap as the high-pass filter. Thus, we require a Tow-Thomas filter 
having k = 5, Q = 0.707, and mp = 7854 rad/s. Such a filter was designed in Example 16.4-4. The high-pass filter 
is obtained by adding a summing amplifier as shown in Figure 16.4-5. 


10 kQ 


FIGURE 16.4-5 
A Tow-Thomas 
high-pass filter. 


16.5 High-Order Filters 


In this section, we turn our attention to filters that have an order greater than 2. These filters are called 
high-order filters. A popular strategy for designing high-order filters uses a cascade connection of 
second-order filters. The cascade connection is shown in Figure 16.5-1. In this figure, the transfer 
functions H,(s), H2(s), . . . , H,(s) represent second-order filters that are connected together to build a 
high-order filter. We refer to the second-order filter as filter stages to distinguish them from the high- 
order filter. That is, the high-order filter is a cascade connection of second-order filter stages. (When the 
order of the high-order filter is odd, a first-order filter stage is needed. Nonetheless, we talk about 
designing high-order filters as a cascade of second-order stages.) 

The cascade connection is characterized by the fact that the output of one filter stage is used as the 
input to the next stage. Unfortunately, the behavior of a stage will sometimes change when another 
stage is connected to it. We call this phenomenon loading, and we say that the second stage loaded the 
first. Generally, loading is undesirable, and we try to avoid it. Figure 16.5-2 shows a model of a filter 
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FIGURE 16.5-1 A cascade circuit of n stages. FIGURE 16.5-2 A model of one filter stage. 


stage that is appropriate for investigating loading. This model includes the input and output impedance 
of the filter stage as well as the transfer function. 

Figure 16.5-3 shows a high-order filter consisting of the cascade connection of two filter stages. 
Let’s calculate the transfer function of the high-order filter. Starting at the output of the high-order filter, 
notice that there is no current in the output impedance Z(s) of the second stage. Consequently, there is 
no voltage across Z,2(s), so 


V3(s) = H2(s)V2(s) (16.5-1) 
Next, we use voltage division to find V>(s). 
Zi 
= ——— H is 1 . -2 
Vols) = zC) (16.5-2) 


Connecting the second filter stage to the first stage has changed the output of the first stage. Without the 
second stage, there would be no current in Z,;(s). Consequently, there would be no voltage across 
Zo\(S), and the output of the first stage would be V>(s) = H,(s)V,(s). The second stage is said to load the 
first stage. This loading can be eliminated by making the input impedance of the second stage infinite, 
Zi2(s) = oo, or the output impedance of the first stage zero, Zo1(s) = 0. 

Combining Eqs. 16.5-1 and 16.5-2 gives 


Zin 
V = Ha(s)=——-— H: (s) Vi ( 
36) = Hal) Ez Hi(s)Vi(s) 
Finally, the transfer function of the high-order filter is 
V3(s) Ziz 
H(s) = = Ha(s) ———- H(s 16.5-3 
() =F y= Og yz AG (16.5-3) 
This equation simplifies to 
H(s) = Ho(s)Hi(s) (16.5-4) 


when either the input impedance of the second stage is infinite, Z;2(s) = oo, or the output impedance of 
the first stage is zero, Z,1(s) = 0. In other words, Eq. 16.5-4 can be used when the second stage does not 
load the first stage, but Eq. 16.5-3 must be used when the second stage does load the first stage. We will 
prove that the Sallen-Key filters have output impedances equal to zero. Therefore, there is no loading 
when Sallen-Key filter stages are cascaded. The transfer function of the high-order filter is the product of 
the transfer functions of the individual Sallen-Key filter stages. In contrast, the filters based on the series 
RLC circuit shown in Table 16.4-1 do not have output impedances that are equal to zero or input 
impedances that are infinite. If these filter stages were cascaded, the transfer function of the high-order 
filter would not be equal to the product of the transfer functions of the individual filter stages. Thus, we can 
use cascaded Sallen-Key filter stages to design high-order filters without introducing loading. 


Zoi (5) Zo2(s) 


Hı (s)V1(s) 


Vos) eS H2(s)Vo(s) V3(s) FIGURE 16.5-3 


Cascade connection of 
two filter stages. 
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Table 16.5-1 Measuring the Parameters of a Filter Stage 


PARAMETER DEFINITION MEASUREMENTS 


Input impedance Zils) = 


Output impedance 


V 
Transfer function H(s) = o) 


Next, consider calculating the output impedance of a Sallen-Key band-pass filter. Table 16.5-1 
shows how the parameters of the model of a filter stage can be calculated or measured. The second row of 
this table indicates that to calculate the output impedance, a short circuit should be connected to the filter 
input, and a current source should be connected to the filter output. The voltage across the current source is 
calculated, and the ratio of this voltage to the current of the current source is the output impedance. Figure 
16.5-4 shows a Sallen-Key filter with a short circuit across its input and a current source connected to its 
output. This circuit can be analyzed by writing node equations at nodes 1, 2, and T: 


Vi- V 
qt a a (V1 — V2) Cs = 0 
V. 
-(Vı — V2)Cs +55 = 0 
V2 V2—-—Vr 
R | (A—-1)R 


Solving these node equations for Vr gives 
(RCs)? + (3 — A)RCs + 1] Vr = 0 
Because the factor in brackets is not zero, this equation indicates that Vr = 0. The output impedance of 
the Sallen-Key band-pass filter is 
Te i 

Similarly, each of the Sallen-Key filters shown in Table 16.4-2 has an output impedance equal to zero. 

High-order filters can be designed as a cascade connection of second-order filter stages. Filter 
stages that have an output impedance equal to zero are used so that the transfer function of the high- 
order filter will be the product of the transfer functions of the cascaded filter stages. 


0 
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FIGURE 16.5-4 Calculating the output 
impedance of a Sallen-Key band-pass filter. 
Circled numbers are node numbers. 


Table 16.5-2 First-Order Filter Stages 


FILTER TYPE FIRST-ORDER CIRCUIT DESIGN EQUATION 


nie 
s+p 
where 1 
Low-pass P= RoC 
and 
pew 
RC 
H(s) = -ks 
S+ 
where 1 
High-pass | Ra 
RıC 
and 
R 
k= 2 
Ry 
Try it 


yourself ExAMPLE 16.5-1 Cascade Connection of Filter Stages ) 
in WileyPLUS 


Design a third-order Butterworth low-pass filter having a cutoff frequency of œ. = 500 rad/s and a de gain equal to 1. 


Solution 
Equation 16.3-2 and Table 16.3-2 provide a third-order Butterworth low-pass filter having a cutoff frequency equal 


to 1 rad/s. 
1 


(s + 1)(s? +5 +1) 
Frequency scaling is used to adjust the cutoff frequency so that œ. = 500 rad/s. 
1 


Ets) — S s 5 
w (G) +t!) 


500° 
(s + 500) (s2 + 500s + 500°) 


H,(s) = 
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H(s) is the transfer function of a third-order Butterworth low-pass filter having a cutoff frequency equal to 500 rad/s. 
This transfer function can be expressed as 


—250,000 —500 

H (s) = ji 

s* + 500s + 250,000 SN 
A Sallen-Key low-pass filter can be designed to implement the second-order low-pass transfer function H;(s). 
Table 16.5-2 provides circuits and design equations for first-order filter stages. The circuit shown in the first row of 
this table can be used to implement H,(s). The first-order filter stages in Table 16.5-2 have output impedances equal 
to zero. Cascading these filter stages will not cause loading. Cascading the Sallen-Key filter with the first-order filter 
stage will produce a third-order filter with the transfer function H(s). 

First, let’s design the Sallen-Key filter with transfer function 

—250,000 
~ s2 + 500s + 250,000 
Values of the filter parameters k, mo, and Q are determined by comparing H,(s) with the standard form of the 
second-order low-pass transfer function given in Eq. 16.4-1. From the constant term in the denominator, 

w” = 250,000 


Next, from the coefficient of s in the denominator, 


= H; (s) - H)(s) (16.5-5) 


H, (s) 


Mo 
— = 500 
Q 


Finally, from the numerator, 
k - œ = 250,000 


So œo = 500 rad/s, Q = 1, and k = 1. The Sallen-Key low-pass filter is shown in row 1 of Table 16.4-2. Designing 
this filter requires finding values of R, C, and A. The design equations given in row 1 of the table indicate that 


1 
= —— il wc 
w0 RC (16.5-6) 
1 
= —_ 16.5-7 
Q I (16.5-7) 
k=A (16.5-8) 
Equation 16.5-7 gives 
A peel = 2 
Q 1 
but Eq. 16.5-8 gives 
At ka—all 


Apparently, we can select A to get the correct value of Q, or we can select A to get the correct value of k, but not 
both. The dc gain is easy to adjust later, so we pick A = 2 to make Q = 1 and settle for k = 2. Equation 16.5-6 is 
satisfied by taking C = 0.1 uF and 

1 1 


Coo (0.1 x 107°) (500) 


The Sallen-Key filter stage is shown in Figure 16.5-5a. The transfer function of this stage is 


500,000 
~ s® + 500s + 250,000 


H;(s) 


0.1 uF 


0.1 uF 


0.1 uF 0.1 uF 


(c) 
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FIGURE 16.5-5 (a) A 
Sallen-Key filter stage, (b) a 
first-order filter stage, and 
(c) a third-order Butterworth 
filter. 


The Sallen-Key filter stage achieved the desired values of wọ and Q = 1 but not the desired value of the de gain. To 
compensate, we will adjust the de gain of the first-order filter. The desired transfer function of the third-order filter 


can be expressed as 


H(s) —500,000 Hats) 
D= . 5 
s2 + 500s + 250,000  * 
which requires 
—250 
H = 
(5) = 55500 
The design equations in row 1 of Table 16.5-2 indicate that 
1 
500 = — 
RoC 
and 1 
250 = —— 
RiC 
Choose C = 0.1 uF. Then 
1 1 


Ro = 20kO 


~ 500:C (500)(0.1 x 106) 
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and 
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1 1 


250-C (250)(0.1 x 1076) 


Ry 


The first-order filter stage is shown in Figure 16.5-5b. Cascading the Sallen-Key stage and the first-order stage 
produces the third-order Butterworth filter shown in Figure 16.5-5c. 


16.6 Simulating Filter Circuits Using PSpice 


PSpice provides a convenient way to verify that a filter circuit does indeed have the correct transfer 
function. Figure 16.6-1 illustrates a method of testing a filter design. The filter that is being tested here is 
a fourth-order notch filter consisting of two Sallen-Key notch filter stages and an inverting amplifier. 
This filter was designed to have the transfer function 


4(s? + 62,500)" 
ags (s4 + 62,500) : 
(s2 + 250s + 62,500) 


The voltage source voltage v;(f) is used as the input to two separate circuits. One of these circuits is the 
filter circuit consisting of the Sallen-Key stages and the inverting amplifier. The response of this circuit 
is the node voltage v,,(f). The other “circuit” implements H(s) directly using a feature of PSpice. The 
response of this circuit is vo2(f). A single PSpice simulation produces the frequency responses 
corresponding to the transfer functions of both of these circuits; V,)(s)/V;(s) and V2(s)/V;(s). 
Next, we use Probe, the graphical post processor included with PSpice, to display both frequency 
responses on the same axis. If these frequency responses are identical, we know that the filter circuit 
does indeed implement the transfer function H(s). 

Figure 16.6-2 shows the PSpice input file corresponding to Figure 16.6-1. Two aspects of this 
file require some explanation. First, notice that parameters are used in the subcircuit that represents 
the Sallen-Key filter stage. The line 


.subckt sk_n in out params: C=.1luF w0 = 1 krad/s Q = 0.707 


10 kQ 17.78 kQ 


Sallen-Key Sallen-Key 
notch notch 
filter stage filter stage 
@g = 250, Q=1 @ = 250, O=1 


A(s? + 62,500)? 
(s2 + 250s + 62,500)? 


H(s) = 


FIGURE 16.6-1 Verifying the transfer function of a fourth-order notch filter using PSpice. 
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Testing a 4th order notch filter 


Vin 0 ac 1 

XSE1 2 sk_n params: C=.1uF wO=250 Q=1 
XSK2 2 3 sk_n params: C=.luF wO=250 Q=1 
R1 3 4 10k 

R2 4 5 17-78k 

XOA 4 D0 5 op_amp 

RL 5 D0 106 

XLP 6 4th_order_notch_filter 


-Ssubckt sk_n in out params: C=.1luF wO=lkrad’“s Q=0.707 
Ri in 2 {1/C/wO} 
R2 2 3 {1/C/wO} 
Cl in 6 {C} 
C2 6 3 {C} 
2 out {2*C} 
6 D {1/2/C/wO} 
XOA 5 3 out oap_amp 
R4 5 0 10k0hm 
R5 out 5 {(1-1/9/72})*10k0hm} 
-ends sk_n 


.subckt op_amp inv non out 
* an ideal op amp 

E {out 0) (non inv) 16 
-ends op_amp 


»-subckt 4th_order_notech_filter in out 

Ri in oO 16 

R2 out O 16 

El out O0 LAPLACE {Vfinj} = {(4*(s*s+62500)*(s*s+62500)) # 
+ (s*s+250*s+62500) *(s*s+250*s+62500)} 
-ends 4th_order_notch_filter 


-ag dee 100 1 1000 
-probe Vil) V5) V6) 
Lend 


FIGURE 16.6-2 PSpice input file used to test the fourth-order notch filter. 


marks the beginning of the subcircuit named sk_n. (PSpice allows us to name, rather than number, nodes. 
The nodes “in” and “out” will connect this subcircuit to the rest of the circuit.) Three parameters are 
defined: C, w0, and Q. All are given default values, as required by PSpice. Expressions involving these 
parameters replace the values of some of the devices that comprise the subcircuit; for example, the line 


R1 in 2 { 1/C/w0} 


indicates that resistor R1 is connected to nodes “in” and 2 and that the resistance of R1 is given by 1/C/w0. 
The values of parameters like C and w0 are given when the subcircuit is used. Consider the line 


XSK2 23 sk nparams : C=.luf w0 =2500=1 


which indicates that device XSK2 is a subcircuit sk_n. This line provides values for C, w0, and Q. 
These values will be used to calculate the resistance R1 that is used when sk_n implements XSK2. 
Different values of C, w0, and Q can be used each time the subcircuit sk_n is used to implement a 
different device. Table 16.6-1 provides PSpice subcircuits for the four Sallen-Key filter stages. 
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Table 16.6-1 PSpice Subcircuits for Sallen-Key Filter Stages 


FILTER STAGE PSPICE SUBCIRCUIT 


.subckt sk_Ip in out params: C = .1luF 
wO = lkrad/s Q = 0.707 

R1 in 2 {1/C/w0} 

R2 2 3 {1/C/w0} 

Cl 3 o  {C} 

C2 2 out {C} 

XOA 5 3 out op_amp 

R3 5 O 10kOhm 

R4 out 5 {(2 — 1/Q) *10kOhm} 
.ends sk_Ip 


.subckt sk_hp in out params: C = .1luF 
wō = lkrad/s Q = 0.707 

R1 3 0 {1/C/w0} 

R2 2 out {1/C/w0} 


Cl in 2 {C} 

C2 2 3 {C} 

XOA 5 3 out op_amp 

R3 5 0 10kOhm 

R4 out 5 {(2 — 1/Q) *10kOhm} 
.ends sk_hp 


.subckt sk_bp in out params: C = .1luF 
wO = lkrad/s Q = 0.707 

Rl in 2 {1/C/AwO} 

R2 2 out {1/C/w0} 


Cl 2 3 {0 
C2 2 {C} 
R3 3 0 {2/CiwO} 
XOA 5 3 out op_am 
vito (A-1)R vi) RA 5 0 Jeli 
R5 out 5 — {(2— 1/Q)*10kOhm} 
„ends sk_bp 


.subckt sk_n in out params: C = .1uF 
wō = 1krad/s Q = 0.707 


R1 in 2 {1/C/wO} 

R2 2 3 {1/C/w0} 

Cl in 6 {C} 

C2 6 3 {C} 

C3 2 out {2*C} 

R3 6 O {1/2/C/wO} 

XOA 5 3 out op_amp 

R4 5 O 10kOhm 

R5 out 5 {(1 — 1/Q/2)*10kOhm} 


.ends sk_n 
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Table 16.6-2 PSpice Subcircuits for Second-Order Transfer Functions 


TRANSFER FUNCTION PSPICE SUBCIRCUIT 


. subckt lp filter stage in out params: wO=1krad/sQ=0.707k=1 
Rl in0 1G 
R2 out 0 1G 

Low-pass E out 0 LAPLACE { V(in)} ={ (k*w0* w0) / (s* s +w0*s/Q + w0*w0)} 
.ends lp filter stage 


.subckt hp filter stage in out params: w0=1 krad/sQ=0.707k=1 
R1in0O1G 
R2 out 01G 
High-pass E out 0 LAPLACE { V(in)} ={ (k*s*s)/(s*s + w0* s/Q + w0* w0)} 
.ends hp filter stage 


.subckt bp filter stage in out params: w0 =1lkrad/sQ=0.707k=1 
R1in0O1G 
R2 out 01G 

Band-pass E out 0 LAPLACE { V(in)} ={ (k*w0*s/Q) / (s* s + w0* s/Q + w0* w0)} 
.ends bp filter stage 


.subckt n filter stage in out params: w0 = 1krad/s Q=0.707k=1 
R1in01G 
R2 out 0 1G 

Band-stop (notch) E out 0 LAPLACE { V(in)} ={ (k* (s* s +w0*w0)/ (s* s +w0*s/Q+w0*w0)} 
.ends n_filter_stage 


Next, consider the subcircuit 


.subckt 4 th order notch filter in out 


R1 in 0 1G 

R2 out 0 1G 

El out 0 LAPLACE { V(in)} ={ 4* (s*s + 62500)* (s*s + 62500) / 
+ (s*s + 250*s + 62500) (s*s + 250%*s + 62500) } 
.ends 4th order notch filter 


The keyword LAPLACE indicates that controlled voltage of the VCVS is related to the controlling voltage, 
using a transfer function. The controlling voltage of the VCVS is identified inside the first set of braces. The 
transfer function is given inside the second set of braces. The transfer function was too long to fit on the line 
describing the VCVS. The + sign at the beginning of the fourth line indicates that this line is a continuation 
of the previous line. Table 16.6-2 provides subcircuits describing second-order transfer functions. 

Figure 16.6-3 shows the frequency responses produced using the PSpice input file shown in 
Figure 16.6-2. The frequency responses are identical and overlap exactly. The filter circuit does indeed 
implement the specified transfer function. 


40 


-0 


o VDB(5)-VDB(1) 
e VDB(6)-VDB(1) 
-120 | | l l l FIGURE 16.6-3 Frequency response plots used 


1.0h 3.0 h 10h 30h 100h 300h 1.0Kh _ to verify the transfer function of the fourth-order 
Frequency notch filter. 
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16.7 How Can We Check ... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following examples illustrate techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


Try it 
W yourself ExampPLe 16.7-1 How Can We Check Filter 
Piss: ats Frequency Response? 
Figure 16.7-1 shows the frequency response 25 
of a band-pass filter obtained using PSpice. (1.0000 k, 19.991) 
Such a filter can be represented by 20;- i Su 
Vo(@) _ fo Ho (951.373, 17.001) (1.0511 k, 17.001) 
Vin(@) 


oOo Oo 
Wo w 
where V;,(@) and V,(@) are the input and 


output of the filter. This filter was designed 
to satisfy the specifications 


@o = 271000 rad/s, Q=10, Ay =10 


5 | 
How can we check that the specifications 500 Hz 1.0 kHz 2.0 kHz 
are satisfied? Frequency 
FIGURE 16.7-1 A band-pass frequency response. 
Solution 


The frequency response was obtained by analyzing the filter using PSpice. The vertical axis of Figure 16.7-1 gives 
the magnitude of H(@) in decibels. The horizontal axis gives the frequency in hertz. Three points on the frequency 
response have been labeled, giving the frequency and magnitude at each point. We want to use this information 
from the frequency response to check the filter to see whether it has the correct values of œo, Q, and Ho. 

The three labeled points on the frequency response have been carefully selected. One of these labels indicates 
that the magnitude of H(q) and frequency at the peak of the frequency response are 20 dB and 1000 Hz. This peak 
occurs at the resonant frequency, so 

œo = 271000 rad/s 
The magnitude at the resonant frequency is Ho, so 
20 log;yHo = 20 
or A 0= 10 
The other two labeled points were chosen so that the magnitudes are 3 dB less than the magnitude at the peak. The 
frequencies at these points are 951 Hz and 1051 Hz. The difference of these two frequencies is the bandwidth BW of 
the frequency response. Finally, Q is calculated from the resonant frequency @p and the bandwidth BW: 
Mo 271000 

= BW 2n(1051 — 951) 

In this example, three points on the frequency response were used to verify that the band-pass filter satisfied 
the specifications for its resonant frequency, gain, and quality factor. 


= I0 
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EXAMPLE 16.7-2 How Can We Check Filter Transfer Function? 


ELab is a circuit analysis program that can be used to calculate the transfer function of a filter circuit (Svoboda, 
1997). Figure 16.7-2 shows the result of using ELab to analyze the Sallen-Key band-pass filter shown in Figure 
16.4-2. This Sallen-Key filter was designed in Example 16.4-2 to have mp = 3142 rad/s, Q = 5, and k = 14. How 
can we check that the filter does indeed have the required values of wo, Q, and k? 


e 


T: jE H ‘eal Mi 
Transfer Function Coefficients cael ae a 
Transfer Funetion 
s^ numerator denominator 
Poles 
0 0 9.87e+06 
Z 
1 8800 629 a 
2 D 1 Frequency Response 
NS F exit to previous menu 
Foles 
real imaginary 
-315 3130 n 
imaginary 
=i) -3130 


0 


FIGURE 16.7-2 Using ELab to determine the transfer function of a band-pass filter. 


Solution 
The coefficients of the transfer function of the filter are given in the upper left-hand portion of Figure 16.7-2. The 
coefficients indicate that the transfer function of this filter is 


8800s 


HC) = 5 629s 4987x 10° Uei 
The general form transfer function of the second-order band-pass filter is 
w0 
k— s 
H(s) = Q (16.7-2) 


Notice that the coefficient of s% in the denominator polynomial is 1 in both of these transfer functions. Values of ao, 
Q, and k are determined by comparing the coefficients of the transfer functions in Eqs. 16.7-1 and 16.7-2. 
The square root of the constant term of the denominator polynomial is equal to wo. Therefore, 


wo = V 9.87 x 10° = 3142 rad/s 


Next, the coefficient of s in the denominator polynomial is equal to w/Q. Therefore, 
@o 3142 
~ 629° 629 
Finally, the ratio of the coefficient of s in the numerator polynomial to the coefficient of s in the denominator 
polynomial is equal to k. Therefore, 


_ 8880 | 
625 6 
The Sallen-Key band-pass filter shown in Figure 16.4-2 does indeed have the required values of wo, Q, and k. 


k 14 
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( 16.8 DesiGn ExAmPLeE Anti-Aliasing Filter 


Digital signal processing (DSP) frequently involves sampling a voltage and converting the samples to digital 
signals. After the digital signals are processed, the output signal is converted back into an analog voltage. 
Unfortunately, a phenomenon called aliasing can cause errors to occur during digital signal processing. Aliasing is 
a possibility whenever the input voltage contains components at frequencies greater than one-half of the sampling 
frequency. Aliasing occurs when these components are mistakenly interpreted to be components at a lower 
frequency. Anti-aliasing filters are used to avoid these errors by eliminating those components of the input voltage 
that have frequencies greater than one-half of the sampling frequency. 

An anti-aliasing filter is needed for a DSP application. The filter is specified to be a fourth-order Butterworth 
low-pass filter having a cutoff frequency of 500 hertz and a dc gain equal to 1. This filter is to be implemented as an 
RC op amp circuit. 


Describe the Situation and the Assumptions 

The anti-aliasing filter will be designed as a cascade circuit consisting of two Sallen-Key low-pass filters and 

perhaps an amplifier. The amplifier will be included if it is necessary to adjust the dc gain of the anti-aliasing filter. 
The operational amplifiers in the Sallen-Key filter stages will be modeled as ideal operational amplifiers. 

Resistances will be restricted to the range of 2 kQ to 500 kQ, and capacitances will be restricted to the range of 1 nF 

to 10 uF. 


State the Goal 

The transfer function of a fourth-order Butterworth low-pass filter having a cutoff frequency of 500 hertz and a dc 
gain equal to | can be obtained in two steps. First, the transfer function of a fourth-order Butterworth low-pass filter 
is given by Eq. 16.3-2 and Table 16.3-2 to be 

1 

(s2 + 0.7655 + 1)(s? + 1.8485 + 1) 
H,(s) is the transfer function of a filter having a cutoff frequency equal to 1 rad/s. Next, frequency scaling can be 
used to adjust the cutoff frequency to 500 hertz = 3142 rad/s. Frequency scaling can be accomplished by replacing 


H,,(s) = (16.8-1) 


by — = —— in H,(s) 
= = n : 
aes 


1 


(Ga) +s ! 1) (sim) + 1.848(5",) +1) ie 


k 3142 
(s2 + 2403.6s + 31427) (s2 + 5806.4s + 31427) 


H(s) = 


The goal is to design a filter circuit that has this transfer function. 


Generate a Plan 

We will express H(s) as the product of two second-order low-pass transfer functions. For each of these second- 
order transfer functions, we will do the following: 

1. Determine the values of the filter parameters k, Wo, and Q. 

2. Design a Sallen-Key low-pass filter to have the required values of mo and Q. 

It’s likely that the Sallen-Key filters won’t have the desired values of the dc gain, so an amplifier will be required to 


adjust the dc gain. The anti-aliasing filter will consist of a cascade connection of the Sallen-Key filter stages and the 
amplifier. 


Design Example 829 


Act on the Plan 
Consider the first factor of the denominator of H(s). From the constant term, 
a = 3 
So œo = 3142 rad/s. Next, from the coefficient of s in the denominator, 
o 
— = 2403.6 
K 3142 
2 
B 2403.6 


Next, design a Sallen-Key low-pass filter with wọ = 3142 rad/s and Q = 1.31. The design equations given in row 1 
of Table 16.4-2 indicate that 


1 
Oo = — 
° RC 
1 
d a 
an Q A 
Pick C = 0.1 wF. Then, 
1 1 
C 3142-1077 
1 1 
Al A =3-— -= 3 — — = 2.24 
a Q 131 
The dc gain of this filter stage is k = A = 2.24, so the transfer function of this stage is 
2.24 - 3142? 
H(s) 


~ 2 4 2403.6s + 3142? 
Next, consider the second factor in the denominator of H(s). Once again, the constant term indicates that 
@o = 3142 rad/s. Now Q can be calculated from the coefficient of s to be 


3142 
== = 0.541 
Q 5806.4 
We require a Sallen-Key low-pass filter with mp = 3142 rad/s and Q = 0.541. Pick C = 0.1 uF. Then, 
1 1 
C 3142- 1077 
1 1 
and nE 3 1S 
Q 0.541 
The dc gain of this filter stage is k = A = 1.15, so the transfer function of this stage is 
1.15 - 3142? 


Ay(s) = 
als) = 555806 ds 4 31422 
The product of the gains of the filter stages is 


H(s) - H2(s) = 2.576 - H(s) 
so H(s) = 0.388 - Hı (s) - H2(s) 


The third stage of the anti-aliasing filter is an inverting amplifier having gain equal to 0.388. The anti-aliasing filter 
is shown in Figure 16.8-1. 


Verify the Proposed Solution 

Section 16.14 describes a procedure for verifying that a circuit has a specified transfer function. This procedure 
consists of using PSpice to plot the frequency response of both the circuit and the transfer function. These two 
frequency responses are compared. If they are the same, the transfer function of the circuit is indeed the specified 
transfer function. 
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3183 Q 31832 


FIGURE 16.8-1 The anti-aliasing filter. 


Verify the transfer function of the 4th order low-pass filter 


win 2 fac T 

XSK1 1 2 sk_ip params: C={C} wO={wO} Q=1.31 
HSK2 2 3 sk_lp params: C={C} wO={wO} Q=0.541 
Ri 3 4 20000 

REIES 7760 

XOA 4 0 5 op_amp 

a1 i 6 Bi 

H2 6 7 H2 


-subekt sk_lp in out params: C=.1luf wO=lkrad/s Q=0.707 
Renee ac Awil} 

We a a AAA 

(al S en 

G2 out TEF 

XOA 5 3 out op amp 

R3 5 QO 10k0hm 

R4 out 5 {(2-1/Q)*10k0hm} 

-ends 


-subckt op amp iny non out 
*an ideal op amp 

Perotti nan anv} IG 
-ends op_amp 


PSaubekt Hi in aut 

Ri in 0 1G 

ee tonite MEIG 

E out O LAPLACE {V(in) }={3142*3142/(s*s+2409.6*5s+39142*3142)} 
-ends H1 


PS bick Gehl. ed Ne aut 

BLL aki fo) alte 

2 out U 1G 

E out 0 LAPLACE {Vin} }={3142*3142/(s*s+5806.4*5s+39142*39142)} 
.ends H2 


CEAR GEE 25 5 (ola) Smm 

„proke Vi? Sa 

.param: C=0.1uF w0=3142 Q=2 k=2.5 
.end 


Sooo l 


FIGURE 16.8-2 The PSpice input file used to verify that the circuit shown in Figure 16.8-1 has the specified 
transfer function. 
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0.8V 
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0.4V 


o v(5) 
e v(7) 


0.2V 


OV 
10mh 100mh 1.0h 


10h 


100h 1.0Kh 10Kh 


Frequency 


FIGURE 16.8-3 The frequency response of the circuit shown in Figure 16.8-1 and frequency response corresponding to the transfer 


function given in Eq. 16.8-2 are identical. 


Figure 16.8-2 shows the PSpice input file used to plot the frequency responses of both the circuit shown in 
Figure 16.8-1 and the transfer function given in Eq. 16.8-2. These frequency responses are shown in Figure 16.8-3. 
These frequency responses overlap exactly so that the two plots appear to be a single plot. Therefore, the filter does 


indeed have the required transfer function. 


16.9 SUMMARY 


(8) 


An ideal filter separates its input into two parts. One part is 
passed, unchanged, to the output; the other part is eliminated. 
In other words, the output of an ideal filter is an exact copy of 
part of the filter input. 

There are several ways of separating the filter input into two 
parts and, correspondingly, several types of ideal filter. 
Table16.3-1 illustrates the common filter types. 
Unfortunately, ideal filter circuits don’t exist. Filters are 
circuits that approximate ideal filters. 

Butterworth transfer functions have magnitude frequency 
responses that approximate the frequency response of an 
ideal filter. 

The frequency response of second-order filters is character- 
ized by three filter parameters: a gain k, the corner frequency 


PROBLEMS 


© Problem available in WileyPLUS at instructor’s discretion. 


@o, and the quality factor Q. Filter circuits are designed by 

choosing the values of the circuit elements in such a way as 

to obtain the required values of k, wo, and Q. 

1. Table 16.4-1 provides the information required to design 
second-order RLC filters. 

2. Table 16.4-2 provides the information required to design 


Sallen-Key filters. 
High-order filters are filters that have an order greater than 2. 


A popular strategy for designing high-order filters uses a 
cascade connection of second-order filters. 

PSpice provides a convenient way to verify that a filter 
circuit does indeed have the correct transfer function. 
PSpice subcircuits reduce the complexity of simulations of 
high-order filters. Table 16.6-1 provides PSpice subcircuits 
for the four Sallen-Key filter stages. 


Section 16.3 Filters 


P 16.3-1 @ Obtain the transfer function of a third-order 


P 16.3-2 A dc gain can be incorporated into Butterworth low- 


Butterworth low-pass filter having a cutoff frequency equal to 


100 hertz. 


628° 
(s + 628) (s? + 628s + 6287) 


Answer: H; (s) = 


pass filters by defining the transfer function to be 


+k 


mO = 


where D(s) denotes the polynomials tabulated in Table 16.3-2 
and k is the dc gain. The de gain k is also called the pass-band 
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gain. Obtain the transfer function of a third-order Butterworth 
low-pass filter having a cutoff frequency equal to 100 rad/s and 
a pass-band gain equal to 5. 


P 16.3-3 © High-pass Butterworth filters have transfer 
functions of the form 
tks” 

H H (s) D, (s) 
where n is the order of the filter, D,,(s) denotes the nth order 
polynomial in Table 16.3-2, and k is the pass-band gain. Obtain 
the transfer function of a third-order Butterworth high-pass 
filter having a cutoff frequency equal to 100 rad/s and a pass- 
band gain equal to 5. 


5-33 
(s + 100)(s? + 100s + 10000) 


P 16.3-4 High-pass Butterworth filters have transfer functions 
of the form 


Answer: Hy(s) = 


tks” 
D,(s) 


Hy(s) = 


where n is the order of the filter, D,,(s) denotes the nth order 
polynomial in Table 16.3-2, and k is the pass-band gain. Obtain 
the transfer function of a fourth-order Butterworth high-pass 
filter having a cutoff frequency equal to 500 hertz and a pass- 
band gain equal to 5. 


P 16.3-5 © A band-pass filter has two cutoff frequencies, œa 
and œp. Suppose that œ, is quite a bit smaller than œp, say 
@a < @p/10. Let Hı (s) be a low-pass transfer function having a 
cutoff frequency equal to œp and Hy(s) be a high-pass transfer 
function having a cutoff frequency equal to w,. A band-pass 
transfer function can be obtained as a product of low-pass and 
high-pass transfer functions, Hp(s) = Hi (s) - Hy(s). The order 
of the band-pass filter is equal to the sum of the orders of the 
low-pass and high-pass filters. We usually make the orders 
of the low-pass and high-pass filter equal, in which case the 
order of the band-pass is even. The pass-band gain of the band- 
pass filter is the product of pass-band gains of the low-pass and 
high-pass transfer functions. Obtain the transfer function of a 
fourth-order band-pass filter having cutoff frequencies equal to 
100 rad/s and 2000 rad/s and a pass-band gain equal to 4. 


Answer: 


16,000,000 - s? 
p(s) = 


(s2 + 141.45 + 10,000) (s2 + 2828s + 4,000,000) 


P 16.3-6 In some applications, band-pass filters are used to 
pass only those signals having a specified frequency wọ. The 
cutoff frequencies of the band-pass filter are specified to satisfy 
\/@,Mp = w0. The transfer function of the band-pass filter is 
given by 


Mo m 


Ha(s) =k Q 


Mo 
s2 + p` + 00 


The order of this band-pass transfer function is n = 2m. The 
pass-band gain is k. Transfer functions of the type are readily 


implemented as the cascade connection of identical second- 
order filter stages. Q is the quality factor of the second-order 
filter stage. The frequency wọ is called the center frequency of 
the band-pass filter. Obtain the transfer function of a fourth- 
order band-pass filter having a center frequency equal to 250 
rad/s and a pass-band gain equal to 4. Use Q = 1. 


250,0005? 
(s2 + 250s + 62,500)? 


P 16.3-7 A band-stop filter has two cutoff frequencies, œ, and 
Œp. Suppose that œw, is quite a bit smaller than Mp, say @a < @,/10. 
Let Hı (s) be a low-pass transfer function having a cutoff 
frequency equal to w, and Hy(s) be a high-pass transfer function 
having a cutoff frequency equal to œp. A band-stop transfer 
function can be obtained as a sum of low-pass and high-pass 
transfer functions, Hn(s) = Hi (s) + Hy(s). The order of the 
band-pass filter is equal to the sum of the orders of the low-pass 
and high-pass filters. We usually make the orders of the low- 
pass and high-pass filter equal, in which case, the order of the 
band-stop is even. The pass-band gains of both the low-pass and 
high-pass transfer functions are set equal to the pass-band gain 
of the band-stop filter. Obtain the transfer function of a fourth- 
order band-stop filter having cutoff frequencies equal to 100 
rad/s and 2000 rad/s and a pass-band gain equal to 2. 


Answer: Hg (s) = 


Answer: 


__ 2st + 282.853 + 40,0005? + 56, 560,000s + 8 - 10!° 


H 
n(s) (s2 + 141.4s + 10,000) (s? + 2828s + 4,000,000) 


P 16.3-8 In some applications, band-stop filters are used to 
reject only those signals having a specified frequency wo. The 
cutoff frequencies of the band-stop filter are specified to satisfy 
\/@,p = w0. The transfer function of the band-pass filter is 
given by 

Mo m 


Hy(s) = k — Hg(s) = k — k 2 
s? + z + wo? 


The order of this band-stop transfer function is n = 2m. The 
pass-band gain is k. Transfer functions of the type are readily 
implemented using a cascade connection of identical second- 
order filter stages. Q is the quality factor of the second-order 
filter stage. The frequency wọ is called the center frequency of 
the band-stop filter. Obtain the transfer function of a fourth- 
order band-stop filter having a center frequency equal to 250 
rad/s and a pass-band gain equal to 4. Use Q = 1. 


4(s? + 62,500)” 
(s2 + 250s + 62,500)" 
P 16.3-9 @ Transfer functions of the form 


m 


Answer: Hy(s) = 


(wo 


Mo 
s2 +—s+ a 
Q 


H(s) =k 5 


are low-pass transfer functions. (This is not a Butterworth transfer 
function.) The order of this low-pass transfer function is n = 2m. 


The pass-band gain is k. Transfer functions of this type are readily 
implemented using a cascade connection of identical second- 
order filter stages. Q is the quality factor of the second-order filter 
stage. The frequency œọ is the cutoff frequency w, of the low- 
pass filter. Obtain the transfer function of a fourth-order low-pass 
filter having a cutoff frequency equal to 250 rad/s and a pass- 
band gain equal to 4. Use Q = 1. 


P 16.3-10 Transfer functions of the form 


m 


s? 


Hy (s) =k 


s + a + wo? 

are high-pass transfer functions. (This is not a Butterworth 
transfer function.) The order of this high-pass transfer function 
isn = 2m. The pass-band gain is k. Transfer functions of the type 
are readily implemented using a cascade connection of identical 
second-order filter stages. Q is the quality factor of the second- 
order filter stage. The frequency wo is the cutoff frequency «, of 
the high-pass filter. Obtain the transfer function of a fourth-order 
high-pass filter having a cutoff frequency equal to 250 rad/s and a 
pass-band gain equal to 4. Use Q = 1. 


Section 16.4 Second-Order Filters 


P 16.4-1 @ The circuit shown in Figure P 16.4-1 is a 
second-order band-pass filter. Design this filter to have k = 1, 
œo = 1000 rad/s, and Q = 1. 


Figure P 16.4-1 


P 16.4-2 The circuit shown in Figure P 16.4-2 is a second- 
order low-pass filter. Design this filter to have k= 1, 
wo = 200 rad/s, and Q = 0.707. 


is) Cf) Cc 


L4] ile) 


Figure P 16.4-2 


P 16.4-3 © The circuit shown in Figure P 16.4-3 is a second- 
order low-pass filter. This filter circuit is called a multiple-loop 
feedback filter (MFF). The output impedance of this filter is zero, 
so the MFF low-pass filter is suitable for use as a filter stage in a 
cascade filter. The transfer function of the low-pass MFF filter is 


1 
~ RiR3C\O> 


24 1 ) 1 i 1 fe 1 
RC, RC; RC; RR3C1ı C2 
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Design this filter to have œo = 2000 rad/s and Q = 8. What is 
the value of the dc gain? 

Hint: Let Rp = R3 = R and C, = C, = C. Pick a convenient 
value of C and calculate R to obtain œo = 2000 rad/s. Calculate 
R, to obtain Q = 8. 


Figure P 16.4-3 


P 16.4-4 The circuit shown in Figure P 16.4-4 is a second- 
order band-pass filter. This filter circuit is called a multiple- 
loop feedback filter (MFF). The output impedance of this filter 
is zero, so the MFF band-pass filter is suitable for use as a filter 
stage in a cascade filter. The transfer function of the band-pass 
MFF filter is 


AY 
Ri Co 
Hg(s) = 
B(s) 24 1 1 : Ri +R; 
"ARPG: POJ | RRR 


To design this filter, pick a convenient value of C and then use 


-> 0 _ 20 20 
ko? aC’ wy C(202 — k) 


Design this filter to have k = 5, mp = 2000 rad/s, and Q = 8. 


Ri 


and R3 = 


Figure P 16.4-4 


P 16.4-5 © The circuit shown in Figure P 16.4-5 is a low- 
pass filter. The transfer function of this filter is 
1 


RıRıCıC2 
1 1 


| 
Ri Cy 1 R, RoC, C2 
Design this filter to have k = 1, mp = 1000 rad/s, and Q = 1. 


Hı (s) = 


s2 
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Figure P 16.4-5 


P 16.4-6 The CR:RC transformation is used to transform low- 
pass filter circuits into high-pass filter circuits and vice versa. 
This transformation is applied to RC op amp filter circuits. 
Each capacitor is replaced by a resistor, when each resistor is 
replaced by a capacitor. Apply the CR:RC transformation to the 
low-pass filter circuit in Figure P 16.4-5 to obtain the high-pass 
filter circuit shown in Figure P 16.4-6. Design a high-pass filter 
to have k = 1, wp = 1000 rad/s, and Q = 1. 


Figure P 16.4-6 


P 16.4-7 © We have seen that transfer functions can be 
frequency scaled by replacing s by s/k; each time that it occurs. 
Alternately, circuits can also be frequency scaled by dividing 
each capacitance and each inductance by the frequency scaling 
factor ks. Either way, the effect is the same. The frequency 
response is shifted to the right by ky. In particular, all cutoff, 
corner, and resonant frequencies are multiplied by kp. Suppose 
that we want to change the cutoff frequency of a filter circuit 


from Wola tO Mpew. We set the frequency scale factor to 
ke = Onew 
Dold 


and then divide each capacitance and each inductance by kg. 
Use frequency scaling to change the cutoff frequency of the 
circuit in Figure P 16.4-7 to 250 rad/s. 


Answer: kę = 0.05. 


25 Q 10mH 


v(t) 4 uF Volt) 


Figure P 16.4-7 


P 16.4-8 © Impedance scaling is used to adjust the imped- 
ances of a circuit. Let km denote the impedance scaling factor. 
Impedance scaling is accomplished by multiplying each im- 
pedance by km. That means that each resistance and each 
inductance is multiplied by km, but each capacitance is divided 
by km. Transfer functions of the form H (s) = ne or H(s) = 
ae are not changed at all by impedance scaling. Transfer 
functions of the form H(s) = a are multiplied by kn, 
whereas transfer functions of the form H(s) = oe are divided 
by km. Use impedance scaling to change the values of the 
capacitances in the filter shown in Figure P 16.4-8 so that 
the capacitances are in the range of 0.01 uF to 1.0 uF. Calculate 


the transfer function before and after impedance scaling. 


10Q 


Figure P 16.4-8 


P 16.4-9 A band-pass amplifier has the frequency response 
shown in Figure P 16.4-9. Find the transfer function H(s). 
Hint: w = 27(10 MHz), k = 10 dB = 3.16, BW = 0.2 MHz, 
Q = 50 


10 
_ 7 
a 
B 
=x 
an 
2 
Ra 2b 
g Lo oi ji ii 
9.7 98 99 10 10.1 10.2 10.3 
@ 
zp (MHz) 


Figure P 16.4-9 A band-pass amplifier. 


P 16.4-10 A band-pass filter can be achieved using the circuit 
of Figure P 16.4-10. Find (a) the magnitude of H = V,/V,, 
(b) the low- and high-frequency cutoff frequencies w; and wo, 
and (c) the pass-band gain when œ; &« wœ < @p. 


Answers: 


(b) w = EG and te = EG 
(c) pass-band gain = @ 


Problems 835 


P 16.5-3 @ Design a filter that has the transfer function 


Ry Cy O 
+ HG) = 16,000,000 - s? 
” Uo BU (s2 + 141.4s + 10,000) (s2 + 2828s + 4,000,000) 
S 
= Answer: See Figure SP 16-3. 
= i P 16.5-4 Design a filter that has the transfer function 

7 2 

Figure P 16.4-10 A band-pass filter. Hp(s) = pons 


(s2 + 250s + 62,500) 


P 16.4-11 A unity gain, low-pass filter is obtained from the Answer: See Figure SP 16-4. 
operational amplifier circuit shown in Figure P 16.4-11. 


Determine the network function H(@) = V/V. P 16.5-5 Design a filter that has the transfer function 


2s? 20,000 
An (s) = t 
(s2 + 2828s + 4,000,000) (s2 + 141.4s + 10,000) 
Answer: See Figure SP 16-5. 
P 16.5-6 Design a filter that has the transfer function 
4(s? + 62,500)” 
(s2 + 250s + 62,500)” 


Hy(s) = 


Figure P 16.4-11 Answer: See Figure SP 16-6. 
P 16.5-7 @ 


(a) For the circuit of Figure P 16.5-7a, derive an expression for 
the transfer function H4(s) = Vi /Vs. 

(b) For the circuit of Figure P 16.5-7b, derive an expression for 
the transfer function H;(s) = V2/V1. 

(c) Each of the above filters is a first-order filter. The circuit of 
Figure P 16.5-7c is the cascade connection of the circuits of 
Figure P 16.5-7a and Figure P 16.5-7b. Derive an expres- 
sion for the transfer function He(s) = V2/V; of the second- 

50 pF order circuit in Figure P 16.5-7c. 

(d) Why doesn’t H.(s) = H,(s)H;,(s)? 

Hint: Consider loading. 


P 16.4-12 A particular acoustic sensor produces a sinusoidal 
output having a frequency equal to 5 kHz. The signal from the 
sensor has been corrupted with noise. Figure P 16.4-12 shows a 
band-pass filter that was designed to recover the sensor signal 
from the noise. The voltage v, represents the noisy signal from 
the sensor. The filter output v, should be a less noisy signal. 
Determine the center frequency and bandwidth of this band- 
pass filter. 


Figure P 16.4-12 


Section 16.5 High-Order Filters 


P 16.5-1 Design a low-pass filter circuit that has the transfer 
function 


6283 
(s + 628) (s2 + 628s + 628°) 
Answer: See Figure SP 16-1. 
P 16.5-2 Design a filter that has the transfer function 

5-98 

2 
(s + 100) (s? + 100s + 10,000) Figure P 16.5-7 (a) Circuit for H,. (b) Circuit for Hy, (c) Circuit 
Answer: See Figure SP 16-2. for H.. 


H(s) = 
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P 16.5-8 @ Two amplifiers are connected in cascade as 
shown in Figure P 16.5-8. The transfer function of each 
amplifier is of the form 

As 


aaa bon) 


Determine the transfer function of the fourth-order filter. 
(Assume that there is no loading.) 


Amplifier 1 


A = Gain = 100 
-3 dB at 


Amplifier 2 


fı, = 100 Hz 
fin = 10 kHz 


Figure P 16.5-8 Two cascaded amplifiers. 


P 16.5-9 A second-order filter uses two identical first-order 
filter stages as shown in Figure P 16.5-9. Each filter stage is 
specified to have a cutoff frequency at œ. = 1000 rad/s and a 
pass-band gain of 0 dB. (a) Find the required R4, Ro, and C. 
(b) Find the gain of the second-order filter at œ = 10,000 rad/s 
in decibels. 


Figure P 16.5-9 


PSpice Problems 


SP 16-1 The filter circuit shown in Figure SP 16-1 was 
designed to have the transfer function 


628° 


H(s) = 


(s + 628) (s2 + 628s + 628°) 


15,9209 15,920 Q 


31,840 Q 
0.1 uF 
15,920 Q 
15,920 Q 


Figure SP 16-1 


Section 16.7 How Can We Check ...? 


P 16.7-1 © The specifications for a band-pass filter require 
that œo = 100 rad/s, Q = 5, and k = 3. The transfer function 
of a filter designed to satisfy these specifications is 


H(s) = 75s 
s? + 25s + 10,000 


Does this filter satisfy the specifications? 


P 16.7-2 The specifications for a band-pass filter require that 
œo = 100 rad/s, Q = 4, and k = 3. The transfer function of a 
filter designed to satisfy these specifications is 


(s) 75s 
H(s) = 
s? + 25s + 10,000 


Does this filter satisfy the specifications? 


P 16.7-3 © The specifications for a low-pass filter require 
that wp = 20 rad/s, Q = 0.8, and k = 1.5. The transfer function 
of a filter designed to satisfy these specifications is 


600 
H(s) = D LAE, LAAR 
s* + 25s + 400 
Does this filter satisfy the specifications? 
P 16.7-4 The specifications for a low-pass filter require that 


Wo = 25 rad/s, Q = 0.4, and k = 1.2. The transfer function of a 
filter designed to satisfy these specifications is 


750 
H(s) = a O a LENE 
s? + 62.5s + 625 
Does this filter satisfy the specifications? 
P 16.7-5 © The specifications for a high-pass filter require 


that œo = 12 rad/s, Q = 4, and k = 5. The transfer function of 
a filter designed to satisfy these specifications is 


H(s) _ 582 
~ s2 + 30s + 144 


Does this filter satisfy the specifications? 


Use PSpice to verify that the filter circuit does indeed 
implement this transfer function. 


SP 16-2 The filter circuit shown in Figure SP 16-2 
was designed to have the transfer function 

5-93 
+ 100s 4 


(s + 100) (s2 10,000) 
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Use PSpice to verify that the filter circuit does indeed implement 
this transfer function. 


of 


O.luF O.luF 


4 100kQ 0.1 uF 


v(t) 100 kQ 


Figure SP 16-2 


SP 16-3 The filter circuit shown in Figure SP 16-3 was 
designed to have the transfer function 


16,000,000 - s2 
(s2 + 141.45 + 10,000) (s? + 2828s + 4,000,000) 


Use PSpice to verify that the filter circuit does indeed implement 
this transfer function. 


Hp(s) = 


O.luF O.luF 
+ 


vilt) 100 kQ 


Figure SP 16-3 


SP 16-4 The filter circuit shown in Figure SP 16-4 was 
designed to have the transfer function 


250,0005? 
Hg(s) = 


(s2 + 250s + 62,500)” 


Use PSpice to verify that the filter circuit does indeed implement 
this transfer function. 


Figure SP 16-4 
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SP 16-5 The filter circuit shown in Figure SP 16-5 was 
designed to have the transfer function 

2s? l 20,000 
(s2 + 2828s + 4,000,000) ` (s2 + 141.4s + 10,000) 


Use PSpice to verify that the filter circuit does indeed implement 
this transfer function. 


Hy(s) = 


5 kQ 
©, 
O.luF  O.luF 
H ” 10 ka 
5 kQ 
2.93 kQ 
5 kQ 
0.1 uF 


100 kQ 100 kQ 


vilt) 0.1 uF 


Figure SP 16-5 


SP 16-6 The filter circuit shown in Figure SP 16-6 was 
designed to have the transfer function 


4(s? + 62,500)” 
(s2 + 250s + 62,500)” 


Hy(s) = 


Use PSpice to verify that the filter circuit does indeed implement 
this transfer function. 


17.78 kQ 
20kQ 20kQ 


" 
O.1 uF | 0.1 nF 


v(t) Volt) 


Figure SP 16-6 


SP 16-7 A notch filter is shown in Figure SP 16-7. The output 
of a two-stage filter is vı, and the output of a three-stage filter is 
v2. Plot the Bode diagram of V,/V, and V2/V, and compare the 
results when L = 10 mH and C = LF. 


Figure SP 16-7 


SP 16-8 An acoustic sensor operates in the range of 5 kHz to 
25 kHz and is represented in Figure SP 16-8 by vs. It is specified that 
the band-pass filter shown in the figure passes the signal in the 
frequency range within 3 dB of the center frequency gain. Determine 
the bandwidth and center frequency of the circuit when the op amp 
has R; = 500kQ, R, = 1 KQ, and A = 10°. 


50 pF 


Figure SP 16-8 


Design Problems 


DP 16-1 Design a band-pass filter with a center frequency of 
100 kHz and a bandwidth of 10 kHz, using the circuit shown in 
Figure DP 16-1. Assume that C = 100 pF and find R and R}. Use 
PSpice to verify the design. 


Figure DP 16-1 


DP 16-2 A communication transmitter requires a band-pass 
filter to eliminate low-frequency noise from nearby traffic. 
Measurements indicate that the range of traffic rumble is 
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SP 16-9 Frequently, audio systems contain two or more loud- 
speakers that are intended to handle different parts of the audio- 
frequency spectrum. In a three-way setup, one speaker, called a 
woofer, handles low frequencies. A second, the tweeter, handles 
high frequencies, and a third, the midrange, handles the middle 
range of the audio spectrum. 

A three-way filter, called a crossover network, splits the 
audio signal into the three bands of frequencies suitable for each 
speaker. There are many and varied designs. A simple one is based 
on series LR, CR, and resonant RLC circuits as shown in Figure 
SP 16-9. All speaker impedances are assumed resistive. The 
conditions are (1) woofer, at the crossover frequency: X,; = Rw: 
(2) tweeter, at the crossover frequency: Xc3 = Rr; and (3) midrange, 
with components C>, Lz, and Ryr forming a series resonant circuit 
with upper and lower cutoff frequencies fọ and fi, respectively. 
The resonant frequency = (f, f,)'”. 

When all the speaker resistances are 8 Q, determine the 
frequency response and the cutoff frequencies. Plot the Bode 
diagram for the three speakers. Determine the bandwidth of 
the midrange speaker section. 


Amplifier 


Figure SP 16-9 Three-way filter for a speaker system. 


2 <œ < 12rad/s. A designer proposes a filter as 
(1+ s/a1)°(1 + s/s) 
(1+ s/n) 


H(s) = 


where s = ja. 

It is desired that signals with œ > 100 rad/s pass with less 
than 3-dB loss, whereas the traffic rumble be reduced by 46 dB 
or more. Select œ, @2, and œz and plot the Bode diagram. 


DP 16-3 A communication transmitter requires a band-stop 
filter to eliminate low-frequency noise from nearby auto traffic. 
Measurements indicate that the range of traffic rumble is 
2 rad/s < œ < 12rad/s. A designer proposes a filter as 


H(s) = (1 ua s/o) (1 Tv s/o3)° 

(1 + s/o) (1 + 5/4)” 

where s = jæ. It is desired that signals above 130 rad/s pass with 
less than 4-dB loss, whereas the traffic ramble be reduced by 35 dB 
or more. Select 1, 2, 3, and œ4 and plot the Bode diagram. 
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17.1 Introduction 


Many practical circuits have just two ports of access, that is, two places where signals may be input or 
output. For example, a coaxial cable between Boston and San Francisco has two ports, one at each of 
those cities. The object here is to analyze such networks in terms of their terminal characteristics 
without particular regard to the internal composition of the network. To this end, the network will be 
described by relationships between the port voltages and currents. 

We study two-port networks and the parameters that describe them for a number of reasons. 
Most circuits or systems have at least two ports. We may put an input signal into one port and obtain 
an output signal from the other. The parameters of the two-port network completely describe its 
behavior in terms of the voltage and current at each port. Thus, knowing the parameters of a two-port 
network permits us to describe its operation when it is connected into a larger network. Two-port 
networks are also important in modeling electronic devices and system components. For example, in 
electronics, two-port networks are employed to model transistors, op amps, transformers, and 
transmission lines. 

A two-port network is represented by the network shown in Figure 17.1-1. A four-terminal 
network is called a two-port network when the current entering one terminal of a pair exits the other 
terminal in the pair. For example, J; enters terminal a and exits terminal b of the input terminal pair 
a—b. It will be assumed in our discussion that there are no independent sources or nonzero initial 
conditions within the linear two-port network. Two-port networks may or may not be purely resistive 
and can in general be formulated in terms of the s-variable or the ja-variable. 


A two-port network has two access points appearing as terminal pairs. The current entering 
one terminal of a pair exits the other terminal in the pair. 


T-to-I Transformation and Two-Port Three-Terminal Networks 


I 
a A = 
© O 
input |, * Output 
npu ena utpu 
port Vi Circuit Vo port 
— FIGURE 17.1-1 A 
h In two-port network. 


17.2 T-to-fl Transformation and Two-Port 
Three-Terminal Networks 


Two networks that occur frequently in circuit analysis are the T and I networks, as shown in Figure 
17.2-1. When redrawn, they can appear as the Y or delta (A) networks of Figure 17.2-2. 

If a network has mirror-image symmetry with respect to some centerline, that is, if a line can be 
found to divide the network into two symmetrical halves, the network is a symmetrical network. The T 
network is symmetrical when Z; = Z2, and the II network is symmetrical when Za, = Zg. Furthermore, 
if all the impedances in either the T or IT network are equal, then the T or II network is completely 
symmetrical. 

Note that the networks shown in Figure 17.2-1 and Figure 17.2-2 have two access ports and three 
terminals. For example, one port is obtained for the terminal pair a—c and the other port is b-c. 

We can obtain equations for direct transformation or conversion from a T network to a II 
network, or from a IT network to a T network, by considering that, for equivalence, the two networks 
must have the same impedance when measured between the same pair of terminals. For example, at port 
1 (at a—c) for the two networks of Figure 17.2-2, we require 


Za(Zp + Zc) 
Za + Zg + Ze 


To convert a IT network to a T network, relationships for Z4, Z2, and Z3 must be obtained in terms of the 
impedances Za, Zg, and Zc. With some algebraic effort, we can show that 


ZZ 
Z= A (17.2-1) 
Zit Zak Zo 


ZgZ 
Zyn Pe (17.2-2) 
Za + Zg + Zc 


ZaZ 
Zy = ARB _ (17.2-3) 
Za + Zg + Zc 


Zi +Z; = 


(a) 


(b) (a) (b) 
FIGURE 17.2-1 (a) T network and (b) II network. FIGURE 17.2-2 (a) Y network and (b) A network. 
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Similarly, we can obtain the relationships for Za, Zg, and Zc as 


VA Tey FZ 
Za = L Ia T A (17.2-4) 
Z2 
ZZ + ZZ; + Z;Z 
Zp = 422 t 423 341 (17.2-5) 
Z\ 
ZZ + ZZ; + ZZ 
Zo = 22 = = (17.2-6) 
3 


Each T impedance equals the product of the two adjacent legs of the IT network divided by the 
sum of the three legs of the IT network. On the other hand, each leg of the IT network equals the sum of 


the possible products of the T impedances divided by the opposite T impedance. 
When a T or a IT network is completely symmetrical, the conversion equations reduce to 


Z 
Z= (17.2-7) 
and 3 
Zu = 3Zr (17.2-8) 
where Zy is the impedance in each leg of the T network and Zy is the impedance in each leg of the IT 
network. 
Try it . 
yourself ( EXAMPLE 17.2-1 T-to II-Transformation 
in WileyPLUS 
j5Q -j5Q 
Find the II form of the T circuit given in Figure 17.2-3a. 1 o2 
Solution 1e 
The first impedance of the II network, using Eq. 17.2-4, is 3 3 (a) 
ZZ. + Z223 +Z;Zı j5(—j5) + (-j5)1 +195) . 
TIN = = Š =) Q 
Z2 E> 25 Q 
Similarly, the second impedance, using Eq. 17.2-5, is 2 
Zg = —/5 0 j5Q TBO 
and the third impedance, using Eq. 17.2-6, is 3 3 (b) 
Za 50 FIGURE 17.2-3 (a) T circuit of Example 


The II equivalent circuit is shown in Figure 17.2-3b. 172-1. (6) M equival nio ait 


ExAmMPLE 17.2-2_ Il-to T-Transformation 


Find the T network equivalent to the IT network shown in Figure 17.2-4 in the s-domain 1Q 


using the Laplace transform. Then, for s = j1, find the elements of the T network. 2 
: 1F 1H 
Solution 
First, using Eq. 17.2-1, we have 3 3 
(1)(1/s) 1 FIGURE 17.2-4 II circuit of 


Sei i/s soso Example 17.2-2. 
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Then, using Eq. 17.2-2, we have 


1(s) S 
Z= = 
s+1+1/s s+s+l1 
TE 
Finally, the third impedance is (Eq. 17.2-3) e ME 
s(1/s 5 
PE T 
s+1+1/s s?+s5+4+1 
To find the elements of the T network at s = j1, we substitute s = j1 and 3 3 
determine each impedance. Then, we have FIGURE 17.2-5 T circuit 
2e a D j ZB=1 SN. of the original II 
circuit of Example 17.2-2 
Therefore, the equivalent T network is as shown in Figure 17.2-5 for the value fors=jl. 


Sale 


Try it 
© yourself EXERCISE 17.2-1 Find the T circuit equivalent to the T circuit shown in Figure E 17.2-1. 
in WileyPLUS o 


100 Q 125. Q 


FIGURE E 17.2-1 


Answer: R; = 100, Ro = 12.50, and R3 = 500, 


17.3 Equations of Two-Port Networks 


Let us consider the two-port network of Figure 17.1-1. By convention, J; and J, are assumed to be 
flowing into the network as shown. The variables are V;, V2, J}, and J5. Within the two-port network, 
two variables are independent and two are dependent, and we may select a set of two independent 
variables from the six possible sets: (V1, V2), i, 2), (V1, Db), Ch. V2), (Vi, 41), and (V2, I2). We will also 
assume linear elements. 

The possibilities for independent (input) variables and the associated dependent variables are 
summarized in Table 17.3-1. The names of the associated six sets of circuit parameters are also identified 
in Table 17.3-1. For the case of phasor transforms or Laplace transforms with the circuit of Figure 17.1-1, we 


Table 17.3-1 Six Circuit-Parameter Models 


INDEPENDENT DEPENDENT 
VARIABLES (INPUTS) VARIABLES (OUTPUTS) CIRCUIT PARAMETERS 
h, h Vi, Vo Impedance Z 
Vi, V2 h, h Admittance Y 
Vi, h L, V2 Inverse hybrid g 
h, V2 Vi, h Hybrid h 
V2, h Vi, h Transmission T 


Vi, l Və, h Inverse transmission T’ 
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Table 17.3-2 Equations for the Six Sets of Two-Port Parameters 


= AV? — Bh 
= CV, - 
BI, 


=A'V; — 
h = C'Vı —- D'I 


have the familiar impedance equations in which the output variables are V; and V2, as follows: 


Transmission T 


M = Zyl + Zyals 
Impedance Z = Zul + Z2h 
p- = Yu Vi + Yi2V2 
Admittance Y lh = Ya Vi + Yz V2 
{ Y= = Ay, ae hyV2 
Hybrid h h = hy I, + hoV2 
li = gu Vi +822 
Inverse hybrid g 


Dh 


Inverse transmission T’ 


Vi = Zh + Zils (17.3-1) 

V2 = Zahi + Zh (17.3-2) 
The equations for the admittances are 

l = Yn Vi + Y2V2 (17.3-3) 

h = Ya Vı + Yo2V2 (17.3-4) 


It is appropriate, if preferred, to use lowercase letters z and y for the coefficients of Eqs. 17.3-1 through 
17.3-4. The equations for the six sets of two-port parameters are summarized in Table 17.3-2. 

For linear elements and no dependent sources or op amps within the two-port network, we can 
show by the theorem of reciprocity that Zı2 = Z2; and Y2; = Yı2. One possible arrangement of a 
passive circuit as a T circuit is shown in Figure 17.3-1. Writing the two mesh equations for Figure 
17.3-1, we can readily obtain Eqs. 17.3-1 and 17.3-2. Therefore, the circuit of Figure 17.3-1 can 
represent the impedance parameters. A possible arrangement of the admittance parameters as a I circuit 
is shown in Figure 17.3-2. 

Examining Eq. 17.3-1, we see that we can measure Z; by obtaining 


Of course, J = 0 implies that the output terminals are open-circuited. Thus, the Z parameters are often 
called open-circuit impedances. 
The Y parameters can be measured by determining 


211-212 Z22- Z233 h2 h 


-Yi2=-Yo h 


FIGURE 17.3-1 A T circuit representing the impedance 
parameters. 


FIGURE 17.3-2 A II circuit representing the admittance 
parameters. 
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Try it . 
yourself EXAMPLE 17.3-1 Admittance Parameters 


i ho and Impedance Parameters 


Determine the admittance and the impedance parameters of the T 
network shown in Figure 17.3-3. 


Solution 
The admittance parameters use the output terminals shorted and 
Ya = li FIGURE 17.3-3 Circuit for Example 17.3-1. 
Vi V2=0 
Then, the two 8-Q resistors are in parallel and V; = 2871. Therefore, we have 
1 
YSS S 
1 = 58 i ” 
Se EO 8:0 TRS 
For Yj2, we have 
+ 
I 
p= = 8Q Vo 
V2 Vi=0 


so we short-circuit the input terminals. Then we have the circuit as 
shown in Figure 17.3-4. 
Employing current division, we have 


FIGURE 17.3-4 Circuit of Example 17.3-1 
with the input terminals shorted. 


and i= V2 V 
2 SF BAB + 24)) 14 
I —(V2/14)(1/4 1 
Therefore, Po (V2/14)(1/ E S 
V2 V2 56 
Furthermore, 
1 
Yo = Yn = E S 


Finally, Y2 is obtained from Figure 17.3-4 as 


h 
oy = 
V2 Vi=0 
h I V2 V2 
where = = 
=~ gc RONGA 14 
Theref Y : S 
refor EE 
erefore, 2 = 74 
Thus, in matrix form, we have I= YV or 
1 1 
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Now, let us find the impedance parameters. We have 


The output terminals are open-circuited, so we have the circuit of Figure 17.3-3. Then, 
Zy, = 244+8=320 
Similarly, Z22 = 16 Q and Z21 = Zı2 = 8 Q. Then, in matrix form, we have V = ZI or 
Vi Bye te) I 
a 3 | 8 d d 
The general methods for finding the Z parameters and the Y parameters are summarized in Tables 17.3-3 and 
17.3-4, respectively. 


Table 17.3-3 Method of Obtaining the Z Parameters of a Circuit 


Step IA To determine Z,, and Z21, connect a voltage source V; to the input terminals and open-circuit the output terminals. 
Step IB Find J, and V, and then Z,; = V; /1 and Z; = V2/I,. 
Step ITA To determine Z2 and Z)2, connect a voltage source V> to the output terminals and open-circuit the input terminals. 
Step IIB Find J and V; and then Z» = V2/h and Zi = V,/h. 


Note: Z\2 = Z2; only when there are no dependent sources or op amps within the two-port network. 


Table 17.3-4 Method for Obtaining the Y Parameters of a Circuit 


Step IA To determine Y,; and Y>;, connect a current source 7; to the input terminals and short-circuit the output terminals (V2 = 0). 


Step IB Find V; and J and then Y1; = 1; /V and Y2; = 1b/V4. 


Step ITA To determine Y>2 and Y;>, connect a current source J to the output terminals and short-circuit the input terminals (V, = 0). 


Step IIB Find J, and V, and then Y» = I2/V2 and Y, = 1, /V>. 


Note: Y\2 = Y2; only when there are no dependent sources or op amps within the two-port network. 


Try it 
yourself FXERCISE 17.3-1 Find the Z and Y parameters of the 


in WileyPLUS Circuit of E 17.3-1. 
1 1 
18 6 TAO 
Answer: Z = >; Y= 14 21 
6 9 1 1 
“Ol. F FIGURE E 17.3-1 


17.4 Z and Y Parameters for a Circuit 
with Dependent Sources 


When a circuit incorporates a dependent source, it is easy to use the methods of Table 17.3-3 or Table 


17.3-4 to determine the Z or Y parameters. When a dependent source is within the circuit, Z2; Æ Z12 and 
Yio # Yau. 
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Try it 
yourself ( ExamĪmPLE 17.4-1 Impedance Parameters | 
in WileyPLUS 
Determine the Z parameters of the circuit of Figure 17.4-1 when ly iby 
4Q 22 
i = 28. zs Sa 
Solution 


We determine the Z parameters using the method of Table 17.3-3. 
Connect a voltage source V; and open-circuit the output terminals as 
shown in Figure 17.4-2a. 

KCL at node a leads to 


FIGURE 17.4-1 Circuit of Example 17.4-1. 


I; —mV,—-—I=0 (17.4-1) 
KVL around the outer loop is 
VY, =47,+5/ (17.4-2) 


Furthermore, V2 = 3/, so J = V>/3. Substituting J = V2/3 into Eq. 17.4-1, we have 


h = mV +42 = (m+ 1/3)V2 (17.4-3) 
Therefore, Z1 = = ZWO 
Substituting J = V2/3 into Eq. 17.4-2, we obtain 
Vi =4h +a 43h (17.4-4) 
Therefore, Zi, = r = 7 Q 


To obtain Z22 and Z;2, we connect a voltage source V3 to the output terminals and open-circuit the input terminals, 
as shown in Figure 17.4-2b. We can write two mesh equations for the assumed current directions, shown as 


Vi +544 -3h =0 (17.4-5) 
and Vo T 314 = 3h —10) (17.4-6) 


Furthermore, I4 = mV2, so substituting into Eq. 17.4-6, we have 


V2 + 3mV2 — 3h = 0 


or y= h 


Therefore, Zz = —=1Q 


FIGURE 17.4-2 Circuit for determining (a) Z,; and Z2; and (b) Z22 and Z;2. 
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Substituting 74 = mV> into Eq. 17.4-5, we have 


or 
Therefore, 


Then, in summary, we have 


Zn = 


Vi + 5mV2 = 3h 
Vi + 5mh = 3h 


Vi j 
= (3—5n) =- 0 
0 es 
7 1 
L=| 3 3 
i o1 


Note that Z2; 4 Zı2, because a dependent source is present within the circuit. 


EXERCISE 17.4-1 Determine the Y parameters of the circuit of Figure 17.4-1. 


1 1 

_y_}| 6 18 
Answer: Y = 117 
6 18 


17.5 Hybrid and Transmission Parameters 


The two-port hybrid parameter 


or, in matrix form, 


| 


FIGURE 17.5-1 The h-parameter model of a 
two-port circuit. 


FIGURE 17.5-2 The inverse hybrid circuit 
(g-parameter) model. 


equations are based on V; and h as the output variables, so that 


Vi = Anh + hi2V2 (17.5-1) 
h = hal + hyV2 (17.5-2) 
V h h I I 
Jsi 1 “| '|=x] | (17.53) 
h hi hnj | V2 V2 


These parameters are used widely in transistor circuit models. The 
hybrid circuit model is shown in Figure 17.5-1. 
The inverse hybrid parameter equations are 


l = 8u Vi +822 (17.5-4) 
V2 = 8a Vi + 8222 (17.5-5) 
or, in matrix form, 
oE ge] o 
V2 81 82) Lh h 


The inverse hybrid circuit model is shown in Figure 17.5-2. 

The hybrid and inverse hybrid parameters include both imped- 
ance and admittance parameters and are thus called hybrid. The 
parameters hi1, hi2, h21, and ho represent the short-circuit input 
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impedance, the open-circuit reverse voltage gain, the short-circuit forward current gain, and the open- 
circuit output admittance, respectively. The parameters 211, 212, 821, and go represent the open-circuit 
input admittance, the short-circuit reverse current gain, the open-circuit forward voltage gain, and the 
short-circuit output impedance, respectively. 

The transmission parameters are written as 


Vi =AV> -Bh (17.5-7) 
I, = CV: — DI, (17.5-8) 
or, in matrix form, as 
V A B V V. 
ie ete 789) 
i C D -Í —Iy 


Transmission parameters are used to describe cable, fiber, and line transmission. The transmission 
parameters A, B, C, and D represent the open-circuit reverse voltage gain, the negative short-circuit 
transfer impedance, the open-circuit transfer admittance, and the negative short-circuit reverse current 
gain, respectively. The transmission parameters are often referred to as the ABCD parameters. We are 
primarily interested in the hybrid and transmission parameters because they are widely used. 


Try it 
eal Example 17.5-1 Hybrid Parameters and 


inivaileyEEUS Transmission Parameters 


(a) Find the h parameters for the T circuit of Figure 17.5-3 in terms of R4, Ro, a Ry R3 2 
and R3. F 
(b) Evaluate the parameters when R; = 1 Q, R2 = 4 Q, and R3 = 60. 7 k 
1 2 


Solution e 
(a) First, we find hıı and h21 by short-circuiting the output terminals and 


connecting an input current source /;, as shown in Figure 17.5-4a. 
Example 17.5-1. 


Therefore, 
V RR 
hi~ san = Ri + ae 
Ti |y,=0 Ry + R3 
Then, using the current divider principle, we have 
—R 
h=—— I 
Ry + R3 
I —R 
Therefore, hy, = 2 = 2 
I V>=0 R + R3 
Rì Ry Æ h=0 Ri Ra 2 
+ 
Vi Ro Vo 


(b) 


FIGURE 17.5-4 The circuits for determining (a) hy, and hp, and (b) h22 and hy. 


FIGURE 17.5-3 The T circuit of 
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The next step is to redraw the circuit with 7; = 0 and to connect the voltage source V, as shown in 
Figure 17.5-4b. Then we may determine hi2 by using the voltage divider principle, as follows: 
Vi Ro 


hi = — = 
: haa Sears 


Finally, we determine h22 from Figure 17.5-4b as 


es l 
2=>| = 
V2ln=0 Sa Rs 


It is a property of a passive circuit (no op amps or dependent sources within the two-port network) that 


ħi2 = —hħz. 
(b) When Rı = 1 Q, R = 4 Q, and R3 = 6 Q, we have 
RR 
hy =R + 3 
Ry + R3 
a 0.4 
1 BER 4 
R2 
hy = = 04 
B REER 
1 
hy = =OS 
2 = BOR 


Try it 
© yourself EXERCISE 17.5-1 Find the hybrid parameter model of the 


inWileyPLUS Circuit shown in Figure E 17.5-1. 


Answers: hi, = 0.9 Q, hi2 = 0.1, ho, = 4.4, and hn = 0.6 S 


FIGURE E 17.5-1 


17.6 Relationships Between 
Two-Port Parameters 


If all the two-port parameters for a circuit exist, it is possible to relate one set of parameters to another 
because the variables V,, Z, V2, and J, are interrelated by the parameters. First, let us consider the 
relation between the Z parameters and the Y parameters. The matrix equation for the Z parameters is 


V = ZI or 
V I 
| l =z] | (17.6-1) 
% i 


Similarly, the equation for the Y parameters is I = YV or 


Hee es 
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Substituting for I from Eq. 17.6-2 into Eq. 17.6-1, we obtain 
V=ZYV 
or Z=Y! (17.6-3) 
Thus, we can obtain the matrix Z by inverting the Y matrix. Of course, we can likewise obtain the Y 
matrix if we invert a known Z matrix. It is possible that a two-port network has a Y matrix or a Z matrix 
but not both. In other words, Z~' or Y~' may not exist for some networks. 
If we have a known Y matrix, we obtain the Z matrix by finding the determinant of the Y matrix as 
AY and the adjoint of the Y matrix as 
Yn —Ynņ 
adj Y = | 
=Y Yü 
adj Y 
Then Z=Y' 17.6-4 
AF ( ) 
where AY = Yi Yo = Yi2 Y>1. 
The two-port parameter conversion relationships for the Z, Y, h, g, and T parameters are 
provided in Table 17.6-1. 
Table 17.6-1 Parameter Relationships 
Z Y h g T 
Yon —Ynņ Ah hy i gu A AT 
Zi Zņ AY AY hy hnv 8&1 8 CC 
Z Za Zn -Ya Yn —hy 1 81 Ag 1 D 
Ay AY h2 hv 8&1 Bu ČC C 
Z2 -Zv 1 hi As go y= 
AZ AZ Yu Yio hi hi 8 8&2 B B 
Y —Z21 Zu Yai Yn hay Ah —821 1 = A 
AZ AZ hı hi 822 8n B B 
AZ Zp 1 —-Ypņ 822 gn B AT 
Zn Z% Yn Yu hi h2 Ag Ag D D 
h —Z21 1 Yo, AY hy hy $21 £u ot C 
Zn Zn Yu Yı Ag Ag D D 
1i -Zp AY Yp ħa hn peas 
Zu Zu Yn Yn Ah Ah 8 812 A 
Za AZ ai 1 -ħi hu 81 82 I B 
Zu Zu Yn Yn Ah Ah a 2 
Zi AZ -Yz —1 —Ah —hy Í 8n 
Za1 Zai Yo Yai hy, ho §21 821 A B 
i Zn —AY -Yy —hy —1 Sir Ag C-D 
Zr) Za Yo, Yai hy, ho, 821 821 


AZ = ZZ» — Z\2Z21, AY = Y1 Yn — YY, Ag = 841822 — 812821, Ah = hiha — Ay2h21, AT = AD — BC 
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Try it 
yourself ExAMPLE 17.6-1 Two-Port Parameter Conversion ) 
in WileyPLUS 


Determine the Y and h parameters if 


Solution 
First, we will determine the Y parameters by calculating the determinant as 


AZ = ZiiZ» — ZZ = 18(9) — 6(6) = 126 
Then, using Table 17.6-1, we obtain 


E 9 a 

1 AZ 126 14 

e a Soe 

eo A oe 

E 18 2 

Re D6 4 
AZ 126 

== E ae 
Zn 9 
Zo G 2 

n SrA aS S 
Zn 9. 3 
a2 eee 23 
Z7 9 3 
io il 

Hip E 

DD. Des 9 


2 =l 

—,| 15: 5 
= =] 2 
10 5 


The units are siemens. 
Answers: Zu =120, Z2 =6Q0, Zo =3Q, and Zy =4Q 


EXERCISE 17.6-2 Determine the T parameters from the Y parameters of Exercise 17.6-1. 
Answer: A = 4, B = 10 Q, C = 1/3 S, and D = 4/3 


17.7 Interconnection of Two-Port Networks 


It is common in many circuits to have several two-port networks interconnected in parallel or in 
cascade. The parallel connection of two two-ports shown in Figure 17.7-1 requires that the V; of each 
two-port be equal. 
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FIGURE 17.7-1 Parallel connection of two two-port 
networks. 


Similarly, at the output port Vz is the output voltage of both two-port networks. The defining 
matrix equation for network N, is 


I, = YaVa (17.7-1) 
and, for network N,, we have 

Ih = Y. Vb (17.7-2) 
In addition, we have the total current I as 

I=14+h 


Furthermore, because V, = V, = V 
I= Y,V+ Y.V = (Ya + Yb) Y = YV 


Therefore, the Y parameters for the total network of two parallel two-ports are described by 
the matrix equation 


Y=Y,+ Yp (17.7-3) 
For example, 
Yii = Yiia + Yi 


Hence, to determine the Y parameters for the total network, we add the Y parameters of each network. In 
general, the Y-parameter matrix of the parallel connection is the sum of the Y-parameter matrices of the 
individual two-ports connected in parallel. 

The series interconnection of two two-port networks is shown in Figure 17.7-2. We will use the Z 
parameters to describe each two-port and the series combination. The two networks are described by the 
matrix equations 


Va = Zaha 
and Vo = Zh 
The terminal currents are 
I=L=h 
Therefore, because V = V, + Vp, we have 
V = Zh + Zh 
= (Z,+ 2%) = ZI 
or Z=Z, + Zp (17.7-6) 
Therefore, the Z parameters for the total network are equal to the 
sum of the Z parameters for the networks. FIGURE 17.7-2 Series connection of two two-port 


When the output of one network is connected to the input port networks. 
of the following network, as shown in Figure 17.7-3, the networks 
are said to be cascaded. Because the output variables of the first 
network become the input variables of the second network, the 
transmission parameters are used. The first two-port, Na, is repre- 
sented by the matrix equation 


Via Vaa i 
I = F; I FIGURE 17.7-3 Cascade connection of two two-port 
la —£2a 


networks. 
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For Np, we have 

V V 

| | B n| 2b | 

Tip —Ip 

Furthermore, we note that at the input and output, we have 
a Lalla 
= and = 
I, Tha —Inp =h 


At the intermediate connection, we have 


Vı V3 
Therefore, = Tay 


and T = TT, (17.7-7) 
Hence, the transmission parameters for the overall network are derived by matrix multiplication, 
observing the proper order. 


All of the preceding calculations for interconnected networks assume that the interconnection 
does not disturb the two-port nature of the individual subnetworks. 


EXAMPLE 17.7-1 Parallel and Cascade Connections 
of Two-Port Networks 


For the T network of Figure 17.7-4, (a) find the Z, Y, and T parameters and (b) 10 19 
determine the resulting parameters after connecting two two-ports in parallel and in 
cascade. Both two-ports are identical as in Figure 17.7-4. 


Solution 


First, we find the Z parameters of the T network. Examining the network, we have FIGURE 17.7-4 T network of 
Zp- Zr, = 10, Example 17.7-1. 


Then, using the conversion factors of Table 17.6-1, we find 


2 —l1 
3 3 
Y= 
-1 2 
3 3 
Dy 3} 
and | | 
Ll 2 


Two identical networks connected in parallel will have a total Y matrix of 


Y=Y,+ Yp 


How Can We Check ... 


Because Y, = Y,, we have 


N 


| 
ER 
wis w] d 


Finally, when two identical networks are connected in cascade, we have a total T matrix of 
23 23 1 i? 
RETF S= = 
LY I 4. 


EXERCISE 17.7-1 Determine the total transmission parameters of the cascade connection of 
three two-port networks shown in Figure E 17.7-1. 


129 32 


Na Nb 


FIGURE E 17.7-1 


Answers: A = 3, B= 21 Q, C = 1/6 S, and D = 3/2 


17.8 How Can We Check ... ? 


Engineers are frequently called upon to check that a solution to a problem is indeed correct. For 
example, proposed solutions to design problems must be checked to confirm that all of the specifica- 
tions have been satisfied. In addition, computer output must be reviewed to guard against data-entry 
errors, and claims made by vendors must be examined critically. 

Engineering students are also asked to check the correctness of their work. For example, 
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly identify 
those solutions that need more work. 

The following example illustrates techniques useful for checking the solutions of the sort of 
problem discussed in this chapter. 


7 
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( ExAMPLE 17.8-1 How Can We Check Circuits with Two-Port Networks? D 


The circuit shown in Figure 17.8.1a was designed to have a transfer function given by 
Vo(s)  2s—10 
Vin(s) s2 +27s+2 


How can we check that the circuit satisfies this specification? 
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Vin 


(a) (b) 


FIGURE 17.8-1 (a) A circuit including a two-port network. (b) Using the h-parameter model to represent the two-port network. 


Solution 


The h-parameter model from Figure 17.5-1 can be used to redraw the circuit as shown in Figure 17.8-1b. This 
circuit can be represented by node equations 


oe s t 
a Eige 


where 10/,(s) = 5V, (s) has been used to express the current of the dependent source in terms of the node voltages. 
Applying Cramer’s rule gives 


íl Ss 
Vols) _ 5(5+5) _ 2s+20 
e age) 


This is not the required transfer function, so the circuit does not satisfy the specification. 


EXERCISE 17.8-1 Verify that the circuit shown in Figure E 17.8-1 does indeed have the transfer 
function 


Vo(s) —  2s—10 
Vin(s) s +27s+2 
(The circuits in Figures 17.8-la and E 17.8-1 differ only in the sign of h21.) 


FIGURE E 17.8-1 A modified version of the circuit 
from Figure 17.8-1. 
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17.9 Design EXaAmpPLe Transistor Amplifier 


Ry = 23 kQ 


Figure 17.9-1 shows the small signal equivalent circuit of a transistor amplifier. The data 
sheet for the transistor describes the transistor by specifying its h parameters to be Q t 


he 2500, Moe =0, he~ 100, and hye =0 z 


The value of the resistance R, must be between 300 Q and 5000 Q to ensure that the 


transistor will be biased correctly. The small signal gain is defined to be FIGURE 17.9-1 A 


hoe Vo transistor amplifier. 
= 
Vin 
The challenge is to design the amplifier so that 
Ay = —20 


(There is no guarantee that these specifications can be satisfied. Part of the problem is to decide whether it is 
possible to design this amplifier so that A, = —20.) 


Describe the Situation and the Assumptions 
1. R. must be between 300 Q and 5000 Q. 


2. The transistor is represented by h parameters. Figure 17.9-2a shows that the transistor can be configured to be a 
two-port network and represented by h parameters. Figure 17.9-2b shows an equivalent circuit for the 
transistor. This equivalent circuit is based on the h parameters. For this particular transistor, the values of the h 
parameters are 


hie = 1000 Q, hoe = 0, hte = 100, and hye = 0 


1 


hoe 


Because 


(b) (c) 
FIGURE 17.9-2 (a) Using h parameters to describe a transistor. (b) An equivalent circuit. (c) A simplified 
equivalent circuit for hye = 0 and hoe = 0. 
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the resistor at the right side of the equivalent circuit is an open circuit. Because 
lie = 0 
the dependent voltage source is a short circuit. Figure 17.9-2c shows the equivalent circuit after these 


simplifications are made. 
3. The voltage gain must be Ay = —20. 


State the Goal 
Select R, so that A, = —20. 


Generate a Plan 

Replace the transistor in Figure 17.9.1 by the equivalent circuit in Figure 17.9-2c. Analyze the resulting circuit to 
obtain a formula for the voltage gain Ay. This formula will involve Re. Determine the value of Re that will make 
Ay = —20. If this value of R, is between 300 © and 5000 Q, the amplifier design is complete. On the other hand, if 
this value of R. is not between 300 Q and 5000 Q, the specifications cannot be satisfied. 


Act on the Plan 
Figure 17.9-3 shows the amplifier after the transistor has been replaced by the equivalent circuit. Applying Ohm’s 
law to Re gives 


Vo = —R: 100i 
where the minus sign is due to reference directions. Next, apply KVL to the left mesh to get 


Vin = 23,000%, + 10005, 


Then A= a a 
Vin 24,000 
Finally, set A, = —20, obtaining 
—100R, 
~~ 24,000 
Now solve for R. to determine 
R. = 4800 0 


Verify the Proposed Solution 
First, the resistance R, = 4800 Q is indeed between 300 © and 5000 Q. Second, the gain of the circuit shown in 
Figure 17.9-3 is 


Vo —hgeRe _ 100 x 4800 


w Reh e 1000 = 


Therefore, both specifications have been satisfied. 


20 


FIGURE 17.9-3 An equivalent circuit 
for the transistor amplifier. 


17.10 SUMMARY 


© A port is a pair of terminals together with the restriction that 
the current directed into one terminal be equal to the current 
directed out of the other terminal. 

© Two-port models of circuits or devices are useful for 
describing the performance of the circuit or device in terms 
of the currents and voltages at its ports. The internal details of 
the circuit or device are not included in the two-port model, 
so the two-port model of a circuit may be considerably 
simpler than the circuit itself. 

© The two-port model involves four signals—the current and 
voltage at each port. Two of these signals are treated as 
inputs, and the other two are treated as outputs. There are six 


© Problem available in WileyPLUS at instructor’s discretion. 
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ways of separating the four signals into input and output 
signals, and so there are six sets of two-port parameters. The 
six sets of two-port parameters are called the impedance, 
admittance, hybrid, inverse hybrid, transmission, and inverse 
transmission parameters. Table 17.3-2 summarizes the six 


PROBLEMS 


sets of two-port parameters. 


© Table 17.6-1 summarizes the equations used to convert one 
set of two-port parameters into another, for example, to 


convert impedance parameters into hybrid parameters. 


© We may use two-port parameters to describe the performance 
of the parallel, series, or cascade connection of two or more 


circuits. 


Section 17.2 T-to-II Transformation and Two-Port 
Three-Terminal Networks 


P 17.2-1 © Determine the equivalent resistance R,» of the 
network of Figure P 17.2-1. Use the Il-to-T transformation as 
one step of the reduction. 


Answer: R» = 3.2 Q 


1Q 


bo 
Figure P 17.2-1 


P 17.2-2 Repeat problem P 17.2-1 when the 6-2 resistance 
is changed to 4 Q and the 10-0 resistance is changed to 
12 Q. 


P 17.2-3 © The two-port network of Figure 17.1-1 has an 
input source V, with a source resistance R, connected to the 
input terminals so that Vı = V, — IR, and a load resistance 
connected to the output terminals so that Vz = -h Ri = LR. 
Find Rin = Vi/h, Ay = V2/Vi, Aj = —h/h, and Áp = 
—V2 b/(Vı L) by using the Z-parameter model. 


P 17.2-4 Using the A-to-Y transformation, determine the 
current J when R; = 15 Q and R = 20 Q for the circuit shown 
in Figure P 17.2-4. 


Answer: I = 385 mA 


Figure P 17.2-4 


P 17.2-5 © Use the Y-to-A transformation to determine Rj, 
of the circuit shown in Figure P 17.2-5. 


Answer: Rin = 673.85 Q 


800 Q 


Rin 
Figure P 17.2-5 


Section 17.3 Equations of Two-Port Networks 


P 17.3-1 © Find the Y parameters and Z parameters for the 
two-port network of Figure P 17.3-1. 


12 Q 3Q 


6Q 


Figure P 17.3-1 
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P 17.3-2 Determine the Z parameters of the ac circuit shown 
in Figure P 17.3-2. 


Answer: Zii =2 — j4 Q, Ziz = 24 = —j4 Q, Ln = —j2 Q 


Figure P 17.3-2 


P 17.3-3 Find the Y parameters of the circuit of Figure P 17.3-3 
when b = 4, G; = 2 S, G2 = 1 S, and G; = 3 S. 


Figure P 17.3-3 


P 17.3-4 Find the Y parameters for the circuit of Figure 
P 17.3-4. 


Answers: Y,;; = 0.3 S, Yo; = Y2 = —0.1 S, and Y2 


1092 
+ + 
vı 202 V? 


Figure P 17.3-4 


=0.155 


P 17.3-5 © Find the Y parameters of the circuit shown in 
Figure P 17.3-5. 


100 kQ 


Figure P 17.3-5 


P 17.3-6 Find the Z parameters for the circuit shown in Figure 
P 17.3-6 for sinusoidal steady-state response at œ = 3 rad/s. 


Answers: Zi =3 +j Q, Z2 = Z21 = —j2 Q, and Z2 = -j2 Q 


Figure P 17.3-6 


P 17.3-7 © Determine the impedance parameters in 

the s-domain (Laplace domain) for the circuit shown in Figure 

P 17.3-7. 

Answers: Z1 =(4s+ 1)/s,Zi2=Z21= 1/5, and Z22 = (257+ 1)/s 
4Q 24H 


Figure P 17.3-7 


P 17.3-8 Determine a two-port network that is represented by 
the Y parameters: 
s+] 
Y= s 
-1 (s+!) 
P 17.3-9 © Find a two-port network incorporating one 


inductor, one capacitor, and two resistors that will give the 
following impedance parameters: 


zal (s? + 2s +2) 1 
E (2+1) 


=] 


A 1 
where A= 9? + 54+ 1. 


P 17.3-10 An infinite two-port network is shown in Figure 
P 17.3-10. When the output terminals are connected to the circuit’s 
characteristic resistance Ro, the resistance looking down the line 
from each section is the same. Calculate the necessary Ro. 


Answer: R, = (v3 — 1)R 
R R R R 
Dk Q 
i MEEA 
eee O 
R R R R 
Figure P 17.3-10 Infinite two-port network. 


Section 17.4 Zand Y Parameters for a Circuit with 
Dependent Sources 


P 17.4-1 @ Determine the Y parameters of the circuit shown 
in Figure P 17.4-1. 


Figure P 17.4-1 


P 17.4-2 © An electronic amplifier has the circuit shown in 
Figure P 17.4-2. Determine the impedance parameters for the circuit. 


Answers: Zii = 4, Zi2 = 3(1 + @), Zo; = 3, and Zz = 5 + 34 


Figure P 17.4-2 


P 17.4-3 © 


(a) For the circuit shown in Figure P 17.4-3, determine the 
two-port Y model using impedances in the s-domain. 

(b) Determine the response v(t) when a current source i, = 
1 u(t) A is connected to the input terminals. 


i LF 


Figure P 17.4-3 


P 17.4-4 One form of a heart-assist device is shown in Figure 
P 17.4-4a. The model of the electronic controller and pump/ 
drive unit is shown in P 17.4-4b. Determine the impedance 
parameters of the two-port model. 


Ventricular assist device 


Electronic / 
controller f4 


Belt skin 
transformer Battery 


pack 


(a) 


1Q 


(b) 


Figure P 17.4-4 (a) Heart-assist device and (b) model of 
controller and pump. 
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P 17.4-5 @ Determine the Y parameters for the circuit shown 
in Figure P 17.4-5. 


and Y = aes 


Answer: Y = — + 


Ro 


Figure P 17.4-5 


Section 17.5 Hybrid and Transmission Parameters 


P 17.5-1 © Find the transmission parameters of the circuit of 
Figure P 17.5-1. 


Answers: A = 1.2, B = 6.8 Q, C = 0.1 S, and D = 1.4 


20 


4Q 


Figure P 17.5-1 


P 17.5-2 © An op amp circuit and its model are shown in 
Figure P 17.5-2. Determine the h-parameter model of the circuit 
and the H matrix when R; = 100 kQ, R; = R = 1 MO, R, = 
1 kQ, and A = 10°. 


Answer: hıı = 600 KQ, h12 = 1/2, h21 = — 106, and h22 = 107° S 


Figure P 17.5-2 (a) Op amp circuit and (b) circuit model. 


P 17.5-3 @ Determine the h parameters for the ideal 
transformer of Section 11.10. 


P 17.5-4 Determine the h parameters for the T circuit of 
Figure P 17.5-4. 
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Ry R3 


Figure P 17.5-4 


P 17.5-5 © A simplified model of a bipolar junction 
transistor is shown in Figure P 17.5-5. Determine the h 


parameters of this circuit. 
50 Q 


Figure P 17.5-5 Model of bipolar junction transistor. 


Section 17.6 Relationships Between Two-Port 
Parameters 


P 17.6-1 Derive the relationships between the Y parameters 
and the h parameters by using the defining equations for both 
parameter sets. 


P 17.6-2 Determine the Y parameters if the Z parameters are 


(in ohms): 
| | 
=; 
2 6 


P 17.6-3 © Determine the h parameters when the Y parame- 


ters are (in siemens): 
lo a 
Y= 
0.4 0.5 


P 17.6-4 A two-port has the following Y parameters: Y\. = 
Y>, = —0.4 S, Y;; = 0.5 S, and Y2 = 0.6 S. Determine the h 
parameters. 


Answers: hy, = 2 Q, ho, = —0.8, hi2 = 0.8, and hy = 0.28 S 


Section 17.7 Interconnection of Two-Port Networks 


P 17.7-1 @ Connect in parallel the two circuits shown in 
Figure P 17.7-1 and find the Y parameters of the parallel 
combination. 


Answers: Y\; = 17/6, Y\2 = Yo = —4/3, and Yoo = 5/3 


3Q 
a b 
1Q 
c ë (a) 
1Q 
a b 
30 
c c (b) 


Figure P 17.7-1 


P 17.7-2 For the T network of Figure P 17.7-2, find the Y and 
T parameters and determine the resulting parameters after the 
two two-ports are connected in (a) parallel and (b) cascade. 
Both two-ports are identical as defined in Figure P 17.7-2 


22 42 


Figure P 17.7-2 


P 17.7-3 (+) Determine the Y parameters of the parallel 
combination of the circuits of Figures P 17.7-3a, b. 


(a) (b) 
Figure P 17.7-3 


Section 17.8 How Can We Check ...? 


P 17.8-1 © A laboratory report concerning the circuit of 
Figure P 17.8-1 states that Zı2 = 15 Q and Y,, = 24 mS. Verify 
these results. 


125 Q 


Figure P 17.8-1 


P 17.8-2 A student report concerning the circuit of Figure 
P 17.8-2 has determined the transmission parameters as A = 2 
(s + 10)/s, D = A, C = 10/s, and B = (3s? + 80s+)400/s?. 
Verify these results when M = 0.1 H. 


Figure P 17.8-2 
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Design Problems 


DP 17-1 Select R, and R so that Rin = 16.6 Q for the circuit of (2) Determine the impedance parameters of the two-port 


Figure DP 17-1. A design constraint requires that both R; and R network, 
be less than 10 Q. (b) Select Ry so that maximum power is delivered to RL. 


| 20 49 | 


Two-port network 
Figure DP 17-4 


DP 17-5 


(a) Determine the ABCD (transmission matrix) of the two-port 
networks shown in Figures DP 17-5a and DP 17-5b. 

(b) Using the results of part (a), find the s-domain ABCD matrix 
of the network shown in DP 17-5c. 

(c) Given L; = (10/7) mH, Ly = (2.5/7) mH, C, = (0.78/17) uF, 
Cy = C3 = (1/7) uF, and R = 100 Q, find the open-circuit 
voltage gain V>/V, and the short-circuit current gain 1/1, 

R3 under sinusoidal-state conditions at the following frequencies: 

2.5 kHz, 5.0 kHz, 7.5 kHz, 10 kHz, and 12.5 kHz. 


Rin 
Figure DP 17-1 
DP 17-2 The bridge circuit shown in Figure DP 17-2 is said to 


be balanced when J = 0. Determine the required relationship for 
the bridge resistances when balance is achieved. 


V @ Hint: Use the appropriate entries of the ABCD matrix. Also, note 
the resonant frequencies of the circuit. 
R4 

O Z(s) O 

+ + 
Figure DP 17-2 Bridge circuit. 

V1 (s) V2(s) 

DP 17-3 A hybrid model of a common-emitter transistor = = 
amplifier is shown in Figure DP 17-3. The transistor parameters 
are ho, = 80, hii =45 Q, ho = 12:5 LS, and h2=5 x 107. (a) (b) 
Select Rį so that the current gain i,/i, = 79 and the input L 


resistance of the amplifier is less than 10 Q. 


Figure DP 17-3 Model of transistor amplifier. (c) 


DP 17-4 A two-port network connected to a source v, and a ee es 


load resistance Ry is shown in Figure DP 17-4. 


APPENDIX A @ Getting Started 
with PSpice 


A.1 PSpice 


SPICE, an acronym for Simulation Program with Integrated Circuit Emphasis, is a computer program 
used for numerical analysis of electric circuits. Developed in the early 1970s at the University of 
California at Berkeley, it is generally regarded as the most widely used circuit simulation program 
(Perry, 1998). PSpice is a version of SPICE, designed for personal computers, developed by MicroSim 
Corporation in 1984 (Tuinenga, 88). SPICE was a text-based program that required the user to describe 
the circuit using only text, and the simulation results were displayed as text. MicroSim provided a 
graphical postprocessor, Probe, to plot the results of SPICE simulations. Later, MicroSim also provided 
a graphical interface called Schematics that allowed users to describe circuits graphically. The name of 
the simulation program was changed from PSpice to PSpice A/D when it became possible to simulate 
circuits that contained both analog and digital devices. MicroSim was acquired by ORCAD®, which 
was in turn acquired by Cadence®. ORCAD improved Schematics and renamed it Capture. “Using 
PSpice” loosely refers to using ORCAD Capture, PSpice A/D, and Probe to analyze an electric circuit 
numerically. 


A.2 Getting Started 


Begin by starting the ORCAD Capture program. Figure A.1 shows the opening screen of ORCAD 
Capture. (If necessary, maximize the Session Log window.) The top line of the screen shows the title of 
the program, ORCAD Capture CIS — Demo Edition. A menu bar providing menus called File, View, 
Edit, Options, Window, and Help is located under the title line. A row of buttons is located under the 
menu bar, and a ruler is located below the row of buttons. A workspace is located beneath the ruler. The 
circuit to be simulated is described by drawing it in this workspace. A line containing two message 
fields is located under the workspace. The left message field is of particular interest because it provides 
information about the Capture screen. For example, move the cursor to one of the buttons. The left 
message field describes the function of the button. Save Active Document is the function of the third 
button from the left. 

Select File/New/Project from the Capture menus, as shown in Figure A.2. The New Project dialog 
box, shown in Figure A.3, will pop up. Select Analog Or Mixed A/D, as shown. The New Project 
dialog box requires a project name and a location. The location is the name of the directory or 
folder in which Capture should store the project file. The name will be the file name of the project file. 
ORCAD Capture uses OPJ as a suffix for project files, so choosing Name to be ExampleCircuit 
and Location to be c:\PSpiceCircuits causes ORCAD to store a file named ExampleCircuit.opj in the 
c:\PSpiceCircuits folder. Notice that long file names are supported, making it easier to give descriptive 
names to projects. 

Click OK in the New Project dialog box to close the New Project dialog box and pop up the 
Create PSpice Project dialog box shown in Figure A.4. Select Create a blank project and then click OK 
to return to the ORCAD Capture screen. The Capture screen has changed: Place, Macro, PSpice, and 
Accessories have been added to the menu bar; there are more buttons; and there is a grid on the 
workspace. 
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OrCAD Capture CIS - Demo Edition - [Session Log] 


bjela 


r= OrCAD Capture CIS - Demo Edition - [Session Log] 


FIGURE A.2 Opening a new project in ORCAD Capture. 


New Project 


FIGURE A.3 New Project dialog box. 


Drawing a Circuit in the ORCAD Capture Workspace 


Create PSpice Project 


Create based upon an existing project 


Jem, opi 7 | Bronse. 
© Eese a Hank pest 


ix 


eee | 
cma | 
e | 


FIGURE A.4 Create PSpice Project dialog box. 


2a(f) 


FIGURE A.5 The example circuit. 


We are ready to begin our first PSpice simulation. In that first simulation, we will simulate the 
circuit shown in Figure A.5 to determine its node voltages. We start by drawing the circuit in the 
ORCAD Capture workspace. 


A.3 Drawing a Circuit in the ORCAD Capture 
Workspace 


Drawing a circuit in the ORCAD workspace requires three activites: 


1. Placing the circuit elements in the ORCAD Capture workspace. 


2. Adjusting the values of the circuit element parameters, for example the resistances of the 
resistors. 


3. Wiring the circuit to connect the circuit elements. 


To begin, select Part/Place from the Capture menus to pop up the Place Part dialog box shown 
in Figure A.6. To obtain a resistor, select ANALOG from the list of libraries and R from the list of 
parts. Click OK to close the Place Part dialog box and return to the Capture screen. Upon returning to 
the Capture screen, the cursor will be dragging the symbol for a resistor. Place the resistor, as desired, 
with a click. The cursor will now be dragging a second resistor symbol. A right-click produces the 
menu shown in Figure A.7. Selections from this menu will flip or rotate the resistor. Select End Mode 
to stop placing resistors. (If ANALOG is not listed among the available libraries in the Place Part 
dialog box, click the Add Library button. ORCAD Capture provides several libraries containing parts 
for circuits. File names of parts libraries use the suffix OLB. Select the analog.olb and source.olb 
libraries.) 

SPICE requires every circuit to include a ground node. Select Part/Ground from the Capture 
menus to pop up the Place Ground dialog box. The ground node is a PSpice part called O that is 
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FIGURE A.6 The Place Part dialog box. 
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FIGURE A.7 A right-click while placing parts pops up this menu. 


contained in the SOURCE library. (It may be necessary to add this library. Click the Add Library button 
to pop up a Browse File dialog box. The library file is called source.olb and resides in the PSpice folder. 
Select the source.olb library; then click Open to make this library available and to return to the Place 
Ground dialog box.) Place the ground node in the Capture workspace. Figure A.8 shows the Capture 
screen after the parts have been placed. 
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FIGURE A.8 ORCAD Capture screen after placing the parts. 


The resistances of the resistors each has its default value 1k. Click the 1k of the vertical 
resistor to select it; then right-click anywhere in the Capture workspace to obtain the menu shown 
in Figure A.9. Choose Edit Properties to pop up the Display properties dialog box shown in 
Figure A.10. Change the value from 1k to 3. Figure A.11 shows the Capture workspace after the 
parameter values of the parts have been adjusted. 
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FIGURE A.9 The value 1k is shown highlighted. Right-clicking anywhere in the Capture workspace pops up 
this menu. 
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Display Properties 
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FIGURE A.10 The Display Properties dialog box. 


Select Parts/Wire to wire the parts together. In Figure A.11, notice that the terminals of each 
part are marked with small squares. To wire two terminals together, click and hold one terminal, drag 
the mouse to the other terminal, and then release the mouse. The path of the wire will generally 
follow the path of the mouse, but wires will be drawn using straight horizontal and vertical lines. 
Wires can also connect part terminals to wires or connect wires to wires. To stop wiring, right-click 
and then select End Mode from the menu that appears. Figure A.12 shows the circuit after it has 
been wired. 
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FIGURE A.11 Capture screen after adjusting the values of the circuit parameters. 
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FIGURE A.12 The circuit of Figure A.5 as described in Capture. 


A.4 Specifying and Running the Simulation 


Select PSpice/New Simulation Profile from the ORCAD Capture menus to pop up the New Simulation 
dialog box. Provide a name, such as dc analysis, and then click Create. The Simulation Settings dialog 
box will pop up. Select Bias Point from the Analysis type list and select General Settings under Options. 
Click OK to close the Simulation Settings dialog box. Select PSpice/Run from the ORCAD menu bar to 
run the simulation. Figure A.13 shows the simulation results. 
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FIGURE A.13 ORCAD Capture labels node voltages after performing a PSpice simulation. 


APPENDIX 8 @ MATLAB, 
Matrices, and 
Complex 
Arithmetic 


It has become commonplace for engineers to use the MATLAB™ computer program to perform 
a variety of technical calculations. MATLAB, short for MATrix LABoratory, is produced and 
supported by the company named The Math Works, which provides demos and application notes 
at its Web site, www.mathworks.com. In addition, MATLAB has extensive built-in help, as shown 
in Figure B.1. 

In this appendix, we will first use MATLAB as a powerful calculator, then use it to solve 
equations involving matrices or complex numbers and, finally, use it to plot functions. 


B.1 Using MATLAB as a Calculator 


Consider the equation 


4A+B 

C-D=4A+B>D= e 

Lets use MATLAB to evaluate D when A = 4, B=7, and C = 6. To do so, we write the 
equations representing A, B, C, and D in the MATLAB workspace, using the arithmetic operations 


and functions available in MATLAB. Tables B.1 and B.2 list the arithmetic operations and some of the 
functions available in MATLAB. 


BAR 
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Documentation Set 


= Getting Started 
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a Programming Tips 
Provides hel zr techniques and shortcuts for programming in MATLAB 
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FIGURE B.1 MATLAB Help is accessed by clicking Help on the MATLAB menu bar. as 
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Table B.1 Arithmetic Operations 


OPERATION SYMBOL EQUATION MATLAB 
Addition + 4+x 44+x 
Subtraction — 4-x 4-x 
Multiplication = 4x 4*x 
Division / Alx 4/x 
Power A 4° 4x 
Table B.2 Built-in Functions 
FUNCTION EQUATION MATLAB 
sine sin (x) sin (x) 
cosine cos (x) cos (x) 
tangent tan (x) tan (x) 
arc sine sin ~! (x) asin (x) 
arc cosine cos ~! (x acos (x) 
arc tangent tan ~! (x) atan (x) 
logarithm logio (x) log 10(x) 
natural logarithm In (x) log (x) 
exponential e exp (x) 
square root yx sqrt (x) 
absolute value |x] abs (x) 


Figure B.2 shows the MATLAB workspace. The symbol > is the MATLAB cursor. To 
indicate that A = 4, we type 


A= 4;<Enter> 


after the cursor. (<Enter> indicates the Enter key. If we omit the semicolon, MATLAB will tell us 
the value of A. Because we already know the value of A, we include the semicolon to save space.) 
MATLAB responds to <Enter> by providing another cursor. We type the equations for B, C, and 
then D similarly. (MATLAB uses the usual order of precedence for the arithmetic operations. 


File Edt Debug Desktop Window Help 
De! eeo a/R rf]? | [ana 
Shortcuts [@] How to Add [@] What's New 

To get started, select MATLAB Help # 


FIGURE B.2 Using MATLAB as a 
calculator. 
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Consequently, parentheses are used in the equation representing D to ensure that the addition is 
performed before the division.) Notice that the semicolon was omitted from the equation 
representing D, so MATLAB responded to <Enter> by providing the value of D. 


( ExAmPLE B.1 Trigonometric Functions ) 


Evaluate 


@ = sin (cos (72°)) 


Solution 

The trigonometric functions sin, cos, and tan expect an angle in radians, and the inverse trigonometric functions 
asin, acos, and atan produce an angle in radians. Because we were given an angle in degrees, let’s determine the 
value of 0 in degrees. The MATLAB command 


>> theta = (180/pi) * asin(cos(72*pi/180) ) 
produces the result theta = 18.0000 
The multipliers pi/180 and 180/pi convert units of angles from degrees to radians and vice versa. As a check, the 


MATLAB command 


>> phi = (180/pi) * acos (sin (theta* pi/180) ) 
produces the result 
phi = 72 


B.2 Matrices, Determinants, and Simultaneous 
Equations 


There are many situations in circuit analysis in which we have to deal with rectangular arrays of 
numbers. The rectangular array of numbers 


411 412 ‘`° Gin 

a21 a2 `° An 
A= f 

Am Gm2 °°" Am 


is known as a matrix. The numbers a;; are called elements of the matrix, with the subscript i denoting the 
row and the subscript j denoting the column. 

A matrix with m rows and n columns is said to be a matrix of order m x n or, alternatively, an 
m x n matrix. (We read “m x n” as “m by n.”) When the number of the columns equals the number of 
rows, m = n, the matrix is called a square matrix of order n. Itis common to use boldface capital letters 
to denote an m x n matrix. 

A matrix consisting of only one column, that is, an m x | matrix, is known as a column matrix or, 
more commonly, a column vector. We represent a column vector with boldface lowercase letters as 


x) 


Xm 
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The addition of two matrices is possible for matrices of the same order. The sum of two 
matrices is obtained by adding the corresponding elements. Thus, if the elements of A are a;; and the 
elements of B are b,, and if 


C=A+B 


then the elements of C are obtained as 


Cij = dij l a bij 
Matrix addition is commutative, that is, 
A+B=B+A 


Also, the addition operation is associative, so that 


(A+B)+C=A+(B+C) 


To perform the operation of multiplying matrix A by a constant a, every element of the matrix is 
multiplied by the constant. Therefore, we can write 


Ady, Adj2 ++" Xdin 

“a1 a22 sts Adn 
A = . ; ; 

Hdmi XAAm *** XAmn 


Matrix multiplication is defined in such a way as to assist in the solution of simultaneous linear 
equations. The multiplication of two matrices AB requires the number of columns of A to be equal to 
the number of rows of B. Thus, if A is of order m x n and B is of order n x q, the product is a matrix of 
order m x q. The elements of a product 


C= AB 


are found by multiplying the ith row of A and the jth column of B and summing these products to give 
the element c,. That is, 


q 
Cj = adj + anbzj + +++ + dighg = > dix Dj 
ki 


Thus we obtain c11, the first element of C, by multiplying the first row of A by the first column of B and 
summing the products of the elements. We should note that, in general, matrix multiplication is not 
commutative, that is, 


AB + BA 


ExAMPLEB.2 Matricesin MATLAB ) 


Evaluate 


File Edit Debug Desktop Window Help 


Dae|tm@OAoa |r|? 


Shortcuts [7] How to Add [2] What's New 
4 2] ^ 


>> A= [2 1; 
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Solution 
Figure B.3 shows how to do these calculations, using MATLAB. First, 
two matrix variables 


2 il @ il 
A= E A and B = E 
are defined. Figure B.3 shows two ways of defining a matrix variable in 
MATLAB. The command 


>7A ile 4 2] 


uses a space to separate the elements in each row of the matrix and a 
semicolon to separate the rows of the matrix. The command 


>> B= oak 
2 L 


uses a space to separate the elements in a row of the matrix and an 
<Enter> to separate the rows of the matrix. (After the <Enter>, spaces 
are used to line up the columns of matrix B.) Both commands use the 
bracket symbols, [ and ], to indicate the beginning and end of the 
matrix. 
Figure B.3 shows that operations listed in Table B.1 can be used 
to perform matrix arithmetic. We see that 
—4 0 
1 ol 


alt bs al-G able al-B al 


il © Í IS 3 
and * = 
FIGURE B.3 Matrix arithmetic. 4 2 3 Í 30 6 
A set of simultaneous equations 
ajıXı + a2X2 AUnXn = bı 
@21X1 + a22x2 AnXn = b2 
. . k (B-1) 
an1 X1 An2 X2 AnnXn = bn 
can be written in matrix form as 
Ax=b (B-2) 
a) an ain xy by 
a an an X2 2 
where A=|. : z rec — and b = 
ani an2 Ann Xn by 


Frequently, we will want to solve a set of simultaneous equations such as Equation B-1. In other words, 
given the values of the coefficients aj and b;, we will want to determine the values of the variables x;. 
Using MATLAB, we express the equation in matrix form as shown in Equation B-2, entering matrices 
A and b and then giving the MATLAB command 


>>x=A\b 
MATLAB will respond with the value of the matrix x. 
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( ExAMPLEB.3 Solving Simultaneous Equations Using MATLAB 


Solve the simultaneous equations: 


xı — 2x. + 3x3 = 12 
4x2 — 2x3 = -1 
6x1 =V — X3 = 0 


File Edit Debug Desktop Window Help 


Solution . Doeltmevoalwr 
First, write the simultaneous equations as 


Shortcuts [2] How to Add [2] What's New 


Ax =b >> A= [1 -2 3; 0 4 -2; 6 -1 -1) 
where 
1 -2 3 12 Xı 
A=]0 4 -2]|,b=]-1] andx= |x 
6 -l1 -l 0 X3 


Next, enter matrices A and b in the MATLAB command window as 
shown in Figure B.4. Then, issue the MATLAB command 


x AN b 
MATLAB provides the result 


1.2407 
x= | 2.3148 
5.1296 


indicating that FIGURE B.4 Solving simultaneous 
equations. 


xı = 1.2407, x = 2.3148, and x, = 5.1296 


We can also solve simultaneous equations using Cramer’s rule, which involves determinants, 
minors, and cofactors. The determinant of a matrix is a number associated with a square matrix. 
We define the determinant of a square matrix A as A, where 


a&i A12 ***) Gin 

421 422 ° An 
A= : 

Ani Am ***) Am 


For example, the determinant of a 2 x 2 matrix 


aii 412 
a21 a2 


A= = 41142 — 412421 


Similarly, the determinant of a 3 x 3 matrix is 


dil 412 443 
A=|a an 93 | = (411422433 + 412423431 + 413432421) — (413422431 + 423432411 + 433421412) 
a31 a32 @33 
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In general, we are able to determine the determinant A in terms of cofactors and minors. The 
determinant of a submatrix of A obtained by deleting from A the ith row and the jth column is called the 
minor of the element a; and denoted as mj. 

The cofactor c;j is a minor with an associated sign, so that 


1) 


ey = (- mij 


The rule for evaluating the determinant A using the ith row of an n x n matrix is 


for a selected value of i. Alternatively, we can obtain A by using the jth column and, thus, 


n 
A= y AijCij 
j=l 


for a selected value of j. 
Cramer’s rule states that the solution for the unknown, xg, of the simultaneous equations of 
Equation B-1 is 
Xk = A 
where A is the determinant of A and A, is the determinant formed by replacing the kth column of A by 
the column vector b. 


B.3 Complex Numbers and Complex Arithmetic 


We can represent the complex number c as 
c=a+yb (B-3) 


where a and b are real numbers and j = /—1. It’s useful to associate this complex number with a point 
in the complex plane as shown in Figure B.5a. Figure B.5a shows that the real numbers a and b in 
Equation B-3 are the projections of the point unto the real and imaginary axes. Consequently, a is called 
the real part of c, and b is called the imaginary part of c. We write 


a = Re{c} and b = Im{c} 


Figure B.5b illustrates an alternate representation of the complex number c, in which a line segment 
is drawn from the origin of the complex plane to the point representing the complex number. The 
angle of this line segment, 0, measured counterclockwise from the real axis, is called the angle of 
the complex number. The length of the line segment, r, is called the magnitude of the complex number. 


Imaginary axis Imaginary axis 

b ° c=a + jb c=r/9 
| 
| r 
| 
| 

0 | ; 0 0 À 

5 7 Real axis 5 Real axis FIGURE B.5 Rectangular 


(a) and polar (b) forms of a 
(a) (b) complex number. 
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c=r/0=a+ jb 


FIGURE B.6 A complex number having a < 0. 


Imaginary axis The polar form represents the complex number in terms of its 
magnitude and angle. We write 


c=r/0 


To indicate that r is the magnitude of the complex number c 


Real axis F A 
and that 0 is the angle of c, we write 


r=|c and 0 = Le 


Figure B.6 shows a complex number c with Re{c} < 0. Notice that 0, not ¢, is the angle of c. 
Because a complex number can be expressed in both rectangular and polar forms, we write 


atjb=c=r/0 


The trigonometry of Figure B.4 and Figure B.5 provides the following equations for converting 
between the rectangular and polar forms of complex numbers. 


a=rcos(@), b=rsin(@),r=Va+h 


a 
tan — a>0 
and d= s 


Several special cases are worth noticing. 


1=1/0, j=1/90°, — 1 =1/4180° and — j = 1 /—90 = 1 /270° 


Next, consider doing arithmetic with complex numbers. We will convert complex numbers to 
rectangular form before adding or subtracting. Then, 


(a+jb)+(c+jd) = (a+c) +b +d) 


and (a+jb) —(c+jd) =(a—c)+ j(b-d) 


We will convert complex numbers to polar form before multiplying or dividing. Then, 


(10) (6/8) = an 0+) ma 44 /0- 4) 


The conjugate of the complex number c = a + jb is denoted as c* and is defined as 


c* =a-— jb 
In polar form, we have 


ct=r[-0 


A third representation of complex numbers, the exponential form, is motivated by Euler’s 


formula. Euler’s formula is 
i0 


e” = cos0+jsin 0 
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Table B.3 Complex-Arithmetic Functions 


FUNCTION EQUATION MATLAB 
Real part Re{c} real(c) 
Imaginary part Im{c} imag(c) 
Magnitude Icl abs(c) 
Angle Lc angle(c) 
Complex conjugate c! conj(c) 
Consequently, re” =r cos0+jr sin@ 


Similarly, when we convert from polar to rectangular form, 


r/0=r cos0+jr sin 0 


Noticing that the right-hand sides of the two previous equations are identical establishes the equivalence 
between the exponential and polar forms of a complex number. 


re =r /0 
The conversion between the polar and exponential forms is immediate. When using MATLAB, we will 


represent a polar form complex number by the equivalent exponential form complex number. 
It’s worth noticing that Euler’s formula provides formulas for the sine and cosine. 


Al os x F 1 > , 
= eae —j0 nf — (ei — --i0 
cos 0 = z(e +e”) and sin 0 7 (e er) 


Table B.3 lists some of the complex arithmetic functions available in MATLAB. 


( ExAMPLEB.4 Rectangular and Polar Forms of Complex Numbers ) 


-4 MATLAB 

File Edit Debug Desktop Window Help 
DEl mBoa | RY 
Shortcuts [2] How to Add [#] What's New Solution 


>> cl = 4 - j*3; Doing the conversions by hand yields 
>> abs(cl) 


=3 
ans = = 4/42 + (—3)? /tan-"| — | = 57 serge 
: Cl + (—3) /tan (=) 


6.2 /—120° in rectangular form. 


>> angle (cl) *(180/pi) 


831 


Express cı = 4 — j3 in exponential and polar forms. Express c2 = 


ans = and 
STOAT co = 6.2 cos ( — 120°) + j6.2 sin ( — 120°) = —3.1 — j5.37 
>> c2 = 6.2*exp(-j*120*pi/ 180) 
= In Figure B.7, MATLAB does the same conversions with the same 


-3.1000 - 5.3694i 
>> 


results. The factors 180/7 and 2/180 are used to convert radians to 
< degrees and degrees to radians. Notice that the function angle(cl) 


] gives the angle of cl in radians and the function exp ( — j*0) expects 


0 to be given in radians. 
FIGURE B.7 Complex numbers. 
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Example B.5 Arithmetic with Complex Numbers ) 


Find c + d, c — d, cd, and c/d when c = 4 — j3 and d = 6.2 /—120°. 


Solution 
First, let’s convert c to polar form and d to rectangular form. 


-3 
c= 4/4? + (-3)? Ztan—! (=) = 5 /—36.87° -) MATLAB 


File Edit Debug Desktop Window Help 
and Dae | taen cok]? 
d = 6.2 cos (—120°) + j6.2 sin (—120°) Shortcuts [Z] Howto Add [Z] What's New 
S537 


6.2*exp (-3*120*pi/ 180) ; 


Using the rectangular form for addition and subtraction yields 
c+d = (4 — j3) + (-3.1 —j5.37) 


0.9000 - 8.36941 


= (4 — 3.1) + j(—3 — 5.37) = 0.9 — j8.37 >> ced 
d ans = 
a 7.1000 + 2.36941 
c—d = (4 — j3) — (-3.1 — j5.37) >> e = ctd; 
= (443.1) +j(—3 + 5.37) = 7.1 + j2.37 >> abs(e) 
ans = 
Using the polar form for multiplication and division yields 31.0000 
>> (180/pi) *angle(e) 
cd = (5/-36.87°) (6.2 /-120°) one. 
i ž -156.8699 
= 5 G2) /(36.87 = L0) >> f=c/d; 
= 31 /—156.87° >> abs (f) 
ans = 
and 0.8065 
>> (180/pi)*angle (f) 
c 5/=36.87° ans = 
7 E 83.1301 
6.2 /—120 >> 
5 5 I 
= (5) /(—36.87° + 120°) 
FIGURE B.8 Complex Arithmetic. 
= 0.806 /83.13° 


In Figure B.8, MATLAB does the same arithmetic with the same results. 


B.4 Plotting Functions Using MATLAB 


Consider the equation 

y=02x 41.6 
The MATLAB command 

>> plot (x,y) 


tells MATLAB to plot y as a function of x. The command requires x to be a row vector, that is, a 1 x n 
matrix containing a list of equally spaced values of the variable x, and y to be a row vector containing a 
list of the corresponding values of the variable y. 
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To obtain a list of equally spaced values of the variable x, we issue a MATLAB command of 
the form 
>> x=[xs:dx: xf] 


where xs is the starting value of x, dx is the increment of x, and xf is the final value of x. For example, 
the MATLAB command 
>>x=[-5:4: 15] 


produces the list 
>>x = =5 -=l 3 7 da 15 


To obtain the list of the corresponding values of the variable y, we issue the MATLAB command 
>> y=0.2* x.*2+1.6 


which produces the list 
>>y = 0.6 1.4 2.2 3.0 3.8 4.6 


(Notice the operation “.^” in this command. The operation ^is the power operation from Table B.1, and 
x is a matrix. The . before the ^ tells MATLAB to apply the power operation to each element of x rather 
than to the matrix x itself.) 


ExAmPLe B.6 Plotting Functions Using MATLAB 


Use MATLAB to verify that 
5.61 cos (100 t) — 13.96 sin (100 £) = 15 cos (100 t + 68.1°) 


Solution 
The MATLAB commands 


ae (Om OL OO = 0.12) ; 

ev E o ol* cos (100* t) — 16.96% sT (N00) 
Sve — 15* cos (100*t +68.1*pi/180) ; 
plot (t, vL; t, v2) 


Produce the plot shown in Figure B.9. The MATLAB command 
>> plot (t; vl, t v2) 


tells MATLAB to plot both v1 versus t and v2 versus t on the same axis. Because these plots overlap exactly, 
we conclude that v1 and v2 are identical functions of t. 


0 0.02 0.04 0.06 0.08 0.1 0.12 FIGURE B.9 MATLAB plot for Example B.6. 


APPENDIX 1 <«@® Mathematical 
Formulas 


C.1 Trigonometric Identities 


1. sin(—a) = —sin a 
2. cos(—&) = cos & 
3. sina = cos (x — 90°) = —cos (a + 90°) 
4. cosa = —sin (x — 90°) = sin (a + 90°) 
5. sina = —sin («x + 180°) 
6. cosa = —cos («x + 180°) 
7. sin(a + f) = sinacos f + cos « sin f 
8. cos (a+ f) =cosacos p F sina sin f 
tan « + tan f 
9. tan(at P) = IF tan a tan B 
10. sin2« = 2 sin «& cos & 
11. cos 2a = cos?« — sin?« 
12. 2sin «sin B = cos (x — p) — cos («+ p) 
13. 2sinacos f = sin (x + f) + sin (a — fp) 
14. 2cosacos B = cos (a+ p) + cos (« — p) 
15. 2sin?« = 1 — cos 2a 
16. 2cos*« = 1 + cos 2a 
17. sin’« + cos*« = 1 


C.2 Derivatives 


The letters u and v represent functions of x, whereas a, b, and m are constants. 


d du 
1. Py i 
ao "T 
d du dv 
2, = Se sie 
d ory) de d 
du 
3 = 
oo aa 
Ea P 
4, d (“) dx dx 
dx \v y2 
5. d omy = my! 
dx 
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d ; 
6. ne) = ae 


d 
Te {f ZE 
a wa 


d 
8. cos (ax + b) = —a sin (ax + b) 
dx 


8 i (ax + b) = a cos (ax + b) 
dx 


C.3 Indefinite Integrals 


The letters u and v represent functions of x, whereas a and b are constants. 


1. fouds=a f udx 
2. fusnar= fuas+ f vax 


mtl 
3. [ra rr a 


dv du 
4. pes dr=uv- | vas 


5. — = In|x| 
6 i 1 
. sin ax dx = — — cos ax 
a 
7 1. 
. cos ax dx = — sin ax 
a 
P x sin 2ax 
8. sin? ax dx == — 
2 4a 
x sin 2ax 
9. cos? ax dx = = 
2 4a 
. sin? ax 
cos ax sin ax dx = 
2a 


sin ax — ax COS ax 


xsin ax dx = 7 


a 


cos ax + ax sin ax 


xcosax dx = 7 


a 
sin (a — b)x sin (a + b)x 
2(a — b) 2(a + b) 
sin (a — b)x sin (a + b)x 
2(a — b) 2(a + b) 
cos (a — b)x cos (a + b)x 
2(a — b) 2(a + b) 


sin ax sin bx dx = when b? £ a? 


cos ax cos bx dx = when b? # a? 


sin ax cos bx dx = when b? £ a? 


= 
Eea 
=S 


16. 


17. 


18. 


19. 


: 1 
et dx —e* 
a 
ax— l 
ze” dx = e 
a2 


e™ sin bx dx = 


e™(a sin bx — b cos bx) 


e™ cos bx dx = 


a+b 


e™(a cos bx + b sin bx) 


a+b? 


Indefinite Integrals 


887 


APPENDIX 1 «2 Standard 
Resistor Color 
Code 


Low-power resistors have a standard set of values. Color-band codes indicate the resistance value as 
well as a tolerance. The most common types of resistors are the carbon composition and carbon film 
resistors. 

The color code for the resistor value uses two digits and a multiplier digit, in that order, as shown 
in Figure D.1. A fourth band designates the tolerance. Standard values for the first two digits are listed in 
Table D.1. 

The resistance of a resistor with the four bands of color may be written as 


R= (ax 10+ b)m + tolerance 


where a and b are the values of the first and second bands, respectively, and m is a multiplier. These 
resistance values are for 2 percent and 5 percent tolerance resistors, as listed in Table D.1. The color 
code is listed in Table D.2. The multiplier and tolerance color codes are listed in Tables D.3 and D.4, 
respectively. Consider a resistor with the four bands, yellow, violet, orange, and gold. We write the 
resistance as 


R = (4x 10+. 7)kN+5% 


= 47kO+5% 
Ist digit Multiplier 
2nd digit Tolerance 


FIGURE D.1 Resistor with four color bands. 


Table D.1 Standard Values for First Two Digits for 2 Percent 
and 5 Percent Tolerance Resistors 


10 16 27 43 68 
11 18 30 47 75 
12 20 33 Sl 82 
13 22 36 56 91 
15 24 39 62 100 
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D. Standard Resistor Color Code 


Table D.2 Color Code 


OMANI DUNFWNY CO 


black 
brown 
red 
orange 
yellow 
green 
blue 
violet 
gray 
white 


Table D.3 Multiplier Color Code 


silver 0.01 
gold 0.1 
black 1 
brown 10 
red 100 
orange 1k 
yellow 10k 
green 100k 
blue 1M 
violet 10M 
gray 100 M 


Table D.4 Tolerance Band Code 


red 
gold 
silver 
none 


2% 
5% 
10% 
20% 
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